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Introduction

This dissertation focuses on the study of functions satisfying certain nonlinear mean
value properties related to the p-Laplace equation. The starting motivation is the classi-
cal mean value property for harmonic functions which plays a relevant role in Geometric
Function Theory and is indeed the fundamental key of the interplay between classical
potential theory, probability and Brownian motion.

In this introduction we summarize the results obtained during our research and we
briefly explain the context in which they have been developed. The detailed proofs —as
well as the background needed to understand them-— can be found throughout the three
chapters in which the dissertation is divided.

The results in this memory are essentially part of several papers: Chapter 1 corre-
sponds to the article [AL2], while Chapter 2 contains the results in [AL1] and [AL3].
We want to make special emphasis in the fact that the results in Section 2.5 were partially
proved in [AL1], but the proofs presented here rely in some results obtained later in [AL3]
and are much simpler and direct than in the original article. The papers [AL1], [AL2] and
[AL3] have been done in collaboration and under the supervision of J.G. Llorente, while
Chapter 3 describes the results in the article [AHP] in collaboration with J. Heino and M.
Parviainen.

Harmonic functions and the mean value property

Well known results due to Gauss and Koebe established the connection between har-
monicity and the mean value property. More precisely, in the nineteenth century, Gauss
showed ([Gau]) that a harmonic function « in a domain 2 C R" satisfies the mean value

property,
][ udl = u(x) )
B(

z,r)
for each z € Qand all 0 < r < dist(z,012), where £L = L" denotes the n-dimensional
Lebesgue measure.

A natural question raised by the analysts of the early XX century was the so-called
converse mean value property that asks under what conditions the mean value property (1)
implies harmonicity. The first converse result is a theorem due to Koebe stating that if (1)
holds for a continuous function v € C(2) and for each admissible radius, then u is har-
monic in 2 (see [Koe]). More precisely, Koebe’s proof actually shows that the conclusion
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holds under weaker assumptions: if u is a continuous function in 2 C R" and for each
x € Q there is a sequence of radii r, — 0 such that (1) holds for r = r, then u is harmonic
in ().

Another possible extension comes from the formula

.1
Au(r) = 2(n +2) lim — []{B( udl — u(:c)] , (2)

r—0 7T z,r)

which follows essentially from averaging the second order Taylor’s expansion of u at a
neighborhood of € ). This suggests that we can define the laplacian without using
derivatives. In that sense, several works due to Blaschke, Privaloff and Zaremba ([Bla],
[Pri] and [Zar], respectively) characterized harmonicity in the following terms: a contin-
uous function v is harmonic in Q if and only if it satisfies the so-called asymptotic mean
value property,
][ wdl = u(z) +o(r2)  (r—0)
B(

x,r)

for each z € Q.

The results mentioned above require some sort of asymptotic behavior of the contin-
uous functions in order to ensure harmonicity. On the other hand, an alternative gen-
eralization is the so-called restricted mean value property that asks how many radii in (1)
are enough to guarantee harmonicity. In particular, we focus our attention on the sin-
gle radius case: under which conditions on the function u, the domain 2 and the radius
function ¢ = o(z) the restricted mean value property

][ udl = u(z), 3)
B(

z,0(x))

for all z € Q implies harmonicity? One of the most remarkable results in this direction
says that if Q is bounded, u € C(Q) and for each z € ) there is a radius ¢ = o(z) with
0 < o < dist(z,09Q) for which (3) holds, then u is harmonic in 2. This result was first
proved by Volterra for regular domains in [Vol] and later by Kellogg, who removed the
regularity assumption, in [Kel]. In short, this means that (under appropriate hypothesis)

one just needs a single radius at each point to ensure harmonicity.

Moreover, for ) = B the unit ball of R”, Littlewood asked ([Lit]) if the converse mean
value property with an single radius p(x) at each point is also true when the function u is
assumed to be continuous and bounded in €2 instead of continuous up to the boundary
(as it was proved by Volterra and Kellogg). This question remained open for several
decades until it was positively solved by Hansen and Nadirashvili in the 90’s (see [HIN1,
HNZ2]). Furthermore, they showed that the converse is false when n = 2 if we consider
spherical mean values

][ wdl = u(z), 4)
aB(

z,0(z))
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instead of (1) for each z € B C R2 Indeed, they proved that there exists a bounded
continuous function v in the unit disk satisfying (4) that fails to be harmonic. We refer
the reader to the paper [NT] for a detailed description of this and other results regarding
the mean value property.

Asymptotic nonlinear mean value properties and the p-laplacian

During the last years, some efforts have been devoted to understand what sort of mean
value property should be related to the p-laplacian and the oo-laplacian in the same way
as it happens for the classical laplacian. If 1 < p < oo, the p-laplacian is the divergence
form operator given by

Apu - = div(|VulP ™ V).

The equation Ayu = 0 appears as the Euler-Lagrange equation for the p-norm of the
gradient, and its weak solutions in I/Vl})f are called p-harmonic by analogy with the case
p = 2, for which we recover the classical laplacian. Suppose that u € C? and that Vu # 0.
Then direct computation gives

Apu
——— =Au+(p—2)Aru, 5
which is sometimes called the normalized p-laplacian and is denoted by Algu. So, at least
in the smooth case and away from the critical points, the p-laplacian can be understood

as a sort of linear combination of the laplacian and the so-called oo-laplacian’,

Vu Vu
AN TRES D2 : 5 Ug; Uy ; U, 255
u < u ’vu| |vu‘ |Vu|2 Z i j il

which is a non-divergence form operator and the choice of its name is justified by the fact
that it is achieved —in a certain way- as limit of the p-laplacian when p — oco. Indeed,
from equation (5), we see that

Au

Apu =0

oot = 0,

and taking limits as p — oo we get A, u = 0. Viscosity solutions of the equation Ay u = 0
are called oo-harmonic and they were first studied by Aronsson in the 60’s in connection
to the problem of finding optimal Lipschitz extensions (see [Arol, Aro2]). Furthermore,
for u € C? and Vu # 0, it turns out that we can write A u asymptotically in terms of
mean values similarly to (2),

Asu(z) =2 lim 1 [;( sup u+ inf u> - u(x)] . (6)

B(z,r) B(z,r)

'Some authors call this the normalized co-laplacian while they define Asu = (D%u - Vu, Vu). Since for
our purposes it is not needed to distinguish between this two definitions, we prefer to state it in this way.
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Combination of formulas (2) and (6) together with (5) suggests the following tentative
asymptotic p-mean value property related to the p-laplacian:

p—2 -1< sup u+ inf u) +n+2][ udl =u(x) +o(r?) (r—0). )
n+p 2 B(z,r) B(z,r) n+p B(z,r)

It turns out that, for a function u € C? such that Vu(z) # 0, the asymptotic expansion
(7) holds if and only if A,u(z) = 0. However, since p-harmonic functions are defined
as weak solutions of A,u = 0, they are not C? in general. In fact, as it was proved by
Ural’tseva ([Ura]) and by Lewis ([Lew]), p-harmonic functions belong to Cllo’g for some
v =7(n,p) € (0,1). Despite this fact, the authors in [MPR1] showed that any continuous
function satisfying (7) is p-harmonic.

On the other hand, the converse is much more delicate. Indeed, it is known that
p-harmonic functions satisfy (7) in a weak (viscosity) sense (see [JLM] together with
[MPR1]). Thus, the following is an interesting question to pose: do p-harmonic func-
tions satisfy (7)? This is an open question for dimension n > 3, while, for the planar case,
Lindqvist and Manfredi ([LM]) answered the question positively for 1 < p < 9.52... We
dedicate Chapter 1 to show that, in fact, this property holds in the plane for the whole
range 1 < p < oo. This is the first original result presented in this thesis and can be found
in [AL2].

Theorem 1.2. Let Q C R? be a domain and let 1 < p < oo. Then a function u € C(Q) is
p-harmonic in § if and only if the asymptotic expansion

-2 1 4
p-( sup v+ inf u>+ wdLl = u(z) + o(r?)
P+2 2\ By B P+ 2 /By

holds as r — 0 for each x € §.

One of the main advantages of working with 2-dimensional PDE’s is that there are
more available tools —due to the complex structure of the plane- than in the general n-
dimensional space. This is the case of our proof of Theorem 1.2, which relies in a fact
showed by Bojarski and Iwaniec in the 80’s ([BI]): the complex gradient f(x +iy) = u, =
3 (uz — iuy) of a p-harmonic function u is a quasiregular mapping. Therefore, we can deal

with p-harmonic functions from a new perspective not available in higher dimensions.

The restricted mean value property and p-harmonious functions

Motivated by the asymptotic expansion (7) for p-harmonic functions, one may ask whether
p-harmonic functions satisfy an analogous version of (3) for p # 2 that we call restricted
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p-mean value propety (or simply p-mean value property) and is stated as follows,

& <supu + infu> +(1- a)][ udLl = u(zx), (8)
for each z € 2, where
a=272 ©)
=T

and B, = B(z, o(z)) with a a certain choice of the radii 0 < o(x) < dist(x, 99).

Unfortunately, for p # 2, p-harmonic functions do not satisfy this restricted version of
the mean value property and a new class of functions arises when we consider solutions
of (8) for p # 2. Such solutions are called p-harmonious functions®. As one may expect,
the definition of p-harmonious functions depends on the choice of an admissible radius
function o(z), that is, a positive function g in Q such that B, : = B(z, o(z)) is contained in
() for each = € 2. A remarkable case happens when we set p = co. Then o = 1 and the
second term in the left-hand side of (8) cancels out, so there is no need of a measure in the
space and we can talk about solutions of (8) in a more general context of metric spaces.
A result in this direction was obtained by Le-Gruyer and Archer in [LA] when 2 C Xis
a domain in a metrically convex compact metric space (X, d). Assuming the 1-Lipschitz
regularity of the admissible radius function o(x), the authors showed that, for any given
continuous function on the boundary f € C'(052), the Dirichlet problem

u(z) = = <supu + infu> for x € Q,
B Bz

u(z) = f(z) for x € 092,
has a unique solution u € C(Q) which was called the harmonious extension of f.

In Chapter 2, we deal with functions satisfying (8) in the more general setting of a
metric measure space (X, d, ). Thus, for metric measure spaces other than R” with the
euclidean distance and the Lebesgue measure, it does not make sense to talk about the
p-mean value property since the link (9) between p and « is missing. Instead of that, we
construct an analogous version of (8) as follows: let (X, d, ;1) be a proper metric measure
space, ? C X a bounded domain and ¢ an admissible radius function in 2. For a € R,
a function u € C(Q) is said to satisfy the a-mean value property in Q) (with respect to the
admissible radius function p) if

Tou = u, (10)

where 7, is the operator defined for functions u € L*(Q2) by

Tou(z) =2 <supu+i]§1fu> —i—(l—a)][ udp

2 \ g X

*The "p-harmonious’ term was originally used in [MPR2] for denoting (not necessarily continuous) solu-
tions of (8) when the admissible radius functions is constant.
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for each z € 2. We sometimes refer to functions satisfying this property as generalized
p-harmonious functions. The choice of this name comes from the particular case where
X = R", d is de euclidean distance and 1 = £ is the Lebuesgue measure, in which case
the connection between p-harmonious functions and the a-mean value property has al-
ready been pointed out above.

For a bounded domain 2 C X, the main goal in this part of the dissertation is to
provide Holder and Lipschitz regularity estimates for continuous functions satisfying
(10) in Q, basically depending on the regularity of the admissible radius function g and
the choice of the measure p. However, the existence part is not discussed here (see Sec-
tion 2.5 where the existence of solutions is proven in R" with the euclidean distance and
the Lebesgue measure). In order to obtain these regularity results, we need to impose a
regularity assumption on the measure that has received an increasing attention over the
past few years: a metric measure space (X, d, i) satisfies the d-annular decay property for
d € (0, 1] if there exists a constant D > 1 such that

R—r

5

(Bl )\ Be.n) < D (20 ) (bt ),

for each x € X'and 0 < r < R. This property was introduced in manifolds by Colding
and Minicozzi ([(CM]) and, independently, in metric spaces by Buckley ([Buc]). See also
[BBL] for a local version. It is easy to check that the /-annular decay property implies the
doubling property. Conversely, in [Buc], it is proved in particular that a geodesic metric
space (X, d, ) with a doubling measure . satisfies a §-annular decay property for some
d € (0,1], only depending on the doubling constant.

It is noteworthy to mention that the case a = 0 is interesting enough by itself. In
fact, harmonicity in a metric measure space in connection to the mean value property
was introduced in [GG] and [AGG] in the following way: a locally integrable function
in a domain 2 C X is said strongly harmonic in (2 if it satisfies the 0-mean value property
in any ball compactly contained in 2. In particular, the authors in [AGG] proved that,
if (X,d, p) is a metric measure space satisfying the §-annular decay property for some
d € (0,1], then every bounded and strongly harmonic function « in a domain 2 C X is
locally §-Holder continuous in © and, if § = 1, then w is locally Lipschitz continuous in
Q.

Our first main regularity result is stronger than in [AGG] in the sense that we do not
require the function u to satisfy the 0-mean value property at each B(x,r) with 0 < r <
dist(x, 9Q2) in order to obtain regularity estimates, and just a single radius o(x) is needed
at each = € (, provided that p is a Holder or Lipschitz continuous function in 2.

Theorem 2.20. Let (X, d, j1) be a proper metric measure space satisfying the d-annular decay
property for some 6 € (0,1]. Suppose that Q C X is a bounded domain and o is a v-Holder
continuous admissible radius function in Q for some v € (0, 1]. Then any u € L>(Q2) verifying
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the 0-mean value property in Q (w.r.t. o),

][xudMZU(w),

for each x € §, is locally vé-Holder continuous in Q). In particular, if v = 6 = 1 then w is locally
Lipschitz continuous in (2.

Furthermore, we also obtain an analogous result for the general case o # 0. Note
that we need to introduce certain rigid control of the radius function in order to get the
regularity estimates.

Theorem 2.27. Let (X, d, j1) be a proper geodesic metric measure space satisfying the 6-annular
decay property for some 6 € (0,1] and let Q@ C X be a bounded domain. Suppose that o is a
Lipschitz admissible radius function in Q with Lipschitz constant L > 1 such that

Adist(z, 09Q) < o(z) < edist(z, 09),

forall x € Q, where
0<A<e<1l-Llaf.

Then any u € C(2) verifying the a-mean value property (10) in Q (w.r.t. o) is locally §-Holder
continuous in Q). In particular, if § = 1 then w is locally Lipschitz continuous in Q.

In Section 2.5 we return to the original setting X = R" with d the euclidean distance
and p = L the Lebesgue measure and we present a proof of the existence and uniqueness
of solutions of the Dirichlet problem for p-harmonious functions. The techniques applied
in this section are much more direct than in [AL1], where we originally proved this theo-
rem in a more particular case.

Our approach to existence for the Dirichlet problem relies on the equicontinuity of the
iterates {7*u}; in Q, where u is any continuous extension of the boundary data. While
the local equicontinuity in €2 can be obtained in the general metric measure space set-
ting (under appropriate restrictions on the radius function), boundary equicontinuity is
more delicate and we have been able to prove it when X = R" with 1 = £ the Lebesgue
measure. One of the main peculiarities of the method employed in Section 2.5 is that we
require the domain 2 C R" to be bounded and strictly convex, that is, for each z,y € 02
the open segment joining = and y is entirely contained in €.

Theorem 2.29. Let @ C R™ be a bounded and strictly convex domain, o« € [0,1) and ¢ a
continuous admissible radius function satisfying
Adist(z,09Q) < o(z) < edist(z, 09),

forall x € Q, where
O<A<e<l—-a.
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Then, for any f € C(0N), there exists a unique continuous function u € C(S) such that
Tou=1u inf),
u=f on 0N).

Moreover, for any ug € C(Q) such that ug|,, = [, the sequence of continuous functions {u }x
given recursively by
up = Tauk—1

converges uniformly to u. In addition, if o is Lipschitz continuous with constant L > 1 and
0<A<e<1-La,

then w is locally Lipschitz continuous in (2.

Tug-of-war games and the normalized p(z)-laplacian

Restricted mean value properties also appear in the context of some stochastic differential
games known as Tug-of-war games. The importance of such games lies in their connection
with the p-laplacian and the oo-laplacian, which was introduced in the influential papers
[PS] and [PSSW]. Broadly speaking, a Tug-of-war game is a two-players, zero-sum game:
two players (say Player I and Player II) are in contest and the total earnings of one are
the losses of the other. Hence, Player I, plays trying to maximize his expected outcome,
while Player II is trying to minimize Player I's outcome.

The game can be described as follows: given a bounded domain 2 C R" and a fixed
constant ¢ > 0, a token is placed at some initial point z; € 2. Then, with probability
a € [0,1], a fair coin is tossed and the winner of the toss is allowed to choose the new
position zj1 € B(z;,¢) of the game token, and with probability 1 —«, the token is placed
at a random point z;; in B(xj,¢). Note that, it may happen that the ball B(z;, ¢) is not
entirely contained in (2. For that reason, the domain 2 needs to be extended to the larger
domain

Q. :={z eR" : dist(z,Q) < e}.

This step is repeated until the game token exits € for the first time. Then, Player II pays
to Player I the amount given by F'(z,), where z, is the position of the token at this time
and F is a pay-off function defined in Q.. Let us denote by u the expected outcome for
Player I. Then, starting from z; € €2, Player I wins the toss and chooses the new token
position z; 1 € B(z}, ) maximizing v with probability «/2, that is,

zj+1 € B(zj,e) st wu(xrjy1) = sup uw (with probability «/2).
B(xjvs)
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On the other hand, with the same probability, Player II wins the toss and chooses the new
token position

zjt1 € B(zj,e) st w(zrjp) = B(infs) u  (with probability «/2).
zj,

Otherwise,
xj41 is randomly chosen in B(xj,e) (with probability 1 — «).

Summing up all the possible outcomes, by conditional probability, the expected outcome
for Player I starting from z; is a function satisfying a dynamic programming principle which
reads as
u(:vj):a< sup u+ inf u>+(1—a)][ udl
2\ B(zje)  Blzje) B(z;.€)
and corresponds essentially to the functional equation (8) with « € [0, 1] and B, = B(z,¢)
for each = € Q.

Questions such as the existence, uniqueness and properties of solutions of (8) in the
extended domain ). with constant radii o(x) = ¢ > 0 were studied in several papers
(see [MPR2], [MPR3], [LPS1] and [LPS2]). Indeed, the authors in [MPR2] showed that, if
(1 C R" is bounded and satisfies some regularity assumption, then there exists a unique
function u, satisfying (8) and having F' as boundary values (in the extended sense). Fur-
thermore, u. — u uniformly in Q as ¢ — 0, where v is the unique p-harmonic function
solving the Dirichlet problem

Apu =0 in €,

u(z) = F(z) on 0Q.

By (9) and since a € [0,1], the Tug-of-war introduced above is related to the p-
laplacian only when p > 2. In order to avoid this inconvenient and cover also the case in
which 1 < p < 2, a slightly different type of Tug-of-war game was proposed in [KMP]:
the Tug-of-war with orthogonal noise. The game is defined as in the previous case, but the
token is moved to a new position according to a different rule: starting from z; € €2, a
fair coin is tossed and the winner of the toss chooses a direction |v| = ¢. With probability
a € [0, 1], the token will be placed at the position ;1 = z; + v, otherwise, with probabil-
ity 1 — o, the new token position will be chosen randomly in the (n — 1)-dimensional ball
of radius ¢ centered at z; and orthogonal to v, thatis ;11 = z; + ¢/, where [/| < € and
v/ Lv. This step is repeated until the game token exits 2 for the first time as in the original
Tug-of-war game and Player II pays to Player I the quantity F'(z,). Hence, it turns out
that the expected outcome u for Player I satisfies a different mean value property which
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reads as follows:

u(z) = % [ sup (au(fc +v)+(1- a)][

= By

u(z + h) dﬁ”_l(h)>
(11)
+ inf (au(x +v)+(1- oz)][

u(z 4+ h) dL™(h) ||,
|v|=e Br

with o € [0, 1], where BY : = B(0,¢) Nv+ denotes the (n — 1)-dimensional ball orthogonal
to v and £ ! is the (n — 1)-dimensional Lebesgue measure (see Section 3.1 for a detailed
description of the game). The authors in [KMP] showed that, asymptotically, this mean
value property is related to the p-laplacian in the same way that in (7) but, in this case,
the relation the between coefficients o and p is given by

p—1

_ : 12
a= (12)

and thus 1 < p < oo if and only if a € (0, 1). Questions such as existence and uniqueness
of continuous solutions of (11) were obtained in [Har] introducing some correction near
the boundary.

Chapter 3 concerns this new type of Tug-of-war games with space dependent proba-
bilities, that is, instead of a constant probability « in (11), a probability a(x) depending
on z € (1 is given. Moreover, we also include an additional boundary correction term
in the rules of the game. The existence and uniqueness of solutions in this case can be
obtained following the same ideas in [Har] for the constant a(x) case:

Theorem ([AHP, Theorem 3.7]). Let Q C R™ be a bounded domain and o : Q — (0,1) a
continuous function. Then, for ¢ > 0 and any F' € C(S).), there exists a unique continuous

function u. € C(Q2) satisfying

1—6(x)
2

us() sup (a(ﬂc)ue(fc +v)+ (1= a(x))][

|v|=¢ By

+ inf (a(m)ug(:ﬂ +v)+(1- 04(53))][

u:(x + h) dﬁ"‘l(h)>

(13)

= B

us(x + h) dﬁ"‘l(h)>]
+(z)F(x)
for each z € Q, where §(x) : = min {0, 1 — e~ ! dist(z, R \ Q) }.

The main result in Chapter 3 is an asymptotic Holder regularity estimate for functions
u. satisfying (13) and the statement reads as follows:

Theorem 3.2. Let Q2 C R" be a bounded domain and « : Q — (0, 1) a continuous function. For

e > 0and any F € C(82), let u. € C(S2) be the unique function satisfying (13) for each x € Q.
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Then w is asymptotically Holder continuous for some exponent v > 0, that is,
|ue(2) — ue(y)| < Oz —y|" +€7),

for each pair of points x and y contained in a ball B(z, R) C B(z,2R) C  and some constant
C=C(a,n,R,y) > 0.

Moreover, we obtained boundary estimates that allows us to to control the continuity
of the solutions near de boundary of the domain. For that purpose, we need to ask some
condition on the geometry of the domain in order to obtain these estimates. In particular,
we need the domain € C R" to satisfy the so called boundary regularity condition: there
are universal constants r¢, s € (0, 1) such that, for each r € (0, 7] and y € 952 there exists
a ball

B(z,sr) C B(y,r)\ Q

for some z € B(y,r) \ Q.

Theorem 3.3. Let QO C R" be a bounded domain satisfying the boundary regularity condition
and o : Q — (0, 1) a continuous function. For e > 0 and any F € C(£.), let u. € C(2) be the
unique function satisfying (13) for each x € €. Let n > 0, then there is a constant ¥ > 0 such
that for all r € (0, 7] there exist constants k € N and ey > 0 such that for any y € R" satisfying
dist(y, 0Q) < ¢ it holds

uc(z0) = F(y)] < n

foreach 0 < & < gg and z¢ € B(y, 4 %r) N Q..

Finally, as a consequence of these two results, it can be shown that the value function
of the game u. converges to a continuous viscosity solution u of the normalized p(z)-
laplacian,
N
Apyu(@) 1= Au(z) + (p(z) — 2) Ascu(w).

Theorem ([AHP, Theorem 6.2]). Let 2 C R™ be a bounded domain satisfying the boundary
reqularity condition and o : @ — (0, 1) a continuous function. Let eg > 0 and F' € C(€,). Let
ue denote the unique continuous solution to (13) with 0 < e < eo. Then, there exists a sequence

j — 0 such that {u.,}; converges uniformly to u € C(S2) a viscosity solution of the Dirichlet
problem for the normalized p(x)-laplacian,

Alz(m)u(x) =0 for z€Q,
u(z) =F(z)  for x € 092,

where p : Q — (1,00) is a continuous function depending on o(z) as in (12). Moreover, the
function w is locally v-Holder continuous in €.
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Chapter 1

The asymptotic mean value property
for p-harmonic functions in the plane

As we noted in the Introduction, in this chapter we deal with p-harmonic functions in
R"™, which are defined as weak solutions in Wﬁ)’f of the p-Laplace equation A,u = 0. In
addition, if u € C?(Q) such that Vu # 0, then u is p-harmonic if and only if satisfies

Au+ (p—2)Axu =0, (1.1)
where A, stands for the co-laplacian given by

Vu Vu

Aot := (D2 24 YUy
wi= D Gl

(1.2)
Let u € C?%(1). It is well known that we can express the laplacian of u asymptotically
in terms of mean values as follows:

Au(z) =2(n+2) lim 1 [][B( udLl — u(x)] , (1.3)

r—0 7’2 z,r)

for each z € Q. Moreover, this formula allows us to characterize harmonic functions by
replacing Au(z) = 0in (1.3). In order to obtain an analogous expression for p-harmonic
functions in C? and in view of (1.1), first we need an asymptotic expression for the co-
laplacian. This can be done by considering the midrange average of u on B(x,r), which is
the quantity given by

1 .
< sup u + inf u)
2 B(z,r) B(z,r)

Proposition 1.1. Let u € C?(Q) and x € Q such that Vu(z) # 0. Then

1|1
Asu(z) = 2}i_r>r(1) 2 [2 <Bs(1;€) u+ Bi(rgT) u) - u(x)] . (1.4)

The proof of formula (1.4) can be found in [MPR1] but we describe it here for the sake
of completeness.
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Proof. The Taylor’s expansion of v in a neighborhood of x reads as follows:

7“2
u( +7¢) = u(z) +r(Vu(), ) + o (Du(x) - ¢, ¢) + o(r?), (1.5)

for any || < 1 asr — 0. For each small enough r > 0, choose |(max(7)|, |¢min(7)| < 1 s0
that

sup u = sup u(x + r¢) = u(x + 7 (max(r)),

B(=z,r) I€I<1
inf u= inf uw(x+rl) =ulx +rCuin(r)).
o u= it @ 470 = u(e £ 7 o)

In particular,

1( sup u + inf u> < 1(u(ﬂs + 7 Cmax (1)) +u(x —r Cmax(r))),
2 B(z,r) B(z,r) 2

and replacing (1.5) the first order term vanishes and we get
2

Following an analogous argument for (i, (7), we obtain
2

% (5&3) v Bi(rgn u) Z u(@) + %<D2u(m) “Gmin (), Gunin(r)) + 0(r%).

Since Vu(z) # 0, by a standard argument with Lagrange multipliers, it turns out that

1 Go(7) = — i (1) = o,

V()|

Thus, replacing in the previous inequalities and after recalling (1.2) we get the expansion

1 2
—| sup u+ inf u)—ux + —Asou(z) + o(r?).
5 (s e nt ) = (o) + Gt + 00r)

Finally, rearranging terms and taking limits as » — 0 we obtain (1.4). O

In consequence, combining (1.3) and (1.4) as in (1.1), it can be shown that if u € C?
such that Vu(x) # 0, then A,u(z) = 0 if and only if the asymptotic expansion

-2 1 2
P . ( sup u + inf u> + 2 i ][ wdL = u(x) + o(r?) (1.6)
n+p 2 B(z,r) B(w,r) n+p B(z,r)
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holds as » — 0. However, since p-harmonic functions are not C? in general, it is not
clear if (1.6) should be true for any p-harmonic function. In any case, recalling the results
from [JLM] and [MPR1], it follows that if u is continuous and satisfies (1.6), then u is p-
harmonic.

As for the converse, when n = 2, Lindqvist and Manfredi proved ([LM]) that every
planar p-harmonic function with 1 < p < 9.52... satisfies (1.6) even at those points
where u does not have continuous second derivatives. The main result of this chapter
(that can be also found in [AL2]) is an improvement of the previous result by Lindqvist
and Manfredi and it states that, in fact, this is also true for 1 < p < oco.

Theorem 1.2. Let Q C R? be a domain and let 1 < p < oo. Then a function u € C(Q) is
p-harmonic in Q if and only if the asymptotic expansion

p—2 1 ( . > 4 2
—— -~ sup u+ inf u )+ —— udl =u(z)+ o(r 1.7
p+2 2 B(z,r) B(z,r) p+2 B(z,r) ( ) ( ) ( )

holds as r — 0 at each x € ).

Due to the complex structure of the plane (R? ~ C), we can identify each point (z,y) €
R2 with a complex number z = x + iy € C. Therefore, instead of working with the
gradient Vu of a p-harmonic function u in Q C R2, we use the complex gradient of u, Ju,

which is defined by

1 .
ou=u, = 5(%6 — Quy).

From [BI], it turns out that Ou € VV&)C2 () is a quasiregular mapping. Indeed, the authors
in [BI] proved that the p-harmonic equation A,u = 0 in the plane can be rewritten as the
(quasi-linear) Beltrami equation

=, 2-p|f I ==
af_? [f af+faf} (1.8)

in , where f = du and 0 denotes the complex derivative with respect to z, that is,
_ 1 .
0=05= 5(835 +i0y).

By quasiregularity, it turns out that the set of critical points S = {z € Q : Ju(z) = 0} con-
sists of isolated points (unless u is constant) and du is real-analytic outside .S (see [BI] and
[IM]). In consequence, it is enough to prove that a p-harmonic function satisfies (1.7) at a
critical point. We will then focus on the local behavior of a p-harmonic function around
a critical point of multiplicity » € N (not to be confused with the dimension of the space,
which in this chapter is fixed and equal to 2).

For simplicity, in what follows we assume without loss of generality that 2 C Cis a
domain containing the origin and u is a p-harmonic function in €2 with only one critical
point of order n € N at z = 0. The main idea in the proof of Theorem 1.2 consists on
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giving an asymptotic expansion for the p-harmonic function u in a neighborhood of the
critical point z = 0,
u(z) = u(0) + U(=) + O(|["),

where v = v(n,p) > 2 and i is a p-harmonic function in the plane (Proposition 1.11)
whose symmetry properties imply that

p—2 1( _ 4
—_— = supilz+1nfilz>+ (z) dz =0,
p+2 2 |z|<r ( ) |z <r ( ) p+2 |z|<7”( )

for small enough r > 0 (Lemma 1.12). Then equation (1.7) will follow.

1.1 The hodographic representation of u

As in [LM], we follow the so-called hodograph method, which was first proposed by Bers
and Lavrentiev in order to study non-linear problems in hydrodynamics. The method
consists on performing a change of variables in (1.8) in such a way that the independent
variable is the inverse of f and the resulting equation is linear with variable coefficients.
Our proof of Theorem 1.2 exploits the power series expansion of the complex gradient in
the hodographic plane that was obtained in [IM].

Let u be a p-harmonic function with a critical point of multiplicity n € N at the origin
and let

fi=0u= %(um — duy)

be the complex gradient of v, which is a quasiregular mapping satisfying (1.8). However,
the inverse of f may not be well defined in €. For that reason, in order to follow the
hodograph method, we recall the Stoilow factorization theorem (see, for example, [AIM]).
Then, since f is quasiregular and has a zero of order n € N at z = 0, it turns out that there
exists a quasiconformal mapping (and, thus, invertible) x such that

f(z) = (x(2)", (1.9)

in a neighborhood of the origin.

We denote by H = y~! the inverse of y. Note that, by quasiconformality, H is also
quasiconformal in a neighborhood of the origin. If we perform the hodograph change of

variables
{ ¢ = x(2),
(1.10)

then (1.9) can be rewritten as
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in a neighborhood of { = 0. Note that the left-hand side in the previous equation is an
holomorphic function, then
0(§") =ng" ™,
5(@) =0,
and the chain rule yields
[ngn—l]: 0H OH .[8f]
0 OH 0H of |-

Let Jy (£) denote the determinant of the matrix in the previous equation, that is, Jz(§) =

|OH (£))* - |OH (€) ‘2. Since H is quasiconformal, it turns out that Jy(£) > 0 for every £ in
a neighborhood of the origin and we can solve the system,

[W]J_l 0H —0H '[nén‘l}
of | "H | —dH oH 0 '

In particular,

of =nJ; ¢ oH,
(1.11)
Of = —nJ; €1 OH.
Replacing (1.9), (1.10) and (1.11) in (1.8) and rearranging terms we obtain
s P—2|¢ < 3 )n e
OH=—|=0H+|—) 0OH 1.12
» [ - : (112)

in a neighborhood of £ = 0.

The authors in [IM] obtained a series representation for solutions of (1.12) in a neigh-

borhood of the origin which reads as follows,
k
\5 | If |

= H(E) = (é,) S e
where A, € C, A,,11 # 0 are constants satisfying

k=n+1

D> kA < o0 (1.14)
k=n-+1
and et L )
K+n—
kTR = (VAR2(p— 1) +n2(p— 2)% —np) . 1.1
€k JV—— AL = 2(\/1{3 ) +n%(p—2) np) (1.15)
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From (1.15) it is easy to check that

k2 — n? k—mn

0< N\ < d <
‘ and [ey] < ;o

(1.16)

Equation (1.13) can be interpreted as the hodographic representation of the point z =
x + iy near the origin. Note that, also from [IM], it follows that if H is given by (1.13)
for certain coefficients Ay, €, and \j satisfying (1.14) and (1.15) then there exists a p-
harmonic function u (with a critical point of order n € N at z = 0) such that (1.9) holds
locally around the origin.

Let us denote by u the hodographic representation of u, i.e.,

u(€) :=(uo H)(&). (1.17)

The following result characterizes the hodographic representation of all p-harmonic func-
tions with a critical point at z = 0.

Proposition 1.3. u is a p-harmonic function with a critical point of order n € N at z = 0 if and
only if its hodographic representation u = (u o H) has the following power series expansion in a
neighborhood of £ = 0:

[es) k
W(E) = u(0) + Y €T e {Ak <é> } , (1.18)
k=n+1
where
B 4N
e et n+ k&

and the coefficients Ay, €, and Ay, satisfy (1.14) and (1.15). Moreover, 0 < pj, < 4(1 — %)

Proof. Let u be p-harmonic with a critical point of order n at the origin and let z = H(¢)
be the hodographic representation. We can split H () into its real and imaginary parts,
ie, H(§) = z(§) = z(§) +iy(&). By (1.9) together with (1.10), du(z) = £". Hence, in polar
coordinates ¢ = pe'’, this equation reads as

Uy = 2p" cos(ndd),
uy = —2p" sin(nd).

Then, we compute u, using the chain rule in (1.17):

Up = (uo H),=1usTp+ uyy, =2p" [, cos(nd) — y,sin(nd)],
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the expression in brackets being equal to Re { H,}. In polar coordinates, (1.13) reads
as

o
Hpe) = e 3" pen(o),
k=n+1

where ¢ (9) = Ape™ + e, Ape ™ for each k = n + 1,n + 2,... Therefore, replacing this
in u, we get

o0
u, = 2p"NRe {emﬂHp} =2 Z Ae(1+ €)p" T 19Re {Akeikﬂ} '
k=n+1

Integrating with respect to p and recalling (1.15) we get (1.18). The bound on s, follows
from (1.16). Since this argument can be reverted, the proof is completed. O

Given any p-harmonic function u with a critical point of order n € N at z = 0, it
follows from Proposition 1.3 that

U(€) = u(0) + U(E) + O(Jg"FAm+),

where {{(¢) is the first term in the power series expansion of u, (1.18),

~ n+1
(€)= ping €7+ e {An+1 (é‘) } : (1.19)

In particular, by Proposition 1.3, (¢) is the hodographic representation of a p-harmonic
function $(z) with a critical point of order n € N. More precisely,

U(z) = (Ho A (2), (1.20)

where A(§) is a quasiconformal mapping defined as the first term in the power series
expansion of the function z = H (&) associated to the p-harmonic function v, i.e.,

n+1 =\ nt+l1 —-n
AMJQ;> +%HAMH(EO ]QZ) P o

Remark 1.4. From now on, we can assume without loss of generality that «(0) = 0.

A(g) =

1.2 Quantitative injectivity estimates for A

For simplicity, we will use hereafter the notations a < b (resp. a ~ b) to indicate that
a < Cb(resp. C ~lg < b < Ca) for some positive constant C' independent of a and b.
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Lemma 1.5. The following estimates hold in a neighborhood of § = 0:

|a(¢) — 8(e)| S et (1.22)
|H(€) — A©)] S g+, (1.23)
JA()| & [H(E)] ~ ¢} (1.24)

Proof. From (1.14) and (1.16), we get in particular that the sequence {4} is bounded
and that |e| < 1 for all k. Since {\;}x is increasing, (1.22), (1.23) and (1.24) follow from

the estimate
o0

g = o). (1.25)

k=n+2

Now an elementary computation shows that there is C' = C(p) > 0 such that Ay, — A\, 42 >
C(k — (n+2)) for all £ > n + 2. This implies (1.25) and proves the lemma. O

Now, we study the behavior of A and we give an injectivity estimate. For this pur-
pose, we will use the following elementary lemma, whose proof is omitted.

Lemma 1.6. Let 7 > 0, A > 0and t € R. Then forall k € N,
|7 — 1] < k|re' —1]. (1.26)
Furthermore, if A > 1 and ifA*1 < 1 < A then there is a constant C' = C'(\, A) > 0 such that
‘T)‘eit — 1‘ > CT)‘fl‘Teit — 1‘. (1.27)

Lemma 1.7. The mapping A : C — C is bijective and satisfies

A©) = A = C|leP e = M1

, (1.28)

where C' = (1 — (2n+ 1) |ept1|) |[Ant1].
Proof. First, we observe that (1.16) for k = n + 1 implies that 0 < A\, 41 <2+ % and that

1
on+1

lenta| <
We show first that A is surjective. We write A = \j,41, € = €41 and A = A,,41. Then
A(pel?) = prei? (A I Ezefi2(n+1)19) ‘
Assume, for simplicity, that A = 1. Then we can write
A(pe”) = p*m(9)e ™),

where ‘
B(9) = 0 4 arg(1 4 ee 2 FDY)
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and

m(9) = ‘1 + 6e—i2("+1)79‘ = \/1 + €2 + 2ecos(2(n + 1)9). (1.29)

To prove that A is surjective, let w = se’ € C such that w # 0 (if w = 0 it is obvious that
A(0) = 0). Since ¢(0) = 0 and ¢(27) = 2, by continuity we can pick k¥ € Z and ¥ € [0, 27]
such that t 4 2k7 € [0,27] and ¢(9) = t + 2k7. Then ¢?(?) = ¢%, For that 1, choose p > 0

so that
1/A
B s
p‘<mwﬂ ‘

Then we have shown that A(pe?) = w so the surjectiveness of A follows. To finish the
proof of the lemma, it is enough to prove (1.28), which is a quantitative form of injective-
ness. By (1.21),

A > A,
2n+1 2n—+1 .
|Amﬂ”K’<é> -kt (&)
Now appl i _§/\ a_ §/¢ _ . .
pply (1.26) with 7 = ¢l e’ = €/C] and k£ = 2n + 1, and multiply both sides of

the inequality by |¢|*. Then

é— 2n+1 < C >2n+1
‘m () (i

A
@n+1]m £l

[dh
Replacing this expression in (1.30) we obtain
JAE) — A = [Ans1] (1 = (2n + 1) |¢]) IEI — ¢l \CI
so the proof is finished. O

Lemma 1.8. Let A > 1. Then there is a constant C' = C(n,p, A, |Ap+1|) > 0 such that for any
£, ¢ € Cwith A7V [¢] < €] < A|¢| we have

JA(E) — AQ)] = C I+ e = ¢

§/¢

and multilply by [¢|* to obtain
€/C] ply by [C|

and e =

Proof. Apply (1.27) with 7 = ‘g

'm Al — P == Cle e ¢l (1.31)

IC |
Then the lemma follows from (1.28) together with (1.31). O
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1.3 The perturbation method

Given ¢ in the hodographic plane, set z = H(¢), ( = A™!(z) and w = H((). Then

§ = x(2),
{ ¢ = x(w) = AT (H(Q)).
Since
2| = [A(Q] = [H(C)| = |w]
by (1.24), it follows from quasiconformality ([Ahl]) that
€l = Ix(2)] = [x(w)| = [¢].

We recall the p-harmonic functions

where £l is given by (1.19).

Lemma 1.9. Let A > 1. There is a constant C = C(n,p, A, |An+1|) > 0 such that for any
£,¢ € Cwith A=Y |C| < €] < A|C] then

|€0(8) — Q)| < C el JA©) — A(Q)] -

Proof. From (1.19), the fact that 0 < 5, < 4if £ > n and direct computation it follows that

€0(8) — ()| < O |Apaa] €M7 e = ¢,

where C' = C(n, A) > 0. Then the conclusion follows from Lemma 1.8.
O

Corollary 1.10. Let £, ¢ € C such that A(¢) = H(&). Then the following estimate holds in a
neighborhood of § = 0:

(&) — Q)] S Jg|" A2,
Proof. Use the fact that |¢| ~ ||, Lemma 1.9 and estimate (1.23). O

Now we are ready to prove the following singular expansion of a p-harmonic func-
tion.

Proposition 1.11. Let u be a p-harmonic function with a critical point of order n at z = 0 and
u(0) = 0. Then u can be written as

n+Ap42

u(z) = U(z) + O(|z] 1)

in a neighborhood of z = 0.
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Proof. By (1.17) and (1.20) we can write

u(z) —U(z) = u(§) — W(C) =
By (1.22), (1.24) and Corollary 1.10 we get

(&) — £(Q) + u(§) — £(E).-

=

n+>‘n+2 "+/\n+2
[u(z) = U(2)| S [€"TA2 a2 | H (] it = [2] ot

so the proof is finished. O

1.4 Proof of Theorem 1.2

As before, we will write A, e and p instead of A\, 11, €541 and jip,41, respectively. We can
assume without loss of generality that A, ;1 = 1. Then

.A(pew) — p)\e—inﬂ(ei(n—i-l)ﬂ + 66—i(n+1)19)
and ‘A(pew)‘ = p*m(¥9), where m(?) is given by (1.29). Furthermore
U(pe”) = pp™ ™ cos((n + 1)9).

Denote by D, = B(0, ) the open disc centered at 0 with radius > 0 and define the
hodographic disc D, as A~'(D,). Then, a point pe’” of the hodographic plane belongs to
D, if and only if ’A(pem)} < randD, can be described using in polar coordinates as

n{o o< (i) )

Now we define the function J(¢) as the absolute value of the jacobian of A(¢). Computing
J(¢) in polar coordinates we get

J(pe™) = \p* A=V (1 — (2n + 1)€® — 2ne cos(2(n + 1)0)) . (1.32)

(Observe that, since |e| < (2n + 1)~ the expression in the right hand side of (1.32) is
positive).

Lemma 1.12. The p-harmonic function $\(z) given by (1.20) satisfies the following properties, for
small enough r > 0:
sup U + inf 4 = 0, (1.33)
D, Dr

U(z) dz = 0. (1.34)
Dy
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Proof. By (1.20), we need to study the behavior of Z((g ) in D,. Then, (1.33) is a direct con-
sequence of the symmetries of D,.. To show (1.34), observe that, by a change of variables,

U(z)dz = | _8(¢)J(C) d¢
D, D,

and using polar coordinates we get

2m rp(d)
/ U(z) dz = ,u)\/ / P cos((n 4 1)9)5(0) dp do, (1.35)
D, 0o Jo

where

NSV
p(¥) = <m(19)> , J(0) =1—(2n + 1)e® — 2necos(2(n + 1))

and m(9) is given by (1.29). Now (1.34) follows directly from (1.35) and the symmetry
properties of m(¢}) and j(¢). O

Lemma 1.13. The inequality
n+ )\n+2

> 2 1.36
)\n+1 ( )

holds for each 1 < p < oo and each n > 1.

Proof. From (1.15) and some computation it follows that inequality (1.36) is equivalent to

n(p+2)y/n2p? +16(n + 1)(p — 1) > n?p® + (—2n° + 8n)p — (2n* + 8n). (1.37)
Now we distinguish two cases. If n = 1 then (1.37) becomes
(p+2)Vp?+32(p — 1) > p* + 6p — 10.

If the right hand is negative then the inequality follows. Otherwise, squaring the previous
inequality we get
2p° + 7p + 10p — 19 > 0.

which holds for each p > 1 since the left-hand side is increasing in p and vanishes for
p = 1. This proves (1.37) when n = 1.

Now assume n > 2 and observe that \/n2p% + 16(n + 1)(p — 1) > np for each p > 1.
Then (1.37) would follow if

n?*p(p +2) > n?p* + (=2n? + 8n)p — (2n* + 8n),

which is equivalent to
2n—4)p+n+4>0,

and holds trivially if n > 2. This finishes the proof of the lemma. O
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Proof of Theorem 1.2. As stated at the beginning of this chapter, we only need to prove
that planar p-harmonic functions satisfy (1.7) since the other implication is already clear.
We also discussed there that (1.7) need only to be checked at a critical point. Therefore,
we can assume that x = 0, u(0) = 0 and that 0 is a critical point of .

Let r > 0 be small enough. By Proposition 1.11 and Lemma 1.12,

ntAn42
][ u(z)dz =0 (r At ) ,

1 ntAny2
3 <sgf)u+i&fu> =0 <7“ An+1 ) .

Finally, combine both equations and divide by r? to obtain that for any o € R

1 1 1 "fni2 o
2| isgrpu—i—§1grfu + (11—« Tu(z)dz =0 |(r A+ .

By Lemma 1.13 the exponent of r in the right-hand side is strictly positive. Therefore,
taking limits as » — 0, we show that (1.7) holds at the origin and we conclude the proof.
Ul

and
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Chapter 2

The restricted mean value property
and p-harmonious functions

Let (X, d, 1) denote a proper metric space endowed with a Borel positive measure p such
that 0 < p(B) < oo for any ball B C X. This chapter is concerned with functions satisfy-
ing the a-mean value property,

Z(mpu—l—infu) +(1—a)]€9xudu=u(fv), (2.1)

B Bz

where B, denotes the closed ball B(z, o(z)) with 0 < o(z) < dist(x, Q) for each z in a
given bounded domain Q2 C X. For the sake of simplicity, if u € C(Q) and z € Q, we
denote by Su(x) and Mu(z) the midrange and the average of u on B,, respectively. That

is, the operators given by

Su(z) : = ;<sgpu+igfu), (2.2)
Mu(z) ::][ u dy, (2.3)

for each z € . Additionally, in what follows, we define 7, as the combination of these
two operators,
Tou(z) := aSu(x) + (1 — a) Mu(z), (2.4)

where a € R. Therefore, a function u € C(f2) satisfying the a-mean value property (2.1)

can be seen as a fixed point of 7, in C(£2), that is, u is a solution of the functional equation
Tou = u.

It is easy to check that, defined in this way, 7, is non-expansive in L*°(2) for o € [0, 1],
that is,

for every u,v € L*>(Q2). Indeed, by the properties of the supremum and infimum,

[Su(z) — Sv(z)| < < sup u(z) — v(z)],

x

sup u — sup v

x x

1
2

infu — info
Bo B.

x

N | =
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for each z € 2, and thus (2.5) follows for o = 1. For o = 0, the non-expansiveness follows
immediately by the linearity of the integral in (2.3). Thus, by (2.4) we get the result for all
a € [0,1].

This chapter is divided into two different parts. In the first part, we present the results
obtained in [AL3] (although some previous results in this direction were already obtained
in [AL1] in the case X = R", with the euclidean distance, ¢ doubling and g 1-Lipschitz
continuous) where we provide a priori Holder and Lipschitz regularity estimates for the
class of functions satisfying the a-mean value property (2.1). Such functions are also
called generalized p-harmonious functions in analogy to the (n-dimensional) euclidean case,
where the coefficient « is related to p by

p—2

n—i—p'

Regarding the functional equation 7,u = u, we distinguish two cases: o = 0 and
a # 0. For the first case, 7y corresponds to the operator M defined in (2.3), and the
estimates obtained for this operator depend essentially on the choice of the measure
and the radius function p instead of the function u itself (see Subsections 2.2.2 and 2.2.3).
Thus, the estimates in this case are much more direct than in the general case o # 0
in which the appearance of the operator S plays an important role. In Lemma 2.10, we
adapt an argument due to Le-Gruyer and Archer for obtaining continuity estimates for
S (see [LA]) and we combine it with the results for M in order to get an estimate for 7.
However, the estimate obtained in this way is not enough for establishing a regularity
result for solutions of 7,u = w. For that reason, in Sections 2.3 and 2.4 we perform an
iteration method that gives better estimates.

Note that we need to assume the existence of continuous solutions in order to obtain
the estimates conducting to the regularity results. For that reason, the second part of
this chapter (which corresponds with Section 2.5) is concerned with the existence and

uniqueness of solutions in C(§2) of the Dirichlet problem

Tou=u in Q,

u=f on 01,

for a fixed continuous boundary data f € C(9€2). We can reformulate this as a fixed point
problem, that is, to find a continuous function satisfying 7,u = « among all continuous
extensions u of f to the whole domain. Given a function f € C(052), we denote by K the
collection of all norm-preserving continuous extensions of f to Q, that is,

Kpi={ueC@) : ulyy =7 and Juloo=flcon)- 26)

Therefore, by the non-expansiveness of the operator (2.5) and the fact that T u| o0 = ul 50

for every u € C((), it turns out that 7, maps Ky into ;. Moreover, it is easy to check
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that Ky is a closed subset of C(Q).

From these assumptions, it is not difficult to establish the uniqueness of solutions,
meaning that, if there exists a fixed point of 7, in Ky, then it must be unique. Indeed, it
can be immediately deduced from a comparison principle for generalized p-harmonious
functions (see Section 2.5.1).

On the other hand, existence of fixed points is more delicate and we prove it for the
case X = R" with p = L is the Lebesgue measure. The key point in our proof of existence
of solutions requires the sequence {7*ug} to be equicontinuous in Q for any uy € Ky
(see Section 2.5.2). Equicontinuity at interior points of €2 can be deduced from Section 2.3
even in the general case of metric measure spaces, but we cannot deduce equicontinuity
on the boundary from these results. For that reason, we postpone the analysis of bound-
ary equicontinuity until Section 2.5.3 and we establish it in bounded and strictly convex
domains on R" following an idea due to Javaheri (see [Jav]).

2.1 Preliminary facts

2.1.1 Metric spaces and admissible radius functions

We start recalling some basic concepts and definitions that will be useful in this chapter.

Definition 2.1. Let (X, d) be a metric space. We say that (X, d) is proper if every closed and
bounded subset of X is compact. (X, d) is a geodesic space if for any two points z,y € X
there is a curve connecting x and y whose length is equal to d(z, y).

Given any subset G C X, we denote by dist(z, G) the infimum of all distances d(z, y)
where y € G. Moreover, if G is bounded, let /(G) be the largest distance to the boundary
for points in G:

1
(@) : = sup {dist(z,0G)} < 5 diam G. (2.7)
z€G
Definition 2.2. A modulus of continuity in a bounded domain 2 C X is a non-decreasing
continuous function w : [0, diam Q] — [0, 00) such that w(0) = 0. We will often require w
to be concave too. If G C Q and u € C(G), we will denote by wy, ¢ a concave modulus of
continuity such that

u(z) = u(y)| < wucld(z,y)) (2.8)
forall z,y € G.
Definition 2.3. Let (X, d) be a proper metric space and 2 C X a bounded and open

domain. We say that a non-negative function ¢ € C({2) is an admissible radius function in
Qif

0 < o(x) < dist(x,00)
for each = € , and ¢o(z) = 0 if and only if z € 9Q. Whenever G € (2, we define

oG = i%f 0> 0. (2.9)
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Also, we introduce the following notation for closed balls in 2 with radii given by o:
B, := B(z, o(x)),

for each x € 2. Since the balls B, with z € G are not necessarily contained in G, we
define G as the union of all balls B, with centers in G,

G:= | B. (2.10)
z€G

Remark 2.4. We will hereafter make use of some of the concepts introduced in this sub-

section (like the family of balls {B, : z € 2} and the operator on sets (-)) without any
explicit mention of their dependence on the choice of the admissible radius function g,
which is assumed to be fixed.

Following the notation in (2.8), we denote by w, o a concave modulus of continuity
for p in Q. Since |o(z) — o(y)| < £(R2) < diam2 for each z,y € (2, we can also assume
that w, o(diam Q) < diam Q (otherwise, we just replace w, o(t) by min {w, o(t), diam Q},
which is also a concave modulus of continuity for p). As we will see in the next sections,
a distinguished case occurs when the admissible radius function is Lipschitz, that is,

lo(z) — o(y)| < Ld(x,y),

for each z,y € € and some L > 0, in which case we can simply take w, o(t) = Lt.
For technical reasons, we need to define another concave modulus of continuity for o
(that will be denoted by &,) as follows: if w, o(t) < t for all ¢ € [0, diam ] then we set
Wy(t) : = t. Otherwise, we define

~ diam 2

Wol(t) - we,0(t). (2.11)

- w0 (diam £2)
Note that, defined in this way, W,(t) is a concave modulus of continuity for g in € satis-
fying

max {t,wp 0(t)} < D,(t) < diamQ = &,(diam Q) (2.12)
for each t € [0,diamQ]. Consequently, successive compositions of w, with itself will

produce a sequence of continuous functions Qék) : [0, diam Q] — [0, diam 2] given by

oW (1) =0, @F V@),

for k € N, where @E)O) (t) =t.

In this setting, we can define the operator S as in (2.2) and we can obtain the desired
estimates for it (see Lemma 2.10).
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2.1.2 Metric measure spaces

Definition 2.5. A metric measure space (X, d, ) is a metric space endowed with a Borel
positive regular measure ;. From now on, we will only consider measures p such that
0 < u(B) < oo for every ball B C X.

Definition 2.6. Let (X, d, ;1) be a metric measure space. We say that . is doubling (equiv-
alently, (X, d, p1) is a doubling metric measure space) if there exists a constant D,, > 1 such
that

p(B(x,2r)) < Dy p(B(x,7))

for any x € X and each r > 0.

In order to get estimates for the operator M, we will make use of the following prop-
erty, which will play a central role in what follows and is closely related to the doubling

property.

Definition 2.7. Let § € (0, 1]. A metric measure space (X, d, u) satisfies the d-annular decay
property if there exists a constant Ds > 1 such that

R—r

5
(Bl B\ Blor) < Dy (U ) o) @13)
foreach z € Xand 0 < r < R. For 0 = 1, this property is also known as the strong annular
decay property.

Example 2.8. As a canonical example, R™ endowed with the euclidean distance and £ =
L" the Lebesgue n-dimensional measure satisfies the 1-annular decay property. Indeed,
L(B(z,R)\ B(x,r)) R"—1r" < R—r

n

L(B(x,R) R -"TR

foreachz ¢ R"and 0 < r < R.

It is easy to check that the J-annular decay property implies the doubling property.
Conversely, in [Buc] it is proved in particular that a geodesic metric space (X, d, 1) with
a doubling measure p satisfies a 6-annular decay condition for some 6 € (0, 1], where §
only depends on the doubling constant. (See also Lemma 2.1 in [AL1] where this impli-
cation is proven in R").

In addition, we will also use the following definition when studying the continuity
properties of the operator M.

Definition 2.9. We say that a (Borel, regular) measure x in a metric space X is ring-
continuous if, for each x € X the function

r— u(B(z,r))

is continuous in (0, +00).
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From (2.13), one can easily deduce that a measure p satisfying the j-annular decay
property for some 6 € (0,1] is also ring-continuous. However, the converse is not true
and one can find examples of ring-continuous measures that do not satisfy this property
(see Example 2 in [AGG]).

2.2 Continuity and regularity estimates

2.21 Continuity of S

The following lemma was proven in [LA] when the admissible radius function is 1-
Lipschitz, that is

lo(z) — o(y)| < d(=,y),

for every z,y € Q. Note that, since the operator S does not depend on any measure, we
state it in the context of a metric space (X, d).

Lemma 2.10. Let (X, d) be a geodesic metric space and let o be a continuous admissible radius

function in a bounded domain Q@ C X. Then, for any v € C (), any compact subset K C 2 and
each x,y € K we have

[Su(z) — Su(y)| < w, i (We(d(x,y))),
where K, w, i and @, are as in (2.10), (2.8) and (2.11), respectively. We have, in particular
wsu,k (t) < W, & (Wo(1)) - (2.14)

Proof. Recalling the definition of Su, (2.2), and the elementary formulas

sup z; — sup y; = sup inf (z; — y;),

iel jeJ iel J€J

inf 2 — inf ys — inf(z — v

inf i — Infy; = supinf(zi — ;).

we can write
1 . 1 .
Su(z) — Su(y) = = sup inf (u(s) —u(t)) + = sup inf (u(s)— u(t)). (2.15)
SGBI tEBy 2 teBy SEBIIJ

Note that it may happen that B, ¢ K or B, ¢ K. However, by (2.10), the inclusion
B, U B, C K holds. Then,

Sseué)z tiergy(u(s) —u(t) < Sseué)z tielgy w%f((d(s,t)) SW.R (sup inf d(s,t)) .

Replacing this term (the other term is analogous) in (2.15) and using that w  ~ is concave,
we get

Su(z) — Su(y) < wuf((l sup inf d(s,t) + 1 sup inf d(s,t)).

s€B, 1€By teBy, S€Bx
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Thus, we need to show that, for any z,y € (2,

1 1
— sup inf d(s,t) + = sup inf d(s,t) < @,(d(x,y)). 2.16
s€B, t€By () teB, $€Bx (5,9) o(d(@,9)) ( )

From [LA, p.282], since (X, d) is geodesic by assumption, we get:

sup inf d(s,t) < max{d(z,y) + o(z) — o(y),0},
teB, 5€Ba

sup inf d(s,t) < max{d(z,y) + o(y) — o(z),0}.
s€EBy teBy

(2.17)

Finally, (2.16) follows from (2.17) and (2.12). Therefore, this together with (2.15) finishes
the proof. O

2.2.2 Continuity of M
We will first look at the continuity and regularity of the function
x — Mu(z) :][ udp
By

where an admissible radius function g in a domain 2 C X, a measure p and a bounded
continuous function u in € are given. The following Lemma is a preliminary result in
this direction. Before that, we introduce some notation: given two subsets A, B C X, we
denote by AAB = (A\ B) U (B \ A) the symmetric difference of Aand B.If A, B,C CX,
it follows that

AAB = (AAC)A(CAB) C (AAC) U (CAB).

If A, B C X are two measurable subsets, then
|u(A) — u(B)| < p(AAB),
and, from the triangle inequality,
w(AAB) < u(AAC) + n(CAB). (2.18)

Lemma 2.11. Let (X, d, u) be a metric measure space. If By and By are two balls contained in X,

then (B, ABy)
HAD1 2

udu—][ udu‘ﬁ? Ul oo ,

f, 5 Vel S Gu By, (B2

for each v € L*°(X).

Proof. We can assume that p(B) > p(Bz2), then

u(By) (ﬂludu—][&udu) - Bludu—/32udu+(u(32)—M(Bl))]éQudu,
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and estimating this, we obtain

fowai—f wan] | [ wan= [ w4 lulo s - us)
B1 Bs B1 Bo
<[l dut Julln(Br2B
1 2

< 2 ||ufl o n(B1ABz). O

1(Bi)

The following corollary follows from Lemma 2.11 and the non-expansivenes of M in
L>(Q).

Corollary 2.12. Let (X,d, ) be a metric measure space. Let Q C X be a domain and o an
admissible radius function in Q. Then, for each u € L*(Q2) and all x,y € Q we have

1(BzABy)
max {((By), 1(By)}

The importance of Corollary 2.12 lies in the fact that the continuity of Mu can be
derived from the continuity of the function

| MFu(z) — MPu(y)| < 2||ull (2.19)

x — w(By) = u(B(z, o(x))

without any dependence of the function u. To see that, consider any z,y € Q and ry,r >
0 and recall (2.18). Then

w(B(x,r1)AB(y,re)) < w(B(xz,m1)AB(z,12)) + u(B(x,r2) AB(y, r2)). (2.20)

Now suppose that p is ring-continuous (see Definition 2.9). Since B(x,r1) C B(x,r2) or
B(z,r3) C B(z, 1), the first term in the right hand side of (2.20) is equal to

[u(B(z, 1)) — w(B(z,72))|

so it is controlled by the ring-continuity of x. On the other hand, for the second term we
recall the following result due to Gaczkowski and Goérka:

Lemma ([GG, Theorem 2.1]). Let (X,d,u) be a metric measure space such that i is ring-
continuous. Then for each v € X and each r > 0,

lim p (B(z,7)AB(y,r)) = 0.

Yy—x
Moreover, the function x — pu(B(z,r)) is continuous (w.r.t. d) for each fixed r > 0.

Therefore, replacing r1 = o(z) and 2 = o(y) in (2.20) we get the following proposi-
tion.

Proposition 2.13. Let (X, d, ) be a metric measure space such that u is ring-continuous. Sup-
pose that Q@ C X is a domain and ¢ is a continuous admissible radius function in Q2. Then,
M L®(Q) = C(Q).
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Remark 2.14. By definition, the continuous admissible radius function ¢ vanishes on the
boundary of the domain (2, thus p(B,) tends to zero as x approaches the boundary of €.
In consequence, estimates obtained from (2.19) are local, that is, they only make sense on
compact subsets K C (.

2.2.3 Equicontinuity and regularity estimates for M*

Let Q@ C X be a given domain in a metric measure space (X, d, ;) and let K C Q be a
compact subset. We will construct moduli of continuity W, x depending on 1, 0 and K

such that
p(Be ABy) 1 1

< d(x,y)), (2.21
e (u(B,). u(By)) ~ 2" ) )
for every z,y € K. Hence, by (2.19), we would have

(MPu(z) = MPu(y)| < llull o Wik (d(z, ), (2.22)

foreach k£ € N.

In this subsection, we mainly obtain two different types of estimates: (local) equicon-
tinuity and regularity. In order to show equicontinuity of the sequence of iterates { M"*}
one just needs the admissible radius function p to be continuous (Theorem 2.18), while
for the regularity of solutions of Mu = u, we have to ask some extra regularity to o (The-
orem 2.20).

We first assume that g is Lipschitz continuous.

Lemma 2.15. Let (X, d, i) be a metric measure space satisfying the 6-annular decay property
(2.13) for some 6 € (0, 1] and Ds > 1. Suppose that o is a Lipschitz continuous admissible radius
function in a domain Q C X for some Lipschitz constant L > 1. Then, for any compact set
K C Qand each x,y € K we have

w(BoAB,) d(z,y)\’
max { (B ), n(By)} §4LD5< 0K ) ' (2:23)

Proof. Since p is Lipschitz by assumption, |o(z) — o(y)| < Ld(z,y). Then:

0

0K
-Ifd(z,y) > 2L,’chemD(; < or

W(B,AB,) < 2max{u(B,),

<2D5<2Ld”> max {u(Ba), u(B,)}
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—Ifd(z,y) < % then, since L > 1, we get that |o(z) — o(y)| < ok /2 and, in particular,
o(y) > o(z)/2 and o(x) > 0(y)/2. As a consequence, the following inclusions hold:

B, \ By C By \ B(w, 0(y) — d(z,y)),
By\ B C By \ B(y, o(z) — d(z,y)).

Thus, by the J-annular decay property (2.13) and the fact that o(x), o(y) > ok for every
x,y € K, we obtain

0
(8, B,) < D5 (A= LD LA 53, ).

o(y) — o(z) +d(z,y)
OK

é
(B, \ ) < s ) e (u(B.), (5}

Using the Lipschitz assumption on ¢ and adding these two quantities we get the estimate

1)
(LJrl)al(gc,y)) max {{1(Byz), (By)},

M(BxABy) <2Ds <
OK

which implies (2.23). O

Remark 2.16. Note that if x, y are as in the statement of Lemma 2.15, then only the point-
wise inequality |o(z) — o(y)| < Ld(z,y) is really used in the proof.

Lemma 2.17. Let (X, d, j1) be a proper metric measure space satisfying the 6-annular decay prop-
erty (2.13) for some § € (0,1] and Ds > 1. Suppose that o is a continuous admissible radius
function in a bounded domain Q@ C X. Then, for any compact set K C Q and each x,y € K we

have s
M(BIABZJ) <a@(d($v y)))
<o (22890 2.24
max (u(Ba), 1By} = oK (2.24)
where C = C(Ds, pv) > 0and @, is as in (2.11).

Proof. For each pair of points z,y € K, we need to distinguish two cases depending on
the values of |o(z) — o(y)|-

—1If |o(z) — o(y)| < d(x,y), this case was already studied in Lemma 2.15 with L = 1, then
(2.24) follows from (2.23) and (2.12).

— Otherwise, |o(z) — o(y)| > d(x,y). We can assume that

d(z,y) < o(x) — o(y), (2.25)

since the other case is analogous. Then B, C B, and

B.ABy = B\ By C B(y, o(x) +d(z,y)) \ By, 0(y)).
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Consequently, the J-annular decay property (2.13) yields

o(z) — o(y) +d(z,y)
o(z) +d(z,y)

s
u(B,08,) < s ( ) nBow) +da). @20
On the other hand, since the J-annular decay property implies that ;. is doubling with
some constant D, > 1, using the inclusion B(y, o(z) + d(z,y)) C B(y,20(x)), it turns out
that

w(B(y, o(x) + d(z,y))) < Djt i(Bz).
Therefore, replacing this in (2.26) we get

6
u(B,08,) < D Dy (AL LI )

Since d(x,y) > 0, o(x) > ox, p(Bz) > n(By) and (2.25),
> o(z) — o)\’
#(B:ABy) < Dy, Dj | 2 0K max {1(Bz), 1(By)} -
Recalling (2.12) the proof is complete. O
Recalling (2.22) we have shown the following theorem.

Theorem 2.18. Let (X, d, j1) be a proper metric measure space satisfying the d-annular decay
property (2.13) for some 6 € (0,1] and Ds > 1. Suppose that o is a continuous admissible radius
function in a bounded domain @ C X. Then, for any u € L*°(Q2), any compact set K C §, any
x,y € K and each k € N we have

: : By(d(x, )’
|IMFu(z) — MFu(y)| < CHUHOO( e ) , (2.27)
0K
where C = C(Dg, i) > 0. In particular, the sequence { M*u}y, is locally uniformly equicontinu-

ous in €.

In particular, if p is y-Holder continuous with v € (0, 1], then we can assume directly
that W,(t) = Lt” and we get the following corollary of Theorem 2.18.

Corollary 2.19. Let (X, d, i) be a proper metric measure space satisfying the d-annular decay
property (2.13) for some § € (0,1] and Ds > 1. Suppose that o is a y-Holder continuous
admissible radius function in a bounded domain Q C X, for some v € (0,1]. Then, for any
u € L>®(Q), any compact set K C Q, any x,y € K and each k € N we have

(MEu(x) — MPu(y)] < llull oo Wi x(d(z,y)),
where W, i : [0, diam Q] — R is given by

Wuk(t) =Colt7, (2.28)
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with C = C(Ds, Dy, L) and L > 0 is the Holder coefficient of o. In particular, the operator M
sends L> () to the space C, 079 (Q)) of locally ~d-Holder continuous functions in €2,

loc

M : L®(9) = C27(0).

loc
and the sequence { M*u}y, is locally uniformly equicontinuous in Q.

Moreover, we immediately deduce a regularity result for bounded solutions of Mu =
u which can be stated as follows.

Theorem 2.20. Let (X, d, j) be a proper metric measure space satisfying the d-annular decay
property for some § € (0,1]. Suppose that Q C X is a bounded domain and o is a y-Holder con-
tinuous admissible radius function in 2 for some v € (0,1]. Then any u € L*°(Q2) verifying the
0-mean value property in Q) with respect to o (that is, Mu = w) is locally vd-Holder continuous
in Q. In particular, if v = § = 1 then w is locally Lipschitz continuous in €.

2.3 Iteration of 7,

We now focus our attention on the case v # 0,1. The first step consists on giving a
continuity estimate for 7, which can be easily derived from the analogous estimates for
S and M in the previous sections. More specifically, the following is a direct consequence
of Proposition 2.13 and Lemma 2.10.

Proposition 2.21. Let (X, d, 1) be a proper geodesic metric measure space with i ring-continuous.
Suppose that Q@ C X is a bounded domain and let ¢ be a continuous admissible radius function in
Q. Then T, : C(Q) — C(Q) for any a € R.

As in the case a = 0 in which 7, reduces to M, to go beyond this result we need to
take into consideration stronger hypothesis on the measure (.

Lemma 2.22. Let (X, d, 11) be a proper geodesic metric measure space and let @ C X be a bounded
domain. Suppose that o is an admissible radius function in Q and assume that, for every compact
set K C Q, a modulus of continuity W, g is given satisfying (2.21). Then, if o] < 1, and

u € C(92), the estimate
wTau i () < lafw, g (@e(t) + (1 = ) [Jull o Wk (#), (2.29)
holds for all t € [0, diam §].
Proof. Let x,y € K. Then, recalling the definition of the operator 7, (2.4), we get
| Tou(z) = Tau(y)| < laf [Su(z) — Su(y)| + (1 — )| Mu(z) — Mu(y),
and (2.29) is obtained by taking into consideration the estimates (2.14) and (2.22). O

However, estimate (2.29) is not good enough by itself to infer further regularity for
the solutions of 7,u = u. For that reason, the key point for this section is the iteration
of formula (2.29). Note that, in order to obtain better estimates for 7,u on the compact
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set K via iteration of the operator, we need to control u on K>K , Where K is given by
(2.10). Thus, when iterating (2.29), we need to guarantee some control on the sequence

of sets given by successive application of the (-) operation over the compact set K. For
that reason, we need to assume that the domain 2 C X is bounded and we impose the
following restriction on o:

Adist(x, 00)° < o(z) < e dist(x, IN), (2.30)

for each x € Q, where 0 < A < £(Q)'7P¢,0 < ¢ < 1 and 8 > 1, with £(Q) given by (2.7).
We also introduce the following exhaustion of 2:

Ky i={z € Q : dist(z,00) > (1 — )™},

for m € N, where ¢ is the constant appearing in (2.30). Hence, K1 C Ky C --- € Q and

1i3a K,, = Qin the sense that, for every z € (), there exists large enough my = mo(z) €
m—00

N such that z € K,, for all m > mg. Moreover, by (2.10) and (2.30), it is easy to check that
K C Kpit,
for m € N. From (2.30), we can also control from below the values of ¢ on K,;,:
ox,, > A(in dist(z,09))" > A(1 — &)™, (2.31)
where gk, is as in (2.9). Replacing K by K, in (2.29) and iterating it we can control the
oscillation of 72“, for k € N, as the next lemma shows.

Lemma 2.23. Let (X, d, p1) be a proper geodesic metric measure space, Q@ C X a bounded domain
and let ¢ be a continuous admissible radius function in §). Suppose that, for every compact
set K C ), a modulus of continuity W, k is given satisfying (2.21). Then, for |o| < 1 and

u € C(Q), the estimate

k ~(k
wwu,Km (t) S ‘Oé| wu7K7rL+k (wg )(t))

k—1
. . (2.32)
+ (=) ullg D lal Wk, ., @5 (1))
j=0

holds for each m, k € N and every t € [0, diam ).
Proof. Since f(\ﬂ: C Km+1, we get from (2.29)
Tt () < 1wt (@ol8)) + (1= @) o Wy ()
for each ¢ € [0, diam §2]. Now, iteration of this inequality gives (2.32). O

To get local equicontinuity of the sequence {7u},, we need to add some extra con-
dition that controls the convergence of the series in (2.32).
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Lemma 2.24. Let (X, d, p) be a proper geodesic metric measure space with a continuous admissi-
ble radius function o in a bounded domain 2 C X. Suppose that, for every compact sect K C €2,
a modulus of continuity W, i is given satisfying (2.22). Assume also that

|| lim sup (WM,KJ. (diam Q))l/j < 1. (2.33)

Jj—o0
Then for any u € C(Q), the sequence {TFu}y, is locally uniformly equicontinuous in Q.

Proof. Fix m € N. Regarding the first term in the right-hand side of (2.32) we note that,
since W,(t) < diam ) for each ¢ € [0, diam ], then

‘Oé|k W, Ky ke (@(k) (t)) < ‘O‘|k Wy, 0 (dlam Q) m 0.

Thus,
{t — Jaff w0 (@P (t))} — 0 (2.34)

k k—oo

uniformly in [0,diam )] as ¥ — oo. Consequently there exists a common modulus of
continuity F; for the sequence (2.34). Now we focus on the series in (2.32). Note that

Wity (@9(0) € Wi, (dinm )

forall ¢ € [0, diam €2]. Then, since

lim sup (Wmeﬂ (diam Q))l/j = lim sup (WM (diam Q))l/(mﬂ') ’

X X 7Km+j
J]—00 J—00

it follows from (2.33) that

|| lim sup (W, (diam Q))l/j <1,

) 7Km+j
J—00

so the root test implies that the series
© -
D o Wit (3 (1)) < o0
j=0

converges uniformly in [0, diam ]. In particular, there exists another modulus of conti-
nuity for the series, say F>. Summarizing:

Wk, K, (1) < F1(t) + (1 — o) f|ull o F2(t).

Since m is arbitrary and the right-hand side of the previous inequality does not depend
on k € N, the proof is finished. O

In particular, if we assume that the measure y satisfies the J-annular decay property
(2.13) we get the following theorem.
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Theorem 2.25. Let (X, d, 11) be a proper geodesic metric measure space satisfying the 6-annular
decay property (2.13) for some § € (0,1]. Let |o| < 1 and suppose that o is a continuous
admissible radius function in a bounded domain Q C X satisfying (2.30) with 0 < A < ()}~ Pe
and ((2) given by (2.7). Assume also that

0<e<l1-—|o, (2.35)
log||

155 <—TL
1
Ogl—s

Then, for any u € C(Q), the sequence of iterates { T Fu}y, is locally uniformly equicontinuous in
Q.

Proof. We only need to check that the assumptions in Lemma 2.24 are satisfied. By The-
orem 2.18, for any compact set K C (), we can choose W, i as in (2.27) for any com-
pact set K C €. Thus, after replacing K by K; and t by diam 2 and recalling that
Wo(diam ) = diam 2, we get,

(Wi, (diam ©)) 7 = <C’(diam Q)5>1/ g 0,

J

and by (2.31),

; ; s\ 1/J
(W, (diam ©)) 7 < (W) (1—¢)798,

Taking limits we get

lim sup (W, k, (diam Q))l/j < (1—¢g)7%5.
Jj—00
On the other hand, by (2.35) we have |a| < 1 —¢ < (1 — £)?# so condition (2.33) follows
and the sequence {7*u}} is locally uniformly equicontinuous in 2 by Lemma 2.24. [

2.4 Regularity of solutions

In this section we give a priori regularity results for functions u € C(f2) satisfying the
a-mean value property (2.1) (that is, solutions of the functional equation 7,u = u) with
respect to an admissible radius function in a bounded domain 2 C X. When o = 0,
then 7y = M and the regularity of such solutions was already obtained in Theorem 2.20.
However, the case o # 0 is more delicate and stronger assumptions on the radius func-
tion o are needed, as we have already seen in Section 2.3.
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We focus our attention on inequality (2.32). Since the continuous function u is as-
sumed to be a fixed point of the operator T,, after replacing 7. u by u, we are allowed to
pass to the limit when £ — oo. Then (2.32) becomes

Wk, (1) < (1 —a) ||u||oo Z |O‘|j W Kot j (“A‘)éj)(t))a (2.36)
7=0

for t € [0,diam ], where m € N is fixed. Therefore, the series in (2.36) will provide the
information about the regularity of the solution u. The following is the main regularity
result of this chapter.

Theorem 2.26. Let (X, d, j1) be a proper geodesic metric measure space satisfying the 6-annular
decay condition for some 6 € (0,1] and let Q@ C X be a bounded domain. Suppose that o is a
Lipschitz admissible radius function in  with Lipschitz constant L > 1 such that

Adist(z, 99)? < o(z) < edist(z, O0),
forall x € Q, where 0 < \ < £(Q)'~Pe and £(Q) is given by (2.7). Assume also that

la| < L7
0< e <1-Llqof,
and choose (3 so that
1
1 -
Lol
T
1—e¢

1<p8< (2.37)

log
Then any u € C(S2) verifying the a-mean value property in Q with respect to o (that is, Tou = u)
is locally 6-Holder continuous in ). In particular, if § = 1 then w is locally Lipschitz continuous
in Q.

Proof. By assumption, g is Lipschitz continuous with constant L > 1, therefore we have
Wo(t) = min{Lt,diamQ}. Iterating we get the inequality @éj)(t) < Lt for each t €
[0,diam Q] and each j € N. Moreover, since p satisfies the §-annular decay property
(2.13), from (2.28) together with (2.31) we get

ctd
W'U,,Km_i,-j (t) < A‘S(l _ 6)(m+j)66

for some constant C' = C(Ds,D,, L) > 1. Replacing all this in (2.36) we obtain the
following estimate:

Cl—a)lluly [ [ Lla]
Stk 1) = S5 —cpmss (Z (a=5) ) -

j=0
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Now observe that (2.37) implies the convergence of the above series and, consequently,
the desired Holder regularity estimate. O

In the particular case that 5 = 1, we obtain the following Theorem as a corollary of
Theorem 2.26.

Theorem 2.27. Let (X, d, j1) be a proper geodesic metric measure space satisfying the é-annular
decay condition for some 6 € (0,1] and let Q@ C X be a bounded domain. Suppose that o is a
Lipschitz admissible radius function in Q with Lipschitz constant L > 1 such that

Adist(z,09Q) < o(z) < edist(z, 09),

forall x € Q, where
0<A<e<l-Llaf.

Then any u € C(Q2) verifying the o-mean value property in 2 with respect to o (that is, Tou = u)
is locally 6-Holder continuous in ). In particular, if § = 1 then w is locally Lipschitz continuous
in Q.

2.5 The Dirichlet problem for p-harmonious functions

Let X = R™ with d the euclidean distance and p = £ the Lebesgue measure. Given a
bounded domain 2 C R" and any fixed continuous boundary data f € C(012), in this
section we show existence and uniqueness of fixed points of 7, in Ky, where Ky stands
for the set of all norm-preserving continuous extensions of f to (2 defined in (2.6).

Uniqueness of solutions is easily deduced from a comparison principle for fixed points
of 7, which also holds for general metric measure spaces (see Proposition 2.31). On the
other hand, our proof of existence of fixed points relies on the equicontinuity of the se-
quence of iterates {7*u}, in Q for any u € K. Indeed, in Theorem 2.33 we show that the
equicontinuity of the iterates in the clausure of the domain implies existence of solutions
even in the case of a metric measure space (X, d, ).

Consequently, since the local equicontinuity has been already studied in Section 2.3,
the main issue in this section is to show the equicontinuity of the sequence {7*u}; at
each point of the boundary. With that purpose, Section 2.5.3 describes the adaptation of
a clever argument due to Javaheri ([Jav]) for the operator M in euclidean domains, as is
done in [AL1]. Unfortunately, this method cannot be employed in the context of a general
metric measure space. Moreover, as one may expect, the argument adapted from [Jav]
needs some extra hypothesis on the geometry of the domain, more precisely, (in addition
to boundedness) we require 2 to be strictly convex, that is, for each x,y € 0f2 the open
segment connecting x and y is entirely contained in 2 (see Theorem 2.34). This is the only
part of the proof where strict convexity is used.

To summarize, we state the main theorem of this section, which is consequence of the
results of this and previous sections.
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Theorem 2.28. Let Q@ C R"™ be a bounded and strictly convex domain, o € [0,1) and o a
continuous admissible radius function in Q) satisfying

Adist(z, 0Q)° < o(z) < e dist(x, Q)

with 0 < A < £(Q)'Pe and ((Q) is given by (2.7). Assume also that

Let T, the operator (2.4) with . = L the Lebesgue measure. Then, for any f € C(0S2), there
exists a unique fixed point v = Tov in Ky. Moreover, for any u € Ky, the sequence of iterates
{T*u}y, converges uniformly to v.

Taking 3 = 1 we obtain the following as a corollary of the previous result and Theo-
rem 2.27.

Theorem 2.29. Let Q@ C R™ be a bounded and strictly convex domain, o« € [0,1) and ¢ a
continuous admissible radius function satisfying

Adist(z,00) < p(x) < edist(x, 0Q)

forall x € Q, where
0<A<e<l—a.

Then, for any f € C(0N), there exists a unique fixed point v = Tov in Ky. Moreover, for any
u € Ky, the sequence of iterates {T*u}, converges uniformly to v. In addition, if o is Lipschitz
continuous with constant L > 1 and

0<A<e<1-La,
then w is locally Lipschitz continuous in €.

Remark 2.30. The results in this section were originally proved in [AL1] when the ad-
missible radius function is 1-Lipschitz, that is,

lo(z) — o(y)| <[z —yl,

for each x,y € Q. The proof of existence of solutions (Lemma 2.32 and Theorem 2.33)
is much more powerful than in [AL1] since we show the convergence of the sequence
of iterates {7 ug}y for a fixed point directly, while in [AL1] we employed a different
argument based on a technical result for non-expansive mappings in Banach spaces due
to Ishikawa (see [Ish] and [GK]). This method requires the aid of an auxiliary operator
Ho = 5(Z + Ta) (whose fixed points coincide with the fixed points of 7,) and consists on
studying the convergence of its iterates.
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2.5.1 Uniqueness of solutions
The uniqueness part follows from the next comparison principle.

Proposition 2.31. Let (X, d, uu) be a metric measure space endowed with a Borel positive regular
measure i such that 0 < pu(B) < oo for every ball B C X. Let Q@ C X be a bounded domain, o
an admissible radius function in Q and a € [0, 1). Suppose that u and v are fixed points of T, in
C(Q) satisfying that u < v on 9. Then u < v in .

Proof. The argument is standard in comparison results. Let v and v as in the statement of
the proposition. Let m = max(u — v). We will show that m < 0. Suppose, on the contrary,
Q

that m > 0. Then, by monotonicity, the inequalities
Su<m+Sv and Mu<m+ Mv (2.38)
hold. On the other hand, define
Ai={zeQ: (u—v)(a)=m},

which is a nonempty and closed subset of (2, and take any y € A. We will see that B, C A
and thus A is also open. Indeed, since u and v are fixed points of 7, and u(y) = m+v(y),

aSu(y) + (1 — o) Mu(y) = a(m + Sv(y))(1 — a)(m + Mo(y)),

and by (2.38) we must have in particular that Mu(y) = m + Muv(y). Therefore,

]g(v—i-m—u)du:().

Y

The integrand in this equation is continuous and non-negative so by continuity and the
hypothesis on (. it follows that v +m —u = 0 in By,. This proves that A is open. Therefore,
by connectedness A = 2 and v —u = m > 0in 2, which contradicts the assumption u < v
on Jf2. Then m < 0 and the proposition follows. ]

2.5.2 Equicontinuity in (2 implies existence

Let Q@ C Xbe abounded domain and consider f € C(0f2) any continuous boundary data.
In order to show the existence of fixed points for 7, in Ky, as well as the convergence of
the sequence of iterates to a fixed point, we will make use of the following technical
result, which can be stated in the more general context of Banach spaces.

Lemma 2.32. Let (X, ||-||) be a Banach space, ) # K C X any closed subset and T : K — K
a non-expansive operator. For x € K, suppose that the sequence of iterates {T*z}; has a limit
pointy € K. Let
C:= lim | Tz — T*z| > 0. (2.39)
k—o0

Then,
|T" 1y — T = ©, (2.40)
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forevery £ = 0,1,2,... Inparticular, if C = 0, the sequence {T*xz}, is said to be asymptotically
regular and then y € K is a fixed point of T..

Proof. Since y € K is a limit point of {7z}, there exists a subsequence {T*iz}; con-
verging to y. The non-expansiveness of T implies that the sequence {||T*"'z — T*z||},
is non-increasing, thus the constant C' > 0 given by (2.39) is well-defined. Now, for any
¢=0,1,2,..., the triangle inequality and the non-expansiveness of 7" yield

T4y = Thy| < [T — Ty 4+ [T+ — Tl | 4 [T - The|
< 2Tz —y|| + | T e — Tz,
for each j € N. Taking limits as j — oo, we get HT”ly — TeyH < C. On the other hand,
[T — T < Ty Ty T — Tl 4 [Ty — Y|
<2|Thz —y| + Ty — T

Again, taking limits we obtain the reversed inequality and we get (2.40). Finally, if C' = 0,
choosing ¢ = 0 in (2.40) we get Ty = y, so y € K is a fixed point of T'. O

For the next result, we assume that the sequence of iterates is equicontinuous in Q
and we use Lemma 2.32 to show that this sequence converges uniformly to a fixed point.

Theorem 2.33. Let (X, d, ) be a metric measure space endowed with a Borel positive regular
measure i such that 0 < p(B) < oo for every ball B C X. Let Q2 C X be a bounded domain, o an
admissible radius function in Q and « € [0,1). For a fixed function f € C(0S), suppose that the
sequence of iterates {T*u}y, is equicontinuous in Q for each u € K. Then:

1. Forany u € Ky, the sequence of iterates { T u}y, is asymptotically reqular, that is,

lim || 77w — Trul| = 0.
k—o0

2. There exists a unique function v € Ky such that Tov = v.
3. The sequence of iterates converges uniformly in § to the fixed point v € K for eachw € K.

Proof. Since {T*u}; is assumed to be equicontinuous in Q, by Arzela-Ascoli’s theorem,
there exists at least one subsequence converging uniformly to a function v € K. Let

C:= lim |7 — TFz| o > 0.
k—oo
By definition (2.6), Ky is a closed subset of C(Q2) and 7, : K; — Ky, thus Lemma 2.32
yields that
17T+ = Tovllee = €, (241)
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forevery £/ =0,1,2,... To see that C' = 0, we argue by contradiction: suppose that C' > 0
and choose a large enough ¢ € N so that

(>2 |fC|°° (2.42)

Since 71y — T is a continuous function vanishing on 952, we can choose an interior
(e} « g
point zg € €2 such that
T (o) — Taw(wo)| = C.

We assume that 7+ v(xg) — TXv(z) = C since otherwise the proof goes in an analogous
way. Recalling the definition of 7, and M, (2.4) and (2.3), respectively, it turns out that

C=a [T - ST )an)| + (1) f (To-Twan. @43)

By,

For o # 0, using (2.41), we know that
| Go-Tiwdusc
Bag

then, replacing in (2.43), rearranging terms and dividing by ¢,
C < 8(Tow)(x0) = S(To ™ v) (o) < [STow = ST vl loc.
From the non-expansiveness of the operator S and (2.41), we get
S(Tov)(wo) = (T3 ") (0) = C,

and, as a consequence of (2.43),

][ (Thv — T ') dp = C,
B

0

which is also true when a = 0 (just replace it in (2.43)). Together with (2.41) and since
p(Baz,) > 0, this implies that the function in the previous averaged integral is equal to C
in By, . In particular,

Tov(xo) = To~to(zo) = C,

so we can repeat this argument iteratively until we finally reach that
Trv(xo) = v(wo) + £C.

Recalling that 7, : Ky — K together with (2.6) and (2.42), we obtain the desired contra-
diction,
1 £lle = Tav(zo) = v(wo) +£€C > = || fllog + 2/l = [l

and thus C' = 0. This proves not only that the sequence of iterates is asymptotically
regular, but the existence of a fixed point v € K for 7, (see Lemma 2.32). Finally, to see
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that the iterates actually converge uniformly to the fixed point, suppose on the contrary
that there are ¢ > 0 and a subsequence {725% u}; such that

T u— o] > e

for each j € N. We can assume that this subsequence converges uniformly to a function
w € Ky (otherwise, by equicontinuity and Arzela-Ascoli’s theorem we can take a further
subsequence converging uniformly to w). In particular,

lw— v > €. (2.44)

However, following the same reasoning, it turns out that w is also a fixed point for 7,
in K; and, by uniqueness (Section 2.5.1) it turns out that w = v in , which contradicts
(2.44). O

2.5.3 Boundary equicontinuity in the euclidean case

In this section, let X = R", d the euclidean distance and « = £ the Lebesgue measure. In
what follows, we will assume that 2 C R" is a bounded and strictly convex domain (that
is, for each pair of points x,y € 01, the open segment connecting them is contained in (2)
and p is a continuous admissible radius function in Q2. Here, the operator 7, is defined as
usual. Then, we show the following result:

Theorem 2.34. Let o € [0,1). Then, for any u € C(Q), the sequence of iterates {TFu}, is
equicontinuous at each point of OS.

As we mentioned at the beginning of this section, in order to show Theorem 2.34, we
adapt an argument from [Jav]. The idea is to show that the graph of each iterate 7 u is
contained in the convex hull of the graph of u for any u € C(). Then, together with
the strict convexity of the domain (2, this property imposes a control on the behavior of
the iterates near the boundary in such a way that the equicontinuity at each point in 952

follows.

Once the boundary equicontinuity has been proved, we are in conditions of showing
the existence result for strictly convex domains in R™:

Proof of Theorem 2.28. Uniqueness of solutions follows directly from the comparison prin-
ciple for generalized p-harmonious functions (Proposition 2.31), while the existence of
solutions will follow from Theorem 2.33 once the equicontinuity of {7.*u} in  has been
provided for any continuous extension v € Ky. Indeed, equicontinuity at points in S
is proven in Theorem 2.34, while for equicontinuity at interior points we recall Theo-
rem 2.25. ]

First, we introduce some basic notation. For v € C (ﬁ), we define the graph of u as
the set
Gy :={(z,u(z)) : 7€ Q} CQxRCR"™
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Moreover, we denote by co(A) the convex hull of a set A, that is, the smallest convex set
containing A.

Proposition 2.35. Let a € [0,1]. Ifu € C(Q), then

Gy C co(Gu), (2.45)
foreach k € N.
Proof. Note that, to obtain (2.45), it is enough to prove that the inclusion

Gru C co(Gy) (2.46)

holds for each function u € C(2). Indeed, if (2.46) holds, then

co(Gr (gr-1,) C co(Grr-1,)

forevery k € N and we easily get (2.45) after applying this inclusion iteratively. Moreover,
since « is assumed to be between 0 and 1, by definition of 7, (2.4), each point in the graph
of T,u is convex combination of a point in G's,, with a point in Gy, more precisely,

(z, Tou(x)) = a(z,Su(z)) + (1 — a) (z, Mu(z))

for each z € Q, and thus we just need to prove (2.46) for the extreme cases & = 0 and
o =1, that s,

Gsu C co(Gy,), (2.47)
Gmu C co(Gy,). (2.48)

Fix z € €. To see (2.47), since u is continuous, we can select points {max and &pin in
B, = B(x, o(z)) such that

Supu = u(émax)a

T

111215 U = u(é-min)v

together with their reflections with respect to z, £/, = 22 — &max and & ;. = 2z — &min,

then
u(é‘min) + u(fllmn) < sup u + %lfu < u(gmax) + u(dnax)?

T

and by continuity, there exists £ € B, such that

where ¢’ = 22 — ¢ € B,. Consequently,

(¢, Su(x)) = 3 (€ &) + 5(€ul))
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which is a convex combination of points in G,,, and (2.47) follows.

We prove now (2.48). Since ¢ € B, if and only if 2z — ( € B, and L is the Lebesgue
measure on R"”, then

/ (@) d¢ = | u(2z—¢)dc
z By

and we can write

Therefore, by continuity, there exists £ € B, so that

Mgy = ")

and (2.48) follows as in the previous case. O

Lemma 2.36. Let u € C(2). Then,

co(Gu) N ({€} x R) = {(& u(§))},
foreach & € 0.

Proof. Fix any £ € 00 and suppose that ¢ € R is given such a way that the point
(&,t) is contained co(G,). We need to show that this forces ¢ to be equal to u(&). By
Carathéodory’s theorem, (¢, ¢) can be written as a convex combination of (at most) n + 2

points in G, that is,
n+2

(&) =Y N, u(z:))

i=1

where z1,22,..., 2,02 € Qand A, Ao, ..., A2 > 0 satisfy Ay + -+ + Apy2 = 1. We
deduce that the convex combination in the previous equation must be trivial in the sense

that, say, Ay = 1 and Ay == Ant2 = 0. Otherwise, § € 02 would be a proper convex
combination of points in 2, which contradicts the strict convexity of Q. Then z; = € and
t = u(§) for the choices of the parameters above. O

Proof of Theorem 2.34. We proceed by contradiction: suppose that there exists a continu-
ous function u € C(f) such that the sequence of iterates {7*u}, is not equicontinuous
at certain £ € 9. Then there is a small enough ¢ > 0, an increasing sequence of integers
{k;}; C Nand a sequence of points {x;}, C Q satisfying x; — ¢ and

Tt u(s) = u(©)] = [T ulz;) = T u(€)| > &



2.5. The Dirichlet problem for p-harmonious functions 63

for each j € N. We can assume (otherwise we could take a further subsequence) that
ﬁju(a:j) —t€Rasj — ocoand that

It —u()| > 5. (2.49)

| ™

By Proposition 2.35,
(2, T ulz;)) € co(Gh)
for each j € N, and since co(G,,) is a closed set, taking limits we get

(&,t) € co(Gy).

Then the contradiction follows from the (2.49) together with Lemma 2.36. Therefore
{TFu} . 18 equicontinuous at each point of 9f2. O
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Chapter 3

Tug-of-war games and the
normalized p(z)-Laplacian

In this chapter we study a tug-of-war game with orthogonal noise and space dependent
probabilities. One of the key tools in studying the tug-of-war games is the dynamic pro-
gramming principle (DPP), which, in this case, reads as

ulz) = L0 [ sup (a(z)a(z o)+ o)

2 lv|=e B

u(z + h) dﬁ”_l(h)>

v
€

+ inf <a(x)u($ +v)+ B(az)][

|v|=e B

u(z + h) dE”_l(h)>]

v
€

+0(x)F(x),

with a given boundary cut-off function §, a continuous boundary function F' and con-
tinuous probability functions «(z), 5(z). Here, BY denotes the (n — 1)-dimensional ball
orthogonal to v and £"~! stands for the (n — 1)-dimensional Lebesgue measure. This
formula can be understood as some sort of mean value property.

The results in this chapter are contained in [AHP]. However, in this memory we do
not describe all the results of this article and we mainly focus on giving a detailed proof
of the (asymptotic) regularity estimates for solutions of the DPP. We organize this chapter
in three sections: first, in Section 3.1 we describe the game introduced above which turns
out to be very helpful for showing existence and uniqueness of solutions of DPP. Later,
in Section 3.2, we show that these solutions satisfy some locally asymptotic Holder con-
tinuity estimate (Theorem 3.2). Finally, Section 3.3 is devoted to give boundary estimates
for the solutions using barrier arguments.

3.1 The two-player tug-of-war game

First we introduce some notation that will be useful to describe the game and throughout
the following sections. Given a bounded domain 2 C R™ and € > 0, we define the
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following open sets:

I. ={zx € Q : dist(z,00) < e},
O. ={z e R"\ Q : dist(z,00) < e},

ant the extended domain Q. : = Q U O.. Also, for brevity, the compact boundary strip of
the game domain is denoted by I', : = I. UO.. Let F be a continuous boundary func-
tion F' € C(I'.). For measurability reasons, we need to introduce a boundary correction
function § : Q. — [0, 1] which is given by

§(z) = min {0,1 — e~ L dist(z, O:)}. (3.1)

Then, §(x) = 0 if and only if z € Q \ I.. Suppose that a, 3 : Q — (0,1) are continuous
functions such that

a(z) + B(z) =1

for all z € Q. In addition, we define the bounds

0 < amin : = inf a(z) <supa(z) =: amax < 1, (3.2)
Sy x€eQ
and, in consequence, Buyin : = 1 — amax and Pmax : = 1 — amin. We denote by BY the open
ball of radius ¢ in the (n — 1)-dimensional hyperplane v+ orthogonal to 0 # v € R", that
is,
BY:=B(0,e)Nvt:={yeR" : |y| <e and (y,v) =0}.

£

Let us consider a game involving two players (say P and Fiy). A token is placed at
a starting point xg € . Suppose that, after j = 0, 1,2, ... movements, the token is at a
point z; € €. Then,

o if z; € O\ I, then P and Pj decide their possible movements V]I- 41 and y}ﬂrl,
respectively, with |VJI'+1| = |V§£r1| = . A fair coin is tossed and if i € {I,1I} and P
wins the toss, we have two possibilities:

- with probability a(x;), the token is moved to z;1 = z; + V;+1, and

— with probability 5(z;), the token is moved to a point ;11 € x; + B:’*" uni-
formly random;

o ifz;cl,
- the game ends with probability §(x;) and then, Pj; pays P the amount given
by F(x;), and
- with probability 1 — §(z;), the players play a game as in the previous case
IS Q \ I..

e if 2; € O, then the game ends and Py pays P the amount given by F(z;).
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Let 7 denote the time when the game ends, and denote by =, € I'. the position where the
game ends. Then, P pays P the quantity F'(z,). We define a history of the game as the
vector (zg, z1, . .., z;) describing the positions of the token at each step after j repetitions.
A strategy is a sequence of Borel measurable functions that gives the next game position

given the history of the game. Therefore, we define S; : = (Sf )524 with

j—1
7 {zo} x | (Qa)F — 0B(0,2),
k=1

for all j € N and with both i € {I,II}. Given a starting point xy € Q and strategies 51, Sy,

we define a probability measure P ¢ on the natural product o-algebra of the space of
1,011

all game trajectories.

Since amax < 1, it can be proven that the game described above ends almost surely
in finite time (7 < oo) regardless of the strategies St and Sir (see Section 2 in [AHP] for a
detailed proof and [Har] for the case in which «(z) is constant). Therefore, for all starting
points zy € 2, we can define a value function for Py and for Py by

ug(xo) = supinf E§?7SII [F(z.)],

St S (3.3)
un(zo) = infsup Eg) o [F(z7)].
S S ’

Moreover, it turns out that these value functions satisfy the dynamic programming prin-
ciple,

lv|=< BY

u(z) = L0 [sup (a<x>u<x+u> +(1-a@)f e+ dﬁ“(h))

34
+ inf (a(m)u(m +v)+(1- a(a:))][ G4

u(z + h) dﬁ"l(h)>]
|v|=e BY
+(z)F(x),

where we denote

n—1 . 1 wl(x n—1
]igu(z—i—h)dﬁ (h)._ml(Bg)/Bg (x + h) AL (h),

with £~ the (n — 1)-dimensional Lebesgue measure.

As we have mentioned, our main interest in this chapter is to study the regularity of
solutions of (3.4), for that reason, we introduce the auxiliary function

Aulz,v) = alz)ulz + v) + B(:c)][ w(z + ) dLm1 () (3.5)

v
£
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and the operator

Ru(x) : = 1= (=) sup Au(z,v) + inf Au(z,v)| + 6(x)F(z) (3.6)

2 |v|=¢ |lv|=¢

for all z € €. and any continuous functions « € C(.). By using this operator, we can
identify the solutions to (3.4) with the fixed points of R. Note that, despite the fact that
a(z) and B(z) are not defined in the outside strip O, (3.6) is well-defined by setting
Ru(z) = F(z) for all z € O.. Similarly, we set §(x)F(z) =0 forallz € Q\ I..

Defined in this way, R : C(Q.) — C(Q.) and, if u,v € C(£)) satisfy u < v then Ru <
Ruo, that is, the operator R is monotone. Next, we state the existence and uniqueness of
solutions of (3.4).

Theorem 3.1. Let ¢ > Oand let F' : I'. — R be a continuous function. Then, there exists a
continuous function u. : Qe — R with the boundary data F such that it satisfies the dynamic
programming principle (3.4). Moreover, this function is unique and is the value function of the
game, i.e., u. = uy = uyy With uy and uyy defined in (3.3).

In the following, we give a brief idea of the proof. For a detailed proof of this re-
sult, we refer the reader to Section 3 in [AHP] (see also [Har] for the case in which the
probability function «(z) is constant).

Sketch of the proof. The idea of the proof is to show the existence of a lower and an upper
semicontinuous solutions of (3.4),

Ru=u and Ru =1,

respectively, by iterating the operator R defined in (3.6). In fact, these functions can be
defined as the following pointwise limits:

=

(z) := lim R¥(inf F),
k—o0

where (inf F') and (sup F)) are understood as constant functions in Q.. Then, it can be
shown that every measurable solution u satisfying (3.4) is bounded between these two
semicontinuous functions, that is, © < u < w for every measurable function u such that
Ru = u. Finally, by using the tug-of-war game defined above, it turns out that both
semicontinuous solutions are, in fact, the same. From this, existence and uniqueness of
solutions follows at the same time. O

Once the existence and uniqueness of continuous solutions of Ru = wu have been
established, in Section 3.2 we give a local asymptotic regularity estimate for the solutions
of (3.4) in 2\ I.. This is the main result of this chapter and can be stated as follows.
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Theorem 3.2. Let z,y € B(0, R) with B(0,2R) C Q and

0 <y < Jmin (3.7)

Qmax
for arbitrary small k € (0, Qmin/ Omax) With cumin, max defined in (3.2). Then, if u satisfies (3.4),
we have | ’v .,
T —y €
™ +C 7 (3.8)

with C : = C'(aumin, Omax, 7, R, suppg, , u,y)and 0 < e < 1.

u(z) —u(y)| < C

Note that, by the definition of the operator R and the boundary cut-off function (3.1),
the dynamic programming principle in €2\ I reduces to the equation

u(z) = % [ |sup <a(:v)u(x +v)+ 5(;8)][

v|=e BY

u(x + h) dﬁn_l(h))
(39)
+oinf (a(x)u(:ﬂ o)+ ﬁ(:@][

lv|=¢ By

u(z + h) dﬁ"‘l(h)>] .

Therefore, we need to control the continuity of the solutions near de boundary of the
domain. For that purpose, in Section 3.3, we obtain boundary estimates by using barrier
arguments. As one may expect, we will need to ask some condition on the geometry
of the domain in order to obtain these estimates. In particular, we need the domain
Q C R™ to satisfy the so called boundary regularity condition: there are universal constants
0,5 € (0, 1) such that, for each r € (0,7¢] and z € 0 there exists a ball

B(y,sr) C B(z,r)\ Q

for some y € B(z,r) \ Q.

Theorem 3.3. Consider Q@ C R™ a bounded domain satisfying the boundary regularity condition.
Let n > 0 and let u be the solution of (3.4) with continuous boundary data F. Then, there is a
constant 7 € (0, o] such that for all r € (0, 7] there exist constants k € N and ey > 0 such that
forany z € I'c it holds

fu(zo) - F(2)] <1

forall 0 < e < ggand xo € B(z,47Fr) N Q..

As a consequence of Theorems 3.2 and 3.3, and in view of the Arzela-Ascoli’s theorem,
there exists a continuous function u on 2 with the boundary values F' and a subsequence
{ex}x such that u., — wu uniformly on Q as k& — oo. Moreover, it turns out that this
function is a weak solution to the normalized homogeneous p(x)-Laplace equation

Alz(x)u(x) 1= Au(z) + (p(z) — 2) Asou(z)
= Mu(a) + (p(@) ~ 1) Ascu(e) @10
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where the relation between a(x) and p(x) is given by

_ plz) -1
o) =1, +p(x)

Thus, p: Q@ — (1, +00) is uniformly continuous and

1 < Pmin : = inf p(z) < supp(x) =: pmax < 0.
e zeQ
Since equation (3.10) is in a non-divergence form, the weak solutions are defined via
viscosity theory. Furthermore, by the estimate obtained in Theorem 3.2, it turns out that
this solution is locally y-Holder continuous. We state this as a theorem and we direct the
reader to Theorem 6.2 in [AHP] for the proof.

Theorem 3.4 ([AHP, Theorem 6.2]). Let @ C R" be a domain satisfying the boundary regu-
larity condition, and let u. denote the unique continuous solution to (3.4) with ¢ > 0 and with
a continuous boundary function F : T. — R. Then, there are a function u : Q@ — R and a
subsequence {e;}, such that u., converges uniformly to w in Q0 and the function w is a viscosity
solution to (3.10) with the boundary data F'. Moreover, u is locally ~-Holder continuous for some

v € (0,1).

3.2 Local regularity

The regularity result is based on a method established by Luiro and Parviainen in [LP].
The method consists of several steps:

— First, we choose a comparison function f having the desired regularity properties.
Then, the idea is to analyze two different cases separately. At a small scale, we need to
control the effects arising from the discretization. At a bigger scale, the key term of the
comparison function is C' |z — y|” with z,y € R",0 < v < 1 and C' > 0 big enough.

— In the second step, we aim to prove that the error u(x) — u(y) — f(x,y), where u is
the solution to (3.9), is smaller in (B; x By) \ T than in (By x Bg) \ (B1 x B1 \ T') with
both sets belonging to R?*", where we used the notation By, for the ball B(0, R) and the
set T is the set of points (z,y) € R?" such that = y. Then, we thrive for a contradiction
by assuming that the error is bigger in (B x By) \ T

— As a final step, we get a contradiction by using a multidimensional dynamic pro-
gramming principle for the comparison function f. In the proof below, intuition based
on suitable strategies is helpful even though we are not using stochastic arguments.

Proof of Theorem 3.2. By using a scaling « — Rz, we can assume that R = 1. In addition
by translation, it is enough to consider the claim (3.8) in the case y = —x. For simplicity,
we assume supp, . g, (u(z) —u(y)) < 1.
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Given C > 1,let N € N be such that

N> 1()00'

v
Then, we define the following functions in R?"
fi(z,y) = Cla —y|" + |z +yl*,

C*N=Dg7if (x,y) € A;,
f(r.9) =1 if o —y| > N—,

10
f(xay) = fl(x?y) - fQ(xay)v

with 4; = {(z,y) e R*" : (i—1)F < |z —y| <if} fori=0,1,...,N. The function fo
is called an annular step function and it is needed to control the small scale jumps. Note
that we have sup fo = C*V¢7 reached on

T:=Ay={(z,y) eR*™ : 2 =y}.

It holds that f; > 1in (B2 x Bg) \ (B1 x Bp). Here, we need the term |z + y[Q in the
function fi, because
z+yl* =2z + 2y — |z —y[* >3

for all z,y € (B2 x Bz) \ (B1 x Bj) such that |x —y| < 1. Therefore, together with
u(z) —u(y) < 1in By x By and u(xz) — u(y) = 0in T, we have

u(z) —uly) — flx,y) < sup fo = C*Ne, (3.11)

if (z,y) € T or (z,y) € (B2 X Ba) \ (B1 x B1). We have to show that this inequality is also
true in (B; x By) \ T. Thriving for a contradiction, write

M .= sup (u(z) —u(y) — f(z,y))
(z,y)eB1xB1I\T

and suppose that M > C?Ve7. By (3.11), this is equivalent to

M= sup (u(z)—uly)— f(z,y)). (3.12)
(z,y)€Ba X Ba

For all > 0, we choose a pair of points (z,y) € (By x By) \ T such that

M <u(z) —uly) — f(z,y) + 5 (3.13)

N3

Then by (3.9), we have

u(e) — uly) < 5 sup (Aulz, 1) — Auly, i) + 5 inf (Au(z, i) = Auly, ), (314)

Vg, Uy Vg, Vy
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where Au is the auxiliary function defined in (3.5).

Given |v;| = |vy| = ¢,let P, _,, denote any rotation that sends v, to —v,. By recalling
a(z) + f(z) = 1 for x € 2, we can decompose the difference Au(x,v,) — Au(y,vy). For
simplicity, we may assume that o(z) > a(y). Thus, we get

.AU(SC, Vx) - Au(y, Vy) = a(y) [u(x + Vx) - u(y + Vy)]

+ B(aj)][Buy [u(z + P, —y,h) —u(y + h)] dC"(h) (3.15)

T (ala) - aly)) [u<x+m— Lt ac=)

vy
€

Next, we use the counter assumption (3.12) to estimate each of the terms in (3.15) from
above. Consequently, we can estimate

u(x) —u(y) < M+ f(z,y)
for all z,y € Bs. Then, we define
G(f, 2y, va, vy) 1= a(y) f(z + ve,y + 1)
+ 5(3:)]{8 @t Py by + B ag" ()

(3.16)
+a@) —a@) ]| ey ) de (),
BYY
Thus, we have
Au(z,vy) — Au(y, vy) < M + G(f,x,y, Va, vy). (3.17)
By taking the supremum, we obtain
sup (Au(z, vy) — Auly,vy)) < M + sup G(f, x,y, Vg, vy). (3.18)

Vg, Vy Vz,Vy

On the other hand, choose |0, | = |0,| = € such that

inf G(f,z,y,ve,vy) > G(f, 2,9, 02, 04) — -

Vg, Vy

This together with (3.17) yields

inf (Au(z,v,) — Au(y, vy)) < Au(z, 02) — Au(y, oy)

Vg ,Vy

< M—}—G(f,x,y,Qm;Qy)
<M+ inf G(f,2,y, vz, vy) + 1.

Vg, Vy
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Therefore, by applying this inequality and (3.18) to (3.14) we get

1
u(z) —u(y) < M+ < | sup G(f,z,y, vz, vy) + inf G(f,2,y,ve,vy)| +

Vg, Vy Vg, Vy

N3

Combining this with (3.13), we need to show

sup G(f;%% VCL’JVy) + lIlf G(faxaya Vaivyy) < 2f(x7y)
Vg, Vy

Vg,Vy

This inequality follows from Proposition 3.5 below. Consequently, the equation (3.11)
holds in By x Bs. O

Proposition 3.5. Let f and T be as at the beginning of the proof of Theorem 3.2, and fix (z,y) €
By x By \ T. In addition, let G be as in (3.16). Then, it holds that

sup G(f, ZT,Y, Ve, Vy) + inf G(f: Z,Y,Ve, Vy) < 2f(x, y)

Vg, Uy Vg, Vy
The main part of the section is to show this estimate for G. This is done in several
steps below.
Proof of Proposition 3.5

Let V' C R" be the space spanned by z — y # 0. We denote the orthogonal complement
of V by Vi ie,
Vii={zeR" : (z,z —y) =0}.

Given any z € R", we can decompose

where 21, € R is the scalar projection of z onto V and zy,. € V2, respectively. For the
decomposed point it holds

_ r—Yy
ZV - <Z? |x_y|>a
EERVIEE

By using this notation, the second order Taylor’s expansion of f; is
fl(x + hma Yy + hy) - fl(xvy)
=Cvlz =y (he — hy)v +2(z +y, ha + hy)
1 -
+ 5071 =y {(y = Ve = b)Y + (ke = )i P} 319)
1 + hy|* + Eoy(ha, hy),
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where &, ,,(hy, hy) is the error term. In the above, we used the calculations

<Vf1(:v,y),(h;r,h;)) = 07 |$ *y|772 <l‘ - Y, hx - hy> +2<x+y,hz +hy>
s, [ A —-A I 1
Dfl_[—A AT

A::Cv\x—y\v_z{('y—Q) TV g oY —l—I}.

lz—yl [z —yl
The matrix I stands for the n x n identity matrix, and we denote the tensor product of two
vectors by ®, i.e, h® s : = hs' for column vectors h, s € R". By recalling the elementary
formula h' (s ® s)h = (h, s)? for all h, s € R", we get (3.19).

and

with

By Taylor’s theorem, the error term satisfies

ey (hay )| < C|(hT B2 — y] — 2¢)773,

x 'y

if |x — y| > 2e. With the choice N > % and if |[x — y| > %5, we can estimate

¥—3
T —
oot < 022 (4 52)
< 6402 |z — y’“/—Q _c (3.20)
|z =yl
<10 |J" - y|772 827
because |h,|, |hy| < €. Therefore, to prove the result, we distinguish two separate cases.
In the first case, we have |z — y| < % ¢ and in the second case, we have |z — y| > % E.

Proof of Proposition 3.5: Case |z — y| < N5

In this case, we do not utilize the formula (3.19). We use concavity and convexity esti-
mates for the terms in f; and the properties of the annular step function f>. For z,y € B;
and |h|, |hy| < e < 1, it holds

[f1(2 + hayy + hy) = fi(z,y)] < 2Ce” +16¢ < 3C
for C' > 16. Consequently by (3.16), we have

Sup G(fh%% hxvhy) < f1($7y) + 3C¢e7.
ha,hy

Together with fy > 0, these estimates yield

sup G(f,2,y, ha hy) < fi(z,y) +3C7. (3.21)
ha,hy
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Find i € {1,2,..., N} such that (i — 1) < |z —y| < if5 and choose |v,|,|vy| < € such
that (x + v,y + vy) € A;—1. Then for C' > 1 large enough, we can estimate

hsul? G(fZali?y) hxvhy) Z G(anx)y7 anyy)
5ty

v

oz(y)fg(x + Vg, y + Vy)
a(y)CZ(N—i+1)€'y

= a(y) ((12 — a?y)> C?IN=07 4 9 fo (2, y)

> 6Cc + 2f2($,y),

where we use f> > 0 in the second inequality and a(y) > amin > 0 for all y € Q in the
last inequality. Therefore, by f = fi — f2 and (3.21) it holds

inf G<f7x7y7h$7hy) S SU.p G(f17x7y7h$7hy> - Sllp G(f27x7y7 hZ7hy))
hx,hy hz,hy hz,hy

< filz,y) — 2fa(x,y) — 3Ce".

Combining this inequality with (3.21), we get

Sup G(faxvyv hx,hy) + hil’l}f; G(fvxay7 hxahy) < 2f(xvy)

ha,hy x,fly

Hence, the proof of the case is complete.

Proof of Proposition 3.5: Case |z — y| > N5

In this case, fo(x,y) = 0 and hence f = fi;. We apply (3.19) to get the result. For n > 0, let
Vz, Vy be such that

Sup G(fax7y7 hmahy) S G(fax7y> VCEaVy) +77
ha,hy

Therefore for any |o.|, |oy| < €, we get the following inequality

sup G(f,z,y, ha, hy) + hin,f G(f,z,y, he, hy)

ha,hy x5y

S G(faxayanny)+G(f,x,yv Qxan)"‘Tl (322)
By (3.20) and |h.|, |hy| < €, the last two terms in (3.19) are bounded above by
(4410 |z — y|"?)e2.

We denote
E:=E(f,2,y,7,¢) 1= f(z,y) + (4 + 10|z — y|"*)%,
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and recall the notation P, ; denoting the rotation sending h to s for any vectors |h| = |s|
in R™. By (3.22) and (3.16), it suffices to study

[I] L= G(f7x7y7 V$7Vy> +G<f7$7y70:v79y) —2F
=a(y) [f(@ +ve,y +vy) + (@ + 02,y + 0y) — 2E]

+ B(x) [ - flx+ P, —v,hyy+h)dC" 1 (h)

+4  f(@+ Py _o.hyy+h)dL N (R) - 2E (3.23)

)
B:Y

+ (a(z) — a(y)) [ -~ f(@+ v,y + h) dL ()

o, Fat gy B dem N m) — 2B
B¢

For simplicity, we decompose the previous expression into three terms to be examined
separately,
(11 = a(y)[II] + B(x)[I] + (a(x) — a(y))[IVI. (3.24)

Then, by (3.19), we have

[ < Cy |z — y|" ™ [(ve — vy)v + (02 — 0y)V]

+2(x +y, (vz + Vy) + (0z + Qy)>

+ %Cv jz —y[7 {(v — 1) [(ve — v)} + (00 — 0y)¥] (3.25)
[l = ) P+ lew = )P |-

Note that the first order terms in [III] vanishes when we integrate over the ball. Therefore,
we can estimate

1
[ < SCv |z — y[ 2.

- { ]{B o [0 = D0 = Pl 4 | = Py ] a2 ) (3.26)

+]{9"y [(7 = Dk = Poy—g. h)ir + (= Poymp Ry ﬂ dﬁ”_l(h)}.
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In addition, it holds
V1< Cylz—y[" " (Ve + 00)v + 2(2 + Y, v + 02)

1 _
+ 50l =y

: {][ » [(7 — 1)(ve = R} + (v — h)ys ﬂ dL"(n) (3.27)

€

+]{9 (=100 = )} + (0 = By ] dﬁ"‘l(h)}.

We distinguish between two cases depending on the value of (v, — 14))% and fix 7y <
7 < 1with 0 < 79 < 1 to be defined later.

a) Case |(v, — vy)v| > (T +1)e:  In this case, we choose o, = —v; and g, = —v,. Replac-
ing these vectors in the inequalities [II], [III] and [IV] and by symmetry, we obtain

< Oyl =y [(y = Ve = 1)} + 0 = 1) ]

[II] < Cylz — yp_z][
BZY

(h— Py, h)yo|” dC™ ' (h),

[IV] < Cy |z — y["> [w - 1>][ (e — )Y AL (h)+ ][ (v = h)yu|? AL (R) .
B BY

We used v — 1 < 0 and the choice Py, v, =Py, in the estimate for [III]. By assump-
2

tion, it holds (v, — )% > (7 + 1)%? implying
(Ve — vy)yi > < [4— (7 +1)?] €%

Thus, we need to obtain uniform bounds for the terms (v, — h)¥, |(vy — h)y.|* and
((h— Py, h)y| forh € BY.

The assumption |(v; — vy)v| > (7 + 1), together with |v,], || < € and Pythagoras’
theorem, implies

(3.28)

Moreover, the same facts yield

(Ve +y)v| < (1 —7)e and  |(vz +vy)yr] <2V1—72¢.
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By combining these and using Pythagoras’ theorem, we get
e + 1y < VBVI — T, (3.29)
since 7 < 1. Let h € BZY. Then, we have
0= <h> Vy> = hV(Vy)V + <hVJ-7 (Vy)VJ->
implying
hor — (hys, (vy)ve)
vV = .

N (vy)v

In addition by applying this equality together with (3.28) and |hy 1| < |h| < €, we obtain

lhv| < %m
Consequently, we get the estimates
(ve — h)y > (7‘ — \/1;772> € (3.30)
and
e = Ry ] < [aya ] + o] < (14 VT =72) e (331)

We can assume that 7y is close enough to 1 guaranteeing the positivity of the quantity
7 — 771V/1 — 72. In order to obtain the last estimate needed, we recall that P, .y, is any
rotation sending the vector v, to —v,. In particular, we choose a rotation satisfying

|h— P, —u.h

S |Vy - PVyv_Vwa‘ = "/y + Vx|
for every |h| < €. Hence by recalling (3.29), we get
((h = Py h)ye | < 8(1 — 7). (3.32)

By replacing the estimates (3.30), (3.31) and (3.32) in [II], [III] and [IV], we can calcu-
late

I <Cyle -y 2 [(y - D)(r+1)* +4— (1 +1)7],
[ < Cy |z —y 22 8(1 — 7)),

2
[IV] < Cv |z — y[7_2 g2 |:(fy 1) (T — m) 4 (1 + mf] )

T

In addition by (3.24), we get

[1] < [V]-Cylz —y|" %2,
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where [V] is equal to

(v =1) [a@)(r +1)* + (a(z) — a(y)) (T -

+(a(z) —a(y)1+V1-72) +aly) (4~ (1 +1)*)] + B(z) 8(1 — 7).

The assumption on v in (3.7) implies that we can choose 7y : = 79(x) < 1 close enough to
1 such that the previous expression is negative, i.e.,

[VI < (v — 1) (4a(y) + a(z) — a(y)) + a(z) — a(y) + Koumax
< 4(7amax - amin) + KOmax
< 0.

Now, by recalling (3.23), we have

G(fvxaya Vg, Vy) + G(f7x7y7w$7wy) - 2f(x7y)
<82 + (20 +[V]- Cy) & — y|7 22

By choosing C' > 1 large enough, we obtain
(20 +[V1-Cy) |z —y["2e? < =108 |z — y[" 2 e? < —107<2
This estimate yields

G(f,x,y, VmaVy) + G(fvxayawx7wy) - 2f($,y) < O

b) Case |(v; — vy)v| < (7 + 1)e:  In this case, the first order terms in (3.19) imply the
result. By choosing ¢, = —¢ ‘i:; and o, = eﬁ in V and utilizing these in (3.25), (3.26)
and (3.27), we get

[ < Oy |z — y|" ™ [(ve — 1)y — 28] 4 2(x + y, v + 1)

1 _
+507le =y { (= 1) [0 = )} +457] + | = ) P}
1 —2
[II1] < iC'y |z —y|" ™ -

: {]{3 [(7 —1)(h— Py, —p, W)y + |(h—= P, —0,h)ys ﬂ dL‘,”l(h)}

€
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and
r—Yy
va—yl>

+5Cvle =yl {Ji (= 1) = W+ 10 = Ry P A" ()

€

[(IV] < Cy o — [ [(v)y — ] + 2 + yove —

+('y—1)52+][

BZ7Y

\h|* L™ Y(h) }
The second order terms in these inequalities can be estimated above by
3Cy |z —y[T 22
In addition, we deduce that (v, — 1)y < [1 + (T—gl)Q] . Therefore, we have
2
<T + 1> 1
2
[III] < 3CH |z —y[7 22,
[IV] < 4|z +y|e +3Cy |z — y[T 2%

[0 < Cylz—y| ! 44|z +yle+3Cy|x—y| %

By combining all these and recalling (3.23) and (3.24), we get

G(fvxa Y, Vg, Vy) + G(f7377y7 Oz, Qy) - 2f<x7y)

I
< Caly)y|z —y|"™* <T+ ) — 1| e +da(zx) |z + y| e + 83

2

+ (204 3Cy) |z —y|" 2 &2

_ +1\? ] 2 _
< Caly)y|z —y|"~" <T2 ) -1 €+8€2+('HC)VIOC—:L/I7 e

1\2
(T+ ) -1 }+8€2.
2
As in the previous case, we can choose the constant C' > 1 large enough to ensure the
negativity of the previous equation. Thus, the proof is complete.

<yle—y e {'H 1 + Camin

3.3 Regularity near the boundary

In this section, provided some regularity on the boundary of the set, we show that the
value function of the game is also asymptotically continuous near the boundary. The
proof is based on finding a suitable barrier function and a strategy for the other player
so that the process under the barrier function is a super- or submartingale depending on
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the form of the function. Then, the result follows by analyzing the barrier function and
iterating the argument.

Lemma 3.6. Let r > 0 and y € R™ and let v(z) = a|x —y|” + b, for each x € R™ such that
|z —y| > r, where 0 < 0,a < 0and b > 0. Then, there is a constant C' > 0 such that

sup Av(z,v) < Av <x,€ " ) +Ce? (3.33)

lv|=¢ |z — 9

and

Av ( f—y) A ( - H)
|z —y| |z —y|
<20(z) +ao|z —y|” * (afz) (o — 1) + B(x)) €2 + Ce®  (3.34)

forall e > 0and x € R" such that |x —y| > r, where Av stands for the auxiliary function
defined in (3.5).

Proof. Since v is real-analytic in R” \ B(y, r), we can write the second order Taylor’s ex-
pansion of v in a neighborhood of any = € R” such that |z — y| > r,

v(@+h) = v(z) + Lao |z - y72 (2<x gy [P (o 2><‘””‘y’hf) L o)
2 lz -y

as h — 0. Thus, for any given|v| = ¢,

x—y,v)?
oo+ = o(a) + gagle — " (2o - ) 40+ (o - 2)<‘$_ny>> +OE),

and averaging over B! the first order term vanishes and we get

][ o(z + h) AL (B)
By

1 o2 [ — 1 2 ][ <l' Y h>2 n—1 3
= + 3 - ——e "+ (0 -2 —————dL" " (h) | + O(e”),
o(z) + a0z —y (nHe (o =2f S e ) + O
where the identity
2 n—1 _n_l
£, e s =T

has been used above. Since ac(c — 2) < 0, we can estimate

1 n—1
n—1 < - i 10—2 2 3 )
][Vv(x+h)dﬁ (h)_v(x)+2aa|m Y| T + O(e?)

[
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Note that the equality is reached when v = +¢ \i:Z\ . Recalling (3.5),

Av(,v) < vl@) + 3aolz ~ 57 | 20(a)(a - y,0) + (a(:c) + Bla)— 1) £

T — 14 2
+a(z)(o - 2)<y’2>] + O[3,
|z -yl

Thus, Taylor’s formula proves the equation (3.33).

Y- in the Taylor’s expansion of v(x + h)

Next, we show (3.34). Replacing h = +¢ |I:y‘

we get

— 1
v <x +e H) =v(x)+ Plad |z —y|7 2 (£2]z —yle + (0 — 1)e?) + O(?).

On the other hand, since BY denotes exactly the same set for each v € span {z — y}, then
(x —y,h) =0forevery h € B ¥ and

1 n—1
) d n—1 _ - _j0—2 2 3 .
%ny v(x 4+ h) dL" " (h) = v(z) + 540 |z — y| T +0(e?)

By (3.5) we obtain

Av <:r,j:5 x—y)
|z -yl

— o(z) + %aa o — y|7 2 [iQa(x) o —yle + (oz(x)(a 1)+ Bla) 1) 52} + O,

Therefore, since the coefficient of the (x) term is positive and strictly less than 1, (3.34)
follows for a large enough C' > 0. O

Lemma 3.7. Given a bounded domain Q0 C R" satisfying the boundary regularity condition with
some constants ro, s € (0,1), for z € 0N and r € (0,r¢), let B(y, sr) C B(z,r) \ . If uis the
solution of (3.4) with 0 < € < g9 < 1 and continuous boundary data F* € C(I'.), then for each
n > 0 there exists k € N such that

u(xg) — sup F|<n
B(y,4r)NT'e

foreach 0 < & < g and each zo € B(z,4* % r) N Q..

Proof. We only show that
u(zg) — sup F <n, (3.35)
B(y,4r)NT'e
since the other case can be shown following an analogous argument. The idea is to find a
suitable barrier function so that by Lemma 3.6, if P} pulls towards the pointy € B(z,7)\,
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the game process inside the barrier function is a supermartingale. Then, recalling the
properties of the barrier function, we get the result by iteration.

Let s € (0, 1) given by the boundary regularity condition and fix

g% — 92°
= 1
0 47 € (0,1)
where
o=-2 i‘“‘j‘x <0. (3.36)

We can assume without loss of generality that F' is continuous in I'; (otherwise, we just
consider any continuous extension of F' to I'1). We choose a large enough £ € N (depend-
ing on n > 0) in such a way that the oscillation of ' on I'; is controlled as follows,

o* (supFiIng> <.
1

Iy
In particular, since by : =sup F' <sup F'and by, : = sup F > inf F, we have
r. r B(y,4r)NT '« Iy
0% (byy — bay) < 1. (3.37)

Next, we define the function
vp(x) =alz—yl” +0b
in the annulus 4' *sr < |2 — y| < 42%, where the constants a < 0 and b > 0 are chosen
such that

bap + 051 (by —bay)  if |z —y| = 42F
’Uk(x):{4+ (bo = bar) it |z =yl " (3.38)

bar if |z —y| =4""%sr.

If by = byy, it turns out that @ = 0 and the proof is Clea£ Otherwise, suppose that by > by,
then a < 0. We extend the function vy, to the set R™ \ B(y, 4! *sr — 2¢).

Note that the boundary regularity condition with 41 =%r instead of r implies the fol-
lowing inclusion,

QN B(z,47%) c QN B(y,2- 47 Fr) \ By, 4 sr).
Thus, considering any z( € B(z, 41_kr) N, then
z0 € QN B(y,2 - 4177Fr)\ B(y, 4 Fsr).

By using the boundary values (3.38), we can choose the constants a and b in the function
vy, such that
v (20) < bar + 0% (by — bay) - (3.39)
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Thus, we just need to show that u(zg) < v(zo). For that purpose, consider the game
starting from x. We construct a strategy Sj; for Py as follows: if Pi; wins the m-th toss,
then the game is played by pulling towards the point y, that is, the displacement of the

Tm —

game token will be equal to —e-2=%.. Also, fix any other strategy for P; and denote it by

|$7n_y|
S1. By using (3.33) and (3.34) from Lemma 3.6 we can estimate

EE(I),SI*I [vk(me) ‘ Ty - - ,J}m]

< i(%m) [sup Avg (X, v) + Avg <xm, - w)]

= ) v|=¢ ¢ ‘-’Em - y‘
< 1_52(%”) |:2’Uk(517m) +ao [2m — Y| (a(@m) (0 = 1) + B(zm)) € + 2CE°

for each m € N and some large enough C' > 0. Note that, by the choice of the exponent o
in (3.36), a(zm ) (0 — 1) 4+ B(xy,) < —1. In addition, we have

a0 | — y|” % > ao (diam Q +1)7 2 > 0.
Thus, by choosing g : = £¢(amin, 7, 2, k) > 0 small enough, we can ensure that
Eg?,sﬁ [Vk(Tmt1) [Toy -y xm] < (1= 0(zm)) ve(zm) + 0(2m) F(m) < vi(2m)

for all € < ¢¢. In consequence, the process M, : = vi(xy,) is a supermartingale when P
uses the strategy S}, and P uses any strategy Si.

Define a boundary function F,, : I'- — R such that
ka = Uk‘rg.

By Theorem 3.1, we have u = u; where u; is the value function for P, (3.3). Since F' < F,,,

(M,,)o0_, is a supermartingale, F;, is bounded and 7 < oo almost surely, we can estimate

with the help of the optimal stopping theorem
u(wo) = supipf ES s [F(zr)] < sup Bt si (2]

< S}glp Eg?,sﬁ [ka (xﬂ')] < Uk($0)~
1

Hence, by (3.37) and (3.39), we finally get (3.35). O
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Proof of Theorem 3.3. As in the proof of Lemma 3.7, we only need
u(xo) = F(2) <n

and the other case follows by an analogous argument. First, assume that z € 0€). Lemma 3.7
implies that, for any r € (0, r¢], there are constants & € N and ¢y > 0 such that

u(zg) — sup F < A

B(y,4r)T. 10
for all e < gg and xg € B(z,4'7%r) N Q.. Let z* € B(y,4r) N T'c be such that

sup F < F(2%)+ o
B(y,4r)Nle 10

The boundary function F' is continuous on the compact set I';, so there is a modulus of
continuity wrp = wrr, for the function F. Thus, we can estimate

u(wo) = F(2) = u(zo) — F(=")] + [F(") = F(2)] < £ +wp(l=* - 2))
By the boundary regularity condition, y is some point in B(z,r) \ 2. Therefore, this
together with 2* € B(y,4r) N T implies |2* — 2| < 5r. Thus, we choose small enough
7 > 0 such that "

5 T
wr(br) < 10

holds for each r € (0,7]. This yields that, for any » < 7,

(o) — F(z) < g

foreach 0 < ¢ < gg and xg € B(z,4' 7 Fr) N Q..

Next, assume that z ¢ 00 and pick a point z;, € 92 such that z € B(z, ). We choose
small enough ¢ > 0 so that

N3

wF(zEQ) <

This implies that
[F(2) = F(z)] S wr (2= =)) <

for each 0 < € < . Since 2, € 0S), we can use the estimates above to get the result. O
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Open problems and further remarks

Let €2 C R" be a bounded domain and 1 < p < oo. In Chapter 1 we recalled that if v is a
continuous function in €2 such that the asymptotic expansion

p—2 1( , > n+2][ 9
-=| sup u+ inf uw )+ uwdl =u(x)+ o(r 14
n+p 2 B(z,r) B(z,r) n+p B(z,r) () ( ) ( )

holds as » — 0 at each z € (), then u is p-harmonic (see [MPR1]). In Theorem 1.2 we
showed that the converse is also true when n = 2. However, for n > 3 it is not known
if p-harmonic functions satisfy (14) or not, and we have to understand the asymptotic
expansion in a viscosity sense in order to obtain a result in this direction (see [MPR1]
together with [JLM]). This sets out the following problem.

Problem. If u is a p-harmonic function in Q@ C R™ with n > 3, does the asymptotic
expansion (14) hold as r — 0 at each x € Q?

As we mentioned, the main difference between the planar case and the higher dimen-
sional case is the complex structure available when n = 2. In particular, in our proof
of Theorem 1.2, we recalled that the complex gradient f = Ju of a planar p-harmonic
function u is a quasiregular mapping satisfying the Beltrami equation

Se_2-p | f f o7

of R [f of + 7 84 (15)
(see [BI]). As an immediate consequence of this, the principle of Unique Continuation fol-
lows for p-harmonic functions in the plane. Also, making use of this technique, Manfredi
was able to prove the Strong Comparison Principle in two dimensions (see [Man]). It is
noteworthy to mention that this two principles are not know in higher dimensions. But
the most valuable example of the use of equation (15) can be found in [IM]. In this article,
Iwaniec and Manfredi obtained the sharpest Holder exponent v = ~(p) for the gradients
of p-harmonic functions. This improved the previous regularity results by Ural’tseva and
Lewis when n = 2 ([Ura, Lew]). Concerning the p = oo case, it has been recently proved
by Evans and Savin that the gradients of co-harmonic functions in the plane are locally
Holder continuous for some non-explicit exponent ([ESa]). It is easy to check that the
exponents y(p) converge to % when p — oo. However, the estimates obtained in [IM] do
not allow to ensure that this is the optimal exponent for the regularity of the gradients
of co-harmonic functions. On the other hand, the existence of co-harmonic functions in
that class of regularity and the lack of counterexamples lead us to recall the following
conjecture, which also sets out a challenging problem to be faced in a future research:
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. . . 13
Conjecture. Planar oo-harmonic functions are of class C} 2.

The question of the regularity of p-harmonic functions is one of the major topics in the
analysis of PDE’s, and some partial results have been obtained in the past few decades,
like the results by Ural’tseva and Lewis mentioned above. For p = oo, the problem is
much harder and the techniques employed are different from the finite p case. In the gen-
eral n-dimensional case, Evans and Smart showed in [ESm] that co-harmonic functions
are everywhere differentiable, but the following question remains unanswered:

Problem. Are n-dimensional co-harmonic functions of class C’llo’g for some v > 0 when
n > 3? If so, which is the explicit exponent v = y(n)?

Most of the higher dimensional problems that have been mentioned would definitely
require the development of new techniques. For that reason, in the recent years, the re-
stricted mean value properties related to the p-laplacian and the p-harmonious functions
have received an increasing attention. In Chapter 2 of this dissertation we have pre-
sented regularity results for p-harmonious functions in the context of a metric measure
space (X, d, ), that is, continuous functions u satisfying

Tau = u, (16)

for |a| < 1, where 7, is the operator defined in (2.4). However, we do not cover the case
a = 1 which is related to co-harmonious functions. The first approach to this particular
case was due to Le Gruyer and Archer ([LA]) where they showed existence and unique-
ness to the Dirichlet problem for functions satisfying (16) with o = 1. Thus, as far as the
author knowledge, the following question remains unanswered.

Problem. Let (X, d) be a geodesic metric space and 2 C X a bounded domain. Let ¢ be
an admissible radius function in © and v € C(€2) a function satisfying (16) with o = 1.
What can we say about the regularity of u?

Moreover, in Section 2.5 we have solved the Dirichlet problem for p-harmonious func-
tions when p > 2 (that is, a € [0, 1)) in strictly convex domains of R™ with the Lebesgue
measure (Theorem 2.29). A natural question to ask is if we can drop the strict convexity
of the domain 2 C R" from the assumptions in Theorem 2.29 and still have existence of
solutions. On the other hand, it turns out that our method cannot be extended for the
case 1 < p < 2 (corresponding with negative values of the coefficient « in (16)) since
we need to require the non-expansiveness of the operator 7,. Furthermore, the question
of existence of generalized p-harmonious functions in (X, d, i) is pretty much open. In
particular, by Theorem 2.33, it turns out that we just need to provide boundary equicon-
tinuity in order to obtain existence of the Dirichlet problem

Tou=u in €,
(17)
u=f on 012,

for any given f € C'(09).
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Problem. Let (X, d, 1) be a proper geodesic metric measure space and |a| < 1. Suppose
that Q C X is a bounded domain and ¢ an admissible radius function in €2. Then, un-
der which conditions on X, d, p, €2, a and p can we ensure that the sequence of iterates
{T*u} is equicontinuous on 99 for any u € C(Q)? In particular, if X = R" with d
the euclidean distance and ¢ = £ the Lebesgue measure, does the problem (17) has a
continuous solution for more general domains? Moreover, what if a € (—1,0)?

On the other hand, as we have seen in this memory, the restricted mean value prop-
erty appears also in the Tug-of-war games. In Chapter 3 we have shown that the (unique)
solution u. € C(Q2) to

:1_5(;p)[
|

ue () 5

sup <a(m)us(x +v)+(1- a(x))][

v|=e By

us(x + h) dﬁ”_l(h))

+ in (a(m)us(x +v)+(1- Oé(ff))][

lv|=¢ By

us(x + h) dL"‘l(h)>]
+6(z)F(x),

is asymptotically y-Holder continuous for some v € (0, 1). Moreover, by taking a subse-
quence, it turns out that {u. }.~o converges uniformly to a viscosity solution of

Alz(x)u(w) =0 for z €,
(18)
u(z) = F(x) for x € 09,

when ¢ — 0 for some continuous p : Q — (1, 00) depending on a(z). Thus, u € C&Z(Q)
However, since it is not known whether the viscosity solution of (18) is unique or not, we
cannot deduce that all solutions of (18) are locally Holder continuous when 1 < pyin < 2.

Hence, this motivates the following problem:

Problem. Let u and v be viscosity solutions of (18) where p : Q — (1, 00) is a continuous
function such that 1 < pyin < 2. Do u and v agree in Q2?
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