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Certainly the best times were when I was alone with the mathematics, free of

ambition and of pretence, and indifferent to the world.

Robert P. Langlands

Mathematical retrospections

Algebra is the offer made by the devil to the mathematician. The devil says:
I will give you this powerful machine, it will answer any question you like. All
you need to do is give me your soul: give up geometry and you will have this

marvelous machine.

Michael F. Atiyah
From Barry Mazur’s foreword to the 2005 reprint of
Tobias Dantzig’s Number: The Language of Science.
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Abstract

The Rees algebra R(/) = R[It] C RJ[t] of an ideal I C R of a Noetherian local ring R plays a
major role in commutative algebra and in algebraic geometry, since Proj(R(1)) is the blowup
of the affine scheme Spec(R) along the closed subscheme Spec(R/I).

So far, the problem of describing the equations of Rees algebras of ideals, as well as
other related algebras, has shown to be relevant in order to further understand these major
algebraic objects. The equations of R([) arise as the elements in the kernel of a symmetric
presentation ¢ : V' — R(I). While this kernel may differ from one presentation to another,
the degrees of a minimal generating set of homogeneous elements are known to be inde-
pendent of . The top degree among such generating sets, known as the relation type and
denoted by rt([), is a coarse measurement of the complexity of the underlying Rees algebra
which is nonetheless a useful numerical invariant. The ideals I such that rt(/) = 1, known
as ideals of linear type, have been intensely studied so far.

In this dissertation, we tackle the problem of describing the equations of R([) for I =
(J,y), with y ¢ J and J being of linear type, i.e., for ideals of linear type up to one minimal
generator. Throughout, such ideals will be referred to as ideals of almost-linear type.

The main results of this work stem from two different approaches towards the problem.

In Theorem A, we give a full description of the equations of Rees algebras of ideals of
the form I = (J,y), with J = (x1,...,x,) satisfying an homological vanishing condition.
Theorem A permits us to recover and extend well-known results about families of ideals
fulfilling the almost-linear type condition due to Vasconelos, Huckaba, Trung, Heinzer and
Kim, among others.

Let a : S(I') — R(I) be the canonical morphism from the symmetric algebra of I to the

Rees algebra of I. In Theorem B, we prove that the injectivity of a single component of
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a : S(I) — R(I) propagates downwards, provided [ is of almost-linear type. In particular,
this result gives a partial answer to a question posed by Tchernev.

Finally, packs of examples are introduced, which illustrate the scope and applications
of each of the results presented. The author also gives a collection of computations and

examples which motivate ongoing and future research.



Notations

R: commutative ring with unit 1 # 0, most often Noetherian and local.
k: field.

I, J: finitely generated ideals of R, with .J C I.

Ji=(xrq,..., ;).

M: R-module.

(My g My) ={a € R|aMy C M;}.

(J :r y>®°) = Lp>1(J :p y™): saturation.

M, @r Msy: tensor product of R-modules.

p, q: prime ideals.

m: maximal (or maximal homogeneous) ideal.

VVi(D), = (JNI7%)/JI"': n-th Valabrega-Valla module of I with respect to .J.

Ass(R/1): associated prime ideals of R/I.
Min(R/1): minimal prime ideals of R/I.
M(R): nilradical of R.

U = @&p>olU,: standard R-algebra.
U, = &,-0U,: irrelevant ideal of U.
V,W: polynomial rings over K.

@, ¢ polynomial presentations.

Q) = ©p>0@n: homogeneous ideal.

Q(r}: subideal of () generated by its homogeneous elements of degree < r.

0. differential operator of a complex of R-modules.

H:(z; R): i-th Koszul homology.



Zi(z; R): i-th Koszul cycles.
Bi(z; R): i-th Koszul boundaries.

S(M) = &,>0S,(M): symmetric algebra of M.
R(I) = &,>0™: Rees algebra of I.
G(I) = @pxol™ /1™ associated graded ring of 1.

F(I) = &,>0l" /mI™: fiber cone of I with respect to m.

ar, 81, vr (or simply denoted «, # and ) are the canonical blowing-up morphisms:
ar:S(I) — R(I);

S(I/1*) — G(I

S(I/ml) — F(I

)i
)-
E (J )n = ker a,, /S1(I) - ker a,—1: n-th module of effective relations.

X7, 2% monomials in multi-index notation.

supp(e): support of an integer vector.

dim(R): Krull dimension.
A(M): length of an R-module M.
(1): minimal number of generators of [.
ht(7): height of I.
pdp(M): projective dimension of an R-module M.
rt (]
(

(
): relation type of I.
Iy f)

reduction number with respect to J.
¢(I): analytic spread of I.
p(1) —ht(I): deviation of I.
I = ¢(I) — ht(I): analytic deviation of I.
I) = p(I) — €(I): second analytic deviation of I.

10



Summary of results

For the sake of clarity, let us first introduce the basic assumptions and state the main results

presented along this work.

The equations of Rees algebras of ideals of almost-linear type

Recall that the reduction number of I with respect to .J, J C [, is the least integer r > 0
such that I"' = JI", denoted by r;(I). Set V = R[X1,..., X, Y] and let ¢ : V — R(J)
be the polynomial presentation of R(7), the Rees algebra of I, sending X; to x;t and ¥ to
yt. Let Q = &,>1Q, be the kernel of ¢. Given an integer m > 0, set Q(m) C ) the ideal
generated by the homogeneous elements of ) of degree at most m in Xy,..., X5, Y. The
relation type of I, denoted by rt(I), is the least integer N > 1 such that Q@ = Q(N}. Let
G(I) = @p=oI™ /1™ be the associated graded ring of I. If = € R\{0}, we will denote by 2*

the initial form of z in G(I), i.e., z* = 2z + ™" where z € ™\ [""!.

Theorem A. Let (R.m) be a Noetherian local ring and let I be an ideal of R. Let z1, ..., x4y
be a minimal generating set of I, where J = (x1,...,xs) is a reduction of I with reduction
number r =1;(I). Assume that 1, ..., x5 verify the following condition for all n. > 2:

(1, ..z ) VI = (g, 272, foralli=1,...,s. (Tn)

Then, for each n > 2, the map sending I € @, to F'(0,...,0,1) € (JI™' : 4") induces an

1somorphism of RR-modules

Q ~ (JI1 )
Qin—1}|, — (JI2: 1)
In particular, vt(I) = v;(I)+1 and there is a form Y™™ =" X; I € Qp11, with F; € V,., such
that Q = (Y™ =3 X;F;) + Q{r}. Moreover, if x1,...,x, is an R-sequence and x5, ... x5,

is a G(I)-sequence, then x1,...,x, verify condition (T,) for all n > 2.
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Theorem A permits to recover, even extend, a set of well known results regarding classes of
almost-linear type ideals due to Vasconelos [Vasconcelos91, Theorem 2.3.3], Trung [Trung87,
Theorem 1.2, Proposition 5.1], Huckaba [Huckaba89, Theorems 1.4, 1.5] and Heinzer-Kim
[HKO03, Theorem 5.6].

Examples

Let (R.m) be a Noetherian local ring. Let a,b € R be an R-sequence. As an application
of Theorem A, we give a full description of the equations of R(I), where I is any of the

following ideals:

(i) I = (aP, P, abP~") with p > 2 an integer (see Example 2.6.1);
(it) T = (aP,b",a*bP=?) with p > 2 an odd integer (see Example 2.6.5).

These examples may be considered folklore and they are easily computable, although this

computation may be expensive, for a given p > 2. However, our approach is new.

The injectivity of the canonical blowing-up morphism

Let ar : S(I) — R(I) be the canonical morphism from the symmetric algebra of I to the Rees
algebra of I. We write ar, the p-th graded component of a;. Fixed p > 2, Tchernev asked
in [Tchernev07] whether ay, being an isomorphism implies that ay,, is an isomorphism for
each 2 < n < p. Observe that, as regards the following result, we do not need the Noetherian

hypothesis.

Theorem B. Let R be a commutative ring. Let I = (x1,...,xs,y) be an ideal of R and let
p > 2 be an integer. Suppose that the ideal J = (x4, ..., xs) verifies that oz, : Sp(J) — J*

1s an isomorphism for all 2 < n < p. Then the following conditions are equivalent:

(4) arp:Sp(l) — I? is an isomorphism;

(17) arn: Sp(l) — I™ is an isomorphism for each 2 < n < p.

Remark that the ideals of almost-linear type fulfil the hypotheses of Theorem B, hence

the equivalence of (i) and (i#) holds true for such ideals.
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Example

Kiihl [Kiihl82, Example 1.4] gave an example of a finitely generated ideal I with a;, being
an isomorphism for n > 3, while ker ap # 0. In particular, a; : Proj(R(I)) — Proj(S(I))
is an isomorphism of schemes, but a; is not an isomorphism of R-algebras. The following
example shows, for a given integer p > 2, an ideal [ such that aj, is an isomorphism for

n > p+ 1, whereas ay, is not.

Example 3.9.1. Let k be a field and let p > 2. Let S = k[Up, ..., U,, X,Y] be a polynomial

ring and let @ be the ideal of S defined as Q@ = Q1 + (Uy X?), where
Q1 = (U, UgX — Y, UL X =LY, ..., Up—1 X — UpY, U, X).

Let R be the factor ring S/Q = kfuo,...,u,,x,y] and consider the ideal I = (z,y) C R.

Then, ar, is an isomorphism for all n > p + 1, whereas a;, is not.

13



Chapter 1

Introduction

1.1 Rees algebras and blowing-up

So far, several graded rings associated with a (Noetherian local) ring R and an ideal I
have been given much attention within the bounds of commutative algebra and algebraic
geometry: the Rees algebra R(I) = R[It] = @p>0l™, the associated graded ring G(I) =
Ensol™ /1™ the fiber cone F(I) = &,50/"/mI™, the extended Rees algebra R[It,t™], the
symbolic Rees algebra Ry(I) = @&,501 (") as well as approximations to these rings such as
the symmetric algebras Sg(/) and Sg/(I/1%). All these graded rings are best known as
blowing-up algebras. Today, the Rees algebra plays a central role among them, although
originally more attention was focused on the associated graded ring and the extended Rees

algebra.

Rees algebras were originally introduced by David Rees to study several problems in
commutative algebra, thus yielding, according to [HH93], to three most remarkable results
that have become classical over time: the construction of a counterexample to Zariski’s
generalisation of Hilbert’s 14-th problem [Rees58|, the Artin-Rees lemma [Rees56] and a
celebrated criterion for a local ring to be analytically unramified [Rees61]. Rees algebras of
ideals in Noetherian rings capture in another Noetherian ring a great deal of information
about how the ideal I sits in the ring i and how its powers change. The study of Rees
algebras is important to several fields of study and open problems in algebra as well as in

geometry.
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As it is claimed in [HH93, Introduction] ever since the introduction of the Hilbert function
and the discovery of its key numerical invariants, the importance of understanding how the
ideals behave as we raise them to powers is widely acknowledged. The study of Cohen-
Macaulayness, normality or torsion-freeness of blowing-up algebras has played a major role

so far, and such topics have been often studied in terms of numerical invariants.

From an algebraic geometry perspective, given the affine scheme X = Spec(R) and a
closed subscheme 7 = Spec(R/I) C X, the morphism of schemes Y = Proj(R(/)) —
Spec(R) = X is the construction known as blowing-up of X along 7. The procedure of
blowing-up is a standard, explicit way of modifying a variety (see [HartshorneAG, 1.4, IL.7]).
In the review [Abramovich11] the blowing-up is presented as a surgery operation in which a
subvariety 7 C X is removed and replaced by the sets of normal directions of 7 in X. When
X and Y are smooth, 7 is replaced by P(N,x) the projectivization of the normal bundle.
In particular, if Z is a point, Z is replaced by PdimX—1,

Satisfactory answers to open questions related to the birrational geometry of varieties
have been given using techniques relying on blowing-up. As a first example, recall that
any birational map between algebraic surfaces factors as a sequence of blowing-ups modulo
isomorphism [Beauville96, Chapter II] (see also [HartshorneAG, Remark V.5.6.1] for gen-
eralisations in higher dimensions). Blowing-up plays also a central role in the problem of
resolution of singularities, which can be stated as follows: whether given a variety X there
exists a smooth variety Y birational to X, such a birational map = : ¥ — X being known
as a resolution of singularities itself. In analysing nonsingular varieties in characteristic zero
one can invoke, under mild conditions, the tools and techniques of complex manifold theory.
In characteristic zero a resolution of singularities case can be fully achieved as a finite com-
position of blowing-ups. While the existence of a resolution of singularities is not known in
arbitrary characteristic, it has already been shown for curves, surfaces and 3-folds (see, for

instance, [Hauser10] and [Kollar07]).

A subject recently introduced in the context of computer geometric modelling are the
methods of implicitization by moving curves and surfaces (see e.g. [CSCh98]). Such methods
essentially provide with a description of the image of a rational map between projective spaces

in terms of implicit equations. Such equations can be obtained by means of the computation
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of an elimination ideal, which turns out to be an ideal of equations of a Rees algebra. For
a taste of this approach see, for instance, [Cox08], [CHWO08] and [CD’A10], as well as the

references therein.

Among the many sources of the work presented in this dissertation, we want to highlight
the classical work of Herzog, Simis and Vasconcelos in [HSV81]. This paramount piece of
work, as well as the many references therein, keep being a fundamental source of valuable

insights for the algebraic study of blowing-up.

1.2 Scope of the present work

We can split the scope of our work into a list of main achievements:

(#) Establish conditions leading to procedures to explicitely describe the equations of
blowing-up algebras of ideals of almost-linear type. The criteria displayed extend a
set of well-known results about the equations of blowing-up algebras due to Vasconce-
los, Trung, Huckaba, Heinzer and Kim.

(#7) Establish conditions under which the injectivity of a single component of the canonical
morphism «a : S(I) — R(]) propagates downwards the graded structure. These criteria
lead to sufficient conditions for an ideal to be of linear type and provides a partial
positive answer to a question posed by Tchernev.

(#i7) Give examples and applications of the results presented that may help to better un-
derstand the extent of the hypotheses considered.

(7v) Present additional work in progress, including some preliminary results and ongoing

experimentation suggesting future research pathways.

We will make use of elementary linear and commutative algebra as well as standard
results on (graded) Koszul homology. Among the specific tools used, the module of effective
relations of a standard algebra will play a major role. Although not so widespread across
the literature, the module of effective relations is a very natural invariant to be considered
in this context: it encodes useful information about the fresh generators of the equations of
standard algebras and it can be defined canonically. This module can be seen as the first

graded Koszul homology of a sequence of elements of a standard R-algebra. Playing with
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homological properties, we are able to establish the obstructions for such homology to vanish

in terms of colon ideals.

Special attention will be paid to the degrees of the equations of blowing-up algebras:
these are coarse numerical invariants. Low cost methods to know in advance what such
degrees are for a given ideal, would be of great help for designing more efficient algorithms

for computing these equations.

The conditions to be considered in the present work will involve most often hypotheses
on the generating sets of ideals. We tackle the problem of describing the equations of R(T)
for I = (J,y), with y € J and J being of linear type, i.e., for ideals of linear type up to one
minimal generator. Throughout, such ideals will be referred to as ideals of almost-linear type.
Remark that taking an ideal I of the form (.J, ) and assuming additional hypotheses on the
ideal J and the relation between .J and the element y, is a natural and common approach in
the context (see, for instance, [Costa85], [HMV89, Theorem 4.7], [HSV81, Proposition 3.9],
[Valla80, Theorem 2.3 and Proposition 2.5]).

The numerical invariants of ideals which we will make use of explicitely are the deviation
p(1) — ht(7), the analytic spread £(7), the analytic deviation ad(!) = £(I) — ht(/) and the
second analytic deviation sd(I) = u(I) — £(I). The techniques we will rely upon and the
subsequent conditions on the generators of I = (J,y) and J, as well as their relationship,
will often imply small upper bounds on such invariants. Equimultiple ideals, i.e., ideals with
analytic deviation = 0, are among the classes of ideals we will come across. Such ideals

include, for instance, m-primary ideals in a Noetherian local ring (R.m).

1.3 Preliminary definitions and results

For the sake of self containment we devote a condensed section to summarise a set of well-
known definitions and results that will support the proofs and discussions along the core
exposition in Chapters 2, 3 and 4. Throughout, R will denote a commutative ring with unit

1 # 0, referred to as a commutative ring, for short.

18



1.3.1 Blowing-up algebras

By a standard R-algebra we mean a N-graded commutative algebra over R of the form
U = @&p>olUp, with Uy = R and such that U = R[U;], with U; finitely generated as an
R-module. We will denote by z,....,zs a minimal generating set of [/; as an R-module.
The irrelevant ideal of U, denoted by U, is the graded ideal generated by the elements of
positive degree: U, = (U1) = @,50Un.

Let I = (#1,...,x5) be an ideal of R. Among the several standard algebras associated
to I, those known as blowing-up algebras will play a paramount role: the Rees algebra of [
is the R-algebra R(I) = @,>0l" = R[It] C R[t]; the associated graded ring of I is the R/I-
algebra G(I) = @,5ol"/I"" = R(I)/IR(I); the fiber cone of T with respect to a maximal
ideal m is the R/m-algebra F(I) = @&,>0!"/mI™ = R(I)/mR(I) = G(I)/mG([]).

The symmetric algebra of an R-module M is the standard R-algebra defined as Sp(M) =
TS, (M) =T (M) /6, where T(M) = @&,50M*" stands for the tensor algebra of M and &
stands for the bilateral ideal of T'(M) generated by all the elements of the form z@y—y@x
for x,y € M. Since & is generated by homogeneous elements of degree 2, So(M) = R and
Si1(M) = M and there is a canonical injection « : M — S(M). For an account of basic
properties of symmetric algebras, see [Bourbaki, Chapter III, Section 6].

If U is an R-standard algebra, we can canonically define a surjective morphism of standard
R-algebras a : S(U;) — U induced by the inclusion U; < U in degree one. When U/ = R([)
we will say that a : S(I) — R(J) is the canonical blowing-up morphism. We define 5 =

a@lgy:S(/I?) — G(I) and v = a @ 1gsm : S(I/mI) — F(I).

1.3.2 Sequential conditions

In the sequel we will consider different assumptions on sequences of elements in R. For a
given sequence of elements 1, ...,z € R, we will consistently denote .J; = (z1,...,x;) and
set Jo = (0). Let us recall some well-known definitions and results that will be useful for our

alms.

Definition 1.3.1. A sequence of elements x1,...,xs € R is said to be an R-sequence (or

reqular sequence in R) if the two following conditions hold:
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(£) (w1, ... ms) s weq1) = (21, ..., 25), forall0 < i< s—1;

(17) (11,...,25) # R.

1.3.2. If T is an ideal of R generated by an R-sequence zy,...,x, then a : S(I) — R(I) is
an isomorphism. Moreover, S(I) = R(I) = R[X1,..., Xs|/(2:X; —2;X: | 1 <1 < 7 < s).

See [Micali64, Chapitre Premier, Théoréme 1 and Lemme 2 |.

For many purposes, the elements of an R-sequence behave just like the variables in a
polynomial ring over a field. This is exactly the case for a Noetherian local ring containing
a field (see [Hartshorne66)).

Recall that in a Noetherian local ring, R-sequences can be detected by means of the

Koszul homology.

1.3.3. Let (R.m) be a Noetherian local ring and let ,. ..,z be a sequence of elements in
R. Then xy,...,x, is an R-sequence if and only if H;(xy,...,xs; R) = 0 for alli > 1. In

particular, the Koszul complex gives rise to a free resolution of R/(z1,...,xs) of length s.

We will say that a sequence z1, ...,z € Ris a permutable R-sequence if z4(1), ..., Zs(s) is
an R-sequence, for every permutation o € G. If an R-sequence is contained in the Jacobson
radical then it is permutable (in particular, in a local ring, every R-sequence is permutable).
Monomials in permutable R-sequences behave just like monomials in indeterminates of a
polynomial ring, in the sense that the basic arithmetic rules for monomial ideals hold true

in a way that is made precise in the following statements (see [KS03]).

1.3.4. Let x = z;,...,7, be a permutable R-sequence. Let x* = z{'..-2% and z* =
24 ... 2% be monomials in z. Then we can define the greatest common divisor (ged) and

the least common multiple (Iem) of 2% and z* as follows:

ged(x®, 2%) = z¢, where ¢; = min{a;, b;} for all 1 < i < s;

lem(z®, 2%) = 29, where d; = max{a;, b;} for all 1 <7 < s.

1.3.5. Let x be a permutable R-sequence. Let a = (my,...,m;), b = (n1,...,n:) be ideals
generated by monomials in z (referred to as monomial ideals in x). Let m be a monomial

in z. Then the following basic computational properties follow:
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a) a:m =) (lem(m;,m)/m)R;

b) anmR =37"_, lem(m;, m)R;
anb=>"_ LS00 lem(my, ng) R;

a:b=ni, > (lem(my,n:)/n:) R

c

=8

)
)
)
)

Moreover, a is minimally generated by a unique generating set formed by monomials in z.

If » € R\{0}, the leading form of x in G(I) = @,50[™ /™", denoted by z*, is the image
of z in I"/I™™, where z € I"™\I""!. The following result was proved in [VV78, Theorem

2.3] and will be used throughout:

1.3.6. Let R be a Noetherian ring, I an ideal of R and let xq,..., x5 be an R-sequence.
Then the leading forms 7}, ...,z form a G(I)-sequence if and only if, for all 1 <7 < s and

all m > 1, it is verified that
(z1,.. NI = Z z 1™ v(x;) (VVv)

where v(r;) stands for the degree of the initial form 27 in G(I). Further, if R is Noetherian
local and x4, ...,z are part of a minimal generating set of I, then v(x;) = 1 forall 1 < < s.

Thus, setting J; = (x1,...,x;), the condition (V1) has the form
*IE M I'm — J;'Im_l.

Definition 1.3.7. If J C I are ideals of R, we will define the n-th Valabrega-Valla module
of I with respect to J, denoted by VVi(I),, as the quotient J N 1"/ JI™ !,

We introduce a notion that generalises regular sequences, the notion of d-sequence, which

was introduced by Huneke and has shown to be useful in a wealth of scenarios.

Definition 1.3.8. A sequence x1,...,x, € R is said to be a d-sequence if the following two

conditions are fulfilled:

(i) x1,...,xs minimally generate (x1,...,x)

(17) ((z1,... %) 2erxr) = ((21,. .. ._.;'Iff) caxg) forall0<it<s—1andk>i+ 1
It is readily seen that condition (z7) in Definition 1.3.8 is equivalent to
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(i7*) ((x1,...,28) s xir) OV = (2, .., x;) for 0 < i< s—1, where [ = (z1,...,x5).

1.3.9. If I is an ideal of R generated by a d-sequence, then a : S(I) — R(/) is an isomor-
phism (see the works of [Huneke80, Theorem 3.1] and [Valla80, Theorem 3.15]).

1.3.10. If ht(I) = n, then T contains a d-sequence of both length and height = n (see [HSV81,
Proposition 6.2]). But an ideal I may also contain d-sequences of length > ht([): for instance,
if p is a prime ideal of R with ht(p) = n such that grade(p, R) = n, R, is a regular local ring
and p has n+1 generators, then p is generated by a d-sequence (see [SHO6, Exercise 5.24]). In
any case, if dim R = r then every d-sequence has at most r+ 1 elements (see [HSV81, 6.1.3]).

Within a polynomial ring over a field, there is a manageable criterion to decide whether

a given sequence consisting of monomials is a d-sequence (see [Tang04]).

1.3.11. Let R = k[Xy,...,. Xs| be a polynomial ring over a field k and let fi,..., fs € R be
a sequence consisting of monomials. Then fi,..., fs is a d-sequence if and only the following

three conditions hold:

1. fi,..., fs is a minimal generating set of I = (f1,..., fs);
2. ged(fi, f3) | fu, forall 1 <i < j <k <s;
3. ng(ft-f]‘) = ng(ft-f‘f% for all 1 S g < )’ S S.

1.3.3 Reduction of ideals

Definition 1.3.12. The ideal J, J C I, is said to be a reduction of I if there is an integer
r > 0 such that I"*' = JI". The reduction number of I with respect to J is the least such
integer r, denoted by ry(I). It is said that J is a minimal reduction of I if it is a reduction
and it 1s minimal among all reductions of I with respect to inclusion, i.e., no ideal strictly

contained in J s a reduction of I.

1.3.13. Remark that if .J is a reduction of I then Min(R/I) = Min(R/.J), thus VI = v/.J
and ht(/) = ht(.J).

Reductions of ideals can be detected by means of extension properties of the correspond-

ing blowing-up algebras.
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1.3.14. Let (R.m) be a Noetherian local ring with residue field k = R/m. Let J C I be
ideals in R. Then .J is a reduction of I if and only if any of the following equivalent conditions

hold:

(1) R(I) is a finitely generated R(.J)-module, i.e., the extension R(.J) C R(I) is module-
finite;

(27) If k[J 4+ mI/mI] stands for the subalgebra of F(I) generated over k by J+m/l/mI, the
extension k[J +m//mI| C F(I) is module-finite.

See [SHO6, Theorem 8.2.1 and Proposition 8.2.4].

Definition 1.3.15. The analytic spread of I, denoted by £(I), is defined as the Krull dimen-
sion of F(I).

It immediately follows that the degree of the Hilbert polynomial of F([I) is £(1) —1, thus
¢(I) can be interpreted as the rate of growth of A(I"™/mI™) = p(I™) as n increases.

1.3.16. Let (R.m) be a Noetherian local ring with infinite residue field k. Let .J be a minimal

reduction of I. Then,

() p(J) = €(I);
(#4) any minimal generating set of J extends to a minimal generating set of I.

(iid) F(J) = S(J/mJ).

Let (R.m) be a Noetherian local ring. Throughout, we will raise almost-linear type
assumptions, where [ = (J,y), with y ¢ J and J C I will be a reduction generated either by
an R-sequence or by a d-sequence. Notice that if J is generated by an R-sequence of length
s, then s < grade(I) < ht(I) < ¢(I) < u(J) = s, whence ad(I) = £(I) — ht(I) = 0 and
sd(I) = u(I) — €(I) = 1. On the other hand, if I is an m-primary ideal with ./ minimally
generated by a d-sequence xq,...,xs of length s, we have s < dim R + 1 by 1.3.10. Then,
since I is m-primary, we have s < dim R+ 1 =ht([)+1=¢1)+1 < pu(J)+1=s+ 1.
Consequently, s — 1 < ht(I) = £(I) < s.
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1.3.4 The equations of blowing-up algebras
Relation type

Let R be a Noetherian ring and let U = R|z1,..., 2| be a standard R-algebra. Let V =
R[Ty,...,Ts] be a polynomial ring with variables Ti,...,Ts and let ¢ : V' — U be the
polynomial presentation of U sending T; to z;. Let @ = &,,>1Q,, be the kernel of ¢, whose
elements will be referred to as the equations of U. Let Q{n} be the ideal generated by the
homogeneous equations of I/ of degree at most n. Notice that there is an ascending chain

Q(1) C Q{2) C ... that stabilises at (}{n}, for some integer n > 1.

1.3.17. Remark that the following isomorphisms of R-algebras hold: V/Q{1} = Sg(U;) and
V/@Q = U, where Sp(U;) is the symmetric algebra of U;.

Definition 1.3.18. The relation type of U, denoted by rt(UV), is the least integer N > 1,
such that Q(N} = @Q, i.e., the maximum degree in a minimal generating set of homogeneous

elements of ().

The case where U = R(I) will be of special importance for our aims. We will denote

rt(R(7)) more simply as rt(/), the relation type of I.

1.3.19. While @ clearly depends on the polynomial presentation ¢ : V' — U, the relation
type does not depend on the presentation of /. Moreover, even the degrees of a minimal gen-
erating set of homogeneous elements of () remain invariant with respect to the presentation

(see Remark 2.2.2).
In what follows, let U = R(I), ¢ : V" — R(I) be the polynomial presentation of R([)
sending T; to z;t and ) = ker .

1.3.20. The ideal @) can be computed by means of elimination theory. Let I = (xy,...,xy),
V = R[T},...,T,] and let T be an indeterminate over V. Then,

(f) (g = (Tl — .']’fl'T, suw 17_,!-. - T'.,T)V[T] M V,
(#7) if x; is a non-zero-divisor of R,
Q = (w17 — T, ... 2Ty — 21 Ts) v 23°)

= (.‘]’ngl —xTs, ... 17 — o T5, 24T — 1)V[T] nv.
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In the context of polynomial rings these computations can be done via Grébner basis
techniques (see e.g. [Froberg97], [CLOO07]). Recall that if L C k[z1,...,2¢,01,...,2,] is an
ideal and <, is a monomial ordering such that x? <. y; for any ¢ € N* and 1 < ¢ < 7,
and G = {f1,..., fr} is a Grobner basis of L. with respect to <., then G N k[zy,..., x4 is
a Grobner basis of L M k[zy,...,xs] (see [Froberg97, Proposition 8, p. 95]). A monomial
ordering <, fulfilling the conditions above is said to be an elimination ordering.

The expected complexity of computing ¢} is high. The underlying rationale is that the
theoretical complexity of computing Grobner bases is generically exponential and doubly-
exponential in the worst case (see [Lazard83] and [MM82]), as a function of the number of
variables (see also [BW93, Appendix] for a further account on Grébner bases and complexity
issues). On the other hand, the cost of the computations in 1.3.20 heavily relies on the

number of generators of I (see [BSV8S]).

The following definition canonically encloses the fact that @ = Q(1}, i.e., rt(I) = 1 (see

comments in 1.3.27).

Definition 1.3.21. An ideal I of R is said to be of linear type if oo : S(I') — R(I) is an

1somorphism.

1.3.22. Let I be an ideal of linear type and let p = I a prime ideal containing I. The
isomorphism a : S(I) — R(I) induces an isomorphism 3, : S(I,/I7) — G(I,), hence
the Krull dimensions of S(I,/17) and G(I,) coincide and are equal to dim R, (see [SHOG,
Proposition 5.1.6]). By the surjectivity of S(I,/17) — S(I,/pR,1,) it follows that pu(l,) <
ht(p) (see also [HSV81, Proposition 2.4]).

1.3.23. Let [ be an ideal of linear type. Then, for each prime ideal p = I, £(1,) = u(1y).
The converse, however, is not true in general. Consider R = k[X,Y]/(X?Y, XY?) = k[z,y|
and let p = (y) C R. Then p is prime with é(pR,) = p(pRy) = 0 and €(p,,) = p(py,) = 1,
but ker a,, # 0 for all n > 2.

Definition 1.3.24. An ideal I is said to be syzygetic if Q{1} = Q(2}, i.e., ag : So(I) — I*

s an isomorphism.

1.3.25. A syzygetic ideal need not be an ideal of linear type. For instance, any prime ideal

of height 2 in a 3-dimensional regular local ring is syzygetic (see [HSV81, Proposition 2.7
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and subsequent Remark]). In the formal power series ring k[[X,Y, Z]], there exist prime
ideals p of height 2 with arbitrarily large minimal number of generators (primes of Moh,
see [Moh74]). Consequently, such prime ideals are syzygetic but they do not fulfil the
inequality p(p) = p(p,) < ht(m) = 3 (see claim 1.3.22 above), thus they are not of linear

type.

Effective relations

Let R be a Noetherian ring, let / be a standard R-algebra and let a : S(U/;) — U be the

canonical morphism.

Definition 1.3.26. If n > 2 is an integer, define the n-th module of effective relations
of U as E(U), = kera,/S1(Uy) - keran,_1. If I is an ideal of R and U = R(I), we set
FJ‘(J’)R — ﬁJ‘(R(I))R.

1.3.27. The module F(lJ), can also be described by means of a polynomial presentation
¢V = U. If Q = kerg, then E(U), = (Q/Q{n — 1}), = Qn/ViQn—1, for n > 2
(see [Planas98]). In particular, taking /' = R([I), one can see that I is of linear type if and
only if F(U/), = 0 for all n > 2. Therefore, I is of linear type if and only if Q@ = Q(1}, i.e.,
rt(I) = 1 (see Definition 1.3.21).

The information encoded by the module of effective relations accounts for the fresh
generators of ker a or (). The non-zero elements of E(U) = &,,52E(U),, correspond to the
equations of U of degree > 2 which are not combination of the equations in lower degree.

Consequently, if R is Noetherian, E(U/), = 0 for n large enough.

1.3.28. Let R be a Noetherian ring, let U = R[z,..., 2] be a standard R-algebra and let

= 21,...,2s. Then:

[t2

() The module of effective relations can be expressed in terms of the graded Koszul

homology: F(U), = Hy(z;U) , for n. > 2.

n’
(#7) The relation type rt(U/) can be given in terms of the module of effective relations:

rt(U) =min{s > 1| E(U), =0, for each k> s+ 1}.
1.3.29. Let R be a Noetherian ring, I an ideal of R. The following properties hold:
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(#) There is an exact sequence F(I),r1 — E(I), — E(G(1)), — 0, for all n > 2;

(#7) As a consequence of (i), rt(I) = 1t(G(/)) = r and FE(I), = E(G(I)),.

See [Valla80, Theorem 1.3] for the case of rt(I) = 1; see [Planas98, Section 3] for the
general case using effective relations; and see [HKUO05, Discussion 2.2] for the same result
but using extended Rees and symmetric algebras. One of the advantages of using effective
relations is that one is able to deduce at once that the top degree equations of R(/) are in

correspondence with the top degree equations of G(I).

Geometric conditions close to linear type

We shall introduce two notions which are close to the linear type condition that will play
a role in our study: geometric linear type (or g-linear type) and projectively of linear type
(or p-linear type). These notions come from considering geometric properties linked to the
canonical epimorphism a : S(I) — R(7).

In Hermann-Moonen-Villamayor [HMV89], the authors consider the condition of g-linear
type, which is weaker than that of linear type in the following sense: while linear type
imply that the normal cone and the normal bundle of a closed subscheme of a given scheme
coincide, the condition ¢-linear type refers only to the reduced structures of the normal cone

and normal bundle.

Definition 1.3.30. The ideal I is said to be of geometric linear type (g-linear type, for
short) if the morphism induced by o, o : Spec(R(I)) — Spec(S(I)), is a homeomorphism

of topological spaces.

It is readily seen that since R(I) = S(I)/kera, if I is of g-linear type, then a* induces
a homeomorphism V' (ker a) — Spec(S(7)). Consequently, the minimal primes in V'(ker )

correspond to the minimal primes in S(7), thus ker a C mpeMm(s( ) P L.e., ker a is nilpotent.

1.3.31. The ideal I is of g-linear type if and only if the following equivalent conditions hold
(see [HMV89, Proposition 1.1]):

(#) ker a is nilpotent;

(#7) ker (3 is nilpotent (see [HSV81, Theorem 3.2]);
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(2ii) p(l,) = €(1y), for all p € Spec(R);

Clearly, if I is of linear type, then it is also of g-linear type, whereas the converse is not
true in general. One of the advantages of introducing the notion of g-linear type is that
this property can be checked by numerical conditions, which provides a general strategy of
proving linear type by first proving g-linear type and then looking for additional conditions

which assure that linear type and g-linear type coincide [HMV89].

Definition 1.3.32. An ideal I is said to be projectively of linear type (of p-linear type, for
short) if the morphism & : Proj(R(I)) — Proj(S(I)) is an isomorphism of schemes, where

a 1s the morphism induced by ox.

Recall that for a standard R-algebra U, Proj(U) = {q € Spec(U) | g homogeneous, U, ¢
q} and, if a is surjective, a : Proj(V) — Proj(U) is a morphism of schemes given locally
by the morphisms of affine schemes o}, : Spec((Vau))o) — Spec((Uy)o), with u € U,. It is

clear that an ideal of linear type is of p-linear type.

1.3.33. Let a : U — V be a surjective morphism of standard R-algebras. Then, one can
show that a : Proj(V) — Proj(U) is an isomorphism of schemes if and only any of the

following equivalent statements hold:

(#) there is an integer r > 0 such that (/)" ker a: = 0;

(#7) ker a,, = 0 for n sufficiently large.
Consequently, if I is of p-linear type, it is of g-linear type.
It is known that linear type, p-linear type and g-linear type do not coincide in general.

Kiihl in [Kiihl82] was the first to highlight an example of an ideal of p-linear type, but not

of linear type.
Example 1.3.34. (see [Kiihl82, Example 1.4]). Let A = k[Uy, Uy, Us] and put
R=A[X,Y]/Q = Alx,y], where Q = (U X, U,Y,UgY?, U, X* U X — U,Y,UpgY + U X).

Then, the ideal I = (z,y) of R is not of linear type, i.e., a : S(I) — R(/) is not an
isomorphism; however, I is of p-linear type, i.e., Proj(a) : Proj(R(I)) — Proj(S(I)) is an

isomorphism of schemes.
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One can see that if I is principal, then [ is of p-linear type if and only if I is of linear
type. However, a similar claim is not true when comparing g¢-linear type and p-linear type.
Later, in Example 4.3.3, we will give a principal ideal which is of g-linear type, but not of

p-linear type.
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Chapter 2

The equations of Rees algebras of

ideals of almost-linear type

2.1 Introduction

The aim of this chapter is to explicitly describe the equations of Rees algebras of classes
of ideals of almost-linear type. Let us first recall the basic definitions in order to properly
introduce the main result of this chapter (see also Section 1.3).

Recall that the reduction number of I with respect to .J, J C I, denoted by r;([), is the
least integer 7 > 0 such that "™ = JI". Set V = R[Xy,..., X5, Y] and let ¢ : V — R(I)
be the polynomial presentation of R(7), the Rees algebra of I, sending X; to x;t and ¥ to
yt. Let Q@ = &,>1Q, be the kernel of ¢. Given an integer m > 0, set Q(m) C @ the ideal
generated by the homogeneous elements of ) of degree at most m in Xy,..., X5, Y. The
relation type of I, denoted by rt(7), is the least integer N' > 1 such that @ = Q(N}. Let
G(I) = ©p>oI™ /™™ be the associated graded ring of I. If z € R\{0}, we will denote by 2*

the initial form of z in G(I), i.e., z* = z + ™" where z € "™\ ™"

Theorem A. Let (R.m) be a Noetherian local ring and let I be an ideal of R. Let i, ... x5,y

be a minimal generating set of I, where J = (x1,...,xs) is a reduction of I with reduction
number r =1;(I). Assume that 1, ..., x5 verify the following condition for all n. > 2:
(1, 2 ) I i) NI = (2, 22, foralli=1,...,s. (T2)
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Then, for each n > 2, the map sending I € @, to F'(0,...,0,1) € (JI™' : 4?) induces an

1somorphism of R-modules

Q o (J}T?z—l . _y-n)
Q('fl - 1} . - ()’I” 2. .y-rr_ 1)'

In particular, vt(I) = v;(I)+1 and there is a form Y™™ =" X;F; € Q,11, with F; € V,., such
that Q = (Y™ 3" X; 1)+ Q{r}. Moreover, if x1,. .., x5 is an R-sequence and x5, . .. x%_,

is a G(I)-sequence, then x1,...,xs verify the condition (T,) for all n > 2.

Roughly speaking, the theorem says how to obtain a minimal generating set of the equa-
tions of R(I). For the equations of degree 1, pick a minimal generating set of the first
syzygies of I, viewed as elements of (J;. For the equations of higher degree = n, with
2 < n < r+ 1, take representatives of the inverse images of a minimal generating set of

(JI™1 o y™) /(JI™2 ™) (see Remark 2.2.2 and Example 2.6.1).

Thus far, the study of the equations of R(7) has produced a vast literature. Some of this
work is focused on ideals having small deviations as well as on the interplay between the
reduction number and the relation type (see, just to mention some references, [Huckaba87],
[Huckaba89], [HH92], [HH93], [Trung87], [Trung98|, [Vasconcelos9l], [Vasconcelos93]). The
particular hypotheses and interests in this chapter owe much to the works of Cortadellas and
Zarzuela in [CZ97], Heinzer and Kim in [HKO03], Huckaba in [Huckaba87] and [Huckaba89],
Trung in [Trung87] and [Trung98], and Vasconcelos in [Vasconcelos91]. In fact, Theorem A
sprouted as an attempt to understand [Vasconcelos91, Theorem 2.3.3]. That is the reason for
considering ideals [ of the form I = (J,y), with y ¢ .J and .J being a reduction of I generated
by a sufficiently good sequence that makes .J an ideal of linear type. The reader may also

consult [HSV08] for a recent account on the equations of R(I) with similar assumptions.

Let R be a Noetherian local ring. Even for ideals of the principal class, i.e., u(l) —
ht(I) = 0, the equations of R(I) may be difficult to describe. Remarkably, any ideal T
of the principal class is generated by an R-sequence x1,...,xs, provided that I is prime
(see [Davis67]) or R is Cohen-Macaulay. In both cases the equations are generated by
the Koszul relations z; X; — x; X;, with 1 < ¢ < j < s (see 1.3.2). In particular, I is of
linear type. However, if I is not prime and R is not Cohen-Macaulay, this is no longer

true. For instance, consider the ideals generated by systems of parameters. Huneke asked
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in [Huncke96] whether there is a uniform bound for the relation type of these ideals in a
complete local equidimensional Noetherian ring R. The full answer to this question was given
in [Wang97], [Lai95] and [AGHO06]. Concretely, in [AGH06, Example 2.1], it was shown that
if the non-Cohen-Macaulay locus of i has dimension > 2, there exist families of parametric
ideals of I with unbounded relation type. This gives an idea of the complexity of the
structure of the equations of R(T).

The case I = (J,y), with y ¢ J, J = (z1,...,xs) a reduction of I, zy,...,z, is an R-
sequence and z7,...,z5_; a G(I)-sequence, considered in Theorem A verifies (/) —ht(/) =
1. In general, if p(I) —ht(/) = 1 and R is Cohen-Macaulay, [ is of linear type if and only
if T is locally of the principal class at all minimal primes of I (see [HMV89, Theorem 4.8]).
However, if I is not locally of the principal class at its minimal primes, then the relation
type may be arbitrarily large. For instance, take R = k[[x1, x2]], the power series ring in two
variables over a field k and let I = (27, 25, z1257"), with p > 2. Then, I is (2, z5)-primary
and verifies p(I') — ht(I) = 1, hence it is not locally of the principal class at its minimal
primes. One can check that rt(/) > p. In fact, I fulfils the hypotheses of Theorem A,
J = (2%, 2%) being a reduction of I. Thus, the containment (z125 ")? € JIP~*, induces the
only equation of degree = p in a minimal generating set of equations of R(/) and rt(/) = p

(see Example 2.6.1).

As highlighted before, this study has its origins in the following result of Vasconcelos
in [Vasconcelos91, Theorem 2.3.3]: let (R.m) be a Cohen-Macaulay local ring of dimension
d and let I be an m-primary ideal of R. Let x,..., x4,y be a minimal generating set of I,
where J = (71,...,74) is a reduction of R with reduction number r;(I) = 1. Then there
is a form Y2 — Y X;F; € Qq, with F; € Vi, such that Q = (Y2 — > X;/%) + Q(1). In
particular, rt(/) = 2. Remark that the hypotheses imply that x;,..., zq is an R-sequence
and that the initial forms z7,... 2} are a G(I)-sequence (see the result of Valabrega and
Valla in [VV78, Proposition 3.1]). By Theorem A, it is enough to suppose that =3,..., x}_;

is a G(I)-sequence. Moreover, one can consider any reduction number (see Corollary 2.5.3).

As a corollary of Theorem A, we recover a result of Heinzer and Kim in [HK03, Theo-
rem 5.6/, where they prove that the equations of the fiber cone of I, F(I) = R(I) @ R/m =

Ep>1 [ /mI”, are generated by a unique equation of degree r;(7) + 1.
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2.2 Effective relations of a standard algebra

By a standard R-algebra U we mean a graded R-algebra U = &,>oU,, with Uy = R,
U = R[U;] and U; minimally generated by z = 2, ..., zs € U; as an R-module. For instance,
the R-algebra R(I) = @&,50l", the R/I-algebra G(I) = @&,500" /1™ and the R/m-algebra
F(I) = &,>0I" /mI", are standard algebras.

Let V = R[T},...,Ts] be a polynomial ring with variables T1,...,Ts, let ¢ : V' — U be
the induced presentation of U sending T; to z; and let () = &,>10),, be the kernel of ¢, the
elements of which will be referred to as the equations of /. Let S(U/;) be the symmetric
algebra of Uy and let a : S(U;) — U be the canonical morphism induced by the identity
in degree one. Given n > 2, the module of effective n-relations of U/ is defined to be
E(U), = ker(a,)/U; ker(ay,_1). One can prove that, for any n > 2, (Q/Q{n—1}), = E(U),
(see [Planas98, Definition 2.2]). In particular, the relation type of U is the least integer
N > 1, such that F(U), =0 for alln > N + 1.

This description of (Q/Q{n — 1}), as E(U),, = ker(a,)/U; ker(a,,_1) has the advantage
of being canonical. On the other hand, it is the bridge to think about (Q/Q{n — 1}), as a
Koszul homology module (see [Planas98, Corollary 2.7]). More precisely, for n > 2, we have
the isomorphisms (Q/Q{n — 1)), = E(U), = Hi(z;U)

., where Hi(z;U),, denotes the first

homology module of the complex:

d2.m—2 HMon—1

oo MR R Ups — MR @ Upy — U, — 0,

where the Koszul differentials are defined as follows: if e1,...,es stands for the canonical

basis of R*, u € U,_s and v € U,_1, then
Oomo((e:Nej) @u) =¢€; @ (zi-u) —e; @ (25 -u) and M pi(e: @ v) = 2 - 0.

As usual, Z1(z;U) and Bi(z;U) will stand for the graded modules of 1-cycles and 1-

boundaries, respectively, of the Koszul complex of z. Observe that By(z;U); = 0.
Remark 2.2.1. For each integer n > 2, there is a well-defined isomorphism

Tt (Q/Qn — 1), = Hy(2;U)

s
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sending the class of I € @, modulo Q{n — 1} to the homology class of (Fi(z),..., Fs(z)) €
Zi(z;U), C U, 1€ 5. qU, 1, where Fi,..., Fy is any set of s elements in V,, | satisfying
F=TF+...+TF;

As regards the case n = 1, notice that Q(0} = 0 and By(z;U); = 0, thus a similar

construction leads to an isomorphism 7 : ()1 =y (z;U),.
Proof: Take f =¢:V — U and ¢ = 1y in [Planas98, Theorem 2.4].

Remark 2.2.2. Let U be a standard R-algebra and let () = &,>1(),, be the equations of U.
Suppose that Q = Q(N} for some N > 1. Set

C:{F1,11--‘-.F1,311-"'.FN.I'!"".FN.SN}s

with F} ; € ;. Then C is a minimal generating set of ¢} if and only if, foreachn =1,... N,

the classes of F,,1,..., [}, 5, modulo {n—1} are a minimal generating set of (Q/Q{n—1)),.

2.3 Effective relations through Koszul homology

Let us set a general framework for the study of the injectivity of blowing-up morphisms by
first setting some properties of the module of effective relations that we will later specialise
and use. We will exploit the fact that there is an isomorphism between the n-th module of

effective relations F(U), and the n-th graded component Hy(z;U), (see Section 1.3.4).

Let us first examine a straightforward application of the well-known long exact sequence
of the (graded) Koszul homology, which will be key for the subsequent arguments and which

we will be able to specialise at low cost.

Lemma 2.3.1. Let R be a Noetherian ring and let U = &,>oU, be a standard R-algebra.
Let z=z1,...,25 and 2’ = z, z¢11. Let the sequence z' be a minimal generating set of Uy as
an R-module. Then, for each integer n. > 2, there is a short exact sequence

((2:21 :iUﬂc—l) ‘R .3;_1)
(i zUn—2) 'R 20:1)

Moreover, o, sends the class of a cycle (w1, ..., we, wqy1), w; € U,_1, to the class of a €

Hl(é; U)ﬂc

— Hi (2 U), =
zsr1Hi(z;U), 4 1250,

— 0.

(i, 2Un—1) R 2204), where weyy = az;‘:f + b for some be > 7 | %U, .
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Proof: Consider the graded long exact sequence of Koszul homology (see e.g. [BH98, Corol-
lary 1.6.13]):

Hy(z;U), 25 Hi(z3U), —s Hy(25U), — Ho(z;U), 258 Ho(z;U)

23 n—1 !

where (p;), is just the multiplication by 4z;,1. Then we get the following short exact

sequence:
0 — coker(py), — Hy(2';U),, i ker(pg),, — 0.

Clearly, coker(p), = Hi(z;U),,/zs+1H1(2;U),,_;. On the other hand,

Ho(z;U),_y = Un- 1/241” ).

Thus ker(po)n = (Un1 N (X275 2:Un—1) 1w 2s41))/ s 2elUn—2. One can check that 7, maps
the homology class of a cycle (uy, ..., ws,wsy1) € \IZ:+11 U,_1 to the class of wig1 € U,_1 N
(325 ziUn—1) ww zs41) modulo Y 7, zU,_s. Finally, consider the mapping &,,

ker(po), — Un—1 N (i 2:Un—1) 0 2s41) On (O zUn1) iR 225)
i U2 (X0, #Una) n 200)

defined as follows: for each w € U,—1 N (X i, 2:Un—1) ‘v 2sy1), since U,y = ;:;ﬂ:llﬁ’ +

Yoiiy ziUn—o, take @ € R and b € Y ;| zU,_» such that w = aﬁ,’ﬂrll + b. Clearly a €

(2L, 2iUn—1) :r 22%1). Let @ be the class of w modulo Y ; | z:l/,_» and let @ the class of
a modulo (325, ziUn—2) g 27'). Set 6,(w) = @ an elementary computation shows that

0, is a well-defined isomorphism. Finally, set o,, = 6, o 7,,. O

Lemma 2.3.1 can be profitably specialised for either R(I), G(I') or F(I), thus character-
ising the vanishing of their modules of effective relations in terms of a mixed condition on
colon ideals and Koszul homology. In the case where p(I) = 2, the vanishing of the Koszul
homology itself admits a full description in terms of colon ideals that we make explicit in

the following lemma.

Lemma 2.3.2. Let R be a Noetherian ring and let U = &,>oU, be a standard R-algebra.
Suppose that z1, zo is a minimal generating set of Uy as an R-module. Then, for each integer

n > 2, there is a short exact sequence

(0 r ;’1) N Up_1
;'2((0 o ;’1) M Uﬂ:_z)

(ZlUﬂ: 1R n)

- 1) — 0.

0— — Hl(::lgs:g;U) ﬁ)

7
(Hl{’ n—2 ‘R %
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Proof: Apply Lemma 2.3.1, observing that Hi(z1;U), = (0 1 z1) N Up—1. a

Given ideals I, L C R, we will denote the standard algebra R(I) @r R/L = &>l /LI™
by R.(I). Let z denote the sequence of classes modulo I /LI of the elements of a sequence

xin [. If I, =0, then z will stand for the sequence xt C It.

Proposition 2.3.3. Let (R,m) be a Noetherian local ring. Let I = (zy1,...,24y), J =
(r1,...,25) C I and L be ideals in R. Let x = x1,...,x5 and assume that x,y minimally
generate I. Let z and z' = z, zs11 be the sequence of classes modulo I /LI of the elements of

x and x,y, respectively. Then the following short exact sequence holds:

H1(£§RL(”))
ZS+1H1(£; RL(I))

(int—l + LI" ‘R y?k)
(’]]-3172 + LI‘R*l ‘R y?tfl)

0— — H,(2;Ri(D)), 3 — 0.

In particular, if I = (x,y), the preceding short exact sequence has the following form:

(LP:: ‘R .'If) r Pt—l
:")'((LIR_I ‘R :]"‘) M I”k_Q) + [ [n—1

(‘,I_.I?:c—l + LI® ‘R _y?:c) 0
(;}71?::—2 + LIr1 ‘R .y?;c—l) :

0— — Hi(2;R(D), 3

Proof: One just needs to check that the expressions in the short exact sequences are
isomorphic to the ones that appear in Lemma 2.3.1 and Lemma 2.3.2.

In order to prove the second short exact sequence, let z1, z, € I /LI be the classes of x,y,
respectively. Let ¢,—1 : (LI™ : 2)NI" — (0 :g, (1) 21) ("1 /LI"") be the homomorphism

taking classes modulo LI™~!. Then we have the following commutative diagram with exact

rows:
0 —— LI2 —— (LI"Y g ) 72 222 (0 R 21) M E;T__zz — 0
l ! k
0 —— LIt —— (LI":gz)n ™t =2 (0 R 21) M ;;T__ll — 0
| | |
L s R s
The exactness of the bottom row and Lemma 2.3.2 lead to the conclusion. a

Although the next lemma is a consequence of Lemma 2.3.1 and Lemma 2.3.3, we will
give an explicit proof by carrying over the ideas of Lemma 2.3.1. We keep focusing on
Hy (2t ... xgt, yt; R(T)),,
relations of R(1), F(I), = (Q/Q{n — 1}), (see also Definition 1.3.26).

which by Remark 2.2.1 is isomorphic to the module of effective
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Lemma 2.3.4. Let (R.m) be a Noetherian local ring and let I be an ideal of R. Let
T1,...,%s,y be a minimal generating set of I. Set J = (x1,...,xs). Then, for each in-

teger n. > 2, there is a short exact sequence

Hi(xit,. ..zt ; R(T)),
ytHy(zit, ..., x5t ; R(T)),,

o (,} pzfl ‘R _y-n-)

0— — Hy(xat, ... x5t yt;R(])), — (T2 g 1) — 0.

Moreover, o, sends the class of a cycle (unt™ ', ..., w™ L we 1 t™ 1), w; € ™Y, to the
’ +

class of a € (JI™ g y™), where weq = ay™ ! + b for some b€ JI"2.
Y + )

Proof: Take z = z1t,..., x5t and 2/ = x4t,..., x4, yt in [t € R(I) = R[It] = @Epsol™

Consider the induced graded long exact sequence of Koszul homology:

Hy(23R(1)),_, ™5 Hy(z:R(D), — Hi(2;R(D)), — Ho(z:R(D))

= n—1

where (p;),, is just the multiplication by +yt. We get the following short exact sequence:
0 — coker(pr), — Hi(2'; R(T)),, 7 kex(py),, — 0.

Clearly coker(pi), = Hi(z;R(])),/yt Hi(z; R(I)) On the other hand,

n—1"

Ho(z;R(I)), _, =I""1/JI" 2

n—1

Thus ker(pg), = "' (JI™ :g y)/JI" 2. One can check that &, maps the homology
class of a cycle (wq ™™, ... wd™ we t"1) € &L 1" 1" to the class of wgy € ™71 N
(JI™! :p y) modulo JI™2. Finally, consider the mapping @,,,

I??.—l 1l (J}'??.—l ‘R y) i} (J}'-n-—l ‘R _yi?.)
JIn—2 (J Jr—2 ‘R .y?:c—l) !

ker(po)n =

defined as follows: for each w € 1" ' (JI™ ! :g y), since I"™' = y* 'R+ JI"% takea € R
and b € JI™ 2 such that w = ay®* ! + b. Clearly a € (JI™ ! :gp y4*). Let W be the class
of w modulo JI™ 2% and let @ the class of @ modulo (JI™2 :p y*~!). Set #,(w) = a@. An

elementary computation shows that 6, is a well-defined isomorphism. Take o, = 0, ¢ 7,. O

Although the Lemma 2.3.4 has a version for n = 1, we are more interested in an analogue
version obtained from considering x,...,xs and xq,..., 7.y as sequences of elements of

degree zero in I C R.
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Remark 2.3.5. With the assumptions and notations of Lemma 2.3.4, there is an exact

sequence
Hy(zy, ..., 255 R) o (J:rY)
0— - — Hy(x1,...,25,y; R) > ——= — 0,
-yHl(:rl,...,:r-_.;; R) 1( ! o ) J
where ) sends the homology class of a cycle (wy,...,wswer1) € R to the class of
wei1 € (J :gp y). In particular, if xq,..., xs is an R-sequence, Hy(xy,...,xs;R) =0 and &4

is an isomorphism.

2.4 Vanishing of the Koszul homology

If #1,..., 2, a sequence of elements belonging to an ideal I, the next lemma characterises
the vanishing of the n-th graded components H(x1t,...,xz:t;R(I)), for all 1 < i < s, in

terms of sequential conditions in the xy,. .., xs.

Lemma 2.4.1. Let (R, m) be a Noetherian local ring and let I be an ideal of R. Let xq,. .., xq
be a sequence of elements belonging to I and let n > 2 be an integer. Then, the following

conditions are equivalent:

(¢) Hy(zqt,...,zt;R(I)), =0, foralli=1,...,s;
(H’) J“t_lf,”_l r ((."Iflf‘, . ey fl“-f_lf.) ‘R(D) ."Ifif.) = fn_lf.n_l M (."Iflf,, . & ,:I.’t'_ln",), fO’/’ all i = 1, wev g3

(i) (w1, 2e) " g ) NI = (2,2 ) P72, foralli=1,...,s.

Proof: Let n be fixed and let us prove the equivalence by induction on s. If s = 1 then
Hy(z:t;R(1)), = (0 :g #1) N [™! vanishes if and only if (0 :g z1) N I™~* = 0, hence the
claim follows.

By induction, assume the lemma holds for s — 1 > 0. Let us denote Jy, = 0 and J; =
(r1,...,2;). Take 1 <i < s and set z = x1t,...,x;1t and 2/ = x1t,... , x;_1t, 2;t. By the

induction hypothesis and using the graded long exact sequence of Koszul homology,

0 — Hy (2 R(I)), — Ho(z;R(I)), ; """ Ho(z; R(I))

TE

is an exact sequence for all 1 < ¢ < 5. Therefore,

il ((.‘]"1{,, Ce a“-f_lf.) ‘R(I) :Ift-.",)
Hi(xit, ... xit; R(T)),, = ker(po), = Ty e —
~ (Jf_p“t_l ‘R ."Iff) bkt
- Ji—l Jr—2 '
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whence the claim follows for all 1 <i < s. O

Recall that the sequence xq, ..., x4 is a d-sequence if it minimally generates (x1,...,x;)
and if (J; :p zap12;) = (Ji g ;) for all 0 < ¢ < s —1and all 7 > ¢+ 1 (where Jy = 0,
Ji = (x1,...,2;) and Jg = J, as before). Recall that this second condition is equivalent to
(Ji g xip) N J = J;forall 0 <i < s—1 (see 1.3.8 and subsequent remarks). Clearly, any

R-sequence is a d-sequence.

Remark 2.4.2. If the equivalent conditions in Lemma 2.4.1 hold for all n > 2, then

x1t, ..., xgl is a d-sequence of R(I). Furthermore, ((x1t,...,x;—1t) ray x:t) N R(I)4 =
(x1t, ..., xsqt) foralli=1,...,s.

However, being a d-sequence in R(I) does not imply that H;(z¢,...,2:;t;R(I)), = 0 for
alli=1,...,s and n > 2. Consider the ring R = k[X,Y]xy)/(XY,Y?)(xy) with k a field

and let I = (x,y) and J = (z). Then xt is a d-sequence in R([), while (0 : ) N (x,y) =
(y) # 0.

Proof: Let z1,...,2, and [ as in Lemma 2.4.1. Let J = (z1t,...,25t) C R(I);. The
condition "' N (w4t .., @) iy zt) = " 0 (et .o 2 ), foralli = 1,..0 s
and all n > 2, is equivalent to ((z1t,...,2;-1t) gy z:t) NR(I)y = (z1t, ..., 2;41) for all
i =1,...,s, which implies ((z1¢,...,2xi—1t) :r(n) ;r:iL)P.T: (w1t,...,xiqt) foralli =1,... s,
ie., rt,...,xst is a d-sequence. However, the converse is not true, even if .J is a reduction

of I, as it is shown in Example 2.6.3. Compare this with [HSV81, Lemma 12.7]. O

In the next lemma we will prove that, for n > 2, then Hi(xz1t,...,z;R(])), = 0,
provided that xj,...,z, an R-sequence such that z7,...,x%_, is a G(I)-sequence. Notice
that we are not saying that the whole Hy(x1t,...,zst;R(])) vanishes. In fact, if s > 1,
x1(xot) € xqt - R(I) whereas z1 & 21t - R(I), hence x1t, ..., x4t is not an R(/)-sequence.

Before presenting the lemma, recall the result of Valabrega and Valla in [VV78, Corol-
lary 2.7] which characterizes being a G(I)-sequence. Let J C I be two ideals of R. Let
r1,...,xs denote a minimal generating set of J and keeping the notations in the proof of
Lemma 2.4.1, write Jo = 0 and .J; = (x1,...,2;), for ¢ = 1,...,s. In particular, the ini-
tial forms x7,..., 2% in G(I) are in [/I?. Then, zj,..., xt is a G(I)-sequence if and only

if 7,..., 2, is an R-sequence and the Valabrega-Valla modules V'V, (1), = J; N 1"/ J, 1"

vanish for all#=1,...,sand all n > 1.
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Lemma 2.4.3. Let (R, m) be a Noetherian local ring and let I be an ideal of R. Let xy,. .., x5
be a minimal generating set of J, where J = (x1,...,x4) is a reduction of I with reduction
number r =1;(I). Assume that i, ...,z is an R-sequence and that xy,... x5 is a G(I)-

sequence. Then, for alln > 2 and allt=1,....s,
Hi(xqt, ... ,;{.'t-t;R(f))n =0,

Proof: We will check that condition (ii7) of Lemma 2.4.1 is fulfilled for all n > 2. Using

the aforementioned result of Valabrega and Valla, the hypotheses of the Lemma imply
VVJi(I)n =J;:N I”k/'}ﬁépz—l —0

foralli=1,...,s—1and all n > 2. Since x1,...,x, is an R-sequence, then (J;_ 1 :p ;) =

Ji—i for all i =1,..., s. Therefore
(’-Ii—l ‘R T-:) M f'r;__l — J-:'—l N f”‘_l — ’_}'i_lf-rr_—Q’

forall i =1,...,s and all n > 2. This identity implies

(Jioa I g ) N I = g 12, (2.1)
forall i =1,...,s and n > 2. But these are precisely the conditions (i7) in Lemma 2.4.1,
whence the claim. O

One can state a different version of Lemma 2.4.3 by considering weaker hypotheses and
hence a weaker thesis, which will in turn lead to a slightly different version of the main result

of this chapter (see Remark 2.5.1).

Remark 2.4.4. Let (R,m) be a Noetherian local ring and let I be an ideal of R. Let
x1,...,%s be a minimal generating set of .J, where .J = (x1,...,xs) is a reduction of I with

reduction number r = r;(/). Assume that

(a) w1,...,xs1s a d-sequence;

(b) VVi (D1 = (21, .., 2:) NI (g, ,25)["=0foralli=1,...,s— 1.

Then Hy(z1t, ...,z ;R(I)), =0, foralln >r+2andalli=1,...,s.
Suppose that, in addition,
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(¢) 1 x5 is an K-sequence;

PECIER

(d) VV5i(I)r = (21,...,2:) NI (21, ..., ) [P =0foralli=1,...,s— 1.

Then Hy(xzqt,...,x:t;R(I)) ., =0,foralli=1,... s.

r+1

Proof: Using («) and (b), since I" = JI" C .J we get
(Jisy ipx) C T = (S gz NI I =g NIt = g, I7,
fori=1,...,s. Therefore, foralli=1,...,s,
(Jict ip ) NI = o I

Using the result of Trung in [Trung98, Proposition 4.7(i)], one has (J;_1 g ;) N 1" =
Ji_y 1"t forallm >r+1andall i =1,...,s. This identities imply that

(Ji_lfﬂ_l ‘R ."I!t') M ]-n-—l = Ji—l f?t_2,

for all n > r+ 2 and all # = 1,...,s. Therefore, by Lemma 2.4.1, the claim holds. As
for the second claim, (¢) implies that (J;_; g @) CI" = J_y I" for all i = 1,...,s
(observe that that (a) is not sufficient) and using (d) we get (Ji_1 g a;) N7 = J_ ™71,
hence (Ji_1I" g x;) N I" = J_1 ™! for all ¢ = 1,...,s, thus Lemma 2.4.1 shows that
Hy(xqt,... 2t ;R(I)), =0fori=1,...,sand n <r+ 1. |

Remark 2.4.5. Observe that if .J C [ is a reduction with small reduction number r;(7),

then the graded homology vanishes with milder hypotheses than those in Lemma 2.4.3. Let

(r1,...,725) = J C I be a reduction with r;(I) = 1. Suppose that:
(@) x1,..., 25 is a d-sequence;
() ((x1,... 2im1) g ) N = (21, . .., xim1), foralli=1,... s;
() (zy,...,2e) N2 = (21,... .25, foralli=1,...,s — 1.

Then, Hy(x1t, ...,z ;R(])), =0, for n > 2.

Proof: As in the proof of Lemma 2.4.3 and Remark 2.4.4, the goal is to reach the identities
in Lemma 2.4.1 which are equivalent to the vanishing of the graded homology. From (/) we
are able to prove Hi(zit,...,xzst;R(I)), = 0. On the other hand, ('), (¢) and [Trung98,
Proposition 4.7 (i)] lead to Hy(z1t,. .., x5t ;R(I)), =0, for n > 3. O
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Remark 2.4.6. Let x1,...,x5 be a d-sequence contained in I and J = (x,...,xs). We
know that .J is of linear type (see 1.3.9), hence H;(z1t,...,z;R(J)), = 0 for all n. > 2,
i.e., the complex
(S) & s h
R(J)(—2)\2) — R(J)(—1)* — R(J)

is exact in degree > 2. Tensoring this complex by R(/) and computing ker & @ 1) /Im dh &
1py would yield Hy(xit,...,zst; R(I)), but notice that this does not necessarily yield
Hy(x1t, ..., xt;R(I)), = 0 for all n > 2 (see Example 2.6.3). For instance,

Hl(il’flf,, RO/ o A ; R(I))Q

is the homology of the complex

where dh(ag) = (ds(a),0) and (a1, bo) = (81 (ar), & (b))

2.5 Theorem A

We have now all the ingredients to prove the main result of the chapter. As in the rest of the
chapter, set V' = R[X1,..., X, Y] and let @ be the kernel of the polynomial presentation
¢V — R(I) sending X; to x;t and Y to yt.

Theorem A. Let (R.m) be a Noetherian local ring and let I be an ideal of R. Let z1, ..., x4,y
be a minimal generating set of I, where J = (x1,...,xs) is a reduction of I with reduction

number r =1;(I). Assume that =1, ..., x5 verify the following condition for all n. > 2:
(21, e )™ i) N T = (2, i)™, foralli=1,...,s. (Tn)

Then, for each n > 2, the map sending F' € @, to I(0,.... 0,1) € (JI™ ' :r y™) induces an

1somorphism of R-modules

| =

Q{n — 1} _ (,_})Tﬂ-—Q ‘R .yn—l) :
In particulor, vt(1) = £5(1)+1 and there is o form Y™ = 5 XeFs € Qi with Fy € Vi, such
that Q = (Y™ =3 X;F;) + Q{r}. Moreover, if x1,...,x, is an R-sequence and x5, ... x5,

is a G(I)-sequence, then x1,...,x, verify condition (T,) for all n > 2.
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Proof: By Lemma 2.3.4, with z = z1¢, ..., xst and 2/ = x4t, ..., zst, yt,

Hyi(z;R(]))
ytHy(z

T— 1
n (R, % L m YY)

0
s R(1)), 4 = n (T2 oyl —

0—

is an exact sequence for all n > 2. By Lemma 2.4.1, Hi(z;R([)),, = 0 for all n > 2.
Therefore, Hi(2'; R(I)) = (JI™V gy J(JIP2 g 7Y, for n > 2. By Remark 2.2.1, we

s

conclude:

Q Tn Tn (Jjn—l ‘R 'U?k)
—| = H(Z;R()), = =
[Q('H. . 1} :| ., 1(_ ) ( ))?z (JI.R_Q ‘R yn_l) ]

for all n > 2. Given F € Q,, write FF = Y :  X;F: + YG, with F;,G € V,, ;. Then
the morphism 7, sends the class of F' to the homology class of (Fi(2'),..., Fs(2),G(¢)).
But G(Z) = G(x4,..., ze, " and G(xy,...,25,y) = G(O,.... 0, D)y™ ! + b, for some
b€ JI"2. By Lemma 2.3.4, o, sends the homology class of (Fi(2),..., Fs(z'),G(2)) to the
class of G(0,....0,1) modulo (JI"2 :p y*!) and notice that G(0,....0,1) = F(0,....0,1).

Since .J is a reduction of I with reduction number r;(I) = r, we know that (JI*7! :p
y") = R for all n > r+ 1. Therefore (Q/Q{n—1)), =0 foralln > r+1 and (Q/Q{r})r1 =
R/(JI™™' :py™) # 0, since y" & JI"'. Therefore rt(I) = r+1. Notice that the containment
y"tt € JI" induces an equation of the form Y"+t' — 3. X;F;, with F; € V,, which is sent by
0, T, to the class of 1 in R/(JI™" :p y").

Finally, the last claim is nothing but the application of Lemma 2.4.3, together with
Lemma 2.4.1. O

With weaker hypotheses we get the next version of Theorem A (see Remark 2.4.4).

Remark 2.5.1. Let (R,m) be a Noetherian local ring and let I be an ideal of R. Let
T1yeonyl , s, y be a minimal generating set of I, where J = (x1,...,x) is a reduction of I with

reduction number r = r;(I). Assume that the following two conditions hold:

(@) x1,...,xs is a d-sequence;

(b) VVi (D1 = (21, ..., 2:) O™ (2, .. ) ["=0foralli=1,...,s— 1.

Then rt(I) < rz(I)+ 1 and (Q/@Q{r}),41 contains the non-zero class of an equation Y —
S X;F;: induced by "™t € JI".

Suppose, in addition, that the following conditions hold:
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(¢) x1,...,xs is an R-sequence;

(d) VVi(I), = (x1,...,2:) NI (xy,...,25) [P =0foralli=1,...,s 1.

Then rt(/) = r7(/) + 1 and there is a form Y™™ — 3 X;F; € Q.41 induced by "™ € JI",
with F; € V., such that Q = (Y™ — 3 X, F) + Q{r}.

Proof: It follows from the proof of Theorem A, but using Remark 2.4.4. O

Discussion 2.5.2. The hypotheses of Remark 2.5.1 are connected with the works of Huckaba
in [Huckaba89, Theorem 1.4] and Trung in [Trung98, Theorem 6.4] (see also [CZ97, Theo-
rem 3.2], [Huckaba87], [GP08, Theorem 5.3] and [Trung87]). In [Huckaba89, Theorems 1.4,
1.5], Huckaba proved that if T is an ideal with £(I) = ht(7) + 1 > 2 and such that any mini-
mal reduction .J of I can be generated by a d-sequence 1, ...,z with x],...,2}_, being a
G(])-sequence (s = (1)), then rt(I) < ry(I)+ 1. If in addition u(I) = €(I) + 1, then the
equality rt(7) = r;(I)+ 1 holds. In particular, » = r;(I) is independent of .J. In fact, Trung
improved this last result in [Trung98, Theorem 6.4] by showing that r coincides with the
Castelnuovo-Mumford regularity of R(/). To prove rt(/) < ry(I)+ 1, Huckaba showed that
the equality I™"! = JI" induces an equation of R([) of maximum degree. In Theorem A and
with a different approach, we have fulfilled the description of the entire ideal of equations of

R(I).

As a corollary of Theorem A, one can prove, following an alternative path, the result of
Vasconcelos in [Vasconcelos91, Theorem 2.3.3]. The technique used here allows us to prove

it for any reduction number, not necessarily equal to 1.

Corollary 2.5.3. Let (R,m) be a Cohen-Macaulay local ring of dimension d and let I be
an m-primary ideal of K. Let xy,...,xa,y be a minimal generating set of I, with J =
(x1,...,24) C I being a reduction of I, with reduction number ry(I) = r. Suppose that
x5, .., xhy is a G(I)-sequence. Then there is a form Y™™ — 3" X;F; € Q,y1, induced by
y e JIT, with F; € V,., such that Q = (Y™ =" X, F:)+Q{r}. In particular, rt(I) = r+1.

Proof: Since R is Cohen-Macaulay and I is m-primary, x1,...,xs is an R-sequence and the

results follows from Theorem A. |
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The case r;(I) = 1 has attracted much attention in the literature. In fact, this was the
case covered in [Vasconcelos91, Theorem 2.3.3]. Using Remark 2.4.5, we are able to state an

analogue of Theorem A with r;(I) = 1, which permits us to relax other hypotheses.

Proposition 2.5.4. Let (R.m) be a Noetherian local ring and let I be an ideal of R. Let
x1,...,2s,y be a minimal generating set of I, where J = (x1,...,xs) C I is a reduction of I

with reduction number r;(1) = 1. Suppose that

(@) x1,..., 25 is a d-sequence;

) ((eq,..yxi1) cpa) N = (1q,...,251), foralli=1,... s;
() (x1,..,2e0) N2 = (21,...,250)], foralli=1,...,5 —1.

Then, rt(I) = 2 and we have the following isomorhisms of R-modules:

Q ] . JI:ry’) R
Qly|l,  (J:ry) (Jiry)

In particular, there is a form Y? — > X;F; € Qo, with F; € V1, such that

ker cvg = [

Q=" =) Xily) + Q).
Proof: It follows from the proof of the Theorem A, using Remark 2.4.5. O

Another corollary of Theorem A is the following result due to Heinzer and Kim in [HK03,
Theorem 5.6]. Recall that for an ideal . of R and any standard R-algebra U, it is verified that
rt(U @ R/L) <rt(U) (see e.g. [Planas98, Example 3.2]), hence rt(F (1)) < rt(G(I)) < rt(]).
In fact, for any n > 2, there is an exact sequence F([),.1 — E(I), — E(G(I)), — 0.
In particular, rt(/) = rt(G(/)) and E(I)y = FE(G(I))n, with N = rt(]) (see [Planas9s,
Proposition 3.3]; see also [HKUO05, p. 268]). Within our settings, however, rt(F(/)) is also
equal to rt(I), as proved in the next corollary. Notice that this behaviour is by no means a
general fact (see the Conjecture of Valla in [HMV89, § 2] and a counterexample in [SUV93,
Example 4.4]; see also [HKUO05, p. 268 and Corollary 2.6]).

Corollary 2.5.5. Let (R.m) be a Noetherian local ring with infinite residue field k = R/m

and let I be an ideal of R. Let x1,...,xs,y be a minimal generating set of I, where J =
(r1,...,25) C I 1s a reduction of I with reduction number r = ;(I). Assume that xq, ..., x4
is an R-sequence and that x}, ... x%_ is a G(I)-sequence. Then there is a form Y™ —
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ST XikF:, with Fy € k[ X, ..., X, Y] forms of degree v and F(I) = k[X1,..., X, Y]/ (Y™ —
S X Fy). In particular, vt(F(I)) =1;(I) + 1 =rt(I).

Proof: By Theorem A, rt(F(7)) < rt(/) = r + 1. By [HK03, Lemma 5.2], F(F([)), = 0
for all 2 < n < r and E(F(I)),y1 # 0. Thus F(I) has only equations of degree r + 1
and rt(F(I)) = r 4+ 1. By Theorem A, F(I),,; is cyclic and generated by the equation of
R/(I) induced by the containment y"** € JI". Therefore the same happens with E(F(I)),,,
(see [GPO8, Proposition 3.2] or [HKUO05, p. 268]). O

Observe that the constraints on I in Corollary 2.5.5 automatically hold for I an ideal

with p(I) = €(I) + 1 and grade(G(I),) > £(I) — 1 (see [BHI8, Proposition 1.5.12]).

Remark 2.5.6. An immediate consequence of Corollary 2.5.5 is that F(7) is Cohen-Macaulay.
In fact, recall that [HKO03, Proposition 5.4] already prove that, under the conditions of Corol-
lary 2.5.5, F(I) is a hypersurface if and only if F(7) is Cohen-Macaulay.

2.6 Examples and applications

Our purpose in this section is to use Theorem A in order to deduce minimal generating sets
of the equations of R(7). If .J is a reduction of I = (.J,y), the ascending chain of colon ideals
{(JI™" : 4™) }n>1, which need not be rigid but reaches R, can be calculated in any computer
algebra system, giving an alternative strategy to find out the equations of R(7).

The ideal I in the next example, for a specific p > 1, is often used as a paradigm of an

ideal of relation type = p. As said above, Theorem A will be crucial to our purposes.

Example 2.6.1. Let (R, m) be a Noetherian local ring. Let ay,as an R-sequence and p > 2.
Set # = a’, xy = a) and y = a;a’ '. Let I be the ideal generated by xy,z5,y. Set
V = R[X1, X5,Y] and let ¢ : V' — R(I) be the presentation of R(I) sending X; to z;t and
Y to yt. Then a minimal generating set of the ideal @) = ker(y) is given by:
(#) two linear forms F1 (X, Xo;Y) = a:’l’_l}’ — (z’Q’_le and G1(X1, Xo2,Y) = @Y — a1 X;
(44) for each 2 < n < p, a unique equation F,(X1, X2, Y) =d"Y" —db" X, X371
Proof: We start by proving that I fulfils the hypotheses of Theorem A. Clearly z1, x5 is an

R-sequence and J = (7, ) is a reduction of I since I? = JIP~!. By [KS03, Corollary 3],
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a monomial m on ay, az belongs to an ideal generated by monomials my,...,m, on ay,as if
and only if m is a multiple of some m;. It follows that 7! & JI?~2 and I*~* ¢ JIP~2. Thus
ry(l)=p—1.

Claim 1: grade(G(/)+) > 1 and =7 is G([)-regular.

Proof of Claim 1: By [VV78, Corollary 2.7], it suffices to prove

VViey (D =z RO 2 1" =0
for all n > 1. Fix n > 1. By [KS03, Proposition 1],
i ROI" = (L | 1, j, k positive integers such that ¢ + j + k = n),

where L; ;= lem(a} al (z”’(al(zp ) ). Let us prove that L; i is in xq[*71.

Indeed, if i > 1, then Ly = alal(aai™ ) = & PP (ayab ™)) € z, """ and
we have finished. Hence we can suppose ¢ = 0 and j+ k = n. If £ = 0, then 7 =
n and Lo = dia)’ € z "', Suppose 0 < k < p. Then Lo, = nlaj‘“H(p D _
() HF1ab™F € 2y "1 Finally, if k > p, then Lo i = @ (ara ' )* = d[a ™ Pt )] =

(r”[(r’i P (f\ —p)(p—1) nJ?JﬂJ(P— )] (Ill’(alz‘);r—&-p—l(ala;g—l)*—p €z "1

Note that for p > 2, then x5 is not a G([)-sequence because
2
(@ 2a5 )1y = (a1 )2 = x1y? € I,

where (a?a)™?) e T\ I*.
Therefore, we can apply Theorem A and deduce that, for all n > 2,
[ [
Q{n —1) JI=2 gyt
In particular, since (JIP72: yP=1) C (JIP7' : y?) = R, then rt(I) = 1 (I) + 1.

Claim 2: (JI"':y™) = (o] ", a2) for 2<n <p—1.

Proof of Claim 2: First note that, for all 2 < n < p—1, ay € (JI*! : y?) since
asy” = a?af P = qal(a? 'l VP = ayaB(ay )t € JIPL Since (JIM ) s
generated by monomials on @, @z, and ay € (JI™! : y™), there is only one possible remaining
generator: a power of a;. Since @ "y? = & "}V = &GP = ETE () €
JI then af™" € (JI™™! : y*). However, and using again [KS03, Corollary 3], one has

a}f—?t—l ¢ (Jf”' 1., it)
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Hence (Q/Q{p — 1)), = (JIP7L : ) J(JIP72: y»7') = R/(1, a2) and, for 2<n <p—1,

I

oy | =, d e )
n JIn— 2 rt 1 ((IJIJ—-H-—HE(IQ) - ((Iylj—?t+11a]f—-na2)'

Q{n — 1} -

In other words, for each 2 < n < p, (Q/Q{n—1}), is generated by a single element that corre-
sponds to the class of @i (1 if n = p). To find this element, consider the identity af "y =
ab "l (ah)™1, which induces the equation F,(Xy, X5, V) = a/7"Y™ — a’;_“)(l)(g}’_l € Q.
Since the isomorphism of Theorem A sends the class of F, to the class of F,(0,0,1) = a}™",
we are done. By Remark 2.2.2, F}, is in a minimal generating set of ), for 2 < n < p.

To finish, let us find the equations of degree one. Although this is trivial, we sketch
the proof here to show the similarity with the greater degrees. As before, one shows that

J = ("', ay). Using Remark 2.3.5,

Hy(z1, 29,y ; 1)

Identify @1 with Z1(z1, 22,95 R) and By = (1Y — yX1,22Y — yXo, 11 X9 — 20X1) with
Bi(x1,x2,y; R). Then @1/B; is minimally generated by the classes of the two equations
corresponding to the classes of @' and a,. The identities @'y = &4 'a® and ay =
aal induce the desired equations Fj(Xi, X5,Y) = (z’l’_lY — ag_le and G (X1, Xo,Y) =

—1

asY — a; Xy € (Qq, since by & their classes are sent to the classes of /1(0,0,1) = af” and

G1(0,0,1) = ag. Clearly, By C (Fi,G1) and Fy, Gy are a minimal generating set of ;. O

The following example gives the equations of the Rees algebra of an m-primary ideal
of almost-linear type having a reduction generated by a d-sequence. We will use Proposi-

tion 2.5.4.

Example 2.6.2. Let S = E[[X1, X2, Uy, Us]] be the power series ring over k with in-
determinates X, Xo, Uy, Us, and let R = k[[Xy, Xo, Uy, Us]]/L = k[[x1, 22, u1, us]], where
L = (X1, X2) N (U, Us) = (XuUs, XoUs, XoUy, XolUs). Set J = (21 + w22 + 1) and
I = (Jyx1 + 22). Let ¢ : R[T1,T5,Y] — R(I) be the polynomial presentation that sends
T; into x; + u; and Y into x1 + x2 and let Q@ = ker¢. Then .J is a reduction of [, with
ry(I) =1, 1t(I) =2 and keray, = (Q/Q{1})2 = R/(J : (x1 + x2)) = k is cyclic, generated
by Y2 — Y(T1 + Tp).
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Proof: The ring R is Noetherian local, 2-dimensional and Buchsbaum (in fact, the ideal
(X1, X3) N (U, 1) is said to be of type (1,2), see [SV78, Theorem 3 and Definition 2, p.
742]), consequently every system of parameters is a d-sequence. Since z; + uy, To + ug is
a system of parameters of R, it is a d-sequence. It is also readily verified that (x; + uy :
o+ ) NI = (21 +uy) and (21 + 29) N1 12 = (21 + 22)]. By Proposition 2.5.4, the claim
follows. O

The next example shows that the hypotheses () and () in Remark 2.5.1 alone are not

sufficient to ensure that there is only one equation of R(I) of maximum degree.

Example 2.6.3. Let k& be a field and R = k[X.Y]xy)/(XY,Y?)(xy). Set z and y the
classes of X and ¥V in R. Let m = (x,y) be the maximal ideal of R. Then, rt(m) = 2 and

there are two quadratic equations in a minimal generating set of the equations of R(m).

Proof: Set J = (). Since y> =0 € Jm and y & .J, then m?> = Jm and .J is a reduction
of m with reduction number 1. Moreover, since (0 : z) = (0 : z%), = is a d-sequence. By
Remark 2.5.1, rt(m) < ry(m) +1 = 2. Set V' = k[S,T] and let ¢t : V — G(m) be the
presentation of G(m) sending S to x +m? and T to y + m% For n > 2, m” = (2”). Thus
m?/m? is a k-vector space of dimension 1. Therefore ker(¢52) C V5, must have dimension
2. In fact, ker(efy) = (ST,T?}. Since ker(¢;) = 0, then F(G(m)), is minimally generated
by two elements. We finish by using that F(m)s = E(G(m))s (see 1.3.29 and [Planas9s,
Proposition 3.3]). Observe that in this case, J and I do not fulfil the condition (&) of
Proposition 2.5.4: in fact, (0 : z) Nm = (y) # 0. a

As it has already been pointed out in Proposition 2.5.4, we can relax the hypotheses in
Theorem A if the reduction number is small. The next example illustrates this by computing

the equations for a non-equimultiple ideal I with ad(]) = 1.

Example 2.6.4. Let (R.m) a Noetherian regular local with infinite residue field & and
dimension 4, with wu,v, z,¢ a regular system of parameters. Set I = (u,2) N (v,t). Then
I = (J,ut) where J = (uv,vz — ut, zt) is a minimal reduction of I with reduction number
r;(I) =1 and such that uv, vz — ut, zt is a d-sequence. Let ¢ : R[X1, Xo, X3,Y] — R(I) be
the polynomial presentation relative to the minimal generating set wv, vz —ut, zt, ut of I and

let @ = ker ¢ be the ideal of equations of R(I). Then rt(/) = 2 and @ has only one minimal
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equation of degree 2: Y2 + XY — X; X3. Notice that grade(l) = 2, ht([) = 2, £(I) = 3 and
wu(l) = 4.

Proof: Notice that I is generated by uv, vz, zt, ut. We know that F(I) = k[uv, vz, zt, ut] (see
[Vasconcelos05, Example 1-90, p.50]). Displaying a Noether normalisation, one can readily
check that uv, vz—ut, zt generate a minimal reduction .J of I (see [AM69, Exercise 16, p.69]).
It is readily seen that uwv,vz — ut, zt is a d-sequence but not an R-sequence, uv,vz — ut, zt
is a minimal generating set of J and JI = I?, since (ut)? = (wv)(2t) — (vz — ut)(ut) € JI,

hence ry(/) = 1. In order to call to Proposition 2.5.4 one may check the following identities:

(o) we) NI =0 (for i = 1),

uv vz —ut) NI = (uwv) (for i = 2),

(0
(
(wv, vz —ut) : 2t) N T = (uv,vz — ut) (for i = 3);
() (uwv) N I* = (uv)I (for 7 = 2),

(uv

vz —ut) N I* = (uww,vz —ut)l (for i = 3).

Consequently, Q = Q(2}, rt(/) = 2 and (Q/Q{1})2 = (JI : (ut)?)/(J : ut) = R/m is cyclic
with generator Y2 + X, — X, Xj5. a

Example 2.6.5. Let (R.m) be a Noetherian local ring. Let a, b an R-sequence, let p > 5 be
an odd integer, and set z; = a?, 25 = b and y = a2 Let J = (21, 22) and | = (z1, 29, y),
V' = R[X1, X2,Y] the polynomial ring in three indeterminates over R and let ¢ : V' — R(I)
be the presentation of R(I) sending X; to x;t and Y to yt.

(#) The following equalities hold:
(j[?k . it-‘rl) (a:b) p—1 S n

In particular, .J is a reduction of [ with r;(I) =p—1;
(it) The following equalities hold: (z ™! : zy) N ™! /2 "2 = 0, for all n > 2; equiva-
lently, Hy(z1t,20t;R(])), =0, for all n > 2;
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(ii7) Tt is verified that (Q/Q{n — 1}), = (JI™™' : y?)/(JI*2 : y*1), for all n > 2. In

particular rt(/) = p. Moreover,
Q = {81,21 Sl,p72l FQ'! ey F(p+1)/'21\ Fp}

is a minimal generating set of ¢} with

{IP—Q-R}/?? o b-p—Q?t ){1 ){5! 1 9 < g ;.DT
Fo(X1, X9,Y) = ¢ bY™ —aX; X5 n =2t
y? — X2XP7? n=p

2

and 81‘2()(1, XQ, 1'/) = (.12)(2 — f)Q}f and Sl’p_g()irl, XQ, ]'/) = (IP_Q}/ — IIJP_2AX71.

(#z) The initial forms =7, 23 and y* are zero-divisors in G(T).

Proof: In order to show (#), notice first that since y* = 22252 € J? C JI*~', we have
(JIP7' . y?) = R and r;(I) < p— 1. Let us show that "' ¢ JI" for n < p — 2:

= areSyt with r, s, ¢ positive integer such

assuming the opposite, then we can write ¥
that r+ s+t =n-+1. If £t > 1 we can simplify the expressions, hence we can assume
without loss of generality that y*™ = z(z5 with r +s =n+ 1 and n < p— 2. Then
a2 pP=2)(+) — PR thus 2(n + 1) = rp. But observe that n +1 < p—1 < p, so r
has to be 1, leading to p = 2(n 4 1), a contradiction with the assumption that p is odd.
Consequently, r;(I) = p— 1.

We claim that if (p —1)/2 < n < p— 2, then (JI™ : y*™) = (a,b). Playing with the

exponents we get

41

ay _ a.paQit—p—&-?)h(2it—p+3)(p—2)/'2h(p—1)(p—2) _ f)I I(P 3)/2 it—(p—3)f2 c in

with 2n — p + 3 being positive by our assumptions on n. On the other hand,

n+1 2?t—p+1b(2it—p+1)(p—2)[2b-p(p—1) = ary I(P— )/2 (-n-—(p—l)[Q c J[R,

by"™ = aa’a

with 2n — p+ 1 being positive by our assumptions on n.
Observe that if n < (p — 3)/2 then b? € (JI" : ™), since by*™' = PbPa®b"P=2) =
a’ryy™ € JI". However, in this case b ¢ (JI™ : y*™). If by € JI" we can assume

without loss of generality that by**' is of the form az}z with r, s positive integers such
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that r +s = n+ 1, but then 2(n+ 1) = rp+ 1 and since 2(n + 1) < p — 2 we arrive to a
contradiction.

Likewise, if n < (p—3)/2 then a?=2"=2 € (JI™ : y™!), since aP~ 2"~ 2y = gPpprpp—2n—2 =
=22y 2% € JI™. However, if k is a positive integer such that & < p — 2n — 3, we have

% ¢ (JI™ : y*™). Assuming the opposite, a*y™ € (JI™ : y**!), without loss of generality
ak ?;’*“ = bFz x5 with r, s positive integers such that r + s = n + 1. But then it follows that
2(n+ 1)+ k = rp, a contradiction, since 2(n+ 1) +k < p— L.

To finish with this description of the generators of (JI™ : y™™!), let us show that for
n<(p—3)/2and k <p—2n—3, a*b ¢ (JI": y*™). If a*by™™ € JI" then we can assume
without loss of generality that a*ba?+1)pP=22+1) — a7 25 with r, s positive integers such
that 7+ s = n + 1 and m a monomial in a,b with deg(m) = k + 1. If m is multiple of b
then, simplifying b’s, we get a* € (JI™ : ™), which is in contradiction with the preceding
paragraph. Thus m = a1, but then, simplifying a’s, we would deduce that b € (JI™ : y**1),

which is a contradicition with the claims above. Therefore, when n < (p — 3)/2 the ideal

(JI™ : y**1) is the irreducible monomial ideal generated by a?~2"=2 and b2.

Let us show (7). We will show the equality (z11™ : 29) N I" = 2™ for all n > 1, then
apply Lemma 2.4.1. For that purpose we will make use of Remark 1.3.5. Concretely, we will
show that any monomial generator of (x,I"™ : xz3) M I belongs to x;I*~'. Each monomial

generator of (z1 1™ : z5) N I™ is of the form
Gor = lem (M,, xiz5y") ,

where M, = lem(z7 25y’ 20) /12, With 7 + s +¢ = n, u + v+ w = n; ¢ and T denote the
integer vectors (r,s,t) € N* and (u,v,w) € N3, respectively. Let us show that Gy, € 2, "!
Case: s > 1.

M, = 7™ 25 1y, then G, is a multiple of M, which can be written as x; - (z]x5 'y’) €
r L

Case: s =0.

M, = lem(z; ™yt 2) /2y = lem(aPU D262t 5P) /b2 At this point it is convenient to

distinguish a couple of subcases: ¢t = 0,1 and ¢ > 2.
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Sub-case: t =0, 1.

If t =0, M, = a?™V then G, is a multiple of a?®*) = 27t ¢ & I* C 2 "', If
t =1, M, = a®™*2, then G,, = lem(a?**2 gPT2wppr+P=20v) " Since pn + 2 > pu + 2w for
all (u,v,w) € N*> such that u + v +w =n, Gor = a2t =2 — gpap(n—1)+2pprt(p=2)u o
W

Sub-case: t > 2.

In this case, since p > 5, the inequality (p — 2)¢ > p holds, then
M, = lem(aPTHI+2pe=2t py /pp — qPriD+2p(p=2)t=p,
Therefore, we have to check
Gyr =lem (a”(’"+1)+2”b@’_2)"‘_3’ ,x{ryy”) € oI

Since G, is a multiple of x¥z%y", if « > 1, then G, will be multiple of zy - ¥ 'aiy* €
; P 1824, 1 2

211™71. So it remains to consider the case where u« = 0. In this case,

G,. = lem (ap(?=+1)+2tb(p—2)f—p1 a2-u=bp-v+(p—2)-w)

= lem (ﬁ._p(n—tﬂ)+2fb(p—2)f—p1 azwbp(n—-w)Jr(p—z)w)

We claim that 2w < p(n —t + 1) + 24 the least value that p(n — ¢t + 1) 4+ 2t can take is
p + 2n, whereas the greatest value that 2w can take is 2n; then 2w < p(n —t + 1) + 2,
then p(n —w) + (p—2)w = pn —2w > pn—pn —t+1) =2t = t(p—2) —p > 0.
Hence G,, = Pt tHIF2pp—w)+p=2w — gp . @pr=OF2ppn—w)+(p=20w - If 4 < ¢ then G,
is a multiple of a? . PP DF2ARP=OFE=2t — 4 grtyn tyt o g 22—t © g [ C g [P I
w >t then G, , is a multiple of @P(P—wtD+2wppr—w)+p=2)u — gp . gpn—w)+2wppr—w)+P-2)w —

i P TR = Y | o o [ C o [

To prove (ii7) simply use (i7) and Theorem A.

In order to prove (iv) it suffices to check that both z} and =} are zero-divisors in G(I). It
will be sufficient to find elements wy € I™\ ™! and wy € "2\ ["2™! such that xw; € ™2
and Tows € [7™12,
does. Let ni(p) = (p —3)/2, ny = 0 and take w, = ab™mP+2-=2) ¢ @)\ [m@)+1 and

wy = a'tP™ € R ¢ I. Then zyw; = a?P'b™m@+2P=2) and since p + 1 = 2(n,(p) + 2) we

Notice that the exponents ni,n, may depend on p, as the ideal [
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get xwy = (a?bP~2)mPH2 — ym@E+2 ¢ mP)+2 and; on the other hand, rowy = a*b??~* =

(@2 2)% = 4 € I, O

The next example shows the non-surprising fact that, although (Q/Q{n — 1)),, are iso-
morphic to quotients of the form (JI™™! : y*)/(JI"% : y*71), they need not be cyclic in
degrees < ry(I) + 1. The proof in full detail of Example 2.6.6 would be similar to that of
Example 2.6.5.

Example 2.6.6. Let (R.m) be a Noetherian local ring. Let a,b,c an R-sequence, let p > 4
be an even integer and set 1 = aP, xo = W, 3 = ¢ and y = abc?2. Let J = (x,, 79, x3) and
I = (x1,22,23,y), V = R[X1, X2, X3,Y] the polynomial ring in four indeterminates over R

and let ¢ : V' — R([I) be the presentation of R(/) sending X; to x;t and Y to yt. Then,

() The ideal .J is a reduction of I with r;(/) = p — 1, concretely,

(aﬁ-"—?t—lgbp—n—lg (_'22) 0<n< 1_21
(J}'fr_ . _:l,;':t+1) — (l,.]‘.;qu1 bp;’Q1 (12._ ap—-r‘r—lbp—-rr_—l) ]22 g n<p— 1
R n>p—1

(#7) The initial forms z7],z3 are a G([)-sequence, in particular grade(G(I);) > 2; since
T1,%2, x5 are an R-sequence, by Lemma 2.4.3, we get Hy(x1t, x0t, 25t ; R(I)), = 0, for
all n > 2;

(ii7) Tt is verified that (Q/Q{n — 1}),, = (JI™™! : y?)/(JI"2 : y*1), for all n > 2. In
particular, rt(/) = p. Moreover, in terms of generators, the graded components of the
modules (Q/Q{n — 1}),, are given by

(
[ o O rrr—1
{(f‘“ (I3 }, e I]N‘(.ﬂ 2n IX:[ ,X :;1 ,

Py — g2 ,)(2,)(:?;_1} 2<n<E,
(Q/Qn—1))p = (a"2"2Y" = P X1 Xo X5 %) n=E+1,
(@Y™ — AP XX B+l <n<p,
(Y™ — X1 X, X572 n=p.

\
Identifying @, with Z;(xy, z2, 23,y; R) and
By = (1Y — yX1, 2V — yXo, 23Y — yX3, 00 X3 — 23X, 1 X3 — 23X, 11 X — -'1"-2X1)
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with By(x, 29,23,y ; R), then

@ ~ ("-‘r : y) ~ ((Ip_l._f}p_l__(';Q)

B, J  (ar b eP)

Hy(xy, 20,23,y R) =
is minimally generated by the classes of the equations corresponding to the classes of
aP~t, P! and %

o

1

o {(_r.p_l Y — b2 X PTY — adP 2 X, Y — abXs).

Proof: Assertion (%) follows by applying the same strategy as in the proof of Example 2.6.5.
In order to prove (ii) recall Remark 1.3.6: since 1, x9 is an R-sequence, it suffices to check
that (z1) N I™ = (x) 1" " and (x1,22) N I" = (2, 29) "7, for all n > 2. In order to prove

(#2¢) just combine (#), (i), Theorem A and Remark 2.3.5. a

The next example shows that if sd(I') = p(I)—#(I) # 1, there might be several equations
of R(I) of top degree.

Example 2.6.7. Let (R,m) be a two dimensional regular local ring and let p > 2 be an
integer. Then rt(m”) = 2 and there are (’2’) quadratic equations in a minimal generating set

of equations of R(m?”).

Proof: Let x,y be a regular system of parameters of R, V= R[X,Y] and let ¢ : V' — R(m)
be the presentation of R(m) sending X to xt and Y to yt. Since x,y is an R-sequence,
ker(¢) = (Y —yX). Set V(p) = R[XP?, XP7'Y, ..., XY?7 L YP] and ¢(p) : V(p) — R(m?)
the p-th Veronese transform of ¢. Note that ker(¢(p),) = ker(¢pn) = (Y — y X} V1.

Set W = R[Ty, T1,...,T,] and let ¢/ : W — V(p) be the polynomial presentation of V(p)
sending T; to XP~*Y". It is known (see e.g. [JK94, Proposition 2.5]) that the kernel of ¢ is
the determinantal ideal generated by the 2 x 2 minors of the matrix M, where M is

o T ... T
T, ... T,
In particular, ker(¢}) = ker(¢:)(2}.

Consider ® = ¢(p) o ¢ : R[Ty,Th,...,T,] — R(m?), the polynomial presentation of

R(m?) sending T; to z'y*~* and let Q = ker(®) be the ideal of equations of R(m?). Let us

see that @, = ker(¢,) + W,,_1@Q1, for all n. > 2. Indeed, given F' € ), since ker(¢(p),) =

o6



(Y — yX}Vpp_1, one can find F; € W,,_; and G; € @ such that ¢, (F) = ¢,(>_ F:G:).
Therefore, (F — > F;G;) € ker(¢,) and F € ker(¢,) + W, 1Q.

Since ker(¢!) = ker(¢)(2), then @, = ker(¢,) + W,_1Q1 = Wy ker(¢) + W,,_1Q1 C
Wi—2Qs C @y, for all n > 2. Therefore Q = Q(2), rt(m™) = 2 and 1(Q2/W1Q1) < ().

0 — kerty —— Wo —25 V(p)y —0

l l l

keripo @k —— Wo @k N (pe @k —— 0

Let us prove that (J3/W;(; is minimally generated by (’2’) elements, which are precisely
the classes of the 2 x 2 minors of M. Since )1 € mW,, then Wi}y € mW,. Setting
L = ker(¢n), M = W5 and N = V(p)a, we have

Qs e 5 o ker(dh) +WhQy L

VV1Q1 - sz + H’EQ1 N mkel"(“q-!';‘g) + W’rlQl - ml + (L M H’EQD )

IR

On the other hand, there is a natural epimorhism

L . L

where L/(LNmM) = (L +mM)/mM = ker(¢ @ 1;). Hence,

Q2 . L , o
) > —_— = alio .
8 ("’1;1@1 = d (LNmM dimker(¢:2 @ 1),

which clearly is (’2’) Therefore p((Q/Q{1))2) = (’2’) and, by Remark 2.2.2 there are (’2’)
equations of degree 2 in a minimal generating set of equations of R(m?).
Note that J = (2}, 2%) is a reduction of m” with reduction number r;(m?) = 1, that ¥, 25

is an R-sequence and that (2])* is a G(mP)-sequence. a
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Chapter 3

The injectivity of the canonical

blowing-up morphisms

3.1 Introduction

Let R be a commutative ring and let I = (21, ..., x5, y) be an ideal of R. Let aj : S(I) — R([)
be the canonical morphism from the symmetric algebra of I to the Rees algebra of I. We
will write ar, to denote the p-th graded component of a;. The aim of this chapter is to
show that if I is an ideal of almost-linear type, the injectivity of a single graded component
arp implies the injectivity of the lower graded components.

In [Kiihl82, Example 1.4] (see Example 1.3.34), Kiihl gave an example of a finitely
generated ideal I with a7, being an isomorphism for n sufficiently large, in particular.
ar : Proj(R(I)) — Proj(S([/)) is an isomorphism of schemes (see Remark 1.3.33), but such
that ar is not an isomorphism of R-algebras. On the other hand, [Tchernev07] asked whether
ar, being an isomorphism implies that a;,, is an isomorphism for each 2 < n < p.

The main purpose of this chapter is to prove the following result.

Theorem B. Let R be a commutative ring, let | = (x1,...,x5,y) be an ideal of R and let
n > 2 be an integer. Suppose that the ideal J = (x1,...,xs) verifies that oy, @ Sp(J) — J"
1s an isomorphism for all 2 < n < p. Then the following conditions are equivalent:

(¢) arp:Su(I) — IP is an isomorphism;
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(17) arn: Sp(l) — I™ is an isomorphism for each 2 < n < p.

Notice that the ideals of almost-linear type fulfil the hypotheses of Theorem B, hence the

equivalence of (7) and (i#) holds true for such ideals.

For each integer p > 2, we also display an example of an ideal I such that aj, is an

isomorphism for all n > p + 1, whereas ay,, is not.

Example 3.9.1. Let k be a field and let p > 2. Let S = k[Up, ..., U,, X, Y] be a polynomial
ring and let @ be the ideal of S defined as Q@ = Q; + (Uy X?), where

Q1 = (oY, UpX — V1Y, U1 X — 1LY, ... Uy X — U,Y, U, X).

Let R be the factor ring S/Q = k[uo, ..., up, x,y] and consider the ideal I = (z,y) C R.

Then ay,, is an isomorphism for all n > p+ 1, whereas a;, is not.

As in Section 1.3.1, we denote by £; and 77, the blowing-up morphisms o & 1g/; :
S(I/I?) — G(I) and a @ 1lgym : S(I/mI) — F(I), respectively. In order to slim the
notations, we will write a, § and + when the ideals involved are clear from the context. Let
us begin with some basic remarks about the influence of the injectivity of a single graded
component of the canonical blowing-up morphisms on the rest of the graded components.

Notice first that in the case of 7, : S(I/ml) — F(I) the vanishing of a single compo-
nent of ker 77, imposes a tight condition to the lower graded components, for if 7 mpt1 is
an isomorphism, then 77, is also an isomorphism. In fact, if there is a non-zero element
a € ker(vym,), since every non-zero element in S;(//m/) is a non-zerodivisor of S(//mI),
we can pick a non-zero element w in S;(//mI), such that w - a € ker(ys.mpr1) is non-zero.

Considering this propagation of the injectivity of the graded components of 7, towards
the lower components, it is natural to ask for the same property for the morphisms a; and
Sr. In the case of ay it turns out to not hold in general. Indeed, in [Kiihl82, Example 1.4],
Kiihl constructed an ideal I with a;, being an isomorphism for p > 3 while a; 5 was not (see
Example 1.3.34). However, under certain settings the injectivity of the graded components
of a propagates downwards, as Tchernev proved in [Tchernev07]: if as, is an isomorphism,
then ay, is an isomorphism for 2 < n < p when either pd;(I) < 1, or I is perfect Gorenstein

of grade 3, or I is a maximal ideal (see [Tchernev07, Section 5]). It is worth noting that
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conditions of this form (a, being an isomorphism for all 2 < n < p) have already been
considered across the commutative algebra landscape (see, for instance, [CV99, Introduction,

page 754], [Costa83, Theorem 3] or [Vasconcelos05, Definition 1.9 and Exercise 5.84]).

Theorem B provides a new class of ideals I for which this pattern of the injectivity
of a; holds. Concretely, if I = (J,y) with a;, : S,(J) — J* an isomorphism for each
2 < n < p, then ar, : S;(I) — I?” being an isomorphism implies that a;j, : S,(I) — I"
is an isomorphism for each 2 < n < p. In particular, if ./ is an ideal of linear type, i.e.,
if I is an ideal of almost-linear type, the hypothesis is fulfilled. Remark that writing an
ideal I as I = (J,y) and assuming hypotheses over .J and the relation between .J and v,
is a common approach in this context (see e.g. [Costa85], [HMV89, Theorem 4.7], [HSV8I,
Proposition 3.9], [Valla80, Theorem 2.3 and Proposition 2.5]). On the other hand, the
study of the morphisms «, § and 7 has attracted a great deal of attention so far (see,
for instance, [Costa83], [Costa85], [HMV89], [HSV81], [Huneke80], [Huneke86], [JMacL06],
[Keel93], [Kiihl82], [Micali64], [Tchernev07], [Valla80], [Vasconcelos94] and [Vasconcelos05]).

In Example 3.9.1 we will give a family of ideals {I,},>2 such that ar, , is an isomorphism
for each n. > p + 1, whereas ary, , is not. Furthermore, 3, , will be an isomorphism if and
only if n # p. More explicitely, for each positive integer p we construct a k[X,Y]-algebra
A, and a 2-generated ideal I, C A, such that j;,, is an isomorphism if and only if n # p.
Furthermore, the example admits a “glueing”, in the sense that it is possible to construct, for
any finite subset S C N, an ideal Is of a k[ X, Y]-algebra Ag such that 5y, ,, is an isomorphism
if and only if n ¢ S, by tensor-multiplying the collection of above defined k[X, Y]-algebras
A;, for all 7 € S. Beyond extending the example given by Kiihl (focused on the case p = 2),
our example illustrates the fact that the morphism 5 may have only one single non-injective

component.

Many of the results presented in this chapter can also be found in [MPO08]: F. Muinos,
F. Planas-Vilanova. On the injectivity of blowing-up ring morphisms. J. Algebra 320 (2008),
no. 8, 3365-3380.
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3.2 Injectivity does not propagate upwards

In general, one cannot expect the injectivity of a single component of a:;, 3 or v to propagate
upwards, i.e., under mild conditions, having ker a,, = 0 (same for F and «) does not imply
ker o, = 0 for p > n.

Let p be a syzygetic prime ideal with u(p) = r > 3. Take for instance R = E[[X,Y, 7]
and p any ideal belonging to the family defined in [Moh74], which turn out to be syzygetic
(i.e., kerap = 0). The analytic spread £(p) satisfies £(p) < dim(R) = 3 < r. For n large
enough, dimy (p™/mp™) is a polynomial in n of degree £(p) — 1, the Hilbert polynomial of
F. (1), whilst dimy (S, (p/mp)) = (“’jﬁ;l) is a polynomial in n of degree r — 1. Therefore,
for n large enough, Yy mn : Sp(p/mp) — p™/mp” is not an isomorphism, and consequently,

neither ay,, nor 3, ,, are isomorphisms, whereas ay 2, 2 and v, m o are isomorphisms.

Remark 3.2.1. Recall that an ideal is projectively of linear type (of p-linear type, for short)
if and only if ker ay,, = 0 for n sufficiently large (see claim 1.3.33). Then if I is of p-linear
type it is a necessary condition that ker «,, vanish for large n, then it follows that £(I) = u(7),
i.e., the second analytic deviation of I must be equal to zero. However, the converse is not
true unless we consider some extra conditions. For instance, consider the classical example
I= (X3 X?Y,Y2Z) CK[[X,Y, Z]] (see [HMVS&9, p.16]): u(I) = £(I) = 3, while the class of
ZT} — XT T3 € ker ag, induces a non-zero element of ker ar,,, for each n. > 2 (e.g., multiply

repeatedly by T5).

The proof of Theorem B is based on the characterization of the vanishing of the effective
relations in terms of the vanishing of the Koszul homology, which is in turn translated into
a set of conditions in terms of colon ideals (see previous Chapter 2 and [Planas98]).

Sections 3.3 and 3.4 are devoted to recall and refine some basic results concerning ker
and the module of effective relations. In Sections 3.5 and 3.7 we prove preliminary proposi-

tions which will be assembled in Section 3.8, where the main result is shown.

3.3 The presentation of ker«

The following lemma provides us with a presentation of the kernel of a.
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Lemma 3.3.1. Let R be a commutative ring and let I = (xq,...,x5) be a finitely generated
ideal. Let V.= R[Xy,...,X,] be a polynomial ring and let ¢ : V' — R(I) be the induced
surjective graded morphism sending X; to x;t. Let ay : S(I) — R(I) be the canonical

morphism. Then, for n > 2,
ker(az.,.) = ker(g,)/Via_1ker(g1).

Proof: Let S(¢1) : V — S(I) be the induced surjective graded morphism sending X; to z;

in degree one. We have the following commutative diagram:

,

S(I) —=R(J).

¥

The resulting isomorphism is a consequence of relating the kernels of the commutative

diagram in the short exact sequence 0 — ker S(¢1) — ker ¢ — ker a — 0. |

Example 3.3.2. Let R be a commutative ring and let I = (x) be a principal ideal. Let
ar: S(I) — R(I) be the canonical morphism. Then ker(ay,,) = (0: 2™)/(0: x), for alln > 2.
In particular, one has the injective morphisms ker(a;s) < ker(ajs) — ... < ker(az,).

Consequently, if ay, is an isomorphism for some p > 2, then ar is an isomorphism.

Proof: Let V' = R[T] be the polynomial ring in one variable and let ¢ : V' — R(I) be the
induced surjective graded morphism sending 7" to xt. Observe that ker(yg,) = (0 : 2)T™
and V,,_j ker(g1) = RT™ Y0 : 2)T = (0 : 2)T™. Now the assertion follows by Lemma 3.3.1.

The last conclusion is a consequence of the rigidity of {(0: z™)},>1. O

3.4 Obstructions to injectivity: general settings

Let R be a commutative ring and let I = (z1,...,x5) be a finitely generated ideal. Let
ar: S(I) — R(I) be the canonical morphism. For n > 2, the module of effective n-relations
of I'is defined as E(I),, = ker(ay,)/S1(1)-ker(ay,—1). It is not difficult to interpret the effective
relations as the fresh relations of ker v, i.e., those relations which are not combination of the

relations of lower degree. Recall that for the purpose of this work, as we did in Chapter 2,
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it will be useful to describe F(1), in terms of a graded Koszul homology (see [Planas98]):
E(I), = Hi(xit, ..., xt;R(T)),.

Remark 3.4.1. Let V = R[X,...,. X,] be a polynomial ring over R, let ¢ : V' — R(I) be
the polynomial presentation sending X; to x;t and let () = ker ¢. By Lemma 3.3.1 and using
Q(1}, = Vi ker(g1) € Viker(gn—1) = Q{n — 1), for n > 2, it follows that F(I), can be

calculated as

Y ~ ker('ﬁ?k) ~ (2
E(I)” - ‘f'flker('iﬁ:-nfl) B [(“2<ﬂ o 1} n .

The following straightforward remark will be useful throughout:

Remark 3.4.2. Let R be a commutative ring and let [ = (x4, ..., z5) be a finitely generated
ideal. Let ay : S(I) — R(I) be the canonical morphism and let p > 2 be an integer. Then,

the following two conditions are equivalent:

() arn:Sp(l) — I™ is an isomorphism for each 2 < n < p;

(i) E(I), =0 for every 2 < n < p.

In the particular cases of principal ideals and two-generated ideals, the next two lemmas
refine [Planas98, Example 3.1] and [Planas98, Proposition 4.5], respectively. These two

lemmas clearly follow from Proposition 2.3.3, although here we provide alternative proofs.

Lemma 3.4.3. Let R be a commutative ring and let I = (x) be a principal ideal. Forn > 2,

there is an isomorphism E(I), = (0 :p ) /(0 :p 2™1).

Proof: Let V = R[T] and ¢ : V — R(I) be the surjective graded morphism sending
T to xt. Note that ker(¢,) = (0 :zg 2™)T™ and Vi ker(g,_1) = (0 :gp 2" 71)T". Since
E(I), = ker(¢,)/Vi ker(¢,_1), the assertion follows. O

Lemma 3.4.4. Let R be a commutative ring and let [ = (x,1y) be a two-generated ideal. For
every n > 2, there exists a short exact sequence of R-modules

(0:px)r I
y((0:p x) N ["=2)

(xI™ L g y™)
(‘.-I_.I-rr.—Q ‘R .y-u—l)

— E(I), — — 0.
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Proof: Let V = R[X,Y] be the polynomial ring in two variables and let ¢ : -

v
R(I) be the surjective graded morphism mapping X to xt and Y to yt, so that E(I), =

ker('?n)/vlker('?n_l). Let
(0 ‘R ."I') AV kat
y((0:gx) N I7=2)
be defined in the following way: for a € (0 :g z) N "1 writing a = F(z.1) with F(X,Y) €

Vi1, [ maps the class of a to the class of X F'(X,Y) in ker(¢,)/Vi ker(¢n—1). Let

L B(D,

(xI™ g y")
(:I,j-rt—Q ‘R .y-n—l)

E(, -

be defined as follows: for G(X.,Y) € ker(,), ¢ maps the class of G to the class of G(0,1).
It is easily checked that f and ¢ are well-defined morphisms and determine a short exact

sequence of R-modules. O

Discussion 3.4.5. Notice that the two previous lemmas could have been proved using
Proposition 2.3.3. Provided p(T) I or 2, the homological conditions can be effortless
expressed in terms of colon ideals. However, in general, we are not able to produce a
strightforward conversion into explicit ideal theoretic expressions. Recall that in general we

have a short exact sequence as in Lemma 2.3.4:

Hy(xyt, ..., xt; R(D)), on  (JI™L gy
0 t— — (), — : 0,
7 Yot xR, T ey
where J = (x1,...,25) and I = (J, y).

The following result (see [Planas98, Corollary 4.8]), will be fundamental as regards our
approach to the proof of Theorem B. In order to state it properly, let us introduce the

following notation: we will denote by I;, _; the ideal generated by the x; with j & {71, ..., 4,}.

Proposition 3.4.6. Let I = (x1,...,x5) be an ideal generated by s > 3 elements and let
p > 2. Suppose that E(Is), =0. Then E(I), =0 if and only if the following two conditions
hold:

(Iifp—l ‘R TP)

T

(I:1P=2 :p :r:jg_l)
o Cremn ) aminr
S (L T2 tp ) N 1P 2)

(@)

=0, for each 1 <1 < s;
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When s > 3, the vanishing of £(I), can be characterized by means of three ideal theoretic
explicit conditions. However, under the assumption that F(I), = 0, one of the conditions is
satisfied trivially and only (a) and (b) in Proposition 3.4.6 outlive (see [Planas98, Theorem 4.7
and Corollary 4.8]).

Now consider [ = (x1,...,25) and suppose that J = I = (x1,...,251) is such that
Qgn : Sp(J) — J" is an isomorphism for 2 < n < p, as in the hypothesis of Theorem B. By
Remark 3.4.2, E(J), = 0 for every 2 < n < p. Therefore, and again by Remark 3.4.2; to
prove the implication () = (iZ) in Theorem B, it will be enough to fulfil obstructions (a)
and (b) in Proposition 3.4.6 for every 2 < n < p. Each of these conditions will be studied

separately in the next sections.

3.5 Vanishing of the first obstruction

The purpose of this section is to study the vanishing of the condition (a) in Proposition 3.4.6.

The following proposition makes use of an explicit construction.

Proposition 3.5.1. Let R be a commutative ring, let I = (xy,...,x5) be a finitely generated
ideal and let p > 2 be an integer. Let ar : S(I) — R(I) be the canonical morphism. Then,
for each 1 <1 < s, there exists a surjective morphism

(I; 1P~ g 2F)

gpi : ker(ag,) - ——— =
Yp,: ( I‘;u) (J’i - if:i)

In particular, if ay, is an isomorphism, then

(LIt :p )

i =0
(II72 g 2771)
for each 1 <1 < s and for each 2 < n < p.
At this point let us introduce some useful notations. For ¢ = (oq,...,0,) € N* set
27 =27 and X7 = X7'..X7. Define the support of o € N* as the subset supp(c) C

{1,..., s} such that 7 € supp(c) if and only if ¢; # 0. Let |o| denote Y ;_, oz. We prove now
Propostion 3.5.1.

Proof: Let V = R[X1,..., X = R[X] be the polynomial ring in s indeterminates over R
and let ¢ : V' — R(I) be the induced surjective graded morphism sending X; to z;t. Using
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Lemma 3.3.1, present ker(as,) as the quotient ker(¢,)/Vp—iker(y1). Let ¢, @ ker(ar,) —
(LIPY i 28)/(I; g x;) be defined as follows: for H(X) € ker(i,), g,: maps the class of
H(X) to the class of H(e;) in (LIP7" :p x%)/(I; :r x;), where e; stands for the i-th vector
of the natural basis of R*. To see that g, ; is well-defined, take H(X) € V},_; ker(yq). Since
any element of V,,_; can be written as a linear combination of the natural basis given by the
monomials of degree p— 1, one can write H(X) = Z|a|=p—1(“m1X1 +.. .4+ a, X)X, where
Ug1T1 + ...+ Ggsxs = 0, ag; € R. Then H(e;) = ag—_1)e, i, Which belongs to (I; :g x;). It is
readily seen that g,; is surjective. Finally, since (I; :g 2:) C (I;] :gp 23) C ... C (I:/"7" g
%), if ar, is an isomorphism, then (1;I"~! :p 27)/(L:1"% :p 277') = 0 for each 2 < n < p.

O

3.6 Theorem B with stronger hypotheses

In this section we state and prove a version of Theorem B that works under more restrictive
assumptions than the version that we will prove later. The special version uses key results
from Chapter 2 and can be proved with little effort, whereas the more general version will

be more demanding in terms of preparatory results.

Theorem 3.6.1. Let (R.m) be a Noetherian local ring, let I = (x1,...,25,1) be an ideal of
R. Suppose that x1, . .., xs verify the following condition, for all n > 2:

(1, )) " g ) O I = (2, ) P72, foralli=1,.. ., s. (Tn)
Then the following conditions are equivalent:

(4) arp:Sp(l) — I? is an isomorphism;

(17) arn: Sp(l) — I™ is an isomorphism, for each 2 < n < p;

Proof: Let J = (71,...,25). Recall from Lemma 2.4.1 that the conditions in (7,) hold if
and only if Hy(z1t,...,z:t;R([)),, =0, for all i = 1,...,s. Then using the exact sequence
in Discussion 3.4.5 we get the isomorphisms:

(Jp:c—l ‘R I?z)

h‘(f)?k = ()-'Irr 2 ‘R I 1)

,forall 2 <n <p.
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Since keray, = 0, from Proposition 3.5.1 we know that E(I), = 0, for all 2 < n < p.

Consider ker a; ,, with 2 < n < p, then using the definition of E(I),
E(Ig =kerarg/Si(I) - ker ag_1,
we get
ker az,, = Si(I) - ker a1 = ... = (S1(1))* % - ker a;o.
But kerars = E(I)y = 0, thus keraz, = 0. O

Corollary 3.6.2. Let (R.m) be a Noetherian local ring, let I = (x1,...,x4,y) be an ideal

of R with J = (x1,...,xs) a reduction of I, x1,...,xs an R-sequence and x7,..., T, @

G(I)-sequence. Then the following conditions are equivalent:

(4) arp:Sp(I) — I? is an isomorphism;

(17) arp,: Sp(I) — I™ is an isomorphism, for each 2 < n < p;

Proof: The result follows directly from Lemma 2.4.3 and Theorem 3.6.1. O

3.7 Vanishing of the second obstruction

Let I = (x1,...,x,) be a finitely generated ideal of R and let a; : S(I) — R(I) be the
canonical morphism. Using Lemma 3.3.1 and its terminology, for each p > 2, present
ker(ag,) as ker(gp,)/Vp—iker(gr). If 1 < n < p—1, since V,_iker(¢1) C Vy_pker(y¢,), one

has a natural surjective morphims:

ker(g,)  man ker(ygp)
k - = 7 - 2 - I,
Ore) = er(pr)  Vpaker(on) (L)
Set J = (x1,...,7s_1) and suppose that aj, : S,(J) — J" is an isomorphism for each

2 < n < p. In this section we will construct morphisms f,,,,, with

((Zlgiqgs—l Lily f:t_l) ‘R ."I!S) nin M ker Cp
Zf;ll :I’f.,g((flgu.;_[?_l ‘R .Tf‘.,) M I'R_l) Vp 2] ker En ‘

from the modules which appear in condition () of Proposition 3.4.6 to ker(,)/V,—.ker(¢,)

(see Propositions 3.7.1 and 3.7.2). Thus we will have the diagram:

ker cxy

|
lﬁ'p,n
er,n

((Zlgi<_jgg_1 :Eiij;k_l) ‘R :Es) N I?k/ 2:211 :Ei((Ii.aI;k_l ‘R :Es) n Iﬂ_l) — ker ‘Pp/vp—it ker ¢,
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We will show that, for p > 2 and 1 < n < p—1, f,, is injective provided that I is
two-generated (see Proposition 3.7.1) or, in the general case, if a;, is an isomorphism (see
Proposition 3.7.2 and the proof of Proposition 3.7.3). In particular, if as, is an isomorphism,

the modules of the bottom row in the diagram above are zero and the equations (b) in

Proposition 3.4.6 hold.

Two-generated case

For the sake of a better comprehension, first we treat the particular case of I being a two-
generated ideal. Remark that here, unlike in the general case, we do not need the hypothesis

“a.1, isomorphic” to ensure that the morphisms f,, are well-defined.

Proposition 3.7.1. Let R be a commutative ring, let I = (x,y) be a two-generated ideal
and let p > 2 be an integer. Let V = R[X,Y] be the polynomial ring in two variables and
let ¢ : V — R(I) be the induced surjective graded morphism sending X to xt and Y to yt.
Then, for each 1 < n < p—1, there exists a well-defined morphism

.y ker(z,)
,]p.??. ’ T((O : y) M Jr?k_l) _> VJJ—-rr. ker({p?t) .

Moreover, if (0:z) = (0:2?%), then f,, is injective.

Proof: Given a € (0:y)NI" a= A(x,y) with A(X,Y) € V,, let f,, be the map which
sends the class of @ to the class of Y A(X,Y) in ker(g,)/Vio_n ker(¢p).

Well-defined. The definition of f,, is independent of the choice of A(X,Y"), since if a =
B(x,y) for another B(X,Y) € V,, then YP7"(A(X,Y) — B(X,Y)) is in V,_, ker(¢,). In
addition, if a € z((0 : y)NI™*!), then a = K (z,y) where K(X,Y) € V,_; and yK (x,y) = 0.
Thus the image of the class of a is the class of Y7 "X K(X,Y) = YF " IXYK(X,Y) €

Vo ker(gn).

Injectivity of f,,. Let a =377 \x’y"~7 with ay = 0. Suppose that f,, maps the class

of a to the zero class. Then we can write

n p—n
ypr—n (Z )\j ){j}/it—j) — Z (_:'_r(X? }/) Xryrnr ¢ Vp . ker G
7=0 r=0
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where G.(X,Y) € ker(gn). Set Go(X,Y) = > o u XY™ " Equating the coefficients

A o= Z u.y for 1 <7< n.

r+i=j3

where 0 < r < p—mn and 0 <t < n. Therefore,

[ i
a = ( g ?-r'?",f)-'r::;'y?k_} — .'“:0:0?;??5 _I_ § ( E '?-":r.f):r:}.yn_}‘
=0  r+i=j =1 r+i=7
: Vo ) — , P n oy 2—3F
Since Go(x,y) = 0, uooy”™ = — >, o 327y" 7. Then
T
a = g (( g -?..f.,.!r_) — '?..to_j);r:f Yyl =
=1 r+i=j
T
1 s
= = E (( E ?..f.,.!r_) —?..f.o_j):r:f Y7 =z,
=1 r+t=3

with 2 = 377 ((Zr e Upg) — -?..togj):rj_l-y“_j € I~ Tt remains to show that z € (0 : y).
Note that when n = 1, z = uy9. Since G1(z.y) = 0 and ay = 0, then u; oy = —uy 1 and
0 =ay = xzy = wory = —up x>, Thus wy; € (0 : 2?), which by hypothesis is equal to
(0 : x). Therefore u; oy = —uy17 = 0 and we conclude that a = zz = zu; 9 € (0 : y),

proving the injectivity of f, 1. From now on let n > 2. Then,

n
2y = Z (( Z '?-'r-r,t) _ '?-'(O.j)-'rj_l'yﬂ_j_ﬂ

J=1 N ri=j
T
1 '_1 R —F 1
= w oy + g (( E ?..f.r,r_) — ?.r.o,j):r:“' s
7=2 r+t=j
3 v, — _ 27— 7 dy =7
Since G (x,y) =0, w1 oy" = — >, w1 37°y" 7. Then,
i T
o= ) (( 2 '”-r»f) - "*’O.j)"ﬁ_l?f”_"“ =Y waly™
F=2 N rti=j j=1
i T
_ ) nF—2 m—j+1 d—1_ —7
= r[g (( E ?r,.?g) — ?.ro_j).r:’ y I — E wy ;7Y 5’].
=2 N ri=j =1

Setting w = Y7, ((Z? iy Unt) — -uo‘j):rrf_zy”_f“ — > w7y we have zy = xw.
Since 0 = ay = xzy = r%w, w € (0 : x?) which, by hypothesis, is equal to (0 : z). Thus

zy=xw=0and a=xz € z((0:y) N I"1"), hence f,, is injective. a
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General case

Now let [ = (xq1,...,2,), s > 3, and set J = (71,...,2,_1). Forp>2and 1 <n <p—1,
we are going to construct the morphisms f,,, under the assumption that aj, : S,(.J) — J"
is an isomorphisms for 2 < n < p. For convenience, we say that a form A(Xy,..., X;) € V,

represents an element a € I"™ if A(xq,...,25) = a.

Proposition 3.7.2. Let R be a commutative ring, let I = (x1,...,x5) with s > 3, and let
p > 2 be an integer. Let V- = R[X1,...,Xs| be a polynomial ring and let ¢ : V — R(I) be
the induced surjective graded morphism sending X; to xit. Suppose that J = (x1,...,25-1)
verifies that oy, : Sp(J) — J™ is an isomorphism for each 2 < n < p. Then, for each

1 <n<p-—1, there exists a well-defined morphism

((21909_1 zex ) .-r,s) NI ker ¢,
% )
S z: (L Ip—t s xg) NI V. ker ¢,

Jom :

Moreover f,1 1s injective.

Proof: Pick an element
ae (( Z :rt-:rjff_l) :.-r,s) NI
1<i<i<s—1

Thus, z.a = Y o550,y Tatiay With a; € 1771 Let A(X) € V, be a form representing a
and let A;;(X’) € V,,_1 be a form representing a;;, where X' = {X7,..., X1 }. Let f,, be

the map sending the class of a to the class of
X (XAX) = Y XX Ay(X)
1<i<j<s—1
in ker(y¢p)/Vp—n ker ¢,

Well-defined: Set W = R[X,..., X._1] and define ¢ : W — R(.J) sending X; to x;t. In

particular, the following diagram is commutative:



In order to check that f,, is well-defined, we first prove that the image of the class of a
does not depend on the choices of A(X) and A;;(X’). Let A(X), B(X) € V,, be two forms
representing . Suppose that for a;;, b;; € 177"

Tt = Z TiL 05 = Z Z:5b5;.
1<i<j<s—1 1<i<j<s—1
Let A;(X'), B;;(X') € W, 1 be two forms representing a;; and b;;, respectively. Then the
class of

X ( X(AX) - BX)) = Y XX (4y(X) - Bij(X')))

1<i<j<s—1
in ker ¢,/V,, »ker ¢, is the zero class, since A(X) — B(X) € ker(¢,) and
Z AXr.,g)(j (AU(X/) — BU(X/)) S ker( f?-‘rl)
1<i<j<s—1
which by hypothesis is equal to W ker(¢,) C Vi ker(¢,).

Assume now that a € Y ;_; rt((fé Jriag) NIt Write a = 2:11 x:a;, where a; €
" z.a; = Z;i i Ty and ey € 177 !, Hence if A;(X) € V,,_; is a form representing a;,
then Zf;ll X:A:(X) is a form representing a. Note that r,a = Zf;ll i Zj L 4 T3Cij which
can be written as Z1ge<jgs—1 xiryds;, where diy = ¢ + ¢ for 1 <i < j <s—1. Thus f,,

maps the class of a to the class of

s—1
X (Y XAX) - Y XX Dy(X))
i=1

1<i<i<r—1
s—1 s—1 s—1
— xp-n-l (3( Y XeA(X) - Y Y X;,-(_;gj(X')) _
i=1 i=1 j=1
J#i

= X 12){ (X.Aux ZX (X)),
J#Z

where C;(X') € W, is a form representing ¢;; and Dy;(X') = Cy;(X') + Cj:(X'). Since
X A;(X) — va P.¢ ;Ci(X') € ker(y,), then f,, maps the class of @ to the zero class.
Injectivity of f,:. Let a € ((Zl<z<_}<€ L R ) N I. Then a = ) ;_; Aix;, with

A € R, and rea = 219'@9—1 Tir;, a;; € K. Suppose that f,; maps the class of a to the

zero class. Then we can write

Xr? ()(s i; N X — Z karjﬂ-éj) - Z (Upa X1+ ..+ up s X)X, (3.1)

1<i<j<s—1 lo|=p—1
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with w101 + ... + Ugszs = 0, uy; € R, where recall that if ¢ = (01,...,05) € N¥, 27 =

27t 2% and X7 = X7' ... X7. For convenience, denote

Uept(p—2)es,t  fOr 1 <k <s—1,
Ukt =
U(p—1)es t for k = s.
where {e1,...,es} stands for the canonical basis of N*. With these notations and from
equation (3.1), we get the following identities:
Mi=uUsi+u forl<i<s—1,

As = Ugg.

Using the fact that ws 121 + ... + us x5 = 0, we get

s—1
a = Z Nilis = Z (s + s s)T5 + Us sTs =
i=1
a—1 a—1
= Z (g + 14.) Z Ug 45 = Z Ui T4
i=1 i=1
Since w11 + ...+ v =0 for 1 <7 < s—1, then u; vy = — Zj;} u; ;r; and
a—1 a—1
ars = Z'Hi.b.’ﬁs;rf = — Z U ;T L5,
i=1 i,j=1

But azs = ) oy Tija:;. Hence

s—1
RX) = u; XeX;+ > XeXjay (3.2)

i j=1 1<i<j<s 1
belongs to ker(¢/2). Since a2 is an isomorphism, R(X) can be written as

s—1

!{(X) = Z ('H.:%'_l)(l + ...+ 'H.:i.b_l)(s_l))(f (33)

i=1
with w11 + ...+ wie12s-1 = 0, w;; € R. In particular w;; € (I; : ;). Equating the two
expressions of R(X) in (3.2) and (3.3) we get the identities u;; = w;; € (I;4 : x;) for each
1<i<s—1. Then, forl <i<s—1,u,xs=— Zj_i Ui X5 = — Zj;_#f Ui jT5— Ui s € g
and wu; s € (I;4 : x5). Therefore a = Zt 1 Ui sT; € Zt 1 xi(1is : xg), proving the injectivity
of fp1. a

The next proposition proves the vanishing of equations (4) in Proposition 3.4.6 under our

hypotheses.
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Proposition 3.7.3. Let R be a commutative ring, let I = (x1,...,xs) with s > 3 and let
p > 2 be an integer. Suppose that J = (x1,...,xs 1) verifies that oy, @ Sp(J) — J™* is an
isomorphism for each 2 < n < p. If as, is an isomorphism, then

((Zl(i(_}(ﬁ 1 L I ‘”k 1) ::I:S) n Pt
Z: 1 rt((ft l’In- 1.. “') r‘ }'?x—l)

Proof: Let V = R[X1,..., X,] be the polynomial ring in s variables and let ¢ : V' — R([I) be

=0 for1<n<p-—1.

the induced surjective graded morphism sending X; to z;t. If ar, is an isomorphism, using
the natural surjective morphism in (11, ), one deduces that

ker(¢p)

—————— =0 foreach 1 <n<p-—1.
V-p—it ker(-:p.n)

For 1 <n < p—1, consider the morphisms f,, defined in Proposition 3.7.2:

Sz znli 0) 01 kerlzy)

B : ﬁ _
f; Zt 1 ((I‘ “"'IR o S) A Pk_l) ]’/P—-n ker Ln

It suffices to show that f,,, is injective for 1 < n < p—1. This will be done by induction on
n, 1 <n < p—1. By Proposition 3.7.2, f, is injective. Suppose now that p > 3, fix n. with
2 <n < p—1 and assume that f,, are injective for 1 < ¢ < n — 1. In particular,

((21<3<J<s T 1) rxg) NI
S m(Le I ) N Ie))

Since a. g, : Sp(J) — J™ is an isomorphism for each 2 < n < p, by Remark 3.4.2, E(J); =0

=0forl1<g<n-—1.

for 2 < ¢ < p. Since by hypothesis ker(ay,) = 0, Proposition 3.5.1 implies that

(117" - )

——Ofor1< <sandfor2<t<
(1,72 2f7) " 8

Using Proposition 3.4.6, we get E(I); = 0,..., E(I), = 0. In particular, by Remark 3.4.2,
a1, is an isomorphism and ker(g,) = V,,_1 ker(¢1).
Let us prove that f,, is injective. Take
a= Z A2 € (( Z :r:t-:r:j!:_l) ::r:s) ni-.
lo|=n 1<i<i<s—1
Suppose that f,, maps the class of a to the zero class. We will show that @ can be written

as a = Zf;ll rsa; where a; € (I JJ7 ' iz )™t for 1 <i<s—1.
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By hypothesis, zsa can be written as

Tt = Z i, With a;; € !;1_1. (3.4)

1<i<j<s—1
Let A;;(X’) be a form of degree n — 1 in the variables X' = {X;,..., X} representing
a;;. As in the proof of Proposition 3.7.2, set W = R[Xy,..., Xs1] and ¢ : W — R(J)

sending X; to x;t. Since f, s maps the class of « to the zero class in ker(y,)/V,—n ker(¢,)
and ker(y,,) =V, 1 ker(¢1), we can write
xe (X* PR SEDD X.E-XjA,-j(X’)) =
|o|=n 1<i<j<s—1

> (weaXi+ . A u, X)X (3.5)

|a|=p—1
where u, 171+, . .+, s =0, 1,; € Rand w = (wy,...,ws) € N°. The following convention
will be useful: if w € N* with |w| = p — 1 is of the form w = ¢ + (p —n — 1)e;, for a certain

o € N* with || = n, we will denote g4 (p—n—1)e,: DY Uss, for 1 < i < s. In particular,
Ug1®1 + ...+ Uosxs =0 for o € N* |o| =n. (3.6)

Comparing the two polynomial expressions in equation (3.5), we observe that the monomial
term A\, X 7t of the left hand part is equal to the sum of the following monomial terms
of the right hand part: wu, ; X“*% for 1 <i < s, where o+ (p—n)es =w+e;. 1 <i<s—1
and 7 ¢ supp(c), there is no w such that o+ (p—n)e; = w+e;. If 1 <i < s—1but i € supp(o)
thenw=0c—e;+es+(p—n—1)es. fi=s w=0+ (p—n—1)es Therefore,

Moo= Y Voerteni+tlos-

1<4<is—1
i€supp(e)

Then,

a = Z Ao’ = Z ( Z '3.:a—ei+es,f) 7 + Z Vg, s7 =

1<i<s—1

|o|=n lo|l=n ] |o|=n
i€supp()
s—1
— E E . T E g o
— Vo—ejtes,i T + Vg, s T .
i=1 |o|=n |o|=mn
a; 70

For a fixed 1 < ¢ < s—1, if ¢ € N° is such that |o| = n and o; # 0, then ¢ defined as

@ =0 —e;+eshas |0 =n, 0, #0 and o = 6 + e; — e;. Conversely, if 6 € N® is such that
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|| = n and 6 # 0, then o defined as 0 =0 +e; —e; has |o| =n, 0: #0and 6 =0 — e; + €.

Therefore,

s—1
a= E E vg 27T + E v s 2% =

i=1 |6]=n 6|=n
ts#0
s—1
= E E vg, s TE T 4 E vg sx? + E g 52’ =
|6]=n =1 |6]=n |6]|=n
Gs#0 G #0 Gs=0
s—1
= g ( g vg, 2P TE T8 4 ?_:9‘5:1:6') + E vig,s2°.
|6]=n =1 |6]=n
ts#0 Gs=0

Using equation (3.6), for a @ € N*, |6] = n, then vy 121 + ... + vy ey = 0. If @, # 0, then

_ 1 —e —1 _
Vg, = v 2?7 = = 371 vpamix® T = = 31| g a4 7% Therefore,
_ . .
a = E Vg o1’ (3.7)
I61=
P

From now on let U = {# € N* | | =n and ¢; = 0}. Then, by equation (3.6) again,

_ SR o N 6
T 0 = E Vg 4L’ = E (—vg1m1 — ... — Vg s_1T5-1)T".

oecl ocld

Using equation (3.4) and the subsequent definitions, it is clear that the form

GX) =) (woaX1+.. .+ X)X+ ) XiX;45(X), (3.8)
el 1<i<j<s—1
belongs to ker(¢,11). Since ajo, ..., a , are isomorphisms, then ker(¢,11) = V,, ker(¢; ) and

G(X') can be written as

GX) = (woaXi+ ...+ wpa1 Xe1)X? (3.9)
fcld

with wg 21 + ...+ wp 12521 = 0, wy; € R. Comparing the two polynomial expressions
in (3.8) and (3.9), we observe that the term w,., ;X1 is equal to 1w, ;X "1, for
1 <i<s—1. In particular, t,e, ; = tne, : € ([;s: x;) foreach 1 <i < s— 1.

Let A(X') =340y vo,sX? € W,, which by equation (3.7) represents a.

Sety ={6eUd ¢h#0tandlU;={0clU 0;,=0,1<j<i—1and0;# 0} for cach
2 <i < s— 1. Clearly, the U; define a partition of U.
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Let Ai(X') = > ey, 0. X% € Wyoy. Then we have AX') = X1 A(X/) 4+ ... +
X, 1A, 1(X'). Evaluating at xy,..., 2z, 1, one obtains the equality a = A(zy,... x4 1) =
ST s, where a; = Ai(Ti,. .., Tei1) = Ygey, Vosr?% € I"L We claim that a; €
(L I ) N I for each 1 <@ < s — 1. By equation (3.6),

Tel; = Z Vg s T’ = Z (—vo T1 — ... — Vg s—1Ts_1)T" .
fcl; éel;
Fix ¢ € U;. If supp(f) contains j # i, then vy’ = vy ;a7 = vy,r2%% €

]'”‘_1- e

[; 1771 if supp(¢) = {i}, then @ = ne; and vp 2?5 = vpe, 428 € (L @ xi)a? C L 771

]

Soa= Z::_ll zsa;, where a; € (I; 177" : xs) N "1 proving the injectivity of f,,,, as desired.

O

3.8 Theorem B

We have now all the ingredients to prove the main result of the chapter.

Theorem B. Let R be a commutative ring, let I = (x1,...,xs) be an ideal of R and let
p > 2 be an integer. Suppose that J = (x1,...,x5_1) verifies that ay, : Sp(J) — J™ is an

isomorphism for each 2 < n < p. Then the following conditions are equivalent:

(2) arp:Su(I) — I7 is an isomorphism;

(1) ayn:S,(I) — I is an isomorphism for each 2 < n < p.

Proof: Suppose (i) and assume s > 3 (add repeated generators if necessary). By Propo-
sition 3.5.1, (L™ : a®)/(II" 2 : 27 ') = 0foreach 1 < i < sand 2 < n < p. By

T

Proposition 3.7.3,

((Zgiqg—l Tl !;*_1:] : :r:s) nin

Zf;ll 2 (L 177 s ag) O .”"_1)
By Remark 3.4.2, E(J), = 0 for every 2 < n < p. Using Proposition 3.4.6, we have
E(I);=0,...,E(I), =0 and (i¢) follows by Remark 3.4.2. a

=0foreach 1<n<p-—1.

Corollary 3.8.1. Let R be a commutative ring, let J C R be a finitely generated ideal of
linear type and let I = (J,y), i.e., I is an ideal of almost-linear type. Then the following

conditions are equivalent:
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(4) arp:Sp(l) — I? is an isomorphism;

(17) ayn:S,(I) — I is an isomorphism for each 2 < n < p.
In particular, this equivalence holds if either

1) R is reduced and I is two-generated, or

2) R is an integrally closed domain and I is three-generated.

Proof: If I = (x,y) is a two generated ideal in a reduced ring, .J = () is of linear type. If

I = (x,y, z) is a three-generated ideal in an integrally closed domain, the ideal .J = (x,y) is

of linear type by [Costa83, Theorem 3]. a
Corollary 3.8.2. Let {x1,...,xs} be a sequence of elements of a commutative ring R and let
Ji = (r1,....2;). Let p>2 be an integer. Suppose that oy, : Sy(J;) — JY is an isomorphism

or each 1 < i < s. Then ay, : S,(J;) = J* is an isomorphism for each 1 < i < s and for
T

each 2 < n < p.

Proof: Proceed by induction on s > 1. Since ayj, , is an isomorphism, Example 3.3.2
implies that a, ,, is an isomorphism for each n > 2. Let s > 2 and suppose that ay,, is an
isomorphism for each 2 < n < p and each 2 < ¢ < s — 1. Since by hypothesis as, , is an

isomorphism, Theorem B implies that a, ,, is an isomorphism for each 2 < n < p. O

Remark 3.8.3. To summarize, let us gather the results of [Tchernev07] with those presented
above. These are the situations in which the injectivity of the graded components of the
canonical morphism a: propagates downwards: (z) I such that S(/) contains a regular element
in degree one; (i7) I = m maximal ideal (see [Tchernev07, Theorem 5.5]); (zi¢) I such
that pd(I) < 1 (see [Tchernev07, Theorem 5.1]); (i) I perfect Gorenstein of grade 3 (see
[Tchernev07, Theorem 5.3]); (v) I = (J,y) with J is of linear type, i.e., I almost-linear
type (see Corollary 3.8.1), in particular, either when I = (z,y) and R reduced or when

I = (x,y,z) and R integrally closed domain.

Remark 3.8.4. Kiihl proved that in a Noetherian ring, linear type and projectively of
linear type are equivalent conditions for an ideal I provided that I is generated by a proper
sequence (see [Kiihl82, Corollary 2.4]). We have achieved new cases in which this equivalence

holds: in fact, by Corollary 3.8.1, if I is an ideal of the form I = (J,y) with .J of linear type,
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then [ is of linear type if and only if I is projectively of linear type. We can state this claim

together with other cases considered so far in the following corollary.

Corollary 3.8.5. Let R be a Noetherian ring and I an ideal of K. Consider any of the

situations considered in Remark 3.8.3:

(a
b

)
)
c)
)
)

1(I') contains a non-zero-divisor of S(I);
(
(¢) pd(I) <

S
I=(J, ?;) with J an ideal of linear type;
p
I is perfect Gorenstein of grade 3;

(d
(e) I =m is a mazimal ideal.

In either of the situations (a) — (e), I is of linear type if and only if I is of p-linear type,
i.e., the canonical morphism ar : S(I) — R(I) is an isomorphism if and only if the induced

morphism ay : Proj(R(I)) — Proj(S([I)) is an isomorphism of schemes.

Proof: The claim is a straightforward consequence of Remark 1.3.33 and Remark 3.8.3

above. O

3.9 Examples and applications

The following example shows that if the hypothesis of aj, being an isomorphism for each
2 < n < pis not fulfilled, then the conclusion in Theorem B may fail. Concretely, for
each p > 2, we construct a two-generated ideal I = (x,y), with neither (z) nor (y) of
linear type, such that a;y, is an isomorphism for each n > p + 1, whereas ay, is not (see
also [Kiithl82, Example 1.4]). Experimentation with Singular [Singular] was useful in the

process of generating this as well as other examples.

Example 3.9.1. Let k be a field and let p > 2. Let S = k[Uy, ..., Uy, X, Y] be a polynomial
ring and let @ be the ideal of S defined as Q@ = Q1 + (Uo XP), where

Q1 = (UoY,UpX — 1Y, U1 X — Y. .., Up X — U,Y, U, X).

Let R be the factor ring S/Q = k[uo, ..., up,x,y] and consider the ideal I = (z,y) C R.
Then oy, ts an isomorphism for all n > p+ 1, whereas ay, s not. Moreover, 3, is an

isomorphism for all n # p, whereas B, is not.
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Proof: Let A = k[Uy,...,Uy) and S = A[X,Y]. We can endow S with a grading by letting
deg(X) = 1, deg(Y) = 1 and deg(w;) = 0 for each w € A. Then R = S/@Q = Alz,y] has a
standard graded A-algebra structure, with irrelevant ideal given by I = R, = (x,y). Note
that G(I) = @pxol?/IP™ = R and S(R/I)I/I? = S, R;. Consider the free presentation of
Ry

0— (51 — Ae, @ Ae, EA R, — 0,

where [ sends e, to z, e, to y and (jl is the submodule of Ae, & Ae,, generated by Upe,,, Upe, —
Uiey, ..., Up—1e; — Upey, Upe,. Applying the symmetric functor, it gives rise to the top row in

the following commutative diagram of exact rows:

0— Q1 —— A[X,Y] —= Sa(R)) —=0

| -

0——=Q——= A[X,Y] R 0.

Therefore, ker 37 = Q) /Q1, which is generated by the class of UgX? in A[X,Y]/Q1.

Let us see that UpXP? ¢ Q1. Indeed, if UgX? € 1 then UgXP = FoUpY + Fi(UpX —
U)Y)+ ...+ Fp(Upn X = UY) + F,1 U, X, for some F; € S = k[Uy,...,U,, X,Y]. We can
assume that the F; are homogeneous polynomials in X,Y of degree p — 1. Since (FpY —

XP + R X)U + (X — BV)UL + ...+ (Fp X — FY)U, = 0, we get Fipr X = FY for

each 1 < i < p. In particular F1Y? = IR XYP~! = .. = F,;; X? and hence I} € XPS. But
since deg(Fy) = p — 1, Fy must be zero, and hence Fy, = ... = F,; = 0. Thus FyY = X7, a
contradiction.

Then ker(f;,) # 0, hence ay, is not an isomorphism. Clearly ker(5;,) = 0 for each

2 <n < p—1. On the other hand, from the polynomial equalities given by

U XP = XP(UpX —UY)+ XP'Y(ULX —UpY)+... +
XYP YU, 1 X —UY) + YP(UX) € Qy,

UsXPY = XP(U,Y) € Q,

we can conclude that ker(j37,,) = 0 also for n > p+ 1. Hence ker(f,,) = 0 for each n # p.
Consider the downgrading homomorphism A : S,,,1(/) — S, (I), which maps the homo-

s

geneous element a; - as - ... apy1 to aj(az - ... apy1). It is well-known that ker(j3;,,) =
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ker(ar..)/Mker(ar,+1)) (see [HSV81, Section 3]). In our case, it implies that ker(ar,) =
M(ker(a,ye)) forallm > p+1 and t > 1.

Let us see now that ker(a;,) = 0 for all n > p+ 1. Since R is noetherian, ker(a;)
is a finitely generated ideal of S(7). Therefore, there exists an integer r» > 1 such that
ker(arq1¢) = S1(I)" - ker(ay,.) for all £ > 1 (recall that the smallest of such integers r > 1 is
rt(7), the relation type of I; see e.g. [Planas98] or [Vasconcelos05]). If n > max{p + 1,7},
then

ker(ar,) = AN (ker(ara,)) = AN (S1(I)" - ker(ar,)) = ["ker(ar,).

But I"ker(a;,,) = 0 since if w € ker(ayz,,), then I"w C a(w)S,(I) = 0. On the other hand,
if p4+ 1 <n < r, observe that ker(az,) = N (ker(as,tr)) and n+r > max{p+ 1,r}. Hence

ker(as,) = 0 by the previous case. |

Remark 3.9.2. Alternatively, one can use the Artin-Rees Lemma to finish the proof of
the former example. Indeed, since ker(57,,) = 0 for each n > p+ 1, we have ker(ay,) =
M(ker(arnis)) € IFS,(I) Nker(ay,,) for each s > 1 and each n > p+ 1. Let s, be the
Artin-Rees number relative to the pair ker(a,) C S,(I) and the ideal /. Then the Artin-
Rees Lemma asserts that IS, () Nker(ar,) = I*5(I*"S,(I) Nker(ar,)) C I ker(ar,,)
for each s > s,. Taking s large enough, we see that ker(a;,) C I"ker ay,, which is zero

by the argument above (see also [Kiihl82, Corollary 1.3]). Therefore ker(a;,) = 0 for each

n>p+ 1.
Remark 3.9.3. Let ny,...,n,. > 2 be integers. Then one can construct a Noetherian ring
A and an ideal I of A such that 7, is an isomorphism if and only if n # ny,...,n,. This

follows using a construction similar to Example 3.9.1, taking as many sets of variables,
with the corresponding relations, as there are integers nq,...,n,. See Example 4.2.2 for the

details.

Remark 3.9.4. Remark that there are ideals I verifying the hypotheses of Theorem B and
such that S(T) has no regular elements in degree one. Take, e.g., R = k[X,Y, Z|/(XZ,Y Z) =
klx,y,z] and T = (z,y) C R.

Remark 3.9.5. Graph ideals provide us with valuable examples of ideals verifying that

(tJ2,...,0Q , are isomorphisms whereas o j,1 is not for n. > 1. Let R = k[X1,..., Xonio] be
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the polynomial ring in the variables X1, ..., Xo,12 over a field k. Let .J be the graph ideal
(X1 X2, Xo X3, ..., Xopi1 Xonio, Xoni2X1) corresponding to a (2n + 2)-cycle. It is well-known
that ajs,...,ay, are isomorphisms whereas aj,; is not. Remark that if I = (J, X;X3),
one can prove that ar, : S,(I) — I™ is an isomorphism (see [Villarreal95]). In particular,

by Theorem B, also aya,...,ar, are isomorphisms.
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Chapter 4

Further examples and future work

We present a set of tools behind many constructions and key ideas used in the previous

chapters. Many results, examples and remarks are outcomes of these techniques.

The equations of the Rees algebra of an ideal modulo a regular element have been an ob-
ject of study since the influential works of [HSV81, Proposition 3.3] and [Valla80] on ideals of
linear type. Here we tackle the question whether the equations of the Rees algebra of a given
ideal remain invariant when taking the ideal modulo a regular element. We prove Propo-
sition 4.1.2, result that generalises [HSV81, Proposition 3.3] and [Valla80, Theorem 2.1],
relying on the module of effective relations and we are able to deduce at once yet another
proof of a classical result recorded in the claim 1.3.9, namely, that an ideal generated by a
d-sequence is of linear type.

When studying the equations of the Rees algebras of ideals in terms of its generating
sets and reductions, it is very useful to rely on examples where the generators, basic ideal
operations, computation of reduction and equations of blowing-up algebras are intuitive
enough to allow simple and flexible examples and to avoid burdensome experimentation.

Efforts have been devoted to construct families of ideals with prescribed equations. We
have explored the obstructions arising in the construction of examples of ideals with a prede-
fined pattern of equations. We have proved a method for constructing ideals with predefined
top degree equations, as well as we provide a general version of Example 3.9.1.

Finally, a tentative procedure for expanding sets of equations of Rees algebras is pre-

sented. It is a variant of a well-known determinantal procedure leading to the notion of
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expected equations. While the procedure presented has been used by the author as a way
to expand sets of non-trivial equations of Rees algebras, it is by no means well understood
why it works and why it shoud work under more general settings: it remains an appealing
object of future study. Surprisingly enough, in the examples examined, if we try to expand
a generating set of the first syzygies, the procedure leads, with few adjustements, to full

generating sets of equations.

4.1 The equations of Rees algebras of ideals modulo a
regular element

The interplay between the equations of the Rees algebra of an ideal I of R, the Koszul
homology of generating sets of I and conditions on these generating sets, yield results that
allow for setting bounds on the relation type of I.

First of all, let us recall a result from [Planas00]:

Lemma 4.1.1 (see [Planas00]). Let R be a Noetherian ring, I an ideal of R and y € I.

Then, for each integer p > 2, there is an exact sequence of R-modules

(y)nI?

E(N, 3 E(1)(y)) — T((y) (1 171

Proof: Use [Planas00] with N = (y) C M = R. O

The next result generalises [HSV81, Proposition 3.3] and [Valla80, Theorem 2.1].

Proposition 4.1.2. Let R be a Noetherian ring and let I be an ideal of R. Let y € I'\I?
such that (0 :y) NI =0 and such that the Valabrega-Valla module

VVig (Dp—1 = (y) N 177" [y P2
18 equal to zero, for some p > 2. Then, there is an exact sequence of R-modules
0= B(D)y = B/ () = VViy)(1)p = 0.

In particular, if y* is G(I)-regular, then E(I), = E(I/(y)), for all p > 2 and 1t(I) =
rt(1/(y))-
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Proof: Let I = (z1,...,x5) andlet " = R/(y), W = R[Ty,..., T and W' = R'[T},..., T].
Let ¢ be the polynomial presentation from W to R(I) sending T; to x;t and let ¢ be the
induced polynomial presentation from W’ to R(I/(y)), respectively, and let w5 and 7x the

natural projections, as in the following diagram,

0 > @ > W~ R(I) —— 0
I
0 . y W —2 R(I/(y)) — 0.

It is readily seen that, for each p > 2, s induces an homomorphism
Tp 0 (Q/Q{p— 1)), = (Q/Q{p— 1))

such that the following is a commutative diagram:

Tp

(Q/Qp—1))y —— (Q'/Q{p—1))p

| |

ED,  —=  E(I/@)
In fact, 7, sends the class of a given form F' € @, to the class I of F' modulo (y) in
Q') {p—1}),. t FeQp—1)NW,, then F =>7  T:F;, with F; € Q{p—1) N W,_; and
it follows I € Q'{p — 1) N W}, hence 7, is well-defined.

We will show that 7, is injective, hence we will conclude that o, is injective.

Take F' € Q, a representative of an element in the kernel of ¢,. Then ' € W’ can be
written as ' = i | TiG:, where G; € Q,_y, thus ' = 377 | T;G; + yK with K e W,

G € Wy, verifying
Gi(x1,...,xs) € (y) N (21, .., 2 )P = (y) N P = PR (4.1)

Observe that we can assume without loss of generality that F = Y, T:G; with the G;
satisfying the last condition 4.1, since K can be written as Y . | T;K;, thus we get F =
S Ti(Gi + yK;) and Gy + yK; = G

So let us assume that F' = Y}  T:G; with the G; fulfilling condition 4.1. Let y =
ijl Ajz;. For each 1 < i < s, there exist H; € W, deg(H;) = p — 2 such that G; —
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(2251 MT3) H: € Qpy. Therefore we have:

F= Y (G (AT + Y (AT,

i=1 j=1

=Y TG~ (AT H) + (M) S TH:
=1 F=1 =1 i=1

Consequently, y(> i, x:H;(x1,...,25)) = 0. Since I M (0 : y) = 0, then

thus F' € Q{p — 1}, showing that the homomorphism o, is injective. The remaining claims

follow from a straightforward application of Lemma 4.1.1. O

Contrary to what one may guess in the light of some well-known results, such as [HSV8I,
Proposition 3.3] and [Valla80, Theorem 2.1], the inequality rt(/) < rt(//(y)) does not hold
in general, even if y is a regular element. In the following example, we observe that if y € T

is an R-regular element, but ¢* is not G(/)-regular, the preceding inequality may not hold.

Example 4.1.3. Let k be a field, let B = k[t3,¢*,¢5] and let T = (¢3,¢*). Then rt(I) = 3 >
rt(1/(t3)) = 2.

Proof: For convenience we will let = 3 and y = t*. The effective relations of the
ideals I € R and I/(x) C R/(x) can be computed using either 2.3.3 or Lemmas 3.4.3 and
3.4.4. In fact, since R is a domain we have E(I), = (2I"' :p y?)/(xI"2 :r y*') and
E(I/(z)) = (z :ry")/(x :r y" ). Straightforward computations lead to the result. Observe

that z* is not a regular element in G(I), since (I? :gp x) = (£3,¢*,¢°) but ° ¢ I. a

As a consequence of the previous results and considering the elementary properties of
d-sequences (see [Huneke86] and [HSV81]), we are able to recover the well-known fact that
ideals generated by d-sequences are of linear type (see [Huneke80], [Valla80] and Section

1.3.9). Let us split the statement and proof of this result stating first a key lemma.

Lemma 4.1.4 (see [HSV81]). Let J C I be ideals of a Noetherian ring R. If I/J is an ideal
of linear type in R/J, then J I = JI"*™', for alln > 0.

Proposition 4.1.5. Let R be a Noetherian ring and I an ideal of R. If I is generated by a

d-sequence, then I is of linear type, i.e., rt(I) = 1.
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Proof: Let x1,...,25 be a d-sequence and [ the ideal it generates. Let us proceed by
induction on s. If s = 1 then being a d-sequence is equivalent to (0 : x;) N (1) = 0. Then

E(I),=(0:20)/(0:25") =0, for all p > 2 and the result follows.

Suppose that the result holds for d-sequences of length s — 1. If =1, ..., 2, is a d-sequence

/
5

in R, then z},...,2, is also a d-sequence in R = R/(x;) (see [Huneke86, Definition 1.1
and Remarks|). By the induction hypothesis, I/(x;) is of linear type. From [Huneke86,
Proposition 2.1] we know that (0 : x;) N [ = 0. Using the previous lemma it follows that
(2)NI™ = (2) ™1, for all n > 1 (see also [Huneke86, Theorem 2.1]). Using Proposition 4.1.2
we get (1), =2 E(I/(x1))p, for all p > 2. Since /(1) is of linear type for all p > 2 we have

E(I/(x1)) =0 thus F(I), = 0 for all p > 2 and the claim follows. a

4.2 Rees algebras with prescribed equations

Two methods are presented to obtain ideals with a predefined set of equations. The first
method yields two-generated irrelevant ideals of standard algebras with prescribed relation
type and top degree equations. The second method stretches the arguments presented in Ex-

ample 3.9.1 to show ideals with prescribed non-vanishing patterns of the graded components

of ker g;.

4.2.1 Prescribed relation type and top degree equations

Let A = k[Uy,...,U;] where k is a field and Ui, ..., Us are indeterminates over k. Let
Xi,..., X, be indeterminates over A and endow the polynomial ring A[X7,..., X,] with a

grading by setting deg(X;) = 1 for all 4 = 1,...,s and deg(w) = 0 for each w € A. Let

ring R has a standard graded A-algebra structure, with irrelevant ideal given by I = R, =
(r1,...,75).
Notice that G(I) = @©p»ol™/I™"" is isomorphic to R as A-algebras and Sg/(I/1?) =

Sa(Ry). Let ¢ : A — R; be a free presentation of Rj, sending each basis element e; to X;.
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Then there is a short exact sequence
0 %El 4}44815[5...5[54485 i)' Ry — 0.

Notice that there is an isomorphism of A-modules L1 = L induced by the map A® —

(see [Bourbaki, Algebra, Ch. 3, Section 6.2]), one gets the following commutative diagram

with exact rows:

0—— L{1) —= A[X,,.... X —=S4(R)) —=0

| S

0 [ AlXy,. . X R 0.

By the claims of the preceding paragraph and according to the notations adopted through-
out, the canonical morphism «a in the diagram above is no other than ;. An immediate
application of the snake lemma yields ker(3;) = L/L(1).

According to the claim 1.3.29, rt(I) = 1t(G([I)) (set r this value) and E(I), = E(G(I)),.
On the other hand, using the isomorphism ker 5y = L/L{1}, we get

E(G(I)), = ker 31, /S1(I/1?) - ker B ,_1 = (L/L{r — 1}),.

4.2.2 Non-zero ker 3 at prescribed degrees

In Section 3.9 we constructed a ring K, and an ideal I, C R, such that ker # is non-zero
only at a given degree p. Moreover, ker 1, is cyclic.

As it is asserted in Remark 3.9.3, we will prove that given a finite set S = {py,...,p,}
of integers > 2, there exists a Noetherian ring Ag and an ideal Is C Ag such that 5y, is
an isomorphism if and only if p & S.

The idea consists in loading a new set of indeterminates and equations in these indeter-
minates for each new fresh equation we want to add to the kernel of F;,. If the set S is

finite, this will be nothing but a tensor product of algebras. On the other hand, considering

S infinite, would lead us to a non-Noetherian scenario that will not be tackled here.

Example 4.2.1. Let U,; be indeterminates for integers p > 2 and 0 < ¢ < p. As in
Example 3.9.1, define @, as the ideal of A, = k[X,Y][Upo, ..., Up,| given by

Qp = (U oY . UpoX — Uy 1Y, Upi X — UypsY, ... Upps X — U, Uy X, Uy o XP).
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Notice that A,/Q, are k[X,Y]-modules. Given S = {p1,...,p-} a finite set of integers

satisfying 2 < py < po < ... < p,, define the ring Ag as

As = (Am/Qm) Crix,Y] (‘41;2/@?2) Srixy] " CriX,Y] (*4%/@%)-
Then the ideal [ = (x,y) C Ag verifies that

(UpoTT) nes
0 ne¢sS

ker 57, =

In particular, I is of p-linear type and rt(I) = p,, thus not of linear type.

Proof: In order to not too much overload the notation, we will prove the claim for a set
S = {p,q} with 2 < p < ¢, then the argument can easily be generalised to finite sets of

integers. Let

Qp = (oY, UoX — LY, U1 X — UyY,. .., Upr X — U,Y, Up X, UpXP)

Q, = WY, VoX — VY, iX — VY., Vi X — VY, V,X, pX"),

and let us set

kX, Y. Ug,.... U kX, Y. Vo,..., V,
As = (Ap/Qp) Grixy) (Ag/Qq) = [ QO | Bkix,y] | QO :
P q
KXY, Uo,...,UpVe,..., V]
o ’ =klz,y, uo, ..., Up,Vo,..., 0
(Qqu) [ s Y, Uo s U0 q]

I = (z,y) C As. Let 3; : S(I/I*) — G(I) be the canonical epimorphism onto de associated
graded ring of I and consider ¢» : W = Ag[T1,T5] — G(I), the polynomial presentation
of G(I) sending 71 to z* and T to y*. We know that ker 3; = ker¢/W, ker. Using
this correspondence, by the previous discussion in Section 4.2.1, we known that ker f; is

generated by the classes of uyTT and voT{ modulo the ideal generated by linear forms
ker ¢i(1} = W, ker ¢y = (ugTs, uoTy — wiTo, un Ty — uoTs, . . ., Up—1Th — w1, 0,17,
voTo, voTy — viTo, i Ty — T, . .. vg1Th — v To, v, Th).
Repeating the same arguments as in the proof of Example 3.9.1, it is clear that any combi-
nation Ty + veeTy with degyp, 1, (1) = degp 1, () > 1 belongs to ker (1}, consequently

vanishes in ker ;. Moreover, rt(I) = ¢ and from ker 3;,, = 0 for all n > ¢ + 1 one deduces

ker ay,, = 0 for all n. > ¢ + 1, thus I is of p-linear type. O
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4.3 g¢g-linear type but not p-linear type

Recall from Section 1.3.4 that we have the following chain of implications:
linear type = p-linear type = ¢-linear type.

While the converse implications do not hold in general, we can see that the first one is
valid for principal ideals, that is, the notions of linear type and p-linear type coincide for

principal ideals.

Lemma 4.3.1. Let R be a Noetherian ring. Let I be a principal ideal. If I is of p-linear
type, then I is of linear type. Furthermore, any principal ideal I with ker a;,, = 0 for some
n > 2 1s of linear type.

Proof: Let I = (z) be a principal ideal of R. By Example 3.3.2, kera;,, = (0: 2")/(0 : z).
By Remark 1.3.33, ker a;,, = 0 for n large enough. It follows that (0: 2?) = (0 : z). a

Remark 4.3.2. Recall that we have already seen examples of ideals of p-type with arbitrarily

large relation type: recall the previous examples 3.9.1 and 4.2.1.

In the next example it is proved that g-linear type does not imply p-linear type, even for
principal ideals.
Example 4.3.3. Let k be a field and R = k[X,Y]/(X?Y, XY?) = k[x,y]. Then I = (y) is
an ideal of g-linear type but not p-linear type.
Proof: We will show that ker a is nilpotent whereas ker ay,, does not vanish for all n > 2.
Let ¢ : R[T'] — R(I) sending 7" to y, @ = ker . Then Q/Q1 = ker a is generated by the
class of T?. In fact, ker a,, # 0 for all n > 2, since the class of 2T™ is not zero in ker o,.
On the other hand, the class of (2T™)? = z*T%" = (22T) - T?*~! in ker a,, is the zero class,

since 22T € Q.

4.4 Computing the equations of Rees algebras by means
of a determinantal closure

In this section we develop some examples that illustrate a tentative determinantal procedure

to expand sets of equations of the Rees algebra of an ideal I. This procedure arises as a
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natural extension of a determinantal method that computes the maximal minors of the Ja-
cobian dual of a free presentation of I. A quick overlook of the basic settings and description
of the procedure is presented (see also e.g. [SUV93], [Morey96] and [Vasconcelos91]). Then
a brief explanation of the generalisation of the procedure is given.

The aim is to understand whether the equations of R(/) may arise as an ideal of minors of
a matrix B(¢:) which is iteratively obtained, starting from the first syzygies of I and leading
to a sort of determinantal closure. Such a procedure has its roots in the computational
insights already stressed in the literature relating the equations of Rees algebras and the
first syzygies (see for instance [CHWO08], [Cox08] and [CD’A10]; see also 1.3.20).

Let us begin with an introductory example:
Example 4.4.1. The following is a particular case of the family considered in Example 2.6.1.
Let T = (s*,t%,st*) C R = k[s,t]. Let ¢ : R[T}, Ty, T3] — R(I) be the polynomial presen-
tation sending T} to s®, T, to t* and T3 to st?, and let Q = ker. We get the following

Hilbert-Burch presentation

0 2
5 0
S — [53 3 3&2]

R(—4) @ R(—5) ~ — ~ R(-3)? — I —0.
Let the linear forms Sy, Sy € R[T1,Ts, T3] be given by the following identity:
0 ¢
[S1, 5] = 11, T, T3] - s 0
—t —s?
In fact, 51,5, is a minimal generating set of the module of first syzygies of I using the
obvious correspondence, i.e., Q{1} = (S1,S2). Observe that we have another matrix identity
to describe Sy, Sy:
T, —sT3
—T; tT
The determinant ¢7,Ty — sT; of the matrix of the right hand part is an element of @@ which

[S1, 5] = [s,t] -

is not in Q(1). Now we iterate the process by adding a column corresponding to the new

element:
TQ —ST3 —T32

=15 tTh TNTT,

[Sy, So, tTi Ty — sT3) = [s,1] -
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Among the (2 x 2)-minors of the matrix of the right hand part, all of them belonging to
Q, T\T} — T3 is the only one that is not contained in the ideal (S, Sy, 71T, — sT%). Since
T\Ty — T3 & (s,t)R|T, Ty, T3], we can not play the same game again and stop.

So far we have obtained four elements of (J: Sy, S of degree 1 and two more homogeneous
elements of @ of degrees 2 and 3: tT1Ty — sT2, T1T§ — T3. By Example 2.6.1, we already

know that they are enough to generate (). O

For the rest of the section, consider the following framework: let R be the polynomial

ring k[Z1,. .., Z.| over afield k; let I = (z1,...,xs) be an ideal of R with R-free presentation:
ANy AN SN}

let ¢ : R[T,...,Ts] — R(I) be the polynomial presentation of R(/) sending T; to x;t, and
let () = ker .

If M stands for the matrix of ¢, J(1} is generated by the linear forms Sy,.. ., S, defined
as [S1,..., S =[T1,..., T - M. Suppose that the ideal L generated by the entries of M is
included in (71, ..., Z.). Suppose also that m = u(Q(1)) > r. Let B(¢:) be an (r xm)-matrix
with entries in R[Ti, ..., Ty satisfying the equation

Remark 4.4.2. If A is an (r x r)-minor of B(¢), then A € @. Consequently, the ideal
I.(B(¢)) generated by the (r x r)-minors of M is contained in Q.

Proof: Using Cramer’s rule we get A - Z; € (S1,...,5.) = Q1) C @, fori =1,...,r.
Within our assumptions R(/) is a domain, thus @ is a prime ideal and we have A € @ since
Zi ¢ Q. a

Unless the entries of M are linear in 71,..., Z,, there will be several choices for B(¢:).
By Remark 4.4.2; it is clear that (Si,...,Sn) + I.(B(¢?)) € Q. When the equality holds,
the ideal I is said to have the expected equations. For a taste on such classes of ideals see for

instance [Vasconcelos91].
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Example 4.4.3. The following is a particular case of the family considered in Example 2.6.5.

Let I = (s°,¢°, %) C R = k[s,t]. We get the following Hilbert-Burch presentation:
0 t3 ]

52 0

2 &8 [ 2t 2 ]

R(-T)& R(-8) -~ — R(—5)* — I —0.

Let S1,S> € R[T1,T5,Ts] be the linear forms given by the following identity:

0o
[S1,Ss] = [T1, T, T3) - 52 0
_t2 _S3

In fact, 57,5 is a minimal generating set of (X{1). Observe that we have another matrix

identity to describe Sy, S in terms of a row vector [s,¢] and a matrix of the form B(¢}):

. } STQ —SQTg
[S1, Sa] = [s.,t] -
—tTy 2T}
Consider the determinant st*717Ty — s*tT% of the matrix of the right hand part. Decompose
it into its prime components and clear the factors not belonging to (. We get a new element

tTyTy — sT3 of @ not belonging to Q(1). Since tT1Ty — sT% € (s,t)R[T1, Ty, T3], we add a

new column:

sTy —s°Ty —T2
S, Sa ATV Ty — sT2] = [s.1] - ? o
—tTs  *Ty TVT

thus, after clearing the (2 x 2)-minors of B, that already belong to I = (Sy, So, tT1Ty — sT%)
and the irreducible factors not belonging to @Q, we get sT\T3 — tT5. Since sT\Ty — T €
(s,t)R[T1, Ty, T3], we add a new column:

sTy —s*Ty —T2 TT?

Sy, So 4T\ Ty — ST2, STy T2 — tT2) = [s,¢] - ’ R

Ty 2T, T, —T3

and again after clearing the (2 x 2)-minors of B3 that already belong to % = (S, Se, tT1T, —
sTZ, sT\T2—tT3), we get the irreducible form T3 —TZT3. Since Ty —TETS & (s,t)R[T1, Ty, T3]
the procedure halts. Let Py = (s°Ty — t2T3, t T\ Ty — sT3, sT\ T3 — ¢T3, T5 — T?TS) C Q: by
Example 2.6.5 we know that P3 = Q. a
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The next algorithm encodes a sequence of instructions corresponsing to the steps com-
pleted in the previous discussion and examples. It is a tentative procedure to expand a
generating set of (J(1) into a generating set of (). The reader will observe that the same pro-
cess could be used to expand any finite set of elements in ) and could lead to the definition

of a sort of determinantal closure for subideals of Q.

Algorithm 4.4.4. In what follows, I and K will be lists of forms in R[T},...,Ts], P will
stand for an ideal in R[T},...,Ts] and B will denote a matrix of forms in R[T3,...,T].
Compute S = {51,..., Sk} a minimal generating set of (y;
Set L.+ S;
Let P = (L), the ideal generated by the elements of the list L;
Since all the forms of the list L belong to (Z1,..., Z)R[Ty,..., T, there is an (r x k)-

Set B « By;
while K # (I do
Compute the (r x r)-minors of B and put them into a list K;
Set K < K\{m € K | m € P}, i.e., discard all the elements of that belong to P;
for all f € K do
Compute all the irreducible components { f;} of f in k[Z,...,Z.][T1,..., Tsl;
Set K « (K\f)U{f: | fi € QF:
end for
Set I, « LUK
Set P = (L) the ideal generated by the elements of P;
Set K « K\{f € K | f ¢ (Z1,...,Z)R[T\,..., T.]}:
Since all the forms of the list K belong to (71, ..., Z)R[T,..., 1], there is a matrix
Bg with r rows such that [K] = [Z1,..., Z] - Bk;
Set B + [B | Bykl;
end while

return F. O

We proceed to run Algorithm 4.4.4 in one more example, respecting the notations used

in the pseudo-code.
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Example 4.4.5. Let [ = (u,z) N (v,t) = (wv,vz, zt,ut) C klu,v, z,t] be the ideal of the

graph cycle C} (see also Example 2.6.4). In this case we have the following a free presentation:

4 ) 4 [ uv vz =zt ut ]
R(-3) — R(-2) — I =0
Let Py = Q(1} = (51,52, S3, S4), where
z t 0 0
A —u 0 0
(1,52, 55, S4] = [T1, T2, T3, Ty
0 0 —v u
0O —uv 0 -z
Writing [S1, Sa, S3, S4] as [u,v, z,t] - By, we have
=75 0 0 T3
o -7, -T 0
B, — 4 3
T 0 0 -T;
0 T\ T, 0

The only (4 x 4)-determinant of By is (T1Ty — TyT3)? ¢ P, and its only irreducible factor
TyTy — T5Ts belongs to @, then Ky = {117y — 1515} and we set Py = Py + (TiT, — ToTs).
Since T'Ty — ToTs & (u, v, z,t) R[T1, Ty, T3, Ty the procedure halts and returns

Pl = (;’Tl - "n'..‘.T21 J.'Tl — "t‘,-‘:[rl41 J.'TQ — '?,-‘Tg, ’[.’,Tg — ZT4, T1T4 — T2T3).

It is readily seen from the results in [Villarreal95] that P is the ideal of equations of R(T),
i.e., P1 = (2 O
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