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A.5 Energy estimationby the leastsquaresmethod

Now, thatwe establishedour separationmethods,we would like to usetheselectedevents
to calculatethephysicalquantitiesthatweareinterestedin. Thefirst stepis to estimatethe
energy from the imageparametersandto determinetheenergy resolutionthatwe canget
for CT1.

HereI usea verysimplemethodbasedon imageparametersandthemethod of linear
least squares to estimatethe energy. As we will see,the formalismis quite similar to
thatof theLDA.

The methodof linear leastsquaresand its application

We havea setof parametersfor eachevent É
45Ð7698 :;;;<
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...Ð 6?

@BAAACEDGF 6H
(A.81)

which parameterizethe image.The’ONE’ in thefirst row is importantasit is neededfor
the offset. We wish to find an estimator

Ï 6IKJML for the energy
Ï 6

of eachevent N in sucha
way thatthesumof differ ences ËO8QPSR Ï 6IKJTL 4 Ï 6MU Ú (A.82)

with thelinearansatz ÏV6IKJML 8 F 6 HXW H
(A.83)

beingminimal. This is thecaseifY ËY Ð$Z 8 ÊV[ F]\_^ Z 6 [ F 6 H W H 4 Ï 6 ^ 8 æ (A.84)` [ F \ ^ Z 6 F 6 Hba W H 8 [ F \ ^ Z 6 Ï 6
(A.85)W H 8 ` [ F \ ^ Z 6 F 6 Hbadc > [ F \ ^ Z 6 ÏV6
(A.86)

Thisprocedureis calledlinear leastsquaresandcanbesolvedanalytically . (It is almost
identicalto thecalculationof theweightsof theLDA. In caseof theLDA the

Ï 6
correspond

to the differentgroups. For the caseof 2 groupsit becomes
Ï 6 8 4 =

for gammasandÏ 6 8fe =
for protons. The ’ONE’ above correspondsto the subtractionof the average

outputgivenby Equ.A.61). It only remainsto calculatetheweights
W H

usingEqu.A.86
which involvesthe calculationof an inversematrix . The inversematrix calculationwas
doneby theGaussianeliminationalgorithmusingaprecisionof 24 digits.

Thefollowing parametershavebeenusedto estimatethe(log) energy.
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The main estimator is SIZE (andexpressionsof it) which is correctedwith the cosine
of the zenith angle (shower distancechangeswith cosine).Theotherparametersarein-
troducedto obtain small corrections. SIZE is dependenton the impact parameter(->
estimatorDIST). For thetraininga MC-gammadatasamplewasused.A preselectioncut
of

Îxwby NMz�í§à y Ø�ä w èVÙAæðã w Ø ,
Ënm�Î�Ï�~ Û�æðâ�í Ï and æMçôÙ�ã w Ø1è�Ü m�Ë�é è = ç æ�Ù�ã w Ø was

appliedbeforehand.
Additional energy dependentweights

Ï >+� }
on eacheventhave beenintroducedin the

methodto correct for thefact that theMC wasproducedwith a steepspectrumof
Ï c >�� }

while we want that high energy eventsaretreatedwith the samepriority aslow energy
events. The whole procedureis calculatedin the log-scale. Equ. A.85 and Equ. A.86
become: ` [ F \ ^ Z 6 F 6 H [ ÏV6 ^ >�� } a_W H 8 [ F \ ^ Z 6 [ ÏV6 ^ >+� } ipjql [ Ï�6 ^ (A.88)W H 8 ` [ F \ ^ Z 6 F 6 H [ ÏV6 ^ >�� } adc >��

(A.89)[ F \_^ Z 6 [ ÏV6 ^ >+� } ipjql [ Ï�6 ^
Theresultcanbeseenin Fig.A.33. SIZEwasintroducedin parallelwith severalexponents
(1, 0.5and2). This improvesthe linearity of theestimation.

Impr ovement of the energy resolution by including the LEAKA GE parameter into
the Least squarefit

Now we will seehow theresolutionandtheshapecanstill be improvedby introducinga
new parameter called LEAKA GE into the leastsquarefit. It is introducedasan addi-
tional input to theleastsquaresmethodof Equ.A.87:

â�� 8 Ö Ï à���à�õ Ï
(A.90)Ð7�s8 Ö Ï à���à�õ Ï Ú (A.91)

Theresultcanbeseenin Fig.A.34. Thedistributionbecomesmorenarr ow and Gaussian.
Thedistribution is not perfectlylinearandexhibits a slight curve. Without unfolding the
spectrumthiswould introduceasystematicerror. Theunfoldingprocedurecorrectsfor this
andin factany shapeof theenergy estimationwouldbetranslatedcorrectlyaslong asit is
monotonically.

A.5.1 Conclusion about the energy estimation using the linear least
squaresmethod

Usinganalgorithmlike linear leastsquaresto estimatetheenergyhasthemainadvantage,
astheLDA , that theproblemis analytically solvable (reproducibility, no dependenceon
initial values)unlike othermethodslike neuralnetsor nonlinearequationswhich needan
iterati ve optimization. A matrix of the size8x8 hasto be inverted(bestdonewith 24
digitsprecisionor more).Theappliedenergy estimationis doneby calculationof asimple
polynomial which is fast. The energy estimationis linear (above 1 TeV) and Gaussian
distributed.Theintroductionof theLEAKAGE parameterincreasestheresolutiona little
andresultsin anoutputwhich is moreGaussian.

A.6 Mispointing of the telescopeand its correction

Unfortunatelythehourangleaxisof theCT1 telescopeis not perfectly aligned with the
earthsaxis of rotation and in addition, the telescopestructurebendsslightly under its
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FigureA.33: Energy estimationandits resolution with the LEAKAGE parameter. For energies
above 10 TeV (the upperplot) it can beenseenthat the effect of truncatedimagesat the camera
borderdisturbstheenergy estimation.Thelowerplotsshows a ratherasymmetricshapewhich is not
Gaussian.
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FigureA.34: Theshapeof theestimatedenergy distribution after introductionof theLEAKA GE
parameter. Theenergy estimationbecomessharperandmorepreciseascanbeobservedin theupper
plot. Above 1 TeV theestimationis very linear. Thelower plot demonstratesa symmetricGaussian
distributionwith a varianceof approximately24 %.
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FigureA.35: A falsesourceplot for a)asmallzenithangle(15� ), usedto determinethemispointing
of thesourceMkn 421. Thecenterof thesourceappearsasa roundspot. b) Falsesourceplot for a
highzenithangle(45� ). Thesourceseemsnot to befocusedverywell in onepoint. Thiseffectcould
be partly dueto statisticsbut a mispointingcorrectionon run basis resultsin a sharper ALPHA
distribution,suggestingthatfor differentrunswith thesamehourangle(= ’signed’zenithangle)the
mispointingis different.

weight. This introducesin a mispointing of up to 0.15� andhasa strongeffect on the
sharpnessof the ALPHA distribution. MonteCarlostudiesshow that thestandarddevi-
ation of the ALPHA peakshouldbe approximately6� for small zenithanglesandup to
7.5� for high zenithanglesof 45� (showerswith higherzenithanglesshow a wider alpha
distribution dueto a smallerimagein thecameraresultingin a worsedeterminationof the
shower axis). With Mispointing, thesevaluesincreaseto a standarddeviation of up to
15� for high zenithangles.If in sucha scenarioa fixedalphacut of only 12� is applied,
it is easyto imaginethat the measuredflux will suddenlydependstronglyon the zenith
angle.This introducesa largesystematicerror in lightcurvecalculation.Thus,apointing
correctionis mandatory.

Up to now, so-calledpoint-runshave beenperformedwherethe telescopesystemati-
cally scansa star(whosecoordinatesareknown) in smallsteps.TheDC currentinforma-
tion of thepixelsallows a precisedeterminationof themispointingat a givenhourangle
anddeclination.This procedurecanberepeatedfor many houranglesanddeclinations.A
correctionbasedon valuesobtainedfrom this procedureimprovedtheMispointingbut did
notyield completelysatisfactoryresultsandadiffer ent strategy hasbeentriedherein this
thesis.

The falsesourceplot method

A mispointingcorrectioncanalsobeobtainedbyonly usingthemeasureddataof Mkn 421.
The constructionof a falsesourceplot is a simplemethodto find the real position of a
sourcein thecamera.Sincethecoordinatesfor Mkn 421areknown themispointing can
becalculated.

Thealgorithmproceedsasfollows: Thecameracenteris moved artificially (andAL-
PHA is recalculatedaccordingly)in agrid aroundthecameracenter. A cut of �����]�������T��� 8�
is appliedto thenew ALPHA valuefor eachpositionandtheremainingeventsarefilled in
a 2D histogramwhich binnedaccording to thegrid. After thehistogramhasbeenfilled, a
tail-cutat thehalf maximumis performedby subtractingthehalf maximumfrom eachbin.
Bins below zeroaresetto zero. Thepositionof thesourceis obtainedby calculatingthe
mean of the2D histogram.

Thenew ALPHA is calculatedfrom theold (signed)ALPHA asfollows(seeFig.A.36):
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FigureA.36: Schematicof the shift of the old coordinatesystemandthe calculationof the new
ALPHA.
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First a vector pointing in the direction of the shower
�&�����±��������Â�
�7�$ K¡k£

is obtainedby rotating
the meanpositionvector

�°�7���p�²µ³  K¡p£ ´
of the imageby ALPHA (

��¼"½]¾��  ¢¡p£
). The new posi-

tion vector
�Å�����1�²Æ³ ¶�·T¸ ´

is calculatedby translatingtheold centerwith
�+�» ³

. Thenew ALPHA��¼"½]¾�� ¶q·T¸
(unsigned)is obtainedfrom thescalarproductof theold directionvectorand

thenew positionvector.

Binning the data in (signed)zenith angles

The mispointingis assumedto be a function of the hour angleandthe inclination. The
inclination remainsconstant for astronomicalobjects. Sincethe parameterhour angle
wasnot available in the dataseta binning in signed zenithanglewasperformedinstead
(positive sign for azimuthangleslarger than180Ç , andnegative sign for azimuthangles
smallerthen180Ç ). This binning is equivalent to binning in shaft-encodervalues(andto
thehourangle)of thetelescope.

For each signedzenithanglebin a falsesourceplot is calculated.By examiningthe
falsesourceplots one canseethat for high zenith anglesespeciallythe pointing is not
sharp in onespot (seeFig. A.35). This effect could be partly due to statistics, but as
we will seea mispointingcorrectionon runbasisresultsin a sharperALPHA distribution,
suggestingthat for differentrunswith identicalhour angle(equivalentto ’signed’zenith
angle)themispointingis different.
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FigureA.37: a) The ALPHA distribution beforeapplyingthe pointing correction. The sigmaof
the ALPHA peakis 9.3É . The Off-datadistribution (muchlower statistics)hasbeenincludedinto
theplot for illustration.b) TheALPHA distributionafterapplyingthepointingcorrectionprocedure.
Thedistribution getssignificantlysharper. Theaveragesigmaof the(full) Gaussianfit curve is only
7.6É . Thetail of theALPHA distributionbetween20É and30É doesnotfit verywell to theGaussian
function. This is causedby a still imperfectmispointingcorrection.Thehigh zenithangleshave a
wider ALPHA distribution. To avoid confusionit hasto bestatedthathedatausedhereis the full
datasetof Mkn 421of 250hoursof observationtime. This datasetcontainsmoresignalthanthetest
datasetusedfor thedevelopmentof animprovedanalysis.

Binning in runs

To circumventthis problem,in additiona pointingcorrectionfor eachrun wasintroduced.
A falsesourceplotwasthencalculatedfor eachrun . Thecorrectionin runbinsisonly pos-
sible if thereisenoughsignalin thatspecificrundata(theproblemof aflaringsource).The
procedureappliedwasthe following: If thesignalin the run datawastoo small (smaller
than5 sigma of thebackgroundfluctuations),thepointingcorrectionon zenith anglebin
basiswasapplied(thezenithanglebinshaveamuch larger statisticsand thereis no dan-
ger of optimizingon fluctuations).If thesignalwaslargeenoughduring that run (larger
than5 sigma) thenthemispointingbasedon single run bins is chosen.Themispointing
correctionon a run to run basis improvesthesharpnessof theALPHA distribution sig-
nificantlywhencomparedto amispointingcorrectionon thebasisof signedzenith angles
only. This seemsto point out thatthemispointingfor thesamehouranglebut on different
daysis different.

Resultsof the mispointing correction

Tab. A.7 shows the resultsafter the pointingcorrection.Listed arethe variances of the
alphadistribution for eachsignedzenithanglebin. The total standarddeviation wasim-
provedfrom 9.3Ç (beforecorrection)to 7.6Ç (aftercorrection).Thecorrectionon thebasis
of signedzenithanglebinsonly gaveastandarddeviationof approximately8.3Ç . Thetable
clearlyshowshow thealphadistributionbecomeswiderwith increasingzenithangle.For
all zenithanglebinsthealphadistribution is wider thanthecorrespondingdistribution in
theMC whichpointsto still imperfect mispointingcorrection.

Conclusion

In conclusion,it canbestatedthattheresultis still not perfect. Thevariancesof thealpha
peakshouldbe more narr ow. However, they aregood enough to ensurea reasonable
(without systematicscomingfrom the ALPHA distribution) lightcurve. In the following
chaptersall of the cutson the alphadistribution areperformedvery high at 18Ç . In this
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Signedzenithangle Sigmaof alphadistribution

-(45-50) ÊÌË±Í ÎxÏ.Ë�ÍkÊbÐ
-(35-45) Ñ�Í ÒxÏ�Ë±ÍpÊbË
-(25-35) Ó�ÍÂÔ9Ï�Ë±ÍpÊXÕ
-(15-25) ÔdÍ ËxÏ�Ë±ÍpÊqÊ

(-15)-(+15) ÔdÍÖÕ�Ï�Ë±ÍpÊbÎ
15-25 ÔdÍ ×�Ï�Ë±Í ËdÔ
25-35 Ñ�ÍkÊ�Ï�Ë±ÍpÊqÊ
35-45 Ñ�Í ÓxÏ�Ë±ÍpÊXÐ
45-50 Ñ�Í ÒxÏ�Ë±ÍpÊbÑ
Total ÔdÍ ÓxÏ�Ë±Í ËqÑ

TableA.7: Thetableshows thefinal variancesof theALPHA distribution for differentzenithangle
bins.Thevariancesincreasewith increasingzenithangle.

way it canbemadesurethatmostof thesignaleventsareinsidethecut limit andthat the
resultingmeasuredflux no longerdependson thezenithangle.

Thespectrumbeforeandafterapplyingthispointingcorrectionremainsthesamewhich
canbetakenasa proof thatno artificial effect hasbeenintroducedby optimizingon fluc-
tuations.

A.7 Differ ential flux spectrumcalculation

Thedifferentialflux is oneof themainphysicalquantitiesthatwe areinterestedin. It is a
measurementwhichcanbecomparedwith thetheoryandthattellsussomethingaboutthe
mechanismthatproducesjets andhigh energy gammasinsidethe jet. The calculationof
thedifferentialflux is a rathercomplicatedprocedurethatinvolvesseveralsteps.

1. Theenergy of theobservedeventsis reconstructed.Thentheexcessevents Ø�ÙÚ*ÛXÜ ·KÝKÝ
for differentenergybinsaredeterminedby estimatingthebackgroundin eachenergy
bin (this resultsin the excessevent distrib ution ). The reconstructedenergy can
derivate,bothsystematicallyandstatistically, from thetrueone.

2. Thereforethe spectrumcalculationrequiresthe unfolding of theseeffects (of the
excesseventdistribution).

3. Finally, thediffer ential flux is obtainedby dividing eachbin by thetotalobservation
time Þ  àß Ý

, the bin width áãâxä Ù ¶ andits effective collectionarea. The observation
timehasto betakenseparatelyfor eachzenithanglebin.»Åå Ù» â ¤ áãØ�ÙÚ�ÛbÜ ·KÝ¢Ýàæ çX¶�è  K¡p£ · £áéâ Ùä Ù ¶�ê§ë¢ì Þ ëKì àß Ý � Ù ·KèXè7íµî Ùðï (A.95)

A.7.1 Determination of the energy excessevent distrib ution

The energy excessevent distribution is the first step to the differential flux spectrum
(
»qå�ñÁ» â ). The eventsaresortedin energy bins accordingto their estimatedenergy. The

binning hasbeenchosento be of the sizeof the averageenergy resolution(~24 %). In
logarithmic scalea constantbinning (for simplicity) wasintroduced.The resolutionis
to first orderconstantin this frame(SeeFig. A.38).

For eachenergy bin, a histogramfor theALPHA distributionwasfilled andthecorre-
spondingbackgroundwasestimatedby performinga fit aswasdoneearlier.
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FigureA.38: a) This figureshows theexcessevent distrib ution of thetotal Mkn 421 datasetfor
all six zenithanglebinsin differentcolors(red:0ò -16ò , blue:16ò -21ò , green:21ò -28ò , yellow: 28ò -
33ò , violet: 33ò -40ò , light blue:40ò -50ò , black:all together).Thefigureillustrateshow thethreshold
changeswith zenithangle.Dueto differ ent observation timesthetotal amountof excesseventsis
differentfor differentzenithangles.Theblackpointsarethesum of thedataof all thezenithangles.
b) The estimatedenergy andthe MC energy areplottedagainsteachotherandnormalizedto one
(Probabilitydistribution of the estimatedenergy). It demonstratesthat in first order the resolution
is constant in logarithmic scale. Thecurvedshapeof thedistribution for energiesbelow 1 TeV is
correctedlateronby theunfoldingprocedure.

ó�ôõ*öX÷TøKùKùàú û�ü�ýµüÿþ ó�ô��� ��� ü��	��
��ø���� ó�ô� ü ÷��������������	��
��ø�� (A.96)

TheALPHA distributionsandtheir backgroundfit arelisted in AppendixB. Thesys-
tematicerror introducedby thebackgroundestimationis believedto besmallerthan5%-
10%. The effect of all possiblesystematicerrors,which canaffect the spectrum,will be
discussedin detail in theconclusion.As will beshown, thespectralshaperemainsvirtu-
ally unchangedby artificial changesin theamountof backgroundof +-10%.

The energy distribution of the excesseventscanbe seenin Fig. A.38. The different
zenithanglesarerepresentedby differentcolors(red: 0

�
-16

�
, blue: 16

�
-21

�
, green:21

�
-

28
�
, yellow: 28

�
-33

�
, violet: 33

�
-40

�
, light blue:40

�
-50

�
, black:all together).As expected

thethresholdincreaseswith increasingzenithangle.

A.7.2 Unfolding the spectrum

The spectrumof a real sourceshouldbe unfolded with the distribution of the estimated
energy. This is importantnot only to correctfor nonlinearities in the energy estimation.
It alsocorrectsfor spill over from eachenergy bin into theneighborbinson the left and
right sideandapossiblecutoff would changeits position.

Theenergy estimationallows us to determinethe transferfunctionof thetelescopeas
thesimulationdescribesthe total system.As in Fig. A.34, we canfill a matrix

�
which

yieldsusfor each(real,simulated)energy bin theprobability distrib ution (normalizedto
one)of the estimatedenergy. Naturally, the binning of

�
andthe binning of the excess

event distribution (i.e. datadistribution � � ) mustbe the same.Knowing
�

we cancan
calculatethespectrumof thefolded spectrum

��  
for a givenunfolded spectrum

�� !
:� �� ! þ ��  
(A.97)

Thereverseof this procedureis calledunfolding:�#" � ��  þ �� !
(A.98)
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Eventhoughthisprocedureis mathematicallyvalid, it doesnotusuallyyield decentresults.
Sincethespectrumvector

�� å
andM alsohasstatisticalfluctuations(it hasbeendetermined

by MonteCarlostudies),theresultingvectortendsto artificial oscillationsbetweenneigh-
boring vector entries (in ’energy’-space). Thereare variousmethodsavailable which
attemptto suppressthesecompletelyunphysicalhigh frequenciesby meansof regulators
or low passfilters in thefrequency space.

Themethodusedhereis a stepwiseiterati ve method which is especiallysuitablefor
oursituation.It is describedin [Des95]. Theprocedurehasbeenslightly modifiedto work
efficiently for our case.Thealgorithmsystematicallyadjusts the folded MC distributionå%$

to the real data distribution & $ until the chisquarebetweenthe two distributionsbe-
comesminimal. The original unfolded MC distribution is thenthe distribution that we
areinterestedin. The regulationhereconsistsof interrupting the iterationbeforeit can
develophigh frequency oscillations.

Theexactprocedureis asfollows:

1. First a initial unfoldedspectrumis estimated. Theclosertheinitial distribution to
thefinal result,thebettertheconvergence.In this casesimply thefolded data spec-
trum is taken(alongwith its errors)sinceit is alreadyvery similar to theexpected
unfoldedresult.

2. In an iterati ve loop thefollowing steps
�
areexecutedfor eachbin ' :

(a) The folded spectrum is calculatedfrom theunfoldeddistribution with (same
asabove) å ¡$ ¤)( Ù * Ù $�+ ¡Ù (A.99)

(b) The ratio of the folded MC
å,$

and the real datadistribution & $ is back-
propagated into proportionalfactors- Ù

- ¡/.10Ù ¤ ( $ * Ù $ ¥ å ¡$& ¡$ ®�243 (A.100)

which arethenappliedto theunfolded data distribution+ ¡5.10Ù ¤ Ø ¡/.10 - ¡/.10Ù + ¡Ù (A.101)

in sucha way that the folded MC distribution convergesto the real datadis-
tribution. The row vectors(estimatedenergy distribution) of the matrix 6 Ù $
mustbenormalizedin a mannersuchthatfor eachindex ' thesumoverall en-
tries 7 giveone. Ø ¡/.10

is a normalizationfactorwhich ensuresthattheintegral
over thepreviousspectrumandafterapplicationof theproportionalfactors- Ù
is preserved.

(c) The ratio Equ.A.100 is potentiatewith exponents ª $98;: Ë<BÊ>= which depend
monotonically on the differencebetweenthe datadistribution andthe folded
MC distribution, weightedby its error ( ?1@ for one bin), in order to achieve
smooth andequivalentconvergencesimultaneously alongthe entire spec-
trum.

A $ ¤ B å ¡$ � & ¡$DC @E @FHG3
º E @IJG3

(A.102)ª $ ¤ K 'MLONQP�' » í A $ ï (A.103)K 'RLONSP�' » íUT ï ¤ ¥ ÕÊ ºWVYX Û � Ê ® 8Z: Ë<ÌÊ[= (A.104)
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Figure A.39: The unfolding procedureis illustratedin the two plots. a) The experimentaldis-
tribution (blue) is stepwiseapproximatedby a folded MC distribution (red). b) The unfoldedMC
distribution is shown in theplot below. a) Thefoldedspectrumchangesits shapeafterunfoldinges-
peciallyin theenergy regionbelow 1 TeVandabove10TeV ( bdc[efhg�i�jlk>monHprqYs t ) thecutoff appears
stronger. Above b5c>efhgoi�jlk>monupvq�s w themethodbecomesinaccuratedueto very low statistics.
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The sigmoid-like function hasbeenintroducedto assurethat the exponentsª $ are within the interval
: Ë<ÌÊ[= . Excessively large ª $ valuesacceleratethe

convergenceup to apoint wheretheoscillationscanno longerbecontrolled.

(d) Theerrorson theunfoldedspectrumarecalculatedby Gaussianerror propa-
gation from theinvolvedunfoldeddatabinsandfrom theerroron thetransfer
matrix 6 Ù $ .

(e) The ?1@ of thedifferencebetweenthedataspectrum& andthefoldedMC
å

is
computedfor eachstep ? @ ¤;( $ A $ (A.105)

in eachstep.Whenthe ?1@ startsto increasetheiterationprocedureterminates.

3. Theprocedureconvergesrapidly within five iterations.However, aftera maximum
of eight iterationstheprocedureis terminatedto ensurethat thehigh frequency os-
cillationsdo notdevelop.

Conclusion

Theprocedurebeginswith theexcesseventdistribution obtainedby usingtheenergy esti-
mationdescribedabove.Theiterationprocesscorrectsthespectrumfor nonlinearities and
biasesthatwereintroducedby theenergy estimation.In particular, it correctsfor spill over
effects from lower energy bins into higherenergy bins. Without applicationof this un-
folding procedure,theresultingspectrumwould beflatter thanthetrueoneanda possible
cutoff wouldbemeasuredat a wrongposition.

Becauseof statisticaleffectsthe unfolding procedurecanonly approximate the true
spectralshape.This hasbeenensuredby usingthe exponentsª $ which areobtainedby
weightingwith thevariances(i.e. statisticalfluctuations)in eachbin.

The resultingdistribution fits betterto the effective areasthat wereobtainedby MC
studiesasexperienceshowed. Fig. A.39 demonstratesthe result. The upperplot shows
the original datadistribution and the folded MC distribution. The lower plot shows the
unfoldedspectrum.Above20TeV virtually nosignificantsignal(too low statistics)is seen
sothatthis partof thedistribution is discarded.

A.7.3 The spectrum,fitting and reversecheckof the result

The datahasbeensortedinto several zenith angle bins becausethe effective collection
areasandthetelescopethresholdvary with zenithangle.Theobservation times for each
zenithanglebin werecarefullydetermined.In additionto thespectrafor eachzenithangle,
the total spectrum wascalculatedby computingthe effective areasandthe normalized
inversionmatrix

* Ù $ for thegivenzenithangledistributionasfoundin thedataset.
Fig. A.40 shows in the upperplot the spectrumof the crabnebula andin lower plot

its excesseventdistribution which wasusedto obtainthespectrum.Thespectrum(upper
plot) hasbeenfittedwith a normalpower law ansatz:»Åå,x   ¸v·zy�{}| ¸» â ¤ å1~ â X 2 (A.106)

with a differentialspectralindex ª anda flux constant
å1~

. Thefit results hereare
å1~ ¤í Î±Í Ë�Ï.Ë�Í Î ï ÊÌË X 0�0 Þ V�� X 0[� N X @ A X 0 , ª ¤ Õ$ÍÖÐ�Ï�Ë±ÍpÊ with a ? @ /NDF=5.5/9.

Sinceunfoldingprocessesin generalarenot completelysatisfactory andmathemati-
cally stableonemight wish to crosscheck theobtainedresults.Thereforealsothereverse
processwasalsoexamined.Out of a givendifferentialflux theexpectednumberof excess

eventsperenergy bin �°â $¡ ·Kè�� <¬â $y Ù5�[� ��� canbecomputed:
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FigureA.40: a)Theupperplot shows theunfoldedspectrumof theCrabnebula. Thefit resultshere
are ���J���h��� �J�9�D� ���}�������������>� ���z¡�¢£�¤�¥��¦� , §£�©¨D� ª«�¬���� with a ®	¤ /NDF=5.5/9.
b) Theplot shows theexperimentalexcessevent distribution of theCrabnebula. The theoretically
expectedexcesseventdistributionfor apowerlaw spectrum(bluecurve)hasbeenfittedto theoriginal
excesseventdistribution (datapoints).Mathematically, this is moresatisfactorybecause,asopposed
to anunfoldingprocess,is involveda folding processin thiscaseandtheexpectederrorsaresmaller.
Thefit resultsare: � � ���¯¨�� °¦�±�D� ¨��¦���D�����z����� �¦�z¡�¢£�²¤�¥���� , §£�©¨D� ª}�±��� ��° with a ®	¤ /NDF=6.1/9.
Thevaluesareconsistentwith the resultfrom the upperplot. The fit errorareslightly smallerdue
to theunfoldingprocedureappliedin theupperplot. TheCrabnebula is usuallyusedasa standard
candleandasa crosscheckto compareanalysisresultswith other ³ -rayexperiments.
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´¬µH¶[·�¸z¹µH¶�¹�¸zºzº æ »¼ å¾½}¿�ÀÂÁ ¹ ç�Ã ¿�Ä1Å«Æ (A.107)ÇuÈ�É º�Ê�¸�Ë�Ë æ »OÌDÍÏÎÐ» Í«Ñ µ1ÒÓ�Ô5Õ�Ö�×µ ÒØÚÙ�Û × Ü
å ¼ å¾½¿�ÀÝÁ ¹ ç�Ã ¿�Ä,Å

Ü
Á Ü

Á
Thereverseprocessdoesnot needanunfolding algorithmof thedataspectrum,but rather
a folding algorithmof anassumedunfoldedspectrum.Mathematically, this is muchmore
satisfactory, reliableandprecise.A foldedpowerlaw functionhasbeenfittedto theoriginal
excessevent spectrumand can be seenin Fig. A.40 (lower plot). The fit results are:å1Þ¬Æ ¼Rß²à áÂâ ½ àÚß Å�ã�½²äuå�å Ç�æ�ç äuå�è�éêä�ë�ì�ä	å

,
ÀÏÆ ß²àÚíÝâ ½ à ½ á

with a î ë /NDF=6.1/9. Both
methodsgive practically the samefitting resultsandarethereforeconsistent. The fit to
theoriginal foldedexcesseventdistribution givesmorepreciseresultsandsmaller fitting
errors.

A.7.4 Discussionof systematic errors and the reliability of the ob-
tained spectrum

The resultsof the analysisdependon several potentialsystematicerrorswhich are dis-
cussedhere.

1. Thefirst errorcomesfrom thecalibration of the absoluteenergy scale. Thepixels
in the camerawerecalibratedby the so-calledexcessnoisefactor method which
wasalreadydescribedabove. Dueto severalunknown parametersanduncertainties,
amiss-calibrationof theabsoluteenergy scaleof up to 15 % is easilypossible.
A forcedtranslationof the energy scaleby a small amount(+- 10 %) changesthe
positionof thethresholdof thetelescoperelative to thethresholdin theeffectivear-
easwhich consequentlychangesthe shapeof the spectrumin the region of the left
slopeof theexcesseventdistribution. Theresultingspectrumis no longerlinearand
resultsin a curvedspectrum(in thethresholdregion), in eitheranupwardor down-
warddirection.
Howeverthetotalshapeof thecalculatedspectrumis not very sensitiveto a change
of 10 %. Thespectralindex of thedifferentialflux changesslightly. Thespectrum
of thecrabnebula shows a clearpower law spectrumasit shouldwithout any dis-
tortion of thepower law closeto thethreshold.For this reasonit is believedthat the
calibrationof theabsoluteenergy scaleis not worse than10%.
Thechangein the slopeby artificially changingthe energy scaleby +-10%is only
about ï º�ð>º ¼ À%ÅÂÆ â ½ à ã

for a spectralindex of approximately
À)Æ ßà í

. Due to the
uncertaintyin absoluteenergy scalea possiblecutoff position(Mkn 421)cannotbe
determinedmorepreciselythanapproximatelyï º�ð�º ¼ Á ¹ ç�Ã ÅJÆ â ã Çoæ�ç

.

2. The secondsystematicerror originatesin the estimation algorithmfor the back-
ground. Theestimatedmiss-determinationof thebackgroundis believedto be less
than10%. Surprisingly, a forcedchangeof

â ã�½4ñ
in theestimatedbackgrounddid

notproduceany significant changein thesteepnessof thespectrum.But for aforced
overestimated/underestimatedbackgroundthecutoff position (for Mkn 421)moves
down/upby approximatelyï º�ð�º ¼ Á ¹ ç�Ã ÅlÆ â ã Çoæ�ç

. However, comparisonswith the
flux of theHEGRACT-Systemandcorrelationstudieswith theRXTE/ASM satellite
show that the origin of this analysiscoincideswith the origins of the otherinstru-
ments.Thereforeit is believedthatthatthebackgroundestimationis better or equal
than5%.

3. The third systematicerror originatesfrom the calculationof the effective areas
which arecalculatedby applyingthesameselectioncut to thedataandto theMC.
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This assumesthattheMC describesshowersandtheir imagingin a reasonableway.
Systematicerrorson theabsoluteflux dueto slightly wrongeffective areasareesti-
matedto beapproximately10 % or ï º�ð>º ¼ å Þ Å«Æ â ½ à ã*å Þ

.

A.8 Calculation of lightcur ve and hardnessratio

The lightcurve is anotherimportantmeasurementwhich providesus with valuableinfor-
mationaboutthe time structureof the flaresof Mkn 421. It givesus hints aboutthe size
of this objectandits emissionregionsandaboutthemechanismsthatproducehigh energy
gammas(SSC).

A.8.1 The mathematicalbackground of integrated flux measurements

The lightcur ve (Fig. A.41) consistsof integratedflux measurementsfor smalltime bins:åJò µ�ó Ô/ô æ µ�óHõ�ö�÷ ¼hø ÅJÆ Ü
´

Ü Ê Ü ø
Æ Ñ µ óHõ�öµ�ó Ô/ô Ü

å ¼hø Å
Ü
Á Ü

Á
(A.108)

The so-calledhardnessratio is the ratio of integratedfluxesof two energy intervals,an
upperenergy interval anda lowerenergy interval

ù ¼¯ø Å«Æ åûú µ1ü�ýzý Ù Óó Ô5ô æ µ1ü�ýzý Ù ÓóHõ�öÿþ ¼hø Åå�ú µ Ø����OÙ Óó Ô5ô æ µ Ø����4Ù ÓóHõ�ö þ ¼hø Å (A.109)

It is usedto detectchangesin thesteepnessof thespectrum,whichmightchangewith flare
intensity.

For thelightcurve, thedatais binnedwith thegranularity a singlerun . For eachrun
bin, the duration

ÇuÈ�É º , the averagezenithangle
�

andthe centernoon-MJD
ø

arefound.
Thr eedifferentenergy intervals weretreatedsimultaneously.

1. For the normal lightcur ve, an interval
ú ã à ½¿ ß ½ þ TeV was taken. A hard cut atÁ ¸zº Ã > 1.0TeV wasappliedin orderto leaveouttheregionthatis toocloseto theen-

ergy thresholdof thetelescopesothatthesystematicerrorin thelightcurvecouldbe
reduced.This regionis verysensitiveto thezenithanglebecauseof stronglyvarying
collectionareasthere.

2. Theothertwo energy intervals areneededfor thehardnessratio calculationand
arekeptvariable(thiswill bediscussedlater).

Theexcess-rate
ù�� ø æ µ1¶�¹�¸zº�º ¼¯ø Å andthebackground-rate

ù�� ø æ	� Ë�Ë ¼hø Å are

ù�� ø æ µH¶�¹�¸zºzº ¼hø Å Æ ´ ��
 ¼hø Å� ´ � Ë�Ë ¼hø ÅÇ È�É º (A.110)ù�� ø æ	� Ë�Ë ¼hø Å Æ ´ � Ë�Ë ¼¯ø ÅÇ È�É º (A.111)

The’On’-eventsaretheeventsfor whichALPHA is smaller than 18� . ThecutonALPHA
waschosento bevery generous in orderto ensurethatmostsignaleventswereretainedso
asto reduce the systematicerroron zenithangledependence(aswasalreadymentioned
above). Thebackgroundeventsbetween0� and18� areestimated by fitting theALPHA
distributionfor eachrunbetween20� and80� only with apolynomial.Dueto low statistics,
theALPHA peakwasnot fittedwith aGaussianin this case.

The backgroundrate is useful to detectcorrupted runs(from badwhetheror other
problems).The backgroundrateis slightly dependenton the zenithangleanddecreases
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FigureA.41: a) Thelight curve of thecrabnebula from Februaryto April 2001averagedover one
daybinsandb) anexamplelight curve of thecrabnebulaof onenightwith runflux points.Thecrab
nebulaemitsaconstantflux. Accordingto the ® ¤ value,thefluctuationsarein theorderof magnitude
whichwould beexpectedfrom theerrorson theflux points.This tellsusthattheerrorcalculationof
thelightcurve is consistentwith theobservedfluctuations.
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FigureA.42: Consistencycheck of lower energy interval flux ([1.0,2.0] TeV) andhigher energy
interval flux ([2.0, 20] TeV) calculation(for the Mkn 421 dataset). The sum of both fluxes is
plottedagainstthe total flux (energy interval [1.0, 20.0]TeV). Thebackgroundestimationandalso
the effective areacalculationfor the curved spectrumis doneseparatelyfor the different energy
intervals.Theplot provesconsistencyof thesumandthetotal.

with increasingzenithangle.All therunswith backgroundratesof lessthan 10events/hour
(usuallytheratesarein theorderof 40events/hour)arerejected in aqualityselectioncut.

Hence,the integrated flux for a given energy interval is definedas the excessrate
for this energy interval dividedby its averageeffective area for thecorrespondingzenith
angle:  ò µ�ó Ô5ô"! µ�óHõ�ö�÷ ¼¯ø ÅJÆ ù�� ø æ µH¶�¹�¸zºzº ! ò µ$# » 
 ! µ$#&%�¶>÷ ¼¯ø ÅÊ ¸�Ë�Ë ! » 
 Ã ¼ � Å (A.112)

In orderto obtaintheaverageeffectiveareathediffer ential fluxes from thespectrumcalcu-
lationsareusedbecausethesenumbersarevery dependenton theshapeof thespectrum.
The effective areais interpolated for the zenithangleneeded.The averagezenithangle
changesfrom run to run. FigureA.42 shows in a crosscheckthe consistency of the flux
calculation.Thesumof the lower energy [1.0, 2.0] TeV andhigherenergy [2.0, 20] TeV
interval fluxesareplottedagainstthetotal flux (energy interval from [1.0,20] TeV).

Theaverageeffective areais a weightedaverage of theflux summedover all energy
binsinsidethegiveninterval [WitCom].

Ê�¸�Ë�Ë ! » 
 Ã ¼ � Å«Æ(' µ Ô*) ò µ ó Ô5ô ! µ óHõ�ö ÷,+.-+ µ0/ Á »�132 ¼ Á #4%[¶ �ZÁ # » 
 Å 2 Ê ¸zË�Ë / Á » ¿ � 1'65 Ô87 ò 5 ó Ô5ô"9 5 óHõ�ö ÷  »
The eventsare sortedinto the energy intervals by using the estimatedenergy. For

this calculationof the lightcurve no unfolding wasperformeddueto very low statistics.
Sincerather large energy intervals are integrated,this shouldnot introduceexcessively
largesystematicerrors.Theonly potentialsystematicerrororiginatefrom theregionof the
energy thresholdthatis largely excluded (with thecutat 1 TeV).

Theerrorin theflux is derivedfrom Gaussianerrorpropagationandits natureis purely
statistical.
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ï ë: % Ã ¸ Æ ´ �$
<; ´ � Ë�ËÇoëÈ�É º (A.113)

ï ë- Æ ï ë: % Ã ¸ ;  ë ï ë= ¸zË�ËÊ ë ¸zË�Ë ! » 
 Ã (A.114)

A.8.2 Discussionabout systematicerrors and thereliability of themea-
sured lightcur ve

Two potentialsystematicerrorscaninfluencethelightcurvemeasurement.

1. The first oneresultsfrom the impossibility of performingan unfolding procedure
on thebasisof run, dueto a lack of availablestatisticalinformation. This errorcan
besignificantlyreduceda lot by performingahardcut on thelowerenergy region.

2. Thesecondoneis relatedto thebackgroundestimation. As explainedin thesection
concerningthe differentialflux measurement,a maximumsystematicerror of 10%
is assumed.However, comparingthe flux resultsto the one of the HEGRA CT-
systemandalsoto correlationstudieswith theRXTE/ASM satellite(bothin thenext
chapter)show that the origin of the flux calculationis in goodagreementwith the
othertwo instruments.For this reasonit is believedthat thebackgroundestimation
is betterthanor equalto 5%.




