ADVERTIMENT. La consulta d’aquesta tesi queda condicionada a I'acceptacio de les seglents
condicions d'Us: La difusié6 d’'aquesta tesi per mitja del servei TDX (www.tesisenxarxa.net) ha
estat autoritzada pels titulars dels drets de propietat intel-lectual Gnicament per a usos privats
emmarcats en activitats d’'investigacio i docéncia. No s’autoritza la seva reproduccié amb finalitats
de lucre ni la seva difusio i posada a disposicio des d'un lloc alie al servei TDX. No s’autoritza la
presentacio del seu contingut en una finestra o marc alie a TDX (framing). Aquesta reserva de
drets afecta tant al resum de presentacio de la tesi com als seus continguts. En la utilitzacié o cita
de parts de la tesi és obligat indicar el nom de la persona autora.

ADVERTENCIA. La consulta de esta tesis queda condicionada a la aceptacion de las siguientes
condiciones de uso: La difusién de esta tesis por medio del servicio TDR (www.tesisenred.net) ha
sido autorizada por los titulares de los derechos de propiedad intelectual Gnicamente para usos
privados enmarcados en actividades de investigacién y docencia. No se autoriza su reproduccién
con finalidades de lucro ni su difusion y puesta a disposicidon desde un sitio ajeno al servicio TDR.
No se autoriza la presentacién de su contenido en una ventana o marco ajeno a TDR (framing).
Esta reserva de derechos afecta tanto al resumen de presentacion de la tesis como a sus
contenidos. En la utilizacién o cita de partes de la tesis es obligado indicar el nombre de la
persona autora.

WARNING. On having consulted this thesis you're accepting the following use conditions:
Spreading this thesis by the TDX (www.tesisenxarxa.net) service has been authorized by the
titular of the intellectual property rights only for private uses placed in investigation and teaching
activities. Reproduction with lucrative aims is not authorized neither its spreading and availability
from a site foreign to the TDX service. Introducing its content in a window or frame foreign to the
TDX service is not authorized (framing). This rights affect to the presentation summary of the
thesis as well as to its contents. In the using or citation of parts of the thesis it's obliged to indicate
the name of the author




UNIVERSITAT POLITECNICA DE CATALUNYA
BARCELONATECH

Departament de Matematica Aplicada IV

PROGRAMA DE DOCTORAT DE MATEMATICA APLICADA

RANDOM COMBINATORIAL STRUCTURES WITH LOW DEPENDENCIES:
EXISTENCE AND ENUMERATION

by

GUILLEM PERARNAU LLOBET

PhD dissertation

Advisor: Oriol Serra Albo

Barcelona, July 2013

Facultat de Matematiques

i Estadistica

UNIVERSITAT POLITECNICA DE CATALUNYA






A UFElena,






Acknowledgements v

Acknowledgments:

This thesis is the result of a trip that, during these last years, allowed me to discover a new
fascinating area. There are many people who have accompanied me and to whom I own an
enormous part of this work. Their wise advice, contagious joy and unconditional support made
this thesis possible.

First of all, I want to thank my advisor Oriol Serra. He has transmitted me his pure enthusiasm
for knowledge, music and specially maths. Whenever I needed his advice for a new problem, he
has put everything aside to discuss it, just with the help of some coffee. T will never forget the
excitement on his face each time I claimed I had a new proof for that problem that didn’t want
to work. This thesis has a huge debt to his broad point of view and lucid ideas. With all his
virtues and (not many) defects, I could not imagine anyone better to lead me all these years.

I also want to thank all my coauthors; in particular, Florent Foucaud, for all the shared moments
playing board games and enjoying wvins et fromages, Dieter Mitsche, with whom I learned more
than he could imagine and Giorgis Petridis, an excellent person from who I got many useful
advises. I would also like to specially thank Josep Diaz for sharing many blackboard discussions
and never losing the hope in defeating a problem.

My gratitude also to Tibor Szab6 and all the people in the Freie Universitit, who make me feel
that Berlin is a second home for me, and to Gabor Tardos for thoroughly checking this document,
for his kind hospitality and for showing me Hungarian history in Budapest.

I want to give my gratitude to the non—profit help and many comments provided by colleagues
and anonymous referees who enormously contributed in increasing the quality of this thesis.
Specially, many thanks to Marc Noy for introducing me to permutation patterns and for our nice
discussions about them.

I also want to thank all the people I have met all along these years in conferences, schools,

workshops. ... I would never be able to enumerate them all, but specially thanks to Andrzej,
Aline, Anita, Asaf, Fiona, Henning, Jan, Kaska, Katherine, Mima, Marko, Nico, Reza, Roman,
Ross, Tomas, Xavier, Will.... Thanks for the amazing moments we shared either discussing

problems or learning how to toast in many languages.

Vull agrair al Department MA4 i al grup COMBGRAPH loportunitat de realitzar la tesi, aix{
com el finangament per tal poder viatjar i formar-me com a matematic i com a persona. Agrair
en especial U'energia transmesa per I’Anna Lladd i a en Josep M. Aroca, per fer que la meva
experiéncia com a docent fos immillorable.

També vull donar les gracies a tota la gent que algun dia m’ha preguntat, pero... ¢ de qué va el
teu doctorat?, i aquells que han despertat la meva curiositat en la ciéncia i en les matematiques,
especialment al Toni Hernandez i al Sebastia Xambo.

Tant en I’ambit personal com professional, vull agrair a I’Arnau el seu esfor¢ pel que faci falta,
ja intentant trobar un problema de comu interés on treballar junts o convencent-me per fer un
“altim” mojito. De gran suport també han estat I’Adria, la Cris, 'Inma, la Laura, el Victor, les
multiples vetllades renegant dels nostres doctorats i els bons moments compartits.

Gran part d’aquesta tesi li dec a la gent amb qui he compartit el dia a dia durant aquests anys



vi Acknowledgements

i que han passat a ser molt més que excompanys de fatigues. A I’Angela per ser una persona
excel-lent, a les bromes de ’Aida, a la “mejor amiga” Cris, als comentaris del Marconi, al Morgan
per fer-me riure com ninga, a les converses amb el Vena, al PD, a I’Eric, al Teixi, al Romain, a
I’Héctor i a tants d’altres que han passat pel despatx.

Gracies a la terrasseta del Poblesec del Joan i la Nuria, a la vida al piset amb el Gerard i el Sergi,
a les tardes de Flohmarkt amb el Iol i la Julia i a tanta altra gent que m’ha acompanyat durant
aquests anys: Georgina, Gina, Guille, Javi, Jordi, Jud, Lara, Maria, Nuria, Sergi, Tere. ..

Vull agrair a la meva familia, avis, oncles i cosins, a aquells que hi sén i a aquells que ja no, el
suport sempre incondicional. Als meus pares, Tiu i Pere, per tot ’afecte que m’han donat, per
haver fet de mi el que soc, per haver-me ensenyat que la perseveranca doéna els seus fruits i per
intentar que sigui una mica menys desastre; sincerament, moltes gracies. Al Marti, per tots els
moments compartits d’enca que érem petits, per ser tant bon amic com germa i pels seus rotllos
de fisic.

Ja per acabar, gracies a tu, Elena, per fer-me sentir cada dia més afortunat, per les tardes de
sofd, pels records passats, pels plans futurs i perqué n’estic convencut que junts podem arribar
més lluny.



Abstract vii

Random Combinatorial Structures with low dependencies: existence and
enumeration

Abstract:

In this thesis we study different problems in combinatorics and in graph theory by means of the
probabilistic method. This method was introduced by Erdés and its first applications are found
in Ramsey Theory and graph colorings. It has become an extremely powerful tool to provide
existential proofs for certain problems in different mathematical branches where other methods
had failed utterly.

One of its main concerns is to study the behavior of random variables. In particular, one common
situation arises when these random variables count the number of bad events that occur in a
combinatorial structure. The idea of the Poisson Paradigm is to estimate the probability of these
bad events not happening at the same time when the dependencies among them are weak or rare.
If this is the case, this probability should behave similarly as in the case where all the events are
mutually independent. This idea gets reflected in several well-known tools, such as the Lovész
Local Lemma [52] or Suen inequality [82].

The goal of this thesis is to study these techniques by setting new versions or refining the existing
ones for particular cases, as well as providing new applications of them for different problems in
combinatorics and graph theory. Next, we enumerate the main contributions of this thesis.

The first part of this thesis extends a result of Erdés and Spencer on latin transversals [53]. There,
the authors showed that an integer matrix such that no number appears many times, admits
a latin transversal. This is equivalent to study rainbow matchings of edge—colored complete
bipartite graphs. Under the same hypothesis of [53], we provide enumerating results on such
rainbow matchings. Our techniques are based on the framework devised by Lu and Szekely [98].

The second part of the thesis deals with identifying codes. An identifying code is a set of vertices
such that all vertices in the graph have distinct neighborhood within the set. We provide bounds
on the size of a minimal identifying code in terms of the degree parameters and partially answer
a question of Foucaud et al. [6I]. By studying graphs with girth at least 5 and large minimum
degree, we are able to estimate the size of a minimum code for random regular graphs. On a
different chapter of the thesis, we show that any dense enough graph has a very large spanning
subgraph that admits a small identifying code.

In some cages, proving the existence of a certain object is trivial. However, the same techniques
allow us to obtain enumerative results. The study of permutation patterns is a good example of
that. In the third part of the thesis we devise a new approach in order to estimate how many
permutations of given length avoid a consecutive copy of a given pattern. In particular, we
provide upper and lower bounds for them. One of the consequences derived from our approach
is a proof of the CMP conjecture, stated by Elizalde and Noy [50] as well as some new results
on the behavior of most of the patterns.

In the last part of this thesis, we focus on the Lonely Runner Conjecture, posed independently
by Wills [127] and Cusick [41] and that has multiple applications in different mathematical fields.
This well-known conjecture states that for any set of runners running along the unit circle with
constant different speeds and starting at the same point, there is a moment where all of them
are far enough from the origin. We improve the result of Chen [35] on the gap of loneliness by
studying the time when two runners are close to the origin. We also extend the invisible runner
result of Czerwinski and Grytczuk [44].






Resum X

Estructures Combinatories Aleatories amb dependéncies febles: existéncia i
enumeracio.

Resum:

En aquesta tesi s’estudien diferents problemes en el camp de la combinatoria i la teoria de grafs,
utilitzant el métode probabilistic. Aquesta técnica, introduida per Erdés, ha esdevingut una eina
molt potent per tal de donar proves existencials per certs problemes en diferents camps de les
matematiques on altres métodes no ho han aconseguit.

Un dels seus principals objectius és l'estudi del comportament de les variables aleatories. El
cas en que aquestes variables compten el nombre d’esdeveniments dolents que tenen lloc en
una estructura combinatoria és de particular interés,. La idea del Paradigma de Poisson és
estimar la probabilitat que tots aquests esdeveniments dolents no succeeixin a la vegada, quan
les dependéncies entre ells son febles o escasses. En tal cas, aquesta probabilitat s’hauria de
comportar de forma similar al cas on tots els esdeveniments sén independents. El Lema Local
de Lovasz [52] o la Desigualtat de Suen [82] son exemples d’aquesta idea.

L’objectiu de la tesi és estudiar aquestes técniques ja sigui proveint-ne noves versions, refinant-ne
les existents per casos particulars o donant-ne noves aplicacions. A continuacié s’enumeren les
principals contribucions de la tesi.

La primera part d’aquesta tesi estén un resultat d’Erdés i Spencer sobre transversals llatins [53].
Els autors proven que qualsevol matriu d’enters on cap nombre apareix massa vegades, admet
un transversal on tots els nombres son diferents. Aixo equival a estudiar els aparellaments
multicolors en aresta—coloracions de grafs complets bipartits. Sota les mateixes hipotesis que [53],
es donen resultats sobre el nombre d’aquests aparellaments. Les técniques que s’utilitzen estan
basades en l'estratégia desenvolupada per Lu i Székely [98].

En la segona part d’aquesta tesi s’estudien els codis identificadors. Un codi identificador és
un conjunt de vértexs tal que tots els vértexs del graf tenen un veinatge diferent en el codi.
Aqui s’estableixen cotes en la mida d’un codi identificador minim en funcié dels graus i es resol
parcialment una conjectura de Foucaud et al. [61]. En un altre capitol, es mostra que qualsevol
graf suficientment dens conté un subgraf que admet un codi identificador optim.

En alguns casos, provar 'existéncia d’un cert objecte és trivial. Tot i aixi, es poden utilitzar les
mateixes técniques per obtenir resultats d’enumeracié. L’estudi de patrons en permutacions n’és
un bon exemple. A la tercera part de la tesi es desenvolupa una nova técnica per tal d’estimar el
nombre de permutacions d'una certa llargada que eviten copies consecutives d’un patr6é donat.
En particular, es donen cotes inferiors i superiors per a aquest nombre. Una de les conseqiiéncies
és la prova de la conjectura CMP enunciada per Elizalde i Noy [50] aixi com nous resultats en el
comportament de la majoria dels patrons.

En l'dltima part de la tesi s’estudia la Conjectura Lonely Runner, enunciada independentment
per Wills [127] i Cusick [41] i que té multiples aplicacions en diferents camps de les matematiques.
Aquesta coneguda conjectura diu que per qualsevol conjunt de corredors que corren al llarg d’un
cercle unitari, hi ha un moment on tots els corredors estan suficientment lluny de 'origen. Aqui,
es millora un resultat de Chen [35] ampliant la distancia de tots els corredors a l'origen. Tambeé
s’estén el teorema del corredor invisible de Czerwiniski i Grytczuk [44].
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CHAPTER 1

INTRODUCTION

The probabilistic method was initiated by Paul Erdds and it has been one of the most powerful
and widely used techniques to deal with combinatorial problems. During the last 60 years it has
been developed and has provided existential proofs for certain problems in different mathematical
branches where other methods had failed utterly.

For instance, one may find multiple applications of it in mathematical fields like number theory,
linear algebra, geometry or analysis. In particular, it is also one of the most used tools in algo-
rithmics, connecting combinatorics with computer science. Topics like the study of randomized
algorithms or property testing are good examples of that.

The probabilistic method relies on proving that a statement is true by setting a probability
space and showing that the probability of this statement is strictly positive. Whereas many
combinatorial proofs provide constructions of such objects in an explicit way, the probabilistic
method gives only existential proofs. This is one of the reasons why this method proves to be
so powerful to attack some problems where classical combinatorial arguments do not provide
any interesting information. Recently, some constructive methods have been devised to give a
randomized algorithm that finds the desired object and that run in polynomial time with high
probability. When such algorithm exists, it is also interesting to study how to derandomize it to
provide a deterministic algorithm. On this section we will comment some of these techniques.

When considering random combinatorial objects, most of their combinatorial properties can be
expressed as a function of different random variables, f(Xi,..., Xn). One of the main concerns
of the probabilistic method is to study the behavior of these random variables f(Xi,...,Xn)
by understanding each random variable X; as well as the interplay among them. For instance,
one can look at the expected value of f(Xi,...,Xx). In many situations, we want to know how
likely is that f(X7q,..., Xn) lies close to its expected value. For this reason, there is a bunch of
probabilistic tools to deal with concentration of random variables around their expected value,
also known as large deviation inequalities.

Nonetheless, in this thesis we will focus in the problem of estimating the probability that
f(X1,...,Xn) = 0. One common situation in the probabilistic method arises when the ex-
istence of the desired structure can be expressed in terms of the avoidance of certain set of “bad”
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events A = {A4;,..., Ay} from the probability space. For instance, a proper coloring can be
understood as a random coloring that avoids the events defined by monochromatic edges. This
motivates the definition of the following function f(X1,...,Xny) =X = X3+ - -+ Xy, where X;
is the indicator random variable of the event A; € A. Then, X counts the number of bad events
in a particular instance of the probability space and the probability that X = 0 is exactly the
probability that no bad event from A occurs. This property turns to be very useful. For example,
the existence of at least one object satisfying our restrictions can be ensured by bounding this
probability away from zero.

The study of the probability that X = 0 is not only related to existential results, but also to
enumeration. Suppose that each element of our space appears with equal probability, that is, we
have a uniform distribution. Then, the size of the probability space times the probability that a
random object satisfies X = 0, provides the exact number of elements of this space that fulfill
the desired property defined by the avoidance of A.

In many cases it is hard to exactly compute the probability that X = 0, even for small probability
spaces. However, meaningful asymptotic estimations can be given when the size of the probability
space is large. Some applications of this idea will be seen in different parts of the thesis.

Let us focus in the tools we are going to use to bound Pr(X = 0). If the random variables X;
are non—negative and mutually independent, it is easy to compute such probability,

N

N
Pr(X =0) = Pr <ﬂ{X = 0}> =[] - Pr(X; #0)) ~ e =, (1.1)
=1

i=1

In particular, the distribution of the number of bad events that are satisfied, X, can be approx-
imated by a Poisson random variable with parameter E(X).

Obviously, if the random variables are highly dependent this estimation can be far from being
correct. Intuitively speaking, a high correlation among the variables will force Pr(X = 0) to
deviate from the estimation of . Consider the following experiment. Flip just one coin and
for all i+ € [N], set X; = 1 if tail appears and X; = 0 otherwise. It is clear that Pr(X =0) = 1/2,
while the estimation in gives e~ N /2. which can be arbitrarily small.

This suggests that we do not have a general intuition to rely on when computing the probability
that no bad event is satisfied. Nevertheless, the estimation in of such probability is useful
when the dependencies among the random variables X; are weak, meaning that each X; is
mutually independent to large sets of random variables; or when the join probabilities are close
to the product of the individual ones.

The Poisson Paradigm states that, when there are few dependencies among the events in A or
these dependencies are weak, the probability of these bad events not happening at the same time
should behave similar to the estimation in . As a paradigm, this is not always working but
provides an intuition under some circumstances on what may be the truth. The exact conditions
under which we can ensure that the Poisson Paradigm is satisfied, may change depending on the
techniques used and can be either local or global on the set of events A. In this chapter, we will
overview some of them. For a detailed explanation of the techniques and the conditions they
require to be applied, we refer the reader to Section [2.2.2]

Let us start by introducing a well known tool to provide existential proofs of combinatorial
objects, the Lovasz Local Lemma (LLL). The local lemma was settled by Lovasz and Erdés in
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1975 (see [52]) to show the existence of 3-colorings in hypergraphs under some local restrictions
on the hyperedges. Since then, it has been a useful tool for solving a great diversity of problems.
As seen before, if A is a finite set of mutually independent events, each with probability strictly
less than one, then the probability that no event occurs is always strictly positive. The LLL
allows us to slightly relax the independence condition. In order to apply it, the set A must
satisfy the following conditions: for every event A; € A, if the set of all the events but D; are
mutually independent from A;, then the sum of the probabilities of the events in D; is not too
large. If this condition is satisfied, then the probability that none of the events holds is strictly
positive under some specific quantification provided by the LLL.

Because of this conditions, one can imagine the local lemma as a local union bound. The union
bound implies that for every set of events A such that Zfil Pr(A;) < 1, we have Pr(nX_, 4;) > 0.
The conditions needed to apply the local lemma, can be understood as a local version of the
union bound.

The local lemma, not only gives the existence of these structures without bad events, but also
provides and explicit exponential lower bound for it. In many cases, this bound is asymptotically
tight. The power of the local lemma lies in the fact that it provides the existence of elements
which have exponentially small density in a large space of combinatorial objects. Observe that
some other probabilistic techniques, such as the first or the second moment, typically show the
existence of elements that have constant density in the space.

As we will see in the forthcoming chapters, the local lemma takes advantage of the locality of
certain defined properties in combinatorial structures. For instance, this tool is of particular
interest when analyzing graphs with bounded maximum degree.

In most of the applications it is useful to study the dependency graph of the set A (see Defini-
tion that captures the dependencies among the events. However, in order to illustrate the
statement of the local lemma, we introduce a simplified version of it, known as the symmetric
local lemma, for which the dependency graph is implicitly defined in the statement.

Let A be a set of events such that Pr(A;) = p for every A; € A, Suppose that each event is
mutually independent from all but at most d other events. If,

ep(d+1) <1, (1.2)
then, Pr(n¥, 4;) > 0.

The constant e in cannot be improved as showed by Shearer [119]. Gebauer, Szabé and
Tardos [69] proved that the local lemma is also tight in the context of k-CNF formulas [69].
Their proof is based on the lopsided version of the Lovéasz Local Lemma, which was introduced
by Erdés and Spencer [53] in the context of latin transversals of square integer matrices. In this
lopsided version, the condition of mutual independence to build the dependency graph, is relaxed
for events that are positively correlated, obtaining a lopsidependency graph (see Definition .
We will make use of this version in the Chapter [3] of this thesis.

However, one of the main drawbacks of the local lemma is that it just takes into account the
number of dependencies among the events, but not the strength of these dependencies.

For instance, if A is a set of “almost” independent events one would expect to be able to derive
a lower bound on Pr(X = 0) similar to (1.1). Unfortunately, the local lemma is not able to
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provide such a result. As we will see in Section [2.2.2.3] we have other tools that allow us to
give a meaningful upper bound on the probability of X = 0, even in the case where there are no
mutually independent events.

While the local lemma is useful to provide existential results, it does not give the means to con-
struct an object that satisfies the desired property. In this direction, Moser and Tardos [108],[109]
propose an algorithmic version of the Lovasz Local Lemma, following earlier work by Beck [14]
and by Molloy and Reed [104]. This version provides randomized algorithms to find objects for
which the standard version of the Lovasz Local Lemma can prove their existence. Moreover,
the algorithm is efficient; it runs in almost linear time in average. This has been a real break-
through in the area. The method, also known as entropy compression has been useful to improve
certain results where the non constructive version of the local lemma had been already applied
earlier [75] [56].

Although upper bounds on the probability of avoiding a set of events A at the same time do
not provide existential results of any kind, for some applications, like enumeration, they are
particularly useful. Some applications of it will be seen in Chapters [3] and [6]

Janson [81] introduced a useful inequality, which can be also thought as a concentration inequality
(see [8, Theorem 8.7.2]), that we can use to bound from above the probability that X = 0. Here,
in contrast with the local lemma, pairwise join probabilities have an important role. However,
this inequality can be applied just to a certain type of events which, in particular, should be
positively correlated (see Theorem for the complete statement).

Suen [123] propose a similar version of this inequality where the particular setting of the Janson
inequality is not required anymore. This allows us to study any setting, even if the nature of the
dependencies is not clear. As Janson inequality, Suen inequality is also sensible to the different
pairwise relations among events by taking into account the probabilities Pr(A4; N A;), when A;
and A; are not mutually independent.

Since it is stated in a wider context, obviously, Suen inequality is not as strong as Janson
inequality and can be used only in the cases where the dependencies among events are neither
very numerous nor very strong. This inequality is particularly useful for some cases where
dependencies are bounded. Some nice examples of the use of this inequality can be found
in [66], 24]. Another good reference of it is the paper of Janson [82].

In fact, if the dependencies are strong, both Janson and Suen inequalities can be worse than the
simple application of the second moment method.

A promising contribution was made by Lu and Székely [97], [08]. There, the authors consider a
different version of the dependency graph, the so—called e-near dependency graphs (see Defini-
tion [2.9), and adapt the local lemma to give an upper bound for Pr(X = 0) instead of a lower
bound. Although it is not easy to show that a graph is an e—near dependency graph, the authors
provide a good example by considering the problem of finding a perfect matching in the complete
graph that avoids a family of “bad” partial matchings. This example is closely related to the
lopsidependency graph defined in [53]. By means of their approach, Lu and Székely manage to
count the number of regular graphs, latin rectangles or permutations without k—cycles.

As in the case of the local lemma, this last approach does not consider pairwise join probabilities.
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However, the definition of enear dependency graphs, reduces the number of dependencies to be
considered, similarly as in the lopsided case, and can be very useful in some cases.

In conclusion, these tools provide upper and lower bounds for the probability that a certain set
of bad events do not occur. Therefore, they can approximate the number of configurations that
avoid all these bad events. Hence, they do not just provide existence results, but also enumerative
ones.

Some of the material in this thesis has been already published or is to appear in journals [62]
115 112]. Most of the remaining material has also been published as a preprint in the ArXiv
server [63] [114], and is currently submitted for publication. The contributions have also been
presented in several conferences and workshops.

This thesis addresses different problems in which the above framework tools are thoroughly
exploited: Rainbow matchings of edge colored complete bipartite graphs (Chapter , Identifying
codes in graphs (Chapters 4| and , Consecutive pattern avoiding in permutations (Chapter @
and the Lonely Runner Conjecture (Chapter [7). In what remains of this chapter, we briefly
review each problem of the thesis with an small introduction of the topic, the statement of the
main results and some comments on the techniques used to prove them.

1.1 Rainbow Perfect Matchings in Complete Bipartite Graphs

A subgraph H of an edge—colored graph G is rainbow if no color appears twice in the edges of H.
In particular, we will focus in rainbow perfect matchings of an edge—colored complete bipartite
graph K, ,. This case is of particular interest due to the connexion with latin transversals in
integer matrices. Recall that a latin transversal is a set of n positions of an n X n matrix, no two
in the same row nor the same column, that contain all different elements.

Our work is motivated by the following longstanding conjecture of Ryser on the existence of latin
transversals in latin squares:

Conjecture 1.1 (Ryser Conjecture [I18]). Every latin square of odd size admits a latin transver-
sal.

This conjecture was extended by Stein [I21] to n x n integer matrices containing n copies of each
element in {1,...,n}.

An interesting approach on Stein’s conjecture was given by Erdds and Spencer [53].

Theorem 1.2 ([53]). Let A be an integer matriz. If every entry in A appears at most ”4—_61 times,
then A has a latin transversal.

In Chapter [3| we study the number of rainbow matchings in a given edge—coloring of K, ,,, where
every color appears at most some number of times, thus extending Theorem

The techniques used to derive these bounds are inspired by the framework devised by Lu and
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Székely [98] to obtain asymptotic enumeration results using the Lovasz Local Lemma. The main
result in Chapter [3]is the following theorem.

Theorem 1.3. Given an edge—coloring of K, ,, such that no color appears more than n/k times,
k > 13.66, let t be the number of pairs of non—incident edges that have the same color. Then,
the number of rainbow perfect matchings is at most

NESRIEN
exp (— <1+1k6> n(nt—1)>n‘

Observe that the dependency on t is natural, since a coloring in which all pairs of monochromatic
edges are mutually incident (¢ = 0) has n! rainbow perfect matchings.

and at least

Any proper edge-coloring where each color appears exactly n/k times, satisfies ¢ ~ n3/2k.

Corollary 1.4. Given a proper edge—coloring of Ky, in which each color appears ezactly n/k
times, k > 13.66, the number of rainbow perfect matchings is at most v2(k)"n! and at least
v1(k)"n! for some constants 0 < (k) < v2(k) < 1 which depend only on k.

The second part of Chapter [3]is devoted to the study of the existence of rainbow perfect matchings
in random edge—colorings. We restrict ourselves to colorings with a fixed number s = kn of colors
and we define two natural random models that fit with this condition: the uniform random model,
Cu(n, s), and the regular random model, C.(n, s). Analogous results to the one in Theorem
can be proved for these random models.

Proposition 1.5. The expected number of rainbow perfect matchings in an edge—coloring of K, »,
chosen at random from the Cy(n,s) (or the C.(n,s)) with s = kn colors, k > 1, is

oo ( (< (6 v (551 1) o) .

For k =1, the expected number is

exp (—(1+o(1))n)n!.

Since the edge—coloring is chosen at random, the probability that a perfect matching selected at
random is rainbow, is more concentrated than in the case of arbitrary edge—colorings.

Finally, we show that in the C,(n,s) model, an edge—coloring has a rainbow perfect matching
with high probability.

Theorem 1.6. An edge—coloring of K, ,, chosen at random from the C,(n,s) with s > n colors,

contains a rainbow perfect matching with high probability.

This result can be easily extended to the C,(n, s) using the same ideas. In particular, this implies
that the conjecture posed by Stein is true for almost all edge—colorings.

The results of Chapter [3| are joint work with Oriol Serra and can be found in [115].
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1.2 Bounds for identifying codes in terms of degree parameters

Given a graph G, an identifying code C is a dominating set such that for any two vertices, their
neighborhoods within C are nonempty and distinct. This property can be used to distinguish
all vertices of the graph from each other. Unlike dominating sets, not every graph can have an
identifying code. In fact, it is easy to check that a graph has a identifying code if and only if there
are no two adjacent vertices connected to the same set of vertices. For the sake of simplicity,
throughout the section we will assume that G admits an identifying code.

Motivated by the applications, given a graph G we want to study the smallest size of an identifying
code, also called the identifying number of G and denoted by '°(G). The following bounds are
known for this number,

logy(n+1) <+™(G) <n.

In Chapter [d] we provide bounds on the identifying number in terms of degree-.related graph
parameters such as the minimum and maximum degree, denoted by d and A respectively. We
also focus on the case of d-regular graphs.

In the first part of Chapter 4] we answer partially a question raised in [58] on the size of a
minimum identifying code in a graph with bounded maximum degree. It was showed in [86] that
if G has maximum degree A, then

'YID(G) > d2+n2 .

While the proof of this result is straightforward, it does not seem so easy to provide a sharp
upper bound. It was conjectured in [6I] that the following upper bound holds.

Conjecture 1.7 ([61]). For any connected graph G with mazimum degree A,

VP(G) < — % +0(1) .

Graphs with maximum degree A that admit an identifying code of size n — % are known (see

Section {.5)). Thus, if Conjecture holds, it is best possible.

It was showed in [59] that v'°(G) < n — orAsy> and YP(G) < n— o( When G is d-regular.
In this thesis we prove an upper bound for v'°(G) when G has bounded maximum degree. The
exact statement of this result can be find in Theorem [£.6] As corollaries of it, we have the
following results.

Corollary 1.8. For any connected graph G with mazimum degree A,

In particular, Theorem also allows us to prove an asymptotic version of the conjecture for
different classes of graphs.

Corollary 1.9 (Regular graphs). For any connected d—regular graph G,

’yID(G)Sn—@.
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Corollary 1.10 (Graphs excluding complete graphs as minors). Let Ga be a the class of con-
nected graphs that have mazimum degree A and exclude Ky, as a minor. Then for every graph

GEgA;

1) <n - c(k)d’

for some constant c(k) that depends on k.

The proof of the main theorem, uses the weighted version of Lovasz Local Lemma to show the
existence of an identifying code, together with standard concentration bounds, to show that the
code, selected at random, is small enough.

In order to understand the behavior of v'°(G) for d-regular graphs it is worthy to study typical
d-regular graphs. The second part of this Chapter is devoted to compute the value of v*°(G)
with high probability, for a d-regular graph chosen uniformly at random. Identifying codes have
been previously studied in two models of random graphs, the classic random graph model [66]
and the model of random geometric graphs [I10]. We will deal with random regular graphs
through the so-called Configuration model (see Subsection .

First, it is convenient to give an upper bound for the size of an identifying code in graphs with
minimum degree d, when the girth of the graph is at least 5.
Theorem 1.11. For any graph G with minimum degree d and girth at least 5, we have

3log dn
2d

7P(G) < (1+04(1))

Since d-regular graphs do not have many triangles and 4—cycles, one can adapt the proof to show
the following.

Theorem 1.12. Let G be a d-regular graph chosen uniformly at random, d > 3. With high
probability, we have
_ logd+ O(loglogd)

7'P(G) 7

n.

The results of Chapter {4 are joint work with Florent Foucaud and can be found in [62].

1.3 Large spanning subgraphs admitting small identifying codes

Consider any graph parameter that is not monotone with respect to graph inclusion. Given a
graph G, a natural problem in this context is to study the minimum value of this parameter
over all spanning subgraphs of G. In particular, how many edge deletions are sufficient in order
to obtain from G a graph with optimal value of the parameter? Herein, we study this question
with respect to the identifying code number of a graph, a parameter introduced in Section [I.2]

There are very dense graphs that have a huge identifying code number; sparse graphs, such as
trees and planar graphs, also have a linear identifying code number [I17]. On the other hand,
one can also find sparse and dense graphs with logarithmic identifying code number [106), [66],
which is the smallest it can be.
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This motivates the following question:

Given any sufficiently dense graph, can we delete a small number of edges to get a spanning
subgraph with a small identifying code?

This question is related to the notion of resilience of a graph with respect to a graph property
P [122].

Despite being dense, the random graph G(n,p) (for 0 < p < 1) has a logarithmic size identifying
code, as with high probability,

V(G p)) = (14 o(1)) 128"

log (1/q) '
where ¢ = p? + (1 — p)? [66]. Comparing this result with the examples of dense graphs with high

identifying code number, one can guess that, in a dense graph, the lack of structure implies the
existence of a small identifying code number. The following theorem, formalizes this idea.

Theorem 1.13. For every graph G on n vertices with maximum degree A = w(1) and minimum
degree d > 66log A, there exists a subset of edges F' C E(QG) of size

F| = O(nlogA) .
such that ow A
YP(G\ F) =0 (” Odg ) .

The next theorem shows that Theorem [I.13] cannot be improved much.

Theorem 1.14. For every d > 2, there exists a d-reqular graph G% on n wvertices with the
following properties.

1. For every M > 0, there exists a constant ¢ > 0 such that for every set of edges F C E(GY)
satisfying v (Gp \ F) < M"l‘zigd, the size of F is |F| > cnlogd.

2. For every spanning subgraph H of G, v'P(H) = (%gd).

n

When d = Poly(A), Theorem shows that Theorem is asymptotically tight. Moreover,
we also show that the hypothesis of Theorem [I.13]are necessary. There are graphs with bounded
A and graphs for which d < log A/2, such that all their spanning subgraphs have a linear
identifying code number.

Since the identifying code number is a non—-monotone property, we also consider the case where
edges can be added instead of deleted in G. For such a case, analogous results are derived.

In [12], the notion of a watching system has been introduced as a relaxation of identifying codes:
in a watching system, code vertices (“watchers”) are allowed to identify any subset of their
closed neighborhood, and several watchers can be placed in one vertex. Under the hypothesis of
Theorem and as a corollary of it, we can provide a watching system of size O (nlog A/d).

The results of Chapter p| are joint work with Florent Foucaud and Oriol Serra, and can be found
in [63].
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1.4 Consecutive pattern avoiding in permutations

A permutation m € S, of length n contains o € S, of length m as a consecutive pattern if there
exists a set of m consecutive elements in 7 that have the same relative order as the elements in
0. One interesting problem in the area of pattern avoidance in permutations is to determine the
number of permutations in S,, that do not contain ¢ as a consecutive pattern.

This problem was introduced by Elizalde and Noy in [50], where they completely determined the
asymptotic enumeration of such permutations when m = 3.

For every o € Sp,, let a,,(0) be the number of permutations in S, that avoid o as a consecutive
patterns. Elizalde [48] showed that the limit

po = lim (a"(0)>1/n

n—o00 nl

exists, for any o € S,

In [50], the authors stress the importance of the monotone patterns, (1,2,...,m) and (m,...,2,1),
in this problem and pose the following conjecture.

Conjecture 1.15 (CMP conjecture [50]). For every o € Sy,

Po < P,2,...m) -

Recently, this conjecture has been proved by Elizalde [49] using generating functions and the
cluster method of Goulden and Jackson [71].

In Chapter[6]we study consecutive patterns in permutations using a completely different approach
to the problem, based on the probabilistic tools we provide in Chapter 2] While our approach
is not as precise as the generating function technique, it provides simpler alternative proofs of
some known results, as the CMP conjecture, and allows us to obtain more general results.

Our first result gives an explicit upper bound for the number of permutations in §,, avoiding a
given ¢ as a consecutive patterns, when ¢ is not monotone.

Theorem 1.16. For every non monotone pattern o € Sy,
1 1

To prove this theorem we make use of Suen Inequality [123] since the number of dependencies in
the set of bad events is small.

By comparing the upper bound given by Theorem with the result obtained by Elizalde and
Noy [51] for monotone patterns we can give an alternative proof of the CMP conjecture as a
corollary. Our proof works for any value of m > 5, but does not provide meaningful results for
the case m = 4. Moreover, the probabilistic approach also allows us to estimate the difference
between the number of permutations avoiding the most and the second most avoided pattern.
This last result has not been obtained by means of generating functions.
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We also provide general upper and lower bounds for any pattern of length m.

Theorem 1.17. For every o € S,

1 m 1 1
- _ < <l-— .
! m! O<(m!)2> spo=l m!+0(m-m!>

To prove the lower bound on the number of permutations avoiding a given pattern we use a one-
sided version of the Lovasz Local Lemma introduced by Peres and Schlag [116] (see Lemma[2.14)).
Both bounds are asymptotically tight. An extremal example for the upper bound is provided by
monotone patterns and for the lower bound by the pattern (1,2,...,m —2,m,m — 1).

As Theorem [1.17] gives bounds for a given o in terms of m, a natural question is to determine
how most of the patterns behave. In this direction a much stronger upper bound, close to the
general lower bound, is showed to hold for most of the patterns.

Theorem 1.18. Let o be chosen uniformly at random from S,,. Then, with high probability,

1 cm
<1-— £
Po = m!+0((m!)2) ’

where ¢ > 1 is some constant.

Theorem is stated in the thesis in a more general way (see Theorem [6.6). This theorem
shows that, when m is large enough, for most of the patterns p, is concentrated close to the
lower bound provided by Theorem [I.17}

The results of Chapter [f] can be found in [112].

1.5 On the Lonely Runner Conjecture

The Lonely Runner Conjecture was posed independently by Wills [127] in 1967 and Cusick [41]
in 1982. Suppose that n runners are running on the unit circle with different speeds and starting
at the origin. Then, the conjecture states that for each runner, there is a time where he is at
distance at least 1/n from all the other runners. Let us denote by ||z|| the distance from z to
the closest integer. Then, the conjecture can be restated in the following terms,

Conjecture 1.19 (Lonely Runner Conjecture). For every n > 1 and every set of nonzero speeds
V1, ..., Uy, there exists a time t such that

1
[tvil| > ——,
n-+1

for every i € [n].

This conjecture was motivated by a problem in diophantine approximation [I8], 4], but appears
in many different areas such as view—obstruction problems [42], nowhere zero flows [19], chromatic
numbers of distance graphs [13] or lacunary sequences [116, 46].
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In [21] it is showed that the conjecture can be reduced to the case where all the speeds are
integers. In such a case, observe that if the Lonely Runner Conjecture is true, we may assume
that the time ¢ € (0,1), where (0, 1) is the unit sphere, since at integer times all the runners are
placed again at the origin.

Observe that each runner is a proportion of time 26 at distance at most § from the origin,
independently from its speed. Here, we exactly compute the time that two runners spend at
distance at most ¢ from the origin at the same time. This time strongly depends on the speeds.
In particular, we show that there are many pairs of runners which lie a large amount of time
close to the origin.

The previous result allows us to reduce the gap of loneliness. It is straightforward to see that
there is a time when all the runners are at distance at least § = % from the origin. This result
was improved by Chen [35], who showed that, for any set of n positive speeds vy, ..., v,, there
exists a time ¢ such that

1
[tvill = S———F—— -
2n—1+4 5=
for every i € [n].

Our first result improves the result of Chen.

Theorem 1.20. For every € > 0, every sufficiently large n and every set of positive speeds
Vi,...,Up, there exists a time t € (0,1) such that

for every i € [n].

For the proof of this theorem we use the computed correlations among pairs of runners and a
Bonferroni-type inequality (see Lemma [2.6)).

Another consequence of our results is related to the notion of invisible lonely runner given by
Czerwinski and Grytczuk [44].

Theorem 1.21. For every sufficiently large n and every set of positive speeds v1,...,v,, there
exist t1,to € (0,1) and different ji,ja € [n] such that for any £ € {1,2},
vl = —— .
n+1
for any i # j,.

This theorem provides de existence of two runners that leave the origin almost alone at some
time, thus extending the result of [44], if n is large enough.

Finally, we use a representation of the problem through a dynamic circular interval graph, that
also allows us to show the existence of two invisible lonely runners at the same time.

Theorem 1.22. For every sufficiently large n and every set of different speeds vy, ..., v,, there
exist a time t € (0,1), k1, k2 € [n] and j1,j2 € [n] such that ki # ko and for any ¢ € {1,2},

)

S

[#(vi = vg, )|l =
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for any i # ko, jo.

The results of Chapter [7] are joint work with Oriol Serra and can be found in [114].






CHAPTER 2

BACKGROUND AND NOTATION

The aim of this chapter is to set a notation for some basic concepts that will appear in the
following chapters. Unless otherwise stated, we will also use standard terminology and notation
from probability theory (see e.g. [§]) and graph theory (see e.g. [45]). A background on the
probabilistic method is also provided with special emphasis on the most important techniques
and tools that will be used all along the thesis.

2.1 Basic notation

We denote by Z the set of integer numbers, by Q the set of rational numbers and by R the set
of real number. We use Z7, QT and R™ to denote the nonnegative elements of Z, Q and R
respectively. For any set S, we denote S?, the cartesian product of d copies of S.

We denote by [n] = {1...,n} the set of the first n positive integers. For every finite set S we
use |S| to denote its cardinality. Then, for every 0 < k < |S|, we denote by (‘2), the family of
subsets of S of size k and by 2°, the family of all the subsets of S. Observe that (*g) = {0},
where () denotes the empty set.

The notation log(x) stands for the natural logarithm of x > 0, while, log,(z) will denote the
logarithm in base a > 0 of x. We will sometimes make use of exp(z) to denote the value of e*.

For every f,g:Z"T — R we will use the standard asymptotic notation displayed in Table

In some occasions we will use either f(n) = (1 + o(1))g(n) or f(n) = (1 —o(1))g(n) instead of
f(n) ~ g(n), in order to stress which function majorizes the other one in the limit.

If f and g depend on more than one variable, we use the notations o, O,, 0., 2, and w, to
stress the fact that the asymptotic is taken on the variable x.

Finally, we say that a sequence of events A, in a sequence of finite probability spaces 2, holds

15
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f(n) =0(g(n)) if limsup, % < 400.

N

f(n) =o0(g(n)) if lim, 400 ggz; =0.

f(n) =Q(g(n)) if limsup,,_, Sy > 0.

F(n) = w(g(n)) if limy, oo H =

f(n) =©O(g(n)) if f(n) =O(g(n)) and f(n) = Q(g(n)).

[\

(n

g _
oy =L

f(n) ~g(n) if limy,—s 400

Table 2.1: Asymptotic notation

with high probability if

lim Pr(4,)=1.

n——+o00

2.2 The probabilistic method

In this section we introduce some basic tools of what is known as the probabilistic method, with
an special emphasis to the problem of avoiding a set of events. For further details, we recommend
the book of Alon and Spencer [§] as a complete monograph on the topic.

2.2.1 Concentration of random variables

One of the main goals of the probabilistic method is to provide upper bounds on the probability
that a random variable X is far from its expected value, in order to show that, with high
probability, it will be close to E(X), the expected value of X. For instance, there are many
useful inequalities when we can express X as a function of independent random variables Xj,
X = f(Xi1,...,Xn). An interested reader may find an extensive reference on the topic in the
recent book of Boucheron, Lugosi and Massart [30]. The study of concentration inequalities is
not one of the main goals of this work, although we often use them in our proofs. Thus, here we
present a brief overview on the ones that will be used in the forthcoming chapters.

The most fundamental concentration inequality is Markov inequality, which states than for any
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nonnegative random variable X and ¢ > 1,

Pr(X > tE(X)) <

~ | =

From it we can derive the following bound, known as Chebyshev inequality or simply the second
moment method (e.g. see [§]).

Lemma 2.1 (Chebyshev inequality). For any random variable X and t > 0,

Pr(|X — B(X)| > to (X)) < ti (2.1)

where o2 is the variance of X.

Observe that the upper bound on the probability is polynomial on t. Next, we will show that for
the same deviation, an exponential bound can be achieved, by assuming some conditions on X.

As we have already mentioned, the concentration of random variables is well studied in the case
when X = f(Xi,...,Xn) and the variables X; are independent. From now on, we will focus on
the case where X = X7 +--- 4+ Xn.

If the each random variable X; follows a Bernoulli distribution with parameter p;, X; ~ Be(p;),
then we can use the Chernoff inequality to bound the tails.

Lemma 2.2 (Chernoff inequality, Corollary A.1.14 in [8]). Let Xi,..., Xy be independent
Bernoulli random variables and define X = Zf\il X;. Then, for all e > 0,

Pr(|X — E(X)| > eE(X)) < 2 B

where
ce=1+¢)log(l+e)—c.

The above inequality can also be deduced from Markov inequality.

Similar results hold when the random variables X; are bounded with probability one (see Ho-
effding inequality [79]).

In particular, if the Bernoulli random variables are identically distributed, X; ~ Be(p), we can
use a slightly better inequality.

Lemma 2.3 (Chernoff inequality for binomial distributions [9]). Let X ~ Bin(N,p) be a Bino-
mial random variable, then for all 0 < e < 1,

1. Pr(X < (1—¢)Np) < exp (—%Np) :
2. Pr(X > (14+¢)Np) < exp (—%Np) :
2.2.2 Avoiding a set of events and the Poisson Paradigm

Let A = {Ay,...,An} be a set of events in a finite probability space. As it has been seen in
the previous chapter, in many cases the existence of a desired object can be expressed as the
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avoidance of all the events in A in a probability space that contains a large set of objects. The
goal of this section is to show the basic probabilistic techniques to study the following probability,

N
P (m Ai> , 22)
=1

in different contexts.

Recall that two events A; and A are independent if Pr(A;NAy) = Pr(A;) Pr(As). Then, we say
that a set of of events A is pairwise independent if for any i # j, Pr(4; N A;) = Pr(4;) Pr(4;).
An event A is mutually independent from {A;};ecs if and only if Pr(A | Njesr4;) = Pr(4)
for any S C S. A set of events A = {A1,..., Ay} is mutually independent if and only if
Pr(NiesAi) = [[;cq Pr(4;) for any S C [N].

If A is mutually independent, we have

N o N
Pr (ﬂ Ai> =[] - Pr(4)) . (2.3)
i=1

=1

In general, the set A will not be mutually independent and it will not be straightforward to
compute (2.2). The well known inclusion—exclusion formula provides an exact way to get the
desired probability.

Pr (éA) =1—Pr (@1 Ai> = f:(—nk > Pr(()4). (2.4)

k=0 se(Vy  jes

The main drawback of this expression is that, in general, it is hard to provide an explicit value
for the joint probabilities Pr (ﬂje g Aj). This implies that for most of the problems, we will
not be able to give an exact expression for . However, sometimes it suffices to have a good
enough estimation of such probabilities.

From (2.4) we can derive the following bounds on (2.2, known as Bonferroni inequalities. For
any 0 < m < N/2, we have

Pr (éA> < :Zjo(—l)k > Pr(4)

SE(UI\J]) jES
N o 2m+1
=1 k=0 SE([]Z]) jes

These inequalities are specially useful in the case where the events are almost incompatible since
then, the joint probabilities are small and they converge quickly to ([2.2).

A particular case of the Bonferroni inequalities is the union bound, which allows us to give a
simple lower bound on (2.2)),
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also written as

N N
Pr (ﬂ Ai> >1-) Pr(4). (2.5)
i=1 =1

The crucial fact that makes the union bound one of the most used inequalities in probabilistic
combinatorics is that one does not need to care about the dependencies among the events in A
to deduce a lower bound on . We will repeatedly use this bound all along the thesis. Even
though this bound is sharp (consider a set of disjoint events), it is not a meaningful bound if
most of the events in A have large intersection.

The interested reader in Bonferroni-type inequalities is referred to the book of Galambos and
Simonelli [68]. The following inequality can be found there and slightly improves the union
bound in the case where the events are not disjoint.

Lemma 2.4 (Inequality I.11 from [68]). For any tree T' with vertex set V(T') = [N], we have

N N
Pr (ﬂ Ai> >1- Pr(d)+ > Pr(Ain4y). (2.6)
=1 =1

ijEE(T)

For any event A; € A, it is interesting to consider its associated indicator random variable, X;
and, in particular, the following the random variable,

N
X=>X. (2.7)
=1

As we have already observed in the previous chapter, recall that the expression in is equiv-
alent to Pr(X = 0). Notice that one can upper bound the previous probability using a concen-
tration inequality on the variable X. The probability that X = 0 is at most the probability that
X deviates E(X) from E(X).

If no assumption on the events in A is done, we can use the second moment method. By setting
t=E(X)/o(X) in Lemma we get the following corollary.

Lemma 2.5. For any random variable X with E(X) # 0,

Pr(X =0) <

By showing that ¢(X)/E(X) — 0, we know that with high probability, X # 0.

In a general context, Equation as well as Lemma are tight. Nevertheless, as we explained
in the previous chapter, better bounds can be provided if we assume that the set A has a
small number of dependences or these dependences are weak. If one of these conditions holds,
intuitively speaking, the probability that any of the events in A holds, is similar to the case when
the events are mutually independent (see (2.3)).

2.2.2.1 Dependency graph

To show that good approximations of (2.2)) can be given under certain conditions, the definition
of an underlying structure that captures the mutual independence among the elements of A, the
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so—called dependency graph, is of special interest.

Definition 2.6. A graph H = H(A) is a dependency graph for the set of events A = {A;,..., An}
if V(H) = [N], and if i € [N] is not connected to S C [N]\ {i}, then

Pr(A; | NjesA;) = Pr(4;) . (2.8)

As a consequence, if H is a dependency graph for A, each stable set S C V(H) indexes a set of
mutually independent events, that is, Pr(Nies4i) = [[;cq Pr(4:) -

Observe that the definition of H is not unique but the property of being a dependence graph
of A is monotone by subgraph inclusion. In particular, the complete graph Ky is always a
dependency graph for A but we will be interested in studying edge-minimal dependency graphs.
Thus, each time we use a dependency graph for a set A, we must specify its set of edges.

For the sake of convenience, we will denote by u the expected number of events from A that are

satisfied
N

p=E(X)=> Pr(4).
i=1
In order to control the dependencies among the events in A, the following two parameters are
usually associated to the dependency graph H. To measure the global effect of the dependencies,
we consider
AT = " Pr(4;n4),
ijeE(H)

and for the local one,

Tomm L P4
T T jiijeE(H)

where F(H) denotes the edge set of H.

Let us now state a useful result that provides a good dependency graph if the set of events A
satisfies a certain property.

Observation 2.7 (The Mutual Independence Principle [105]). Let Y = {Y1,...Ya} be a set of
independent random experiments. Suppose that A= {A1,..., AN} is a set of events where each
A; is determined by a subset of experiments indexed by F; C [M]. For any i € [N] and S C [N],
A; is mutually independent from {A;}jcs if Fi N (UjesF;) = 0.

Equivalently, the graph with vertex set [N| where ij is an edge if and only if F1 N Fy # 0, is a
dependency graph for the set of events A.

Some other special types of dependency graphs will be used in this work. Erdés and Spencer [53]
introduced the notion of lopsidependency.

Definition 2.8. A graph H is a lopsidependency graph (also known in the literature as negative
dependency graph [98]) for the set of events A if V(H) = [N] and, if i € [N] and S C [N]\ {3}
share no edges, then

Pr(4; | Njes4;) < Pr(4) . (2.9)
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Observe that any dependency graph for A is also a lopsidependency graph. The idea behind this
definition is that positive correlation among events increases the variance and thus, it increases
the probability that X = 0. For that reason, if we want to give a lower bound on , positively
correlated events do not need to be counted as “depending events”.

To provide upper bounds on ({2.2)), it is worthy to set the notion of positive dependency. This
was recently introduced by Lu and Székely [97), 98] in the context of events defined by matchings
in complete graphs or complete bipartite graphs.

Definition 2.9. For any € > 0, a graph H is an e-near positive dependency graph for the set of
events A= {Ai1,...,An} if V(H) = [N], and the following conditions are satisfied:

i) Pr(A;NA;) =0 for each ij € E(H), and
i) if i € [N] and S C [N]\ {i} share no edges, then

Pr(A; | NjesA;) > (1 — ) Pr(4;) . (2.10)

Condition ¢) implies that only incompatible events can be connected. Condition i) says that
the non—occurrence of any set of non—neighbors can not shrink the probability of A; too much.
Thus the event A; is almost negatively correlated from the events in the set S. The intuitive idea
behind this dependency graph is that the only bad dependencies when upper bounding are
given by positively correlated events

events that are negative correlated and compatible with a given one, should not be considered.

like in the definition of lopsidependency, is that, when , the

2.2.2.2 Lower bounds and the Lovasz Local Lemma

In this subsection we will show how to bound from below the probability in (2.2)), conditioned
to the structure of a dependency graph for A. The classical tool for such a purpose is the Lovasz
Local Lemma which was introduced by Erdés and Lovész [52] in 1973.

All along this subsection we will consider that H is a dependency graph for A, unless otherwise
stated. Let us begin by giving its standard version.

Lemma 2.10 (Lovéasz Local Lemma (LLL)). Let A = {A;,...,Ax} be a set of events and let
H be a dependency graph for A.

If there exist some constants x1,xa,...,xN € (0,1) such that
Pr(d) <z [[ -z, (2.11)
jrig€E(H)

for each i € [N], then, for each T C [N]\ {i} we have

JET
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In particular, for each pair S, T C [N] of disjoint sets we have
Pr((Al () 4) =[]0 -=), (2.12)
€S JET €S
and
N N
Pr (ﬂ Ai> > —a). (2.13)
i=1

i=1
The same lemma can be also stated when H is a lopsidependency graph. This was noticed by

Erdés and Spencer [53].

Lemma 2.11 (Lopsided Lovasz Local Lemma (LLLL)). Let A = {A1,...,An} be a sel of events
and let H be a lopsidependency graph for A.

If there exist some constants x1,xz2,...,xn € (0,1) such that
Pr(d) <z [[ (Q-=), (2.14)
jiijeE(H)

for each i € [N], then, for each T'C [N]\ {i} we have

jET

In particular, for each pair S,T C [N] of disjoint sets we have

Pr (A 4) = [T =) (215)

i€eS  jerT ieS

and

N N
Pr ( Ai> > —2). (2.16)
i=1 =1

Next, we present a symmetric version that can be easily derived from Lemma and which
can be used when all the events in A play the same role.

Lemma 2.12 (Symmetric Lovasz Local Lemma). Let A = {A1,..., Ax} be a set of events and
let H be a dependency graph for A.

If Pr(A;) = p for each i € [N], H has mazimum degree A = A(H), and
ep(A+1)<1, (2.17)

where e = 2.718, then
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Observe that condition (2.17) is very similar to the condition eé* < 1.

The following version of the local lemma is also a corollary from Lemma [2.10| It can be used in
the case we can assign a weight to each event in A and set the value of z; as a function of the
corresponding weight.

Lemma 2.13 (Weighted Lovasz Local Lemma [105]). Let A = {A1,..., AN} be a set of events
and let H be a dependency graph for A.

If there exist some integer weights t1,...,txy > 1 and a real p < % such that for each i € [N]:

o Pr(4;) <pli, and
o X iienu (20 <5,
then

N N
Pr <m Az) >0 - e . (2.18)

i=1 i=1

By giving a total order on the set A we can derive a directed version of the local lemma.
One particular case was proposed by Peres and Yuval [116] in the context of lacunary integer
sequences.

Lemma 2.14 (One-sided Local Lemma [116]). Let A = {A1,..., AN} be a set of events and let
H be a dependency graph for A.

If there exist some real numbers x1,x9,...,xn € (0,1) such that for each i € [N] there is an
integer 0 < m(i) <1 such that

1—1
Pr(Ai| () A) <z J] -2 (2.19)
k<m(i) j=m(3)

Then,

N N
Pr (ﬂ Ai> > [ =) (2.20)
=1 ;

2.2.2.3 Upper bounds

We can bound from above by using standard concentration inequalities, around the ex-
pected value of X, as showed in Lemma [2.5] However, these bounds are far from being tight
when X is the sum of almost independent variables. Here we present some of them that will be
used in this thesis.

Janson inequality [81] is a good tool to deal with that kind of problems when the elements of A
are some special type of positively correlated events. Although we will not use it explicitly in
this work we think it is worthy to state it in order to compare it with Suen inequality.
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Theorem 2.15 (Janson Inequality [81]). Choose By, ..., By subsets of a finite set Q. Let S C 2
where each element w € ) belongs to S independently with some probability. Define the events
A; € A for any i € [N] as B; C S and let H be the dependency graph for A where ij is an edge
if and only if BiN Bj # 0. Then,

N
Pr (ﬂ AZ) < e AT
i=1

Moreover, if A* > pu,

N
Pr <ﬂ Ai> < e H2AT (2.21)
=1

Observe that in this case, an edge—minimal dependency graph H is given by ij € E(H) if and
only if B; N Bj # (. Janson [81] also gave an interesting one-way large deviation inequality
extending the previous one.

A bound with the same spirit was proposed by Suen in [123], although we refer the interested
reader to the nice paper of Janson [82].

Theorem 2.16 (Suen Inequality, Theorem 2 in [82]). Let A = {A1,...,An} be a set of events
and let H be a dependency graph for A. Then,

N
Pr (ﬂ Ai> < emtATE (2.22)
=1

Since 6* > 0, Suen inequality is always worse than Janson inequality. Moreover, it is useless
if A*e2%" > i which happens to be the case for many problems where the dependency graph
contain many edges or has a large maximum degree.

Nevertheless, it is much more general since no assumptions on the set of events A is done. Thus,
it will be extremely useful for (locally) sparse dependency graphs.

One important remark that will carry some consequences in Chapter [6] is the fact that Suen
inequality takes into account the pairwise join probabilities among sets of mutually depending
events. That makes the inequality sensitive to the relation among pairs of events. On the other
hand, the local lemma is our main tool to provide a lower bound on [2.2) when there are not many
dependences in A. Unfortunately, it can not distinguish the different nature of the dependencies
among events, but just the number of local dependencies.

Finally, as we suggested in Subsection [2.2.2.1] we will show how to use e-near positive dependency
graphs to provide upper bounds on (2.2)).

Theorem 2.17 (Lu and Székely [98]). Let A= {A;,..., An} be a set of events with an e-near-
positive dependency graph H. Then,

N N
Pr (ﬂ A,) <JJa - —e)Pr(4)) <e -k,
=1 =1

(3
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The main drawback of this approach is that, typically, it is hard to prove the conditions needed
for a e-near-positive dependency graph. In the case that such graph can be settled, Theorem
provides a meaningful upper bound for even when there are many dependencies among
the events. A good example of that will be showed in Chapter [3]

2.3 Models of Random Combinatorial Structures

The idea behind the proofs that use the probabilistic combinatorics is to set a probability space on
a finite set of combinatorial objects and to show that an object with the desired condition exists
with some probability. For this reason, it is crucial to study different models of combinatorial
structures where the previous techniques can be applied.

In Chapter [6] we will study a problem in permutations. For this reason it is worthy to consider
the following model of random permutations.

A permutation ™ = (71, ..., m,) is an ordering of the set [n]. The symmetric group on n elements,
denoted by S, is the set of n! permutations of length n. For any sequence of distinct positive real
numbers X = (x1,...,Tn), we define the standardization of X, st(xy,...,zmy) = 0 € Sy, such
that x; < z; if and only if 0; < 0, that is the permutation on m elements that maintains the same
relative order. For instance, the sequence (3, 8,4, 1) standardizes to st(3,8,4,1) = (2,4, 3,1).

A permutation 7 selected uniformly at random from &, satisfies the following useful property:

for each integer m > 0, every set of positions 41, ...,4, and every o € S,
1
Pr(st(mi,,...,m,,) =0) = il

For the sake of convenience, we introduce the following model that generates each permutation
of S,, with equal probability. Let Z1,...,Z, be independent uniform random variables in (0, 1)
and let m = st(Z1,...,Z,) . Observe that with probability exactly one all the random variables
are different and thus, 7 is well defined almost surely. This model is of special interest since we
can exploit the independence property to study random permutations.

2.3.1 Models of Random Graphs

We devote this subsection to briefly review some models of random graphs that will appear
throughout the thesis.

Let us first introduce the standard model of random graphs. The Erdgs—Rényi random graph
model, denoted as G(n, p), is the probability space over the set of all labeled graphs on n vertices,
where a given graph G € G(n,p) appears with probability

Pr(G) = pEOI(1 — p)(B)-1E@)

All the graphs with the same number of edges have the same probability to appear. In particular,
in G(n,1/2) each labeled graph on n vertices appears with the same probability, 9-(3). Besides, a
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random instance of G(n,p) can be obtained by placing each edge independently with probability
p. These independence is very useful when analyzing the behavior of random graphs.

Although we will not study the Erdés—Rényi model of random graphs, we will often refer to it
as example. An comprehensive study of random graphs and their main parameters can be found
in the monographs of Bollobés [23] and Janson, Luczak and Rucinski [83]. We also recommend
the Chapter 10 from the book of Alon and Spencer [8] for a nice introduction to the topic.

One of the goals of Chapter {]is the study of identifying codes on random regular graphs. Thus,
we want to set an easy to handle model, G(n,d), that provides d-regular graphs on n vertices
with a uniform distribution. Unfortunately, it is not known how to explicitly generate a uniformly
random sample in G(n,d).

One of the most common techniques to study random d-regular graphs is to set a probability
space over a larger class of multigraphs denoted by G*(n,d). This is known as the Configuration
Model [15] 22].

In this model, a d-regular multigraph on n vertices is obtained by selecting some perfect matching
of K4 at random (see [129] for further reference). We will only consider cases where nd is even,
as otherwise there does not exist any d-regular graph on n vertices. In the Configuration Model,
the set of vertices in K4 is partitioned into n cells of size d and each cell W,, is associated to
a vertex v of the random regular graph. An edge e of a perfect matching of K4 induces either
a loop in v (if it connects two elements of W) or an edge between v and u (if it connects a
vertex from W, to a vertex in W,,). This model produces different multigraphs with different
probability, depending on the number of loops and multiedges. Since every d-regular graph on
n vertices has neither loops nor multiedges, each of them is produced with the same probability.

It is showed in [129] that the probability the Configuration Model generates a simple graph
satisfies

Pr (G is simple) = (1 + 0(1))61_7(12 if d = o(\/n). (2.23)

Thus, for constant d any property that holds with probability tending to 1 for G*(n, d) as n — oo,
will also hold with probability tending to 1 for G(n,d).

If d - +00 when n — +o00, one must show that the statements in G*(n,d) hold with high
probability; in particular, with probability large enough to beat (2.23). In this case, another
useful tool for such values of d is the Switching method (see [102] 93] 39] 113]).

Finally we introduce another model of random graphs that generalizes the Erdés—Rényi model.
Let G be a labeled graph and p < 1, then the graph G, is an element from a probability space
over the spanning subgraphs of GG, where each labeled subgraph H C G appears with probability

Pr(G) = plEED| (1 — p)|E@)I-IEH)] |

As before, an element H of this probability space can be modeled by deleting each edge from
G independently with probability 1 — p. A well-known instance of this model is the classical
Erd¢s—Rényi random graph G(n,p), where G = K,,. Many results that are showed in the Erdgs—
Rényi model G(d,p) can be translated to the G, model, provided that G has minimum degree
at least d. The model G, has been widely studied [37, 65, 91, 92]. Alon [3] generalized this
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notion by deleting each edge uv € E(G) with different probabilities p,,. We will use this model
in Chapter 5 to show the existence of some special subgraphs.






CHAPTER 3

RAINBOW PERFECT MATCHINGS IN COMPLETE
BIPARTITE (GRAPHS

3.1 Introduction

A subgraph H of an edge—colored graph G is rainbow if no color appears twice in is edges. The
study of rainbow subgraphs has a large literature; see e.g. [0}, [64] 84}, [85] 95]. In this chapter of the
thesis we deal with rainbow perfect matchings of an edge—colored complete bipartite graph K, ,,.
Edge—colored complete bipartite graphs K, , are equivalent to integer matrices of size n x n
(also called n—squares), and the problem of finding a rainbow perfect matching is equivalent to
finding a latin transversal of length n in the corresponding n-square (that is, a set of n pairwise
distinct entries no two in the same row nor the same column). If an n—square contains exactly n
copies of each entry, it is called equi-n—square. In particular, proper edge—colorings of K, , with
n colors are equivalent to latin squares, an interesting subclass of equi-n-squares. The following
is a longstanding conjecture of Ryser [118] on the existence of latin transversals in latin squares:

Conjecture 3.1 (Ryser). Every latin square of odd order admits a latin transversal.

The above conjecture is not true for even order latin squares. For instance, the latin square
A = (ai;) where a;; = i+ j (mod n) contains no latin transversals for even n. Nevertheless, it
was also conjectured by Brualdi that every latin square has a partial latin transversal, a set of
pairwise distinct entries no two in the same row nor column, of length n — 1. This conjecture was
extended by Stein [I21] to equi-n—squares. Recently, all these conjectures have been generalized
by Aharoni et al. [2].

There are different approaches to address these conjectures. For instance, Hatami and Shor [77]
proved that every latin square has a partial transversal of size n — O(log?n). Snevily [120]
conjectured that every subsquare of the addition table of an abelian group of odd order has a
latin transversal. This conjecture was eventually proved by Arsovski [10]. Another approach was
given by Erdds and Spencer [53]. They proved the following result:

29
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Theorem 3.2 ([53]). Let A be an n—square. If every entry in A appears at most ”4—_61 times,
then A has a latin transversal.

In order to get the above result the authors developed the lopsided version of the Lovasz Local
Lemma. The main idea of this version is to generalize the dependency graph through the so called
lopsidependency graph. In this graph, non edges may no longer represent mutual independence,
and the hypothesis of the Local Lemma is replaced by a weaker assumption (see Definition .

In this chapter we address two problems: first, the asymptotic enumeration of rainbow perfect
matchings in a given edge-coloring of K, , and second, the existence of rainbow perfect match-
ings in random edge-colorings of K, ,. We consider not necessarily proper edge-colorings, but
the asymptotic enumeration applies to proper ones as well.

Theorem gives sufficient conditions on the existence of at least one latin transversal. One of
the goals of this work is to show that, under only slightly stronger assumptions, we can estimate
the number of latin transversals. Although there is no specific conjecture on the number of latin
transversals of a latin square, Vardi [125] proposed the following conjecture for the particular
class of addition tables of cyclic groups.

Conjecture 3.3 ([125]). Let z(n) be the number of latin transversals in the table of the cyclic
group of order n. Then, there exist two constants 0 < ¢1 < co < 1 such that

cin! < z(n) < cgn!,

for all odd n.

Recall that z(n) = 0 if n is even. In a more general setting, McKay, McLeod and Wanless [100]
showed that ¢y < 0.614. Giving a lower bound on z(n) is still an open problem. It is conjectured
in [40] that

z(n) ~ c"n!, (3.1)
with ¢ ~ 0.39.

Under the hypothesis of Theorem [3.2] we provide upper and lower bounds for the number of
rainbow perfect matchings in an edge—colored K, ,,. The techniques used to derive these bounds
are inspired by the framework devised by Lu and Székely [98] to obtain asymptotic enumeration
results using the Lovész Local Lemma (see Section [2.2.2)).

Our first result gives an asymptotic estimation of the probability that a random perfect matching
is rainbow.

Theorem 3.4. Consider an edge—coloring of K, ,, such that no color appears more than n/k
times. Let M denote the family of pairs of non-incident edges that have the same color and
let M be a perfect matching of K, chosen uniformly at random. Denote by Xy the indicator
random variable of the event that M is rainbow and let p = |M|/n(n —1).

If k > 13.66, then there ezist constants 0 < c1(k) < 1 < ca(k) depending only on k such that

e—c2(k)p <Pr(Xy=1)< e—(cr(k)+o(1))n
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In the proof of Theorem |3.4{ we obtain the following explicit constants: c1(k) = 1 — 3/k — 60/k?
and ca(k) = 14 16/k. In particular, the lower bound on Theorem [3.4| holds for every & > 10.93.

We note that the existence of a rainbow perfect matching in Theorem is ensured with the
smaller value k > 4e =~ 10.87. We also observe that the bounds on the probability of a rainbow
perfect matching in Theorem depend only on the cardinality of M, but not on the particular
structure of the pairs of monochromatic non-incident edges composing M. The dependency on
|M| is natural, since an edge—coloring in which all pairs of monochromatic edges are mutually
incident (|M| = 0) has n! rainbow perfect matchings.

In particular, observe that any proper edge—coloring where each color appears exactly n/k times,
satisfies |[M| = (1 + o(1))n3/2k, provided that k = o(n). This implies the following corollary of
Theorem [3.4] which has the same form as Conjecture [3.3

Corollary 3.5. Let r(C) be the number of rainbow perfect matchings in a proper edge—coloring
C of Ky, in which each color appears exactly n/k times, k > 13.66. Then

y1(k)"n! < r(C) < y2(k)"n! .

for some constants 0 < y1(k) < v2(k) < 1 which depend only on k.

The results in Theorem [3.4]require the condition k£ > 13.66. By using this probabilistic approach,
it seems difficult to drop this condition to & > 1, in order to cover equi—n—squares and latin
squares. This prompts us to ask what can we say about most edge—colorings of K, , in the
case k > 1. Observe that we cannot use less than n colors. Thus we study the existence of
rainbow perfect matchings in random edge—colorings. We restrict ourselves to colorings with a
fixed number s = kn of colors. We define two natural random models that fit with this condition.

In the Uniform random model, C,(n,s), each edge gets one of the s colors independently and
uniformly at random. In this model, every possible edge—coloring with at most s colors appears
with the same probability. In the Regular random model, C,(n, s), we choose an edge—coloring
uniformly at random among all the equitable edge—colorings using s colors. Recall that a coloring
is called equitable if the size of the color classes differ in at most one. For the sake of simplicity,
we will assume that s divides n?. Although the models have the same expected behavior, we
consider that both are interesting to analyze. Analogous results to the one in Theorem can
be proved for these random models.

Proposition 3.6. Let C be a random edge—coloring of K, ,, in the model C,(n,s) (or Cr(n,s))
with s = kn colors (k> 1) and let M any matching of K, . Then,

Pr(Xy = 1) = e~ (ERIHo() %
where c(k) = 2k ((k — 1) log (%) +1).

For k =1, we have Pr(X; = 1) = e~ (te(M)r,

Obviously, we have that co(k) < ¢(k) < ci(k), for any k > 13.66, where ¢;(k) and ca(k) are
the constants appearing in Theorem [3.4] It is worthy of notice that, for any k > 1, we have
c(k) > 1. Observe also that when s = n, the number of rainbow perfect matchings is w.h.p.
around e~"n! . Since e~ ~ 0.368, if holds, then an edge—coloring induced by a cyclic group
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of odd order would contain more rainbow perfect matchings than a typical edge—coloring of the
complete bipartite graph.

Since now, the edges—colorings are random, we have a stronger concentration of the rainbow
perfect matching probability than in the case of arbitrary edge—colorings. By using the random
model Cy(n, s) we can show that for any s > n, almost all edge—colorings have a rainbow perfect
matching.

Theorem 3.7. An edge-coloring of K, ,, chosen at random from the model C,(n,s) with s > n
colors, contains a rainbow perfect matching with high probability.

To prove Theorem [3.7] we use the second moment method on the random variable that counts the
number of rainbow perfect matchings when the edge—coloring is chosen according to the model
Cu(n,s). This result can be proved for the model C,(n,s) using the same ideas. In particular,
this implies that the Ryser conjecture is true with high probability for equi—-n—squares.

This chapter is organized as follows. In Section we provide a proof for Theorem The
random coloring models are defined in Section where we also prove Proposition Theo-
rem is proved in Section Finally, in Section [3.5] we give some remarks and discuss some
open problems on rainbow perfect matchings that arise from our work.

3.2 Asymptotic enumeration of rainbow matchings

In this section we prove Theorem 3.4 The theorem provides exponential upper and lower bounds
for the probability that a random perfect matching in an edge—colored complete bipartite graph
is rainbow.

3.2.1 Lower bound

For a given perfect matching, the property of being rainbow can be expressed in terms of the
non occurrence of certain partial matchings. One of the standard tools to give a lower bound for
the probability of the existence of a structure that avoids some given bad events is the Lovész
Local Lemma. As it is showed in [53], it is convenient in our current setting to use the Lopsided
version of Lemma 2.10

Recall that M denotes the family of pairs of non—incident edges that have the same color in a
given edge—coloring of K, ,. For each such pair {e, f} € M, let A, (or Ay.) denote the event
that the pair {e, f} belongs to the random perfect matching M. We define A to be the set of
events A, ¢ for any {e, f} € M. Consider the following dependency graph:

Definition 3.8. The rainbow dependency graph H has the family M as its vertex set. Two
elements in M are adjacent in H if they contain atl least two incident edges in K, , that is they
are incompatible.

Consider the graph H' obtained from the graph H by adding an edge between two matchings if
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they have one common edge and they are compatible. Erd6s and Spencer [53] showed that H' is
a lopsidependency graph for M. By Theorem 3 in [98] we have that H is also a lopsidependency
graph for the set of events Ay; with M € M. The following lower bound can be obtained in a
similar way to Lu and Székely [98] Lemma 2].

Lemma 3.9. Given an edge—coloring of K, ,, where each color appears at most n/k times and
an arbitrary color c, let My = M1 U My be a set of matchings, where the elements of My are
single edges with color ¢ and the elements of Ma are monochromatic pairs of nonincident edges.
We denote by mg the size of M.

If k > 13.66 and n > 40000, then for every disjoint sets S, T C [mg)]

Pr HE’ ﬂ A | > e~ (1420/k) 3 e 5 Pr(As) (3.2)
€S jer

In particular, if S = [mg] and T =0, we have

mo
Pr (ﬂ Ai> > e~ (1H20/k)p (3.3)
=1

where p =Y Pr(4;).

Moreover, if the color ¢ does not appear in E(Ky,,), for every constant k > 10.93 and n > 200,

mo
Pr <ﬂ Al> > ¢~ (IH16/R)n (3.4)
i=1

Proof. Set Ay, = {A1,..., Amy}, where A; = Ajps for some M € My. Since each color does
not appear many times, we have |Mi| < n/k. Each of the n? edges belongs to at most n/k — 1
matchings in Msy. Thus,

n*(n/k—1) n?*(n—k)
2 2%k

(M| <

If M € My, we have p; = Pr(Ap;) = 1/n whereas if M € Msg, po = Pr(Ay) =
Therefore,

(Mu| | My n
p— < D -
n n(n—1) — 2k’ (35)

if n is large enough with respect to k.

Let us set t = |[M1|/n + 4/k. If no edge is colored with color ¢, that is |[M;| = 0, we have
t =4/k. Then it can be checked that for every k£ > 10.93 n > 200 and p < po

pell 4t <1 _ o=(+40p (3.6)

If |IMy| > 0, then t < 5/k and for every k > 13.66, n > 40000 and p < p1, (3.6) is also satisfied.

In both cases, we can choose z; € (Pr(4;)e 4t 1 — e~ (14 PrlAi)) for each i € [mg)]. Observe
that the maximum number of matchings in My that are incompatible with a given matching M
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is at most 2|M|n(n — 1)/k: given a matching M € My, there are at most 2|M|n possibilities to
select an edge e incident to either some edge in M, and at most n/k — 1 choices for a second
edge f with the same color than e. Hence, for any i € [mg], we have that

1  4n(n—1) 1
Pr(A;) < 2 : —t.
D Prldg) S M| S
ijEE(H)
Using the previous inequalities, for any ¢ € [my], we have
Pr(4;) < zie” IHL o H e~ (I Pr(4;) o H (1—z). (3.7)
ijEE(H) ijEE(H)

Let Hpy be the graph on the set of events indexed by My, where two vertices are adjacent if
the corresponding matchings are incompatible. By Theorem 3 in [98], Hy is a lopsidependency
graph for M. Hence, we can use the Lopsided version of the Local Lemma (see Lemma ,
in particular (2.15) and (2.16)), to finish the proof of the lemma. O

3.2.2 Upper bound

To provide an upper bound on the number of rainbow matchings we use the new enumeration
tool provided by Lu and Székely in [98] (see Theorem in Chapter [2). For such a purpose,
we must set a e-near—positive dependency graph H (see Definition in Chapter [2)).

Lu and Székely [98] showed that an e—near—positive dependency can be constructed using a
family of matchings M. Unfortunately, the conditions of [98, Theorem 4| which would provide
an upper bound for our case, do not apply to our family M of matchings. We give instead a
direct proof for the upper bound which is inspired by their approach.

Lemma 3.10. With the hypothesis of Lemma the rainbow dependency graph H is an -

near—positive dependency graph with e =1 — e~ (3/k+60/k+o(1))

Proof. Set Ap = {A1, ..., A}, where A; = A, ¢ for some {e, f} € M. The rainbow dependency
graph H for A4, clearly satisfies condition ¢) in the definition of e—near dependency graph, since
two adjacent events contain incident edges and a matching is composed by a set of non—incident
edges. For condition ii) we want to show that, for each ¢ and each Z C {j | ij € E(H), j # i},
we have the inequality

Pr(A4;|B) > (1 —¢) Pr(4;) ,

where B = ﬂjerTj. This is equivalent to show that
Pr(B|4;) > (1 —¢)Pr(B) .

Let {a1,...,a,} and {b1,...,by} be the vertices of the two sides of the bipartite graph K, ,,. By
symmetry, we may assume that A; consists of the event related to the 2-matching {a,—1b,—1, anbp }.
Then {A4; : j € Z} consists of some events related to the 2-matchings that coincide with
{an-1bn—1,anby,} in exactly one edge , indexed by Z;; and some events related to the 2-matchings
in Ky = Knp — {@n—1,0an,bp—1,b,}, where n’ = n — 2, indexed by Z,. The edge-coloring in
K, induces an edge coloring in K, , where each color appears at most n//k’ times, where
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k' = k(1 — 2/n). Consider now the probability space of random matchings of K, ,s and let us
define the following event B’ = ijII;, where A’ is the event that the edges in K,y corre-
sponding to A; are included in the random matching. Observe that if j € Z; then A;- corresponds
to only one edge while if j € 7 then it corresponds to two edges.

Thus,
Pr(B|A;) = Pr(B') . (3.8)

For convenience, we may split the event B corresponding to ﬂjeIij in several events depending
on the perfect matching containing {a,—1b,, a,bs}. For any r,s € [n], r # s, let C, s denote the
event related to the 2-matching {a,—1b;, anbs}. Define Z, ; C 7 as the maximal subset of indices
in Z, whose corresponding edges meet none of the two vertices b, bs. Set B, s = ﬂjezmAij. Let
us show that

Pr(B) Z Pr(B..), (3.9)
r;és

where, as before, By ; = Njez, A}
We note that, by the definition of B, s, we have BN, s = B, s N C, . Thus,

Pr(B) =) Pr(BNCps) = Pr(B,.NCpy) .
r#s r#s

We claim that for any r, s € [n], r # s,
Pr(Br,s‘Cr,s) < Pr(BT,s|Cn—1,n) .

If 7, s C Iy, by the definition of Z; none of the perfect matchings involved in ﬂjeIQij meets
vertices in {an—1an,by—1b,}. In this case, for all r, s, r # s,

Pr(B, |Cy.s) = Pr(B, s|Cr—1n) -

Suppose then that Z, sNZ; # (). If some event indexed in Z; corresponds to a matching containing
the edge apb, (or an—1b,—1) and s #n (or r # n — 1), we have

Pr(Br,s|Cr,s) =0,

Otherwise, we have Pr(B,s|Cy s) = Pr(B; s|Cn—1,) as before.

Moreover, we observe that Pr(Br,5|Cn,17n) = Pr(B, ;). Therefore
Pr(B) =Y Pr(By;|Crs) Pr(Cr) < Zpr (Bys|Cro1.n) = Zpr ,
r#s 7"7&5 r;«és
giving inequality ([3.9)).

Let M7 be the set of matchings corresponding to the events A;- for j € Z. By applying Lemma
with k', Mo =Mz, S=7\ I, s and T =7, 5, we obtain

Pr(B') = Pr(BL.,) Pr(Njes A, | BL,) = Pr(Bl,)e(1+20/k+o() Ties Pr(4) (3.10)
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for any r, s, r # s, where x; are given in the proof of the lemma. By combining (3.8)) with (3.10)
we get

n(n—1)Pr(B|A;) 2 > Pr(B,,)e” (T20/kHo) Lies Prids) (3.11)
r#S8
Now we give a uniform bound on ) ;o Pr(4;). Recall that S =7\ Z, s is the subset of indices
in Z, whose corresponding edges are incident to either b, or bs. We consider the following two
sets: S1 =71\ Z; s and So = Zy \ Z,. 5. The size of both sets can be bounded independently of
and s by

n
1S1] < —
!/ _ 1)
<o/ [ 2 _ n(nf .
|S2| < 2n <k:’ 1) 2 2
Then we have
> Pr(4 @ |52‘1 <3/k. (3.12)
€S n(n_ )
By using (3.11)) with (3.12]) and (3.9) we get
PI‘(B‘AZ') (3/k+60/k:2+o 1 ZPr > 6—(3/k’+60/k2+o( ) Pr(B) _ (3_13)
n —
r;és
Therefore,
e — 1 _ o (3/k+60/k>*+0(1))
satisfies the conclusion of the lemma. O

Now we are able to prove Theorem

Proof of Theorem [3.4 Set Ay = {A1,...,Apn}, where A; = A, 5 for some {e, f} € M.

By Lemma [3.10] the graph H from Definition is an e—near—positive dependency graph with
£ = 1—e /F+60/E>+o(1)) It follows from Theorem .17 that the probability of having a rainbow
perfect matching is upper bounded by

Pr (ﬁ A@) < 1 (1—(1—¢)Pr(4;)) <e 0-m
=1 ]

By plugging in our value of € and by using e~ (3/k+60/k*Fo(1)) > 1 _ % — 89 4 o(1) we obtain

k
(ﬂA> —(1-3/k—60/k%+0(1))p

Combining this upper bound with the lower bound obtained directly from (3.4]) in Lemma

we obtain
16 mo 3 60
(- (1)) =re () o (- (13- 0)e)

This proves the theorem. O
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Observe that when k is sufficiently large, the asymptotic estimation coincides with the one
obtained by assuming that the bad events A; are mutually independent.

3.3 Random colorings

In this section we will analyze the existence of rainbow perfect matchings in random edge-
colorings of K, .

Recall that, in the uniform random coloring model C,(n, s), each edge of K, , is given a color
uniformly and independently chosen from a set of s colors, i.e. every possible coloring with at
most s colors appears with the same probability.

In the regular random coloring model C,(n, s) a coloring is chosen uniformly at random among
all colorings of E (K, ) with equitable color classes of size n? /s. Let us give a set up for this
model. Consider two sets A and B each with n? points. Partition A in s cells C1, ..., Cs, each
with n? /s elements, representing the different colors. Let B represent the edges of K, ,. A
perfect matching between the points of A and B induces an equitable edge—coloring of the entire
graph. The probability space C,.(n, s) of colorings is settled by choosing such a perfect matching
uniformly at random. Let us show that C.(n,s) is a uniform model for the set of equitable
edge—colorings of K, ,,

Lemma 3.11. Every equitable edge—coloring with s colors has the same probability in the C,(n, s)
model.

Proof. We show that every equitable edge—coloring arises from the same number of perfect match-
ings from A to B. Let C be an equitable edge—coloring of K, ,. Let E; C B be the set of edges
that have color i under C. We have |E;| = n?/s and there are (n?/s)! perfect matchings from
C; to E; assigning color i to the edges in E;. Therefore, there are exactly ((n?/s)!)® perfect
matchings from A to B giving rise to the edge—coloring C. This number does not depend on
C. O

We consider these two models since they simulate the worst situation among the colorings ad-
mitted in Theorem [3.4} the bounds on the probability that a perfect matching is rainbow only
depends on the size of M, and this set has its largest cardinality when there are few colors
and the number of occurrences of each of them is maximized. This means that there are exactly
s = nk colors with n/k occurrences each. Observe that in both random models, the expected size
of each color class is also n/k. In this sense, they are congruous to the hypothesis of Theorem

Proof of Proposition Consider an edge—coloring obtained using the Cy(n,s) model and let
M denote a fixed perfect matching of K, ,. If X/ is the random variable indicating that M is
rainbow, then
s—1 s—2 s—(n—1)
. . T

= i
-1I (1‘5> . (3.14)

Pr(Xy=1)=">
S
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For s = n we can get directly from (3.14)
Pr( Xy =1) = n = ¢~ CroWn

nn

Assume s > n. By writing (1 — z) = exp (log (1 — z)) for 0 < z < 1, we have
n—1 .
Pr( Xy =1)= Hexp <log (1 - )>
i=0

— exp (/Onlog (1- %)dm +e1(n, s)> :

where ej(n, s) is the error term obtained from replacing the sum for the integral.

[V

» | =

Since log (1 — %) is decreasing, we have

n . n n—1 .
Zlog<1—l>§/ log(l—x)d:v§210g<1—z>.
; S 0 S - S
i=1 =0
Thus, the error term can be bounded by
il i " z
ei(n,s) < ZZ;log <1 - s) —/0 log (1 - g>d:1: (3.15)

where k = s/n.

Also,

/Onlog(l—;”)dx:_(s—n)log<s;”>—n. (3.16)

Using p ~ g, we get
k-1
Pr( Xy =1)=exp|— | (k—1)log 5 +1)n+ei(n,s)
kE—1
=exp | -2k (k—1)log 7 +1+40(1)|p),
proving the first part of the proposition for the C,(n, s) model.

Now we study the probability that a fixed perfect matching M is rainbow in the C,(n, s) model.
According to the construction of the C,(n, s) model, the probability of M being rainbow is



Chapter 3. Rainbow Perfect Matchings in Complete Bipartite Graphs 39

Pr(X n? nQ—”; n2—2”82 n*—(n—-1)%
(X =1) =75 n2—1 n?2-2 n?—(n—1)
(

= exp (/0 log (1—%) dw+€2(n,8)> :

where ez(n, s) is the error term obtained from replacing the sum for the integral.

/Onlog (1—“) dz = —n(n — 1) log (/_‘1) ,

which, by using the Taylor expansion of the logarithm, gives

If s =n we have

PI‘(X]\/[ = 1) = 67(2+0(1))‘u .

By analogous arguments to those in (3.15)), we can bound the error es(n,s) = O(1). In the case
where s > n, and using k = s/n, we have

/Onlog <1—“§((Z§:2> da:z—((k:—l)log <k;1> — (n—1)log (”;1>>n
(v () )

Pr(Xy =1) = exp <—2k ((k: —1)log (T) +1+ 0(1)> ”> .

Hence

Note that, for both models of random edge—colorings, the probability that a fixed perfect match-
ing is rainbow is asymptotically the same. Observe that for the two random models we obtain
the exact asymptotic value of the probability, while bounds provided by Theorem (when the
size | M| of the set of bad events is maximum) are probably not sharp, although consistent with
the values for the random models.

We finally observe that for both models, when k = 1 we have Pr(Xy; = 1) = e~ G+o(D)r while
if K — 400, then Pr(Xy, = 1) — e # since

(16 s 55)) <1v0 (1)

This reflects the idea that, when k is large, the number of bad events decreases and the model
behaves as though they were independent.
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3.4 Existence of rainbow perfect matchings

The aim of this section is to prove that with high probability there exists a rainbow perfect
matching for any edge coloring of E(K,,) with s > n colors. We only consider the C,(n, s)
model, but the results can be adapted to the C,(n,s) model as well. The number of rainbow
perfect matchings is counted by X = >, X7, which, according to Proposition , has expected
value

E(X) = E(X) = Pr(Xy = 1)n! = exp (-% <(k —1)log <k - 1) +1+o(1 )) M) nl .

Recall that u is the expected size of M, the set of pairs of non incident monochromatic edges.
In order to have a rainbow perfect matching we just need to show that X # 0.

Proof of Theorem[3.7 To show that there exists some rainbow perfect matching w.h.p. we will
use the second moment method, in particular Lemma Observe that in our case X = 0 is
equivalent to the non-existence of rainbow perfect matchings. Therefore, we need to compute
02(X) and show that it is asymptotically smaller than E(X)2. Note that

E(X?) = ) E(XuXw).
(M,N)

Let M and N denote two perfect matchings of K, , with [M N N| = z. Then
E(XyXn)=Pr(Xy=1)Pr(Xy=1|Xy=1).

If X3 =1, we know that the edges of M NN are rainbow. In the remaining n — z edges to color,
we must avoid the z colors that appear in M N N. Thus,

Pr(Xy = 1| Xoy = 1) = ﬁ <1 - ;) ~ exp <O‘(222> Pr(Xy = 1). (3.17)

1=z

where 1 < a(z) < 2, as can be derived from (3.16). Observe that the events Xy =1 and Xy =1
are positively correlated.

For any perfect matching M and any integer z, such that 0 < z < n, we claim that there exist at
most (7) (e7!(n — z)! + 1) perfect matchings N such that [M N N| = z. We can assume that M
is given by the identity and N by a permutation 7w € S,,. There are (Z) ways of choosing which
edges of M will be shared by N, i.e. the set Z = {i : n(i) = i}. In order that 7 corresponds
to a matching N with exactly z common edges with M, its restriction to [n] \ Z must be a
derangement. It is well known that the proportion of derangements among all the permutations
of length n — z is

par (n—2)!"

Therefore there are at most e~!(n — z)! + 1 ways to complete the perfect matching concluding
our claim. Hence,

n

E(X?) =n ZO<> (e'(n—2)!+1)Pr(Xy = 1) Pr(Xy = 1] Xy = 1).
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Since 0?(X) = E(X?) — E(X)?,

o2(X) Yo (D) (et (n—2)!+1)Pr(Xpy =1)Pr(Xy =1] Xy =1)

E(X)? (n!Pr(Xp = 1))2 -1
T e Pr(Xy=1|Xy=1)
_el;),z*!(1+(n—z)!> Pr(Xy =1)

By the sake of simplicity, let us define

1 e Pr(Xn=1|Xpy=1
1o =34 (14 o) T =

where a; = (Z;x;o (a(?;ZQ)t + G20 (Z)(a(z)zz)t>. Observe that ag = e (1+ %) Since
s < n2,

f(s)<e+ 0O (871) .
Observe that s > n, otherwise, Pr(Xy; = 1) = 0 in the Equation (3.14]). Hence,

—elf(s)—1=0 (s_l) —0.
This concludes the proof. O

Corollary 3.12. For any e > 0, an equitable edge—coloring of K, , with s colors, s > n, contains
more than (1 — &)c(k)"n! rainbow perfect matchings with probability at least 1 — O(e=2s71).

IN

Proof. 1t follows from the proof of Theorem that Pr(X > (1 — ¢)E(X))
O (e2s7h) = 0. O

3.5 Concluding remarks and open questions

1 Theorem [3.4] provides upper and lower bounds for the number of rainbow perfect matchings of a
given edge—coloring of K, ,, such that the number of occurrences of each color is at most n/k and
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k > 13.66. Tt is probably not true that each such edge—coloring contains e~ (1Te(M)e®ip] rainbow
perfect matchings, where c(k) is defined in Proposition [3.6f However, it would be interesting
to see how tight are these upper and lower bounds ¢; (k) and co(k) provided in Theorem by
showing extremal examples.

2 One interesting question is how far can k be pushed down in order to still have an exponentially
fraction of rainbow perfect matchings.

Question 3.13. Which is the minimum value ko > 1 such that any edge—coloring of K, , where
any color appears at most n/ky times, has at least ¢"n!, for some ¢ > 0.

Determining the smallest value of k with this property may shed some additional light on the open
conjectures on latin transversals. Corollary shows that almost all equitable edge—colorings
with n colors contain an exponential fraction of perfect matchings that are rainbow.

In the same spirit, Wanless [126, Section 3| defines the function f(n) to be the minimum number
of latin transversals among all the latin squares of order n (case k = 1). Notice that f(2n) =0
and Ryser’s conjecture states that f(2n+1) > 0 for any n > 0. As far as we know, this function
has not been studied yet.

Recently, the constant 4e ~ 10.87 has been improved to 256/27 ~ 9.48 by Bissacot et al. [20].
Their proof uses a Cluster version of the local lemma. Thus, it is possible that the same techniques
we used in this chapter could be applied to extend our result up to a better constant.

3 When s = n, the proof of Theorem shows that the probability that a random coloring in
Cu(n, s) has no rainbow perfect matchings is

Pr(Cy(n, s) has no rainbow perfect matching) = O (n™!) . (3.18)

The proportion of Latin squares among the set of square matrices with n symbols is of the order
of e*(Ho(l))Q"z, so that this estimation falls short to prove an asymptotic version of the original
conjecture of Ryser. We have provided a probabilistic approach to the problem by showing that
every equi-n—square admits a latin transversal with high probability. Even if there are some
almost sure results on Latin squares (see e.g.[101} B32]), and some results on generating random
latin squares [80] [I03], to our knowledge there are no random models for latin squares, which
could set the way to such an asymptotic version of the conjectures of Ryser or Brualdi on the
existence of latin transversals in latin squares.

4 The following example shows how to construct exponentially many latin squares (in general
edge—colorings of Ky, o5, with 2k colors) which have no rainbow perfect matchings. Let & be odd.
Choose two arbitrary colorings a1, ag of Ky with colors {ai,...ar} and two arbitrary colorings
B, B2 of Ky, j, with colors {b1, ..., by }.

Let {41 U Ay, B1 U By} be the stable sets of K = Koy o1 with |A4;| = |B;| = k and use o; for
the edges connecting A; with B;, ¢« = 1,2, and 3; for the edges connecting A; with B;, i # j.
Suppose that the resulting edge—colored graph has a rainbow perfect matching M. Since M
must use the k colors ay,...,ar, we may assume that it uses at least (k + 1)/2 of these colors
from the subgraph K[A;, B1] induced by A; U By. But then each of the subgraphs K[A;, Bo]
and K[As, B;] can only use (k — 1)/2 colors by, ..., b, and some color b; can not be used in the
perfect matching, contradicting that M is rainbow.
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It is easy to see that there are about n"’ many equitable edges colorings of K, ,. By the
construction displayed above, if n = 2 mod 4, we can get (k‘kz)4 = o—n’pn? equitable edge—
colorings which do not contain rainbow perfect matchings. Thus, for any coloring in C,(n, s),

Pr(C,(n, s) has no rainbow matching) > 27 s e~ (Ito(1)2n? Pr(C.(n, s) is a proper coloring) ,

and there is no chance to prove that a proper edge-coloring of K, ,, chosen uniformly at random,
admits a rainbow perfect matching with high probability.

Ryser conjecture w.h.p. by improving the upper bound in (3.18).






CHAPTER 4

BOUNDS FOR IDENTIFYING CODES IN TERMS OF
DEGREE PARAMETERS

4.1 Introduction

Given a graph G, an identifying code C is a dominating set such that for any two vertices, their
neighbourhoods within C are nonempty and distinct. This property can be used to distinguish all
vertices of the graph one from each other. Identifying codes have found applications to various
fields since the introduction of this concept in [86]. We refer to [96] for an on-line bibliography.
One of the interests of this notion lies in their applications to the location of threats in facilities [1]
and error-detection in computer networks [86]. One can also mention applications to routing [94],
to bio-informatics [78] and to measuring the first-order logical complexity of graphs [87]. Let us
also mention that identifying codes are special cases of the more general notion of test covers
of hypergraphs, see e.g. [29, [I07]. Test covers are also the implicit object of Bondy’s celebrated
theorem on induced subsets [28)].

In this chapter, we address the question of providing lower and upper bounds on the size of an
identifying code, thus extending earlier works (see e.g. [106), 34 [73] 59, 61]). We focus on degree—
related graph parameters such as the minimum and maximum degree, and we also study the
case of regular graphs. An important part of the chapter is devoted to giving the best possible
upper bound for the size of an identifying code depending on the order and the maximum degree
of the graph, a question raised in [58]. We also give improved bounds for graphs of girth at least
5 in terms of their minimum degree and study identifying codes in random regular graphs.

Let us first set the basic terminology on graphs we will use for Chapters[dland 5] Unless othewise
stated, we will consider G to be a simple, undirected and finite graph. The open neighborhood
of a vertex v in G is the set of vertices in V(G) that are adjacent to it, and will be denoted by
Ng(v). The closed neighborhood of a vertex v in G is defined as Ng[v] = Ng(v) U {v}. If the
graph G is clear from the context we will write N(v) and N[v] instead of Ng(v) and Ng[v]. The
degree of a vertex u € V(G), is defined as d(v) = |Ng(v)|. Similarly, for any set S C V(G), we
define, N(S) = U,eg N(v) and N[S] = J,cg N[v]. If two distinct vertices w,v are such that

45



46 4.1. Introduction

Nlu] = N[v], they are called twins. If N(u) = N(v) but u % v, u and v are called false twins.
The symmetric difference between two sets S and T is denoted by S & T.

Given a graph G and a subset C of vertices of G, C is called a dominating set if each vertex of
V(G) \ C has at least one neighbor in C. The set C is called a separating set of G if for each pair
u, v of vertices of G, N[u]NC # N[v]NC (equivalently, (N[u] ® N[v])NC # 0). If z € Nul, we
say that x dominates u. If x € N[u] & N[v], we say that x separates u,v.

Definition 4.1. A subset C of vertices of a graph G which is both a dominating set and a
separating set is called an identifying code of G.

It must be stressed that not every graph admits an identifying code. For instance, observe that a
graph containing twin vertices does not admit a separating set, and in particular, an identifying
code. In fact, a graph admits an identifying code if and only if it is twin—free, i.e. it has no pair
of twins (one can see that if G is twin—free, V(G) is an identifying code of G). Note that if for
three distinct vertices u, v, w of a twin-free graph G, N[u] & N[v] = {w}, then w belongs to any
identifying code of G. In this case we say that w is uv—forced, or simply forced. Observe that any
isolated vertex must belong to any identifying code for the reason that it must be dominated.
For example, an edgeless graph needs all the vertices in any identifying code. Hence, the bounds
here showed hold only for graphs with few isolated vertices. In order to shorten the statements
of our results, we assume that all considered graphs have no isolated vertices.

The minimum size of a dominating set of graph G, its domination number, is denoted by v(G).
Similarly, the minimum size of an identifying code of G, v'°(G), is the identifying code number
of G. It is known that for any twin-free graph G on n vertices having at least one edge, we have:

Mogy(n+ 1)] < 7™(G) <n — 1.

The lower bound was proved in [86] and the upper bound, in [16] [73]. Both bounds are tight and
all graphs reaching these two bounds have been classified (see [106] for the lower bound and [59]
for the upper bound). Other papers studying bounds and extremal graphs for identifying codes
are e.g. [34] 611 [62].

When considering graphs of given maximum degree A, it was showed in [86] that the lower bound
can be improved to v (G) > A2—f:2. This bound is tight and a classification of all graphs reaching
it has been proposed in [58]. For any A, these graphs include some regular graphs and graphs
of arbitrarily large girth.

It was conjectured in [6I] that the following upper bound holds.

Conjecture 4.2 ([61]). There exists a constant ¢ such that for any nontrivial connected twin—free
graph G of mazimum degree A,

Graphs of maximum degree A such that v'(G) = n — X are known (e.g. the complete bipartite
graph K4, where A = d, and richer classes of graphs described in Section . Therefore, if
Conjecture holds, there would exist a constant ¢ such that, for any twin—free graph G on
n vertices and of maximum degree A, we would have ﬁn < AP(G) < n— X + ¢, with both
bounds being tight.

Note that Conjecture 4.2 holds for graphs of maximum degree 2 (see [74]). It was showed in [59]
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that v'°(G) < n — ﬁ, and y'°(G) < n — ﬁ when G is regular. It is also known that the

conjecture holds asymptotically if G is triangle—free: then, v'°(G) < n — m [61].
Identifying codes have been previously studied in the following two models of random graphs:
Erdgs-Reényi random graphs [66] and random geometric graphs [I10]. To our knowledge random
regular graphs have not been studied in the context of identifying codes.

In this chapter, we further study Conjecture and prove that it is tight (up to constants)
for large enough values of A and for a large class of graphs, including regular graphs and
graphs of bounded clique number (Corollaries and . In the general case, we prove
that v"°(G) < n — % (Corollary . These results improve the known bounds given
in [59] and support Conjecture Moreover, we show that the much improved upper bound
YP(G) < (1+ od(l))31§§dn holds for graphs having girth at least 5 and minimum degree d
(Theorem . This bound is used to give an asymptotically tight bound of about 1°§dn for
the identifying code number of almost all random regular graphs (Corollary [£.23)).

We summarize our results for the special case of regular graphs in Table and compare them to
the bound for the dominating set problem (the table contains references for both the bound and
its tightness). All bounds are asymptotically tight. We note that identifying codes behave far
from dominating sets in general, as showed by the first lines of the table: there are regular graphs
having much larger identifying code number than domination number. However, for larger girth
and for almost all regular graphs, the bounds for the two problems coincide asymptotically, as
showed by the last lines of the table.

Identifying codes Dominating sets
. log d
in general n — 154 (14 04(1))=5=n
Thm. [4.6| Constr. [4.25] 8], [124]
. logd
girth 4 n— W (1+04(1))=55n
[61], Constr. 18], [124]
girth 5 (1+0a(1)28%  (1+04(1))%%n
Thm. Thm. 8], [124]
almost all graphs (14 o0q(1))'edy (1+ od(l))loﬁdn

d
Thm. Thm. 4.21 [8], [124]

Table 4.1: Summary of the upper bounds for d-regular graphs

In order to prove our results, we use probabilistic techniques. For some results, we use the
weighted version of Lovéasz Local Lemma (see Section to show the existence of an identi-
fying code, together with the Chernoff bound (see Section to show that this code is small
enough. To bound the number of forced vertices in a graph we study an auxiliary directed graph
that captures the underlying structure of these vertices. This new technique we introduce can
be useful to study the number of forced vertices in a more general context, which is an impor-
tant problem in the community of identifying codes. We also make use of other probabilistic
techniques such as the Alteration Method [§] in order to give better bounds in more restricted
cases. Finally, we work with the Configuration Model (see Section in order to compute
the identifying code number of almost all random regular graphs.
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The organization of this chapter is as follows. In Section we improve the known upper
bounds on the identifying code number of graphs of maximum degree A. This gives new large
families of graphs for which Conjecture holds (up to constants). In Section we give an
upper bound for graphs having minimum degree d and girth at least 5. In Section [4.4 we give
sharp bounds for the identifying code number of almost all d—regular graphs. A further section
is dedicated to various constructions of families of graphs which show the tightness of some of
our results (Section . Concluding remarks and open questions are collected in Section

4.2 Upper bounds on the identifying code number

In this section, we improve the known upper bounds of [59] on the identifying code number by
using the Weighted Local Lemma, stated in Lemma [2.13]

4.2.1 Preliminary results

First of all, we give an equivalent condition for a set to be an identifying code. This follows from
the fact that for two vertices u, v at distance at least 3 from each other, N{u]®N[v] = N[u]UN|v].

Observation 4.3. For a graph G and a set C C V(G), if C is dominating and Nu]NC # N[v]NC
for each pair of vertices u,v at distance at most two from each other, then N[u]NC # Nv]NC
for each pair of vertices of the graph.

The next observation is immediate, but it is worth mentioning here.

Observation 4.4. Let G be a twin—free graph and C, an identifying code of G. Any set C' such
that C C C' is also an identifying code of G.

The next proposition shows an upper bound on the number of false twins in a graph.

Proposition 4.5. Let G be a gm{)h on n vertices having mazimum degree A and no isolated
-1

vertices, then G has at most n(AT pairs of false twins.

Proof. Let us build a graph H on V(G), where two vertices u,v are adjacent in H if they are
false twins in G. Note that since a vertex can have at most A — 1 false twins, H has maximum

degree A — 1. Therefore it has at most w edges and the claim follows. O

Note that the bound of Proposition is tight since in a complete bipartite graph Kyq4, n =

2d = 2A and there are exactly 2(3) = 2(%) = w pairs of false twins.

4.2.2 Main theorem

In the following, given a graph G on n vertices, we will denote by f(G) the proportion of non—

forced vertices of G, i.e. the ratio =, where z is the number of non—forced vertices of G.
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Theorem 4.6. Let G be a twin—free graph on n vertices having mazimum degree A > 3. Then,

1D nf(G)?
L e T

Proof. Let F be the set of forced vertices of G, and V' = V(G) \ F. Note that |V'| = nf(G).
By the definition of a forced vertex, any identifying code must contain all vertices of F.

In this proof, we first build a set S in a random manner by choosing vertices from V’. Then
we exhibit some “bad” configurations — if none of those occurs, the set C = FU (V'\ S) is an
identifying code of G. Using the Weighted Local Lemma, we compute a lower bound on the
(nonzero) probability that none of these bad events occurs. Finally, we use the Chernoff bound
to show that with nonzero probability, the size of S is also large enough for our purposes. This
shows that such a “good” large set S exists, and it can be used to build an identifying code that
has a sufficiently small size.

Let p = p(A) be a probability which will be determined later. We build the set S C V' such that
each vertex of V'’ independently belongs to S with probability p. Therefore the random variable
|S| follows a binomial distribution Bin(nf(G),p) and has expected value E(|S|) = pnf(G).

Let us now define the set A of “bad” events of size N. These are of four types. An illustration
of these events is given in Figure 4.2

e Type B/ (2 < j < 2A —2): for each pair {u,v} of adjacent vertices, let Bfw be the event
that |(N[u] ® N[v])| = j and (N[u] ® N[v]) C S.

e Type C’/ (3 < j < 2A): for each pair {u,v} of vertices in V' at distance two from each
other, let Cy,, be the event that |(N[u] ® Nv])| = j and (N[u] & N[v]) C S.

e Type D: for each pair {u, v} of false twins in V’, let D,, , be the event that (N[u]® N[v]) =
{u,v} C S.

e Type B/ (2 < j < A+1): for each vertex u € V', let EJ be the event that [N[u]| = j
and Nu] C S.

For the sake of simplicity, we refer to the events of type B, C7 and E7 as events of type B, C
and F respectively whenever the size of the symmetric difference is not relevant.

Events of type B., are not defined since then |N[u] ® N[v]| = 1 and F belongs to the code,

uU,v
so they never happen. Observe that the events CY,, and D, , are just defined over the pairs of
vertices in V' because if either u or v belongs to F, the event does not happen.

If no event of type B occurs, all pairs of adjacent vertices are separated by V(G)\ S. If no event
of type C or D occurs, all pairs of vertices at distance 2 from each other are separated. If no
event of type E occurs, V(G) \ S is a dominating set of G. Thus by Observation if no event
of type B, C, D or E occurs, then V(G) \ S is an identifying code of G.

Let V(A;) denote the set of vertices that must belong to set S so that A; holds (see Figure
where the sets V(A;) are the ones inside the dashed circles). We will say that a vertex v € V(G)
participates to A;, if v € V(A;). We define the weight t; of each event A; € A as |V(4;)|. For
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(c) Event Dy (d) Event E7

Figure 4.2: The “bad” events. The vertices in dashed circles belong to set S.

j > 2and for T € {B?,C7,D,FE7}, let tr be the weight of an event of type T (for an event
A; € Aof type T, t; = tr). We have the following,

tgi =17, tci =17, tp =2, and tpi=7.

Some vertex x can participate to at most A(A — 1) events of type B: supposing = € V(Bﬂﬂ,)
and u is adjacent to z, there are at most A ways to choose u, and at most A — 1 ways to choose
v among N (u) \ {z}. Observe that if x = u or x = v, then = ¢ V(By,) (see Figure {.2(a)).
Similarly = can participate to at most A%(A — 1) events of type C: for some event C’i,v, there are
at most A(A — 1) possibilities if x = u or z = v and at most A(A — 1)% if u or v is a neighbour
of . Vertex x can participate to at most A — 1 events D, , since x can have at most A — 1
false twing. Finally, a vertex z can participate to at most A 4+ 1 events of type E since if it
participates to some event E2, then u € N [x].

For each type T of events (T € {B7,C7, D, E’}) and any vertex v € V(G), let us define g(v,T)
to be the number of events A; of type T such that v € V(4;). Hence,

2A—-2 2A
d g, B <AA-1), ) g C) <A (A-1),
j=2 Jj=3
A+1
gv,D)<A—1, and Y gv,E)<A+1. (4.1)
j=2

Let us call Ajc the event that no event of A occurs. Using the Weighted Local Lemma, we
want to show that Pr(Ajc) > 0. First of all we need to set a dependency graph H for the
set of events A. Recall that V(H) = [N]. For any i,j € [N], we will have ij € E(H) if
and only V(4;) N V(A4;) = 0. Observe that for any event A; and any set T C {j : i ¢ j},
we have Pr(A4; | NjerA;) = Pr(4;), since the vertices are included in S with independent
probabilities. This means that A; is mutually independent from the set of all events A; for
which V(A4;) NV (A;) = 0. Thus, our graph H matches Definition [2.6)and is a dependency graph
for A.
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In order to apply the Weighted Local Lemma (Lemma [2.13)), the following conditions must hold
for each event A; € A,
i
2 z
> (2p)" <5

ijeE(H)

The latter conditions are implied by the following ones (for each event A; € A),

2A-2
YSUDIITICOITES i St
Jj=2 veV(A;) J=3veV(4;)
A+1 ‘
tD J <i
+ Z (v,D)(2p)*" + Z Z (v, EY) 5 -
vEV(A;) J=2 veV(A;)
Which are implied by
2A -2
t; - B (2p)tsi t. - C7Y(2p)tci
-, max ; 8(v, BY)(2p)'7 0 +ti - max > 8, ¢)(2)
A+1
+t; - max {gv D)(2p)'?} +t; - max Zg(v,Ej)(zp)tEJ < ti
veV (A vEV (A) s 2

Using the bounds of Inequalities (4.1)) and noting that for p < 1/4 and any j, (2p)'si < (2p)?,
(2p)tei < (2p)3 and (2p)'ei < (2p)?, for any event A; this equation is implied by

(A+1)(2p)*+A(A=1)(2p)*+A%(A—=1)(2p)*+(A—1)(2p)* = 4A°P*+8A’p* +4Ap* —8A%p* < %

(4.2)
Hence, we fix p = ,%A where k is a constant to be determined later. Equation holds for
k > 3.68 for all A > 3. In fact, in the following steps of the proof, we will assume that £ > 30,
and so Equation will be satisfied for any A > 3. Since p < % and Pr(4;) < p' by the
definition of ¢; and the choice of S, the Weighted Local Lemma can be applied.

Let Np be the number of events of type T', where T € {Bj, CI,D,E7, } By Lemma we
have

2A—2 Ng;j 2A Nej Np A+1 Ngj
AIC>HH1—2pBJHH1—2pCJH @2p)) I T]( - @2p)'=)
7J=2 =1 j=3 =1 7=2 =1

Note that Z?ﬁ;Q Npg;i < % since there is exactly one event type Bﬂyv for each edge uwv € E(Q)

and at most % edges in G. We also have that Z?ﬁg N¢; is at most the number of pairs
of vertices in V' at distance 2 from each other. This is also at most the number of paths of
length 2 with both endpoints in V’, which is upper-bounded by M Moreover Np is
the number of pairs of false twins in V’, which is at most nf(G )A L by Proposmon 5l Finally,

ij; Ngi = nf(G) since by definition there exists exactly one event EY, for each vertex of
ueV'.

Hence, we have

Pr(Ac) > (1 - (2p)2)"F (1 - (2p)3)f+(1 -~ (2@%%(1 — (2p))M )
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Note that in Lemma , since p < % and (1 — ) > e~ (1°82)7 in 2 € [0,1/2], we have

i=1

N N
Pr (ﬂ A,) > exp (—(210g 2) Z(?p)t’) : (4.3)
=1

Since p = ,%A, we obtain

Pr(aic) Zexp (- (2log2)(2p)? (5 + HOSG=I2 JORZI 4y n)

> exp <—4k1§i2 <1 + 2‘7615:@ +f(G) + 2"’1®> n) .

Since f(G) <1 and it is assumed that k£ > 30, one can check that for any A > 3,

164 log 2
PI‘(AIC) > exp (—15]{:2in> .

Note that this bound could be strengthened by assuming A to be large enough. Indeed, here the
term % can be as high as % when A = 3 and f(G) = 1, but can be chosen to be as low as
desired by assuming A to be larger. However we aim to give a bound for any A > 3, hence we

use the weaker bound presented here.

The Weighted Local Lemma shows that the set S has the desired properties with probability
Pr(Ajc) > 0, implying that such a set exists. Note that we have no guarantee on the size of S.
In fact, if S = () then V(G) \ S = V(G) is always an identifying code. Therefore we need to
estimate the probability thatﬁ’\ is far below its expected size. In order to do this, we use the

Chernoff bound of Theorem by putting a = % where ¢ is a constant to be determined.

Let Apig be the event that |S| — np > —"];(AG). We obtain

)
2pnf(G)

e (19).

PI‘(ABIC;,) <exp| —

Now we have

Pr(Ac and Agig) = 1 — Pr(Ajc or Agig)
> 1 - Pr(Aic) - Pr(4pic)
=1-(1-"Pr(Ac)) — Pr(4g1q)
= Pr(Aic) — Pr(4piqg)

s oy (1641082 N ( Kf(G)
=P\ T 5R2A P\722n ") -

Thus, Pr(Ajc and Agig) > 0if ¢ < 328115(’)g2 k32 f(G)Y/2. We (arbitrarily) set ¢ = %

in order to fulfill this condition.
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Now we have to check that A implies that S is still large enough.

151 > E(js)) - "L
_nf(@) _nf(©)
kA cA

(1 Vv22log2 \ nf(G) (4.4)
S\ k k3/2f(G)1/2 A )

Since |S| must be positive, from Equation (4.4) we need k32 f(G)Y? > /22Tog 2 k, which leads
to k= % for ag > 22log 2. Using all our previous assumptions, by derivating the expression

99 log 2 _ 99log?2
=—>=. Hence we set k = 570

of |S|, one can check that |S| is maximized when ap =

Remark that under this condition and since f(G) < 1, we have k£ > 34 and our assumption
following Equation (4.2]) that & > 30, is fulfilled.

99 log 2
2

Now, with ag = , we can see that

8l > (1 - i) nf(G) _ay* —VRIE2J(GP 2 (G _ J(G)

n

k A ad/? A 297Tlog2 A T 103A
Hence finally the identifying code C = V'\ S has size

nf(G)?
©103A

IC| <n

Note that for regular graphs, f(G) = 1, since the existence of a forced vertex implies the existence
of two vertices with distinct degrees. We obtain the following result.

Corollary 4.7 (Graphs with constant proportion of non—forced vertices). Let G be a twin—free

graph on n vertices with mazximum degree A > 3 and f(G) = é for some constant o > 1. Then,

1D n
<n—-—.
G <N = s

In particular of G is d-regular,
n
ID G < - .
TG = oy
The next proposition will be proved in the next subsection.

Proposition 4.8. Let G be a graph on n vertices and of mazimum degree A. Then,

f(G) > 5+ .

Using it, we obtain the following general result.

Corollary 4.9 (General case). Let G be a twin—free graph on n vertices having mazimum de-

gree A > 3. Then,
n n

TI03AA+ 12 T O(A3Y

YP(G) <n
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The next proposition will be proved in the next subsection as well.

Proposition 4.10. Let G be a graph having no k-clique. Then, there ezists a constant (k)
depending only on k, such that

F(G) = S5 -

This leads to the following extension of Corollary where c(k) < 103~(k)2.

Corollary 4.11 (Graphs with bounded clique number). There exists an integer Ao such that
for each twin—free graph G on n vertices having mazimum degree A > Aqg and clique number
smaller than k, we have

for some constant c(k) depending only on k. In particular this applies to triangle—free graphs,
planar graphs, or more generally, graphs of bounded genus.

We remark here that the previous corollaries support Conjecture [£.2] They also lead us to think
that the difficulty of the problem lies in studying the set of forced vertices.

4.2.3 Bounding the number of non—forced vertices

Here, we prove the lower bounds for function f(G) of the statement of Theorem [£.6]

The following lemma was first proved in [I6], and a proof can be found in [59] (as [I6] is not
accessible).

Lemma 4.12 ([16]). If G is a finite twin—free graph without isolated vertices, then for every
verter u of G, there is a verter v € Nu| such that V(G) \ {v} is an identifying code of G.

Let us now prove Proposition

Proof of Proposition[{.8 Observe that a vertex v of G is not forced ounly if V(G) \ {v} is an
identifying code of G. Hence, by Lemma [4.12] the set S of non—forced vertices is a dominating

set of G, and thus |S| > . O

Note that Proposition is tight. Indeed, consider the graph Ay on 2k vertices defined in [59]
as follows: V(Ag) = {z1,..., 2o} and E(Ay) = {zsxj,|i — j| < k—1}. Aj can be seen as the
(k — 1)—th power of the path P. Construct now the graph By by adding a universal vertex x
(i.e. x is adjacent to all vertices of Ag) in the graph Ax. One can check that all vertices from By
but z are forced. This graph has n = 2k + 1 vertices, maximum degree 2k and exactly 1 = 575
non—forced vertex. Taking all forced vertices gives a minimum identifying code of this graph.

However, note that since for a fixed even value of A, we know only one such graph, it is not
enough to give a counterexample to Conjecture [£.2] Indeed in this case the size of the code is
n—lzn—ﬁzn—%—}—ﬁ:n—%—i—l.
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Figure 4.3: The graph By.

Observe that the graph By contains two cliques of k vertices. In fact, we can improve the bound
of Proposition [4.§] for graphs having no large cliques. Let us first introduce an auxiliary structure
that will be needed in order to prove this result.

Let G be a twin—free graph. We define a partial order < over the set of vertices of G such that
u 2 v if N[u] C N[v]. We construct an oriented graph H(G) on V(G) as a subgraph of the Hasse
diagram of poset (V (@), <). The arc set of H(G) is the set of all arcs wl where there exists some
vertex & such that N[v] = N[u]U{z}. Then z is uv-forced, and we note z = f(u0). For a vertex
v of V(G), we define the set F'(v) as the union of v itself and the set of all predecessors and
successors of v in H(G). Observe that H(G) has no directed cycle since it represents a partial
order, and thus predecessors and successors are well-defined.

Lemma 4.13. Let G be a graph having no k-clique. Then for each vertex u, |F(u)| < B(k),
where B(k) is a function depending only on k.

Proof. First of all, we prove that the maximum in-degree of H(G) is at most 2k — 3, and its
out-degree is at most k — 2.

Let u be a vertex of G. Suppose u has 2k — 2 in-neighbours in H(G). Since for each in-neighbour
v of u, [N[u] ® N[v]| = 1 in G, each of them is nonadjacent in G to at most one of the other
in-neighbours (in the worst case the in-neighbours of u induce in G a clique of 2k — 2 vertices
minus the edges of a perfect matching). Hence they induce a clique of size at least k — 1 in G.
Together with vertex u, they form a k-clique in G, a contradiction.

Now suppose u has k — 1 out-neighbours in H(G). Since for each out-neighbour v of u in H(G),
N[u] € N[v] in G, u and its out-neighbours form a k-clique in G, a contradiction.

Now, consider the subgraph of #(G) induced by F'(u). We claim that the longest directed chain
in this subgraph has at most k — 1 vertices. Indeed, all the vertices of such a chain are pairwise
adjacent in GG. Since G is assumed not to have any k-cliques, there are at most k — 1 vertices in
a directed chain.

Finally, we obtain that F'(u) has size at most (k) = Zf:_g(Qk —3)" and the claim of the lemma
follows. O

We now need to prove a few additional claims regarding the structure of H(G). In the following
claims, we suppose that G is a twin—free graph.
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Claim 4.14. Let s be a forced vertex in G_u};z'th s = f(m) for some vertices u and v. If t is
an in-neighbour of s in H(G), then v = f(ts). Moreover, if v is forced with v = f(@), then
necessarily y = s.

Proof. For the first implication, suppose s has an in-neighbour ¢ in H(G). An illustration is
provided in Figure Since u & s, then u # t. Moreover, v % t since s = f(ﬁ) Since
s ~ v the claim follows. For the other implication, suppose there exist two vertices x,y such that
v = f(x?/) Hence y ~ v but x o v. Therefore u o¢ x (otherwise v would be adjacent to x too)
and hence u % y. Now the only vertex adjacent to v but not to u is s, so y = s. O

s = f(ut)

t

Figure 4.4: The situation of Claim Arcs belong to H(G). Full thin edges
belong to G only, dashed edges are nonedges in G.

Claim 4.15. Let s be a forced vertex in G with s = f(ﬁ) for some vertices u and v. Then s
has at most one in-neighbour in H(G).

Proof. Suppose s has two distinct in-neighbours ¢ and ¢’ in H(G) (see Figure 4.5 for an illustra-

tion). By Claim {.14] v is both ts—forced and ¢'s—forced. But then N[t] = N|[s]\ {v} = N[¢'].
Then ¢ and ¢’ are twins, a contradiction since G is twin—free. O

v s = f(ud)

Figure 4.5: The situation of Claim Arcs belong to H(G). Full thin edges
belong to G only, dashed edges are nonedges in G.

Claim 4.16. Let s be a forced vertex in G with s = f(ﬁ), and let t be a forced in-neighbour of
s in H(G) with t = f(ﬁ/) for some vertices u,v,x,y. Then r = v.

Proof. Since t ~ y, then s ~ y too. But since t = f(ﬁ/), x ~ s and x % t. Now by Claim
v = f(ts), that is, v is the unique vertex such that v is adjacent to s, but not to t. Therefore
x = . O

We now obtain the following lemma using the previous claims.

Lemma 4.17. Let s be a nonisolated sink in H(G) which is forced in G with s = f(wb) for some
vertices u and v. Then either s has a non—forced predecessor t in H(G) such that F(s) C F(t),
or there exists a non—forced vertex w(s) such that F(s) C Nglw(s)]. Moreover, if there are ¢
additional sinks {s1,...,s¢} which are all nonisolated in H(G) and such that w(s) = w(s1) =
... =w(sy), then there exists a set of L+ 1 distinct vertices inducing a clique together with w(s).
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Proof. First of all, recall that H(G) has no directed circuits. Suppose s has a non—forced prede-
cessor in H(G) and let ¢ be one such predecessor having the shortest distance to s in H(G). By
Claim [£.15] predecessors of s are either successors or predecessors of ¢, and there is a directed
path from ¢ to s in H(G). Hence F(s) C F(t), which proves the first part of the statement.

Now suppose all predecessors of s = f (tﬁ) are forced. By Claim , s and its predecessors
form a directed path {to,... ,tmﬁ;( in H(G) (for an illustration, see Figure 1.6(a)). Note that
by Claim m, we have v = f(t;,s). By our assumption we know that t,, is forced, say t,, =
f(zv,) for some vertices x and v,,. But now by Claim z = v and t,, = f(v0,). Now,
repeating these arguments for each other predecessor of s shows that there is a directed path
{1, v, U, ..., v0} With t,, = f(v0,;) and for all i, 0 <i < m — 1, t; = f(v;10;). In particular,
to = f(v1vg). Observe also that for all i > 1, v; = f(ﬁ) By applying Claim on vertices
v1, v and tg, if vg is forced then tp has an in-neighbour in H(G), a contradiction — hence vy
is non—forced. Also note that, since vy ~ tg, then vy is adjacent to all successors of ty in H(G),
that is, to all elements of F'(s). Therefore, putting w(s) = vg, we obtain the second part of the
statement.

For the last part, suppose there exists a set of ¢ additional forced sinks {si,...,s;} which are
nonisolated in H(G) and such that all their predecessors in H(G) are forced with w(s;) = vg
for 1 < i < ¢ (for an illustration, see Figure . For each such sink s;, by the previous
paragraph, the vertices of F(s;) induce a directed path {t}, ... ,tfm, si} in H(G). Moreover we
know that there is a vertex x; such that t% is x;vg—forced. We claim that the set of vertices
X ={z1,...,x¢} together with vy and vy, form a clique in G of £ + 2 vertices.

We first claim that for all 4,5 in {1,..., ¢}, z; # t%. If ¢ = 7, this is clear by our assumptions.
Otherwise, suppose by contradiction, that z; = té for some ¢ # j in {1,...,¢}. Then we claim
that x; = ti. Indeed, by the previous part of the proof, we know that f(m) = tg) = —
hence x; o ;. But since Z04 is an arc in H(G), we must have f(z;00) = xj. Again, we know
that f(z;v5) = th, hence x; = ti. Let ¢} denote the successor of ¢} in the directed path from t}

—-— .
to s; in H(G). We know from the previous part of the proof that f(tjt}) = x; = t}. However

since t, = x; we also know that f(t{vg) = x;. This implies that Ng[vo] = Ng[t}], a contradiction
since these two vertices are distinct and G is twin—free.

Now, observe that the vertices of X must all be pairwise adjacent. All vertices of X are adjacent
to vg, and for each z;, N[vg] = N[z;]U{ti}, hence x; is adjacent to all neighbours of vy except t}.
But by the previous paragraph, we know that t) # x; for all j € {1,...,¢}, hence z; is adjacent
toall x; # x4, j € {1,...,¢}. For the same reason, each z; is adjacent to vi. Hence, the vertices
of X form a clique together with vy and v;.

Finally, let us show that all the vertices of X are distinct: by contradiction, suppose that
x; = x; for some 7 # j, 1 < 4,57 < £. Since tf) is x;v9—forced and t% is xjvo—forced, we have
L= t%. Since s; and s; are distinct, this means that s; and s; have one predecessor in common.
Hence their common predecessor which is nearest to s; and s;, say ¢, has two out-neighbours.
Let ¢; (respectively t;) be the out-neighbour of ¢ which is a predecessor of s; (respectively s;)
— see Figure for an illustration. We know that there are two vertices y;,y; such that
y; = f(tt;) and y; = f(tt;). First note that y; and y; are distinct: otherwise, we would have
N[t;] = N[tJU{y;} = N[t]U{y;} = N[t;] and then t;,t; would be twins in G. Observe that since
t 4 y; and y; # f(t_t;), we have t; % y;. We know that ¢ is forced, in fact by the first part of this
proof, we also know that t = f(y;2;) for some vertex z;. Hence z ~ t, and since N[t] C N[t;],
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z; ~ t;. But since t; # f(gﬁ), tj ~ vy, a contradiction. Hence z; and x; are distinct, which

completes the proof. O

u e
0= f(ims)$ s = f(ub)
%‘A
Um = f(tm—ltm. m = f(m)
] :
v1 = f(tot1) 8t = f(v301)
th £,
vy = w(s) 4 to = f(v1v0) 51 se
(a) Vertex s and all its predecessors (b) Vertices vo,v1, 1, ...,2¢ induce
in H(G) are forced. a clique in G.

3/ S \3 Sj
(c) If x; = x;, the dotted edge y;t; is both
an edge and a nonedge of G.

Figure 4.6: Three situations in the proof of Lemma Arcs belong to H(G).
Full thin edges belong to G only, dashed edges are non—-edges in G.

Finally, let us recall and prove Proposition [£.10]

Proposition. Let G be a graph having no k-clique. Then there exists a constant (k) depending
only on k, such that f(G) > ﬁ

Proof. To prove the result, we use H(G) to construct a set X = {z1,...,2¢} of non-forced
vertices such that Ule A(z;) = V(G), where A(x;) is a set of at most (k) vertices. Then we
have £ > % vertices in X and the claim of the proposition follows.

We now describe a procedure to build set X while considering each non-isolated sink of H(G).
We denote by s the currently considered sink.

Case 1: Sink s is non-forced. Then we set A(s) to be F(s) together with all the vertices which
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are forced by a pair u,v of vertices of F(s). Note that by Lemma |F(s)] < B(k), where
B(k) only depends on k. Hence, |A(s)| < B(k) + (6(216)).

Case 2: Sink s is forced. By Lemma {.17], either s has a non—forced predecessor t such that
F(s) C F(t), or there exists a non—forced vertex w(s) such that F(s) C Ng[w].

In the first case, we choose t as our non—forced vertex, and we set A(t) to be F'(t) together with all
the vertices which are forced by a pair u, v of vertices of F'(t). Again we have |A(t)| < 5(1{:)—1—(%“).

In the second case, we choose w = w(s) as our non-forced vertex. Now, let S = {s,s1,...,s¢} be
the set of forced sinks having no non—forced predecessor and such that w(s) = w(s;) = ... w(sy).
By Lemma we know that there are £ + 1 distinct vertices inducing a clique together with
w, hence £ 4+ 2 < k. We set A(w) to be F(w) U F(s) U F(s1)U...U F(sy) together with all the
vertices which are forced by a pair u, v of vertices of this set. We have |A(w)| < kS(k) + (kﬁék)).

We have now covered all the vertices which are not isolated in H(G), since for each nonisolated
sink s of H(G), F(s) is a subset of A(x) for some x € X. Besides, all isolated vertices of H(G)
which are forced, have also been put into some set A(z). Hence only non—forced isolated vertices
of H(G) need to be covered. For each such vertex v, we add v to X and set A(v) = {v}.

Finally, all vertices belong to some set A(x), x € X, and the size of each set A(x) is at most
~v(k) = kB(k) + (k@(k)), which completes the proof. O

4.3 Upper bounds for graphs with girth at least 5

This section is devoted to the study of graphs that have girth at least 5. We will use these results
in Section to deal with random regular graphs.

One can check that for graphs of girth 5, applying the Local Lemma does not lead to meaningful
results. However, by using the Alteration method, a better bound can be given.

We start by defining an auxiliary notion that will be used in this section. A subset D C V(G) is
called a 2-dominating set if for each vertex v of V(G) \ D, |[N(v) N D| > 2 (see [57]). The next
lemma shows that we can use a 2-dominating set to construct an identifying code.

Lemma 4.18. Let G be a twin—free graph on n vertices having girth at least 5. Let D be a
2—dominating set of G. If the subgraph induced by D, G[D], has no isolated edge, D is an
identifying code of G.

Proof. First observe that D is dominating since it is 2-dominating. Let us check that D is also
separating.

Note that all the vertices that do not belong to D are separated because they are dominated at
least twice each and g(G) > 4.

Similarly, a vertex € D and a vertex y € V(G)\ D are separated since y has two vertices which
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dominate it, but they cannot both dominate x (otherwise there would be a triangle or a 4-cycle
in G).

Finally, consider two vertices of D. If they are not adjacent they are separated by themselves.
Otherwise, by the assumption that G[D] has no isolated edge and that G has no triangles, we
know that at least one of them has a neighbour in D, which separates them since it is not a
neighbour of the other. O

The following theorem makes use of Lemma [4.18] The idea of the proof is inspired by a proba-
bilistic proof of a result on dominating sets which can be found for instance in [8, Theorem 1.2.2].

Theorem 4.19. Let G be a graph on n vertices with minimum degree d and girth af least 5.

Then
3logd
n

2d
Moreover, if G has average degree d = Oq(d(logd)?), then,

77(G) < (1 +04(1))

< logd + loglog d + Od(l)n

7'P(G) p

Proof. Let S C V(G) be a random subset of vertices, where each vertex v € V(G) is added to
S uniformly at random with probability p (where p will be determined later). For every vertex
v € V(G), we define the random variable X, as follows,

X — 0 if |INpw]NS|>2
Y71 1 otherwise.

Let T = {v | X, = 1}. This set contains, in particular, the subset of vertices which are not
2-dominated by S. Note that |T| = > X,. Let us estimate the size of T. Observing that
|N[v] N S| ~ Bin(deg(v) + 1,p) and deg(v) > d, we obtain

E(T))= Y E(X)

veV(G)
<n ((1 —p)™ + (d+1)p(1 - p)d>
(1—p)((1—p)+ (d+1)p)

where we have used the fact that 1 —x < e™®. Now, note that the set D = SUT is a 2-dominating
set of G. We have |D| < |S| + |T|. Hence,

E(ID]) <E(|S]) +E(T1)
< np+n(l+dp)e % . (4.5)

Let us set p = w. Plugging this into Equation (4.5]), we obtain

logd + loglog d 1+ logd + loglogd logd + loglogd + Og4(1)
= n

E(|D|) <
(D) =< d " dlog d " d

This shows that there exists at least one 2-dominating set D having this size.
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Case 1: (general case) Note that we can use Lemma by considering all pairs u, v of vertices
of D forming an isolated edge in G[D], and add an arbitrary neighbour of either one of them to
D. Observe that such a vertex exists, otherwise v and v would be twins in GG. Since there are at
most ‘%l such pairs, we obtain a 2-dominating set of size at most |D| + |—§‘ =1+ od(l))31;§dn

having the desired property. Now applying Lemma (.18 completes Case 1.

Case 2: (sparse case) Whenever d = Oy(d(logd)?), we can get a better bound by estimating
the number of isolated edges of G[D]. For convenience, we define the random variables Yy, for
each edge uv of G, as follows,

1 if Nu]AN[p] CV(G)\ S
Yo = )
0 otherwise

An isolated edge in G[D] might have been created in several ways. First, at the initial construc-
tion step of S: if both u,v belong to S, but none of their other neighbours do which happens
with probability at most p?(1 — p)2?=2. A second possibility is in the step where we add the
vertices of T to our solution. This could happen if both u,v were not dominated at all by S,
which occurs with probability at most (1 —p)2?, or if exactly one of u, v was part of S and none of
their neighbours were, which has probability at most 2p(1 — p)?¢~1. Thus, the total probability
of having an isolated edge in G[D] is bounded from above as follows.

PI‘(YUU — 1) < p2(1 _p)2d—2 4+ (1 _p)2d 4+ 2p(1 _p)2d—1 — (1 _p)Qd—Z .

Using the previous observation together with the facts that p = M and 1 —xz < e %,
let us calculate the expected value of Y = Zuve E(G) Yiv-

(1— p)2a-2 < " —d-2p _ nde (s dtloglosd). g
-2 2 2d2(log d)?

We construct U by picking an arbitrary neighbour of either u or v for each edge uv such that
Yy = 1. We have |U| < Y. The final set C = SUT UU is an identifying code. Now we have

logd + loglogd + O4(1) d
E <E E(|T E < :
(IC) <E(S)) +E(T)) + E(|U]) < 1 ”+2d2(10gd)2"
Using that d = Og(d(log d)?),
log d + log log d 1
E(lc|) < o84+ log Zg +0a4(1) | (4.6)

Then there exists some choice of S such that |C| has the desired size, and completes the proof. [

In fact, it is showed in the next section (Corollary 4.23)) that Theorem is asymptotically
tight.

4.4 Identifying codes of random regular graphs

From the study of regular graphs arises the question of the value of the identifying code number
for most regular graphs. We know some lower and upper bounds for this parameter, but is it
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concentrated around some value? A good way to study this question is to look at random regular
graphs.

We will use the Configuration Model to study random regular graphs for a constant d. Recall
that this model has been defined in Section 2.3.11

The following theorem provides an upper bound on the identifying number that holds with high
probability.

Theorem 4.20. Let G € G(n,d) then for any d > 3, with high probability,

,yID(G) < logd-i—loglzgd-i-Od(l)n

Proof. First of all we have to show that almost all random regular graphs are twin—free.

Observe that the number of perfect matchings of Koy, is (2m — D)l = (2m — 1)(2m — 3)(2m —
5)...1. Fix a vertex u of G and let N(u) = {v1,...,v4}. We bound from above the probability
that w and vy are twins, i.e. N|u] = N[v1]. The number of perfect matchings of K,,4 such that in
the resulting graph G of G(n,d), v; and ve are adjacent, is at most (d —1)(d — 1)(nd — 2d — 3)!!.
Indeed, there must be an edge between v; and v, which gives (d — 1)(d — 1) possibilities. Since
u has d neighbours, the number of possibilities for the remaining graph is the number of perfect
matchings of K q_24_o.

Analogously the number of perfect matchings with v, v3 € N(v1) is at most (d — 1)(d — 1)(d —
2)(d — 1)(nd — 2d — 5)!1. Thus, we have
Pr(Nu] = N[vi]) < Pr(Nu] C N[v])
_(d=1)(d—-1)(d-2)(d—-1)...2(d = 1)1(d — 1)(nd — 4d + 1)!!
B (nd — 2d — 1)!!

d(d —1)!
(nd—2d—1)...(nd—4d + 3)

o

As we have at most %d possible pairs of twins (one for each edge), by the union bound and since
d > 3, for sufficiently large n we obtain

IN

IN

for n large enough.

Pr(G has twins) < na () ,
2 \n
which tends to 0 when n — co. Therefore, random regular graphs are twin—free with high

probability.

By {.6), for any G € G(n,d), we have a set C with

logd + loglogd 4+ O4(1)
n Y
d
that separates any pair of vertices except from the ones where both vertices belong to a triangle

or a 4-cycle. We have to add some vertices to C in order to separate the vertices of these small
cycles.

| <
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Classical results on random regular graphs (independently showed in [23, Corollary 2.19] and
in [128]) state that the random variables that count the number of cycles of length &k, X}, tend
in distribution to independent Poisson variables with parameter Ay = ﬁ(d — 1)k

Observe that

(d—1)° (d—1)*

E(Xg) = and E(X4) = T ,

i.e. a constant number of triangles and 4-cycles are expected.

Using Markov’s inequality we can bound the probability of having too many small cycles,

(d—1)°
6t

(d—1)*

Pr(Xs>1t) <
(X3 >t) < o

and Pr(Xy>1t) <
Setting ¢t = v¥(n), where J(n) — oo, the previous probabilities are o(1). Then, with high
probability, we have at most ¥(n) cycles of length 3 and ¥(n) cycles of length 4.

Let T = {u1,u2,us} be a triangle in G. As d > 3 there exists at least one vertex v; outside the
triangle (moreover, we showed that the graph has no twins w.h.p.). Since our graph is twin—free,
for each ordered pair (u;, u;) there exists some vertex v;j, such that v;; € N(u;)\N(u;). Observe
that we can add v12, v93 and v3; to C and then any pair of vertices from 7" will be separated.

If T = {u1,us,us,us} induces a Ky, each pair of vertices of T is contained in some triangle and
is separated by the last step. If T induces a 4-cycle, adding T to C separates all the elements in
T. Otherwise, T" induces two triangles and adding T to C separates the two vertices which have
not been separated in the last step.

After these two steps, we have added at most 79(n) vertices to C. Hence, for any G € G(n,d)
w.h.p. we obtain

log d + loglog d 1 log d + log log d 1
YOG < ogd + log (C)lg + Oq( )n+719(n): ogd + log Zg + Oq( )n
Observe that the OdT(l)n term contains the 79(n) term. O

Theorem shows that despite the fact that for any d, we know infinitely many d-regular graphs
having a very large identifying code number (e.g. n — % for the graphs of Construction of
Section [.5]), almost all d-regular graphs have a very small identifying code.

Moreover, v'°(G) is concentrated, as the following theorem and its corollary show. In fact
the following result might be already known, since a similar result is stated for independent
dominating sets in [76]. However we could not find it in the literature and decided to give a
proof for the sake of completeness.

Theorem 4.21. Let G € G(n,d), then w.h.p. all the dominating sets of G have size at least

logd — 2loglogd
¥ n

Proof. We will proceed by contradiction. Given a set of vertices D of size m, we will compute
the probability that D dominates Y = V(G) \ D. Recall that G has been obtained from the
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configuration model by selecting a random perfect matching of K,4. Let y € Y fixed, then let
A, = {N(D)n{y} # 0} be the event that y is dominated by D. Its complementary event
corresponds to the situation where none of the edges of the perfect matching of K,,4 connects the
points corresponding to y to the ones corresponding to any vertex of D. Define Wp = UyepW,
as the set of cells corresponding to D in K,4. Then for any v € Wp, the event B, corresponds
to the fact that v is not connected to any point in Wy. If Wp = {v1,...,vma},

(A7) = (ﬂUGWDB’v)
1(By,) Pr(By, | By,)...Pr(B,,,, | ﬂmd 'B,)

d_ndd—l) <1_ndd—3>'”<1_nd—(2cjnd—1)>
: (1~ =@
[(-5)

Since 1 — z = e~+(198(1=2)+2) (here we take z = ——
Taylor expansion of the logarithm in 2z = 0), we obtain

md
Pr(A,) > exp (‘ Z n —12m O <("—12m)2>)
=1

1=

— exp <—(1+o(1)) md )

n—2m

I
}-U

I
3
—_

Il
—

=i

>

7

) and log(1 — z) + = = O(2?) (by the

The probability that D is dominating all vertices of Y = {y1,...,yn—m} is
Pr(Nyey Ay) = Pr(Ay,) Pr(dy, | Ay,) . Pr Ay, | 02714y,

We claim that Pr (Aw | ﬂé;llij) < Pr(Ay,). Suppose that yi,...,y;—1 are dominated. This

means that the corresponding perfect matching of K45 has an edge between one of the points
corresponding to y; (1 < j < i — 1) and one of the points corresponding to the vertices of D.
The probability that y; is not dominated by D is now the probability that none of the remaining
edges of the perfect matching connect any vertex of D with y;. Hence,

d d d
Pr 21A =(1-— 1-—.. (1l -
( yl‘m ) < nd—2i+1>< nd—2i—1> ( nd—2md+1>
>11- d 1-— d 1—#
nd—1 nd — 3 nd — 2md + 1

= Pr(d,).

By considering the complementary events, Pr ( vi | ﬂz “0A, ) < Pr(A,,). Hence these events
are negatively correlated, and

n—m  md nm  md
P merA H <1—6 n—2m> Sexp{_(n_m)e n—Zm} .
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log d—cloglogd
d

For the sake of contradiction, let m < n for some ¢ > 2. Then,

logd — cloglogd logd — cloglogd
Pr (myGYAy) < exp ( (1 - d 1 exp 71 _ 2logdfclog10gd
d

logd — cloglogd})
1+ Od(l)

= exp (— (14 04(1)) nexp {—
_(ogd)®

— (14 0(1))e

Note that if no set of size m dominates Y, neither will do a smaller one. So we have to look just
at the sets of size m. The number of these sets can be bounded by

BEC,

B de
~ \logd — cloglogd

A

log d—cloglogd
e E—

log d—cloglogd
de d "

=1 1

1+ 0a(0) () ,

where we have used m! > (%)m

Let Aps be the event that G has a dominating set of size m. Applying the union bound, we
have

log d—cloglogd

d " (ega)®
PI“(ADs) < (1 + Od(l)) <1(:iged 6_<1 gdd) n
= (14 04(1)) exp (logd — ClegIOgd(logd + 1 —loglogd)n — (h)%:ld)n>
1 2 1 ¢ 1 2
:(1+0d(1))exp<<(oid) _(ogdd) +od<(0gc;ld) ))n) —0,

since ¢ > 2. This shows that w.h.p. no set of size less than Mn can dominate the

whole graph and completes the proof. O

Since any identifying code is a dominating set, we obtain the following immediate corollary.

Corollary 4.22. Let G € G(n,d), then, with high probability,

D log d—2loglogd
Y1P(G) > lead=2loglod,,

Plugging together Theorems and [.21] we can provide the following result.

Corollary 4.23. Let G € G(n,d), then, with high probability,

logd — 2loglog dn <

: < < 10gd+loglogd+0d(1)n

7P(G) 7
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4.5 Extremal constructions

This section gathers some constructions which show the tightness of some of our upper bounds.
Some of these constructions can be found in [5§].

Construction 4.24. Given any dpg-reqular multigraph H (without loops) on ny vertices, let
Ci1(H) be the graph on n =ng(dy + 1) and mazimum degree A = diy + 1 constructed as follows.

1. Replace each vertex v of H by a clique K(v) of dg + 1 vertices

2. For each vertex v of H, let N(v) = {vi,...,vq,} and K(v) = {ko(v),...,ka,(v)}. For
each ki(v) but one (1 < i < dg), connect it with an edge in C1(H), to a unique vertex of
K (v;), denoted f (k;i(v)).

One can see that the graphs Ci(H) given by Construction are twin—free. Moreover, for
each vertex v of H and for each 1 < i < dg, note that f (k;(v)) is ko(v)k;(v)—forced. Therefore
C1(H) has dgny = n — X forced vertices. In fact these forced vertices form an identifying code,
therefore v (C1(H)) = n— %. An example of this construction is given in Figure where H is
the hypercube of dimension 3, H3, and the black vertices are those which belong to a minimum
identifying code of Ci(Hs).

5 k3(b)
(@) O,
ko (D)
o 3
r 3
@ O,
e

Figure 4.7: The graphs Hs and C;(Hs).

The following construction is very similar, but yields regular graphs.

Construction 4.25. [58] Given any dg—regular multigraph H (without loops) on ny vertices,
let Co(H) be the d-regular graph on n = ngdy vertices (where d = dy) constructed as follows.

1. Replace each vertex v of H by a clique K(v) of dg wvertices.

2. For each vertex v of H, let N(v) = {vi,...,vq,} and K(v) = {k1(v),... ka,(v)}. For
each k;i(v) (1 <1 < dpg), connect it with an edge in Co(H), to a unique verter of K(v;),
denoted f (k;(v)).
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Note that for some vertex v of H, in order to separate each pair of vertices k;(v), k;(v) of K(v)
in Co(H), either f(kij(v)) or f(k;j(v)) must belong to any identifying code. Repeating this
argument for each pair shows that at least d — 1 such vertices are needed in the code. Since for
any two cliques K (u) and K (v), the set of these neighbours are disjoint, this shows that at least
ng(d — 1) vertices are needed in an identifying code of Co(H). In fact it is easy to construct an
identifying code of this size. This shows that despite the fact that Co(H) has no forced vertices,
¥P(Co(H)) = n — 4. An example of this construction is given in Figure , where H is the
complete graph K3, and the black vertices form a minimum identifying code of Co(K5).

Construction and are close to Sierpiriski graphs, which were defined in [89]. Recently
in [72], it has been showed that Sierpinski graphs are also extremal with respect to Conjecture

i.e. for any Sierpinski graph G on n vertices with maximum degree A, v'*(G) =n — %.

Figure 4.8: The graphs K5 and Ca(K5).

Construction 4.26. [58/ Given an even number 2k and an integer d > 3, we construct a
twin—free d-regqular triangle—free graph Cs(2k,d) on n = 2kd vertices as follows.

1. Let {cop,...,con—1} be a set of 2k vertices and add the edges of the perfect matching
{eie, ..., car—3car—2, cop—1c0}.

2. For each even i (0 <1i < 2k—2), build a copy K (i) of the complete bipartite graph Kq_; 4.
Join vertex ¢; to all vertices of one part of the bipartition of K (i), and join vertex c;y1 to
all other vertices of K(i).

Consider an identifying code of C3(2k,d). Note that in each copy K (i) of K4_14-1, at least
2d — 4 vertices belong to the code in order to separate the vertices being in the same part of
the bipartition of K (7). Now if exactly 2d — 4 vertices of K (i) belong to the code, in order to
separate the two remaining vertices, either ¢; or ¢; 11 belongs to the code. Hence for each odd
i, at most three vertices from {c¢;,c;iy1} U V(K(i)) do not belong to a code of C3(2k,d). On
the other hand, taking all vertices ¢; such that ¢ is even together with d — 2 vertices of each
part of the bipartition of each copy of Ky4_14—1 yields an identifying code of this size. Hence
P (C3(2k,d)) = k+2k(d—2) =n— 2;?' An example of this construction is given in Figure
where 2k = 8, d = 3, and the black vertices form a minimum identifying code of C3(8, 3).
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Figure 4.9: The graph C5(8, 3).

4.6 Concluding remarks and open questions

1. Motivated by the graph By (see Figure , we ask the following question.

Question 4.27. Does there exist a value of A and an infinite family of graphs with mazimum
degree A having ezactly ;%7 non—forced vertices?

Answering this question in a positive way would provide a counterexample to Conjecture [4.2
Note that for the similar question where we replace A + 1 by A, the answer is positive by
Construction of Section For any A, this construction provides arbitrarily large graphs
having exactly 3 non—forced vertices.

2. The main question that still needs to be answered is whether Conjecture is true for every
graph with maximum degree A. We have showed that the conjecture is asymptotically true for
every graph with a constant proportion of non—forced vertices (Corollary , which includes
regular graphs or graphs with no clique of constant order as a minor (Corollary .

An easier question is the following weaker version of Conjecture 4.2

Question 4.28. Is it true that for any nontrivial connected twin—free graph G of mazrimum
degree A, we have

Recall that we have examples with a large number of forced vertices. Thus, it is not true that
any graph has a constant proportion of non—forced vertices. Thus, Theorem does not suffice
to answer the previous question.

Nonetheless, we believe that the same probabilistic approach could give a better result by un-
derstanding which is the role of the forced vertices in the proof of Theorem In our proof,
we do not use the set of forced vertices to identify the rest of the vertices. It is obvious that any
identifying code will contain this set of vertices, but they also help to separate the other pairs.
For instance, in graph the By (see Figure , the set of forced vertices V(Ay) is already an
identifying code.

3. Consider a k—coloring of G, x : V(G) — [k]. For any set S C V(G), we denote by x(S) =
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Upesx(v) C [k], the set of colors in S. Then, x is locally identifying, if it is proper and for any
edge uwv € E(G), with N[u] # N[v], we have

X(N[u]) # x(N[v]) .

The locally identifying chromatic number of G, x;4(G), is the minimum integer k such that G
admits a locally identifying coloring.

It was conjectured in [55] that for any graph G with maximum degree A,
x1d(G) = O(A?) . (4.7)
In the same paper, the authors show that for such graphs, x;;4(G) = O(A3).

Using the technique displayed in the proof of Theorem (.6 one can show that for any graph G
with maximum degree A, (4.7) holds. In [60], we provide a constructive proof to show that

xiid(G) < 2A% —3A + 3.

This bound cannot be improved much. Using the projective plane one can construct a graph H
with maximum degree A and xq(H) = A? — A+ 1.

4. Note that Theorem [4.19|cannot be extended much in the sense that if we drop the condition on
girth 5, we know arbitrarily large d-regular triangle—free graphs having large minimum identifying
code number. For instance, Construction of Section provides a graph G which satisfies
¥P(G) = n — 5. Similarly, we cannot drop the minimum degree condition. Indeed it is known
that any (A — 1)-ary complete tree Ta p, of height h, which is of maximum degree A, minimum
degree 1 and has infinite girth, also has a large identifying code number (i.e. P (Tap) =

n = mtrorm LD)-






CHAPTER 5

LARGE SPANNING SUBGRAPHS ADMITTING
SMALL IDENTIFYING CODES

5.1 Introduction

Consider any graph parameter that is not monotone with respect to graph inclusion. Given a
graph G, a natural problem in this context is to study the minimum value of this parameter
over all spanning subgraphs of G. In particular, how many edge deletions are sufficient in order
to obtain from G a graph with near—optimal value of the parameter? Herein, we use random
methods to study this question with respect to the identifying code number of a graph, a well-
studied non—monotone parameter. An identifying code of graph G is a set C of vertices which
is a dominating set, and such that the closed neighborhood within C of each vertex v uniquely
determines v.

The basic notation on graph theory and a formal definition of identifying code can be found in
Section [4.1] of the previous chapter. Recall that for every twin—free graph G on n vertices having
at least one edge, we have

[logy(n+1)] <4™(G)<n-—1.
In view of the above lower bound, we say that an identifying code C of G is asymptotically optimal
if

IC| = O(logn) .

In this chapter we will deal with graphs that have a large identifying code number or that do not
admit an identifying code, this is, they contain twins. Our goal will consist in slightly modifying
such graphs in order to decrease their identifying code number and obtain an asymptotically
optimal identifying code, unless its domination number prevents us from doing so.

One of the reasons for a graph to have a large identifying code number is that it has a large
domination number (this one being a monotone parameter under edge deletion). For instance,
we need a linear size set in order to dominate all the vertices of a bounded degree graph. When
this is the case, we cannot expect to decrease much the size of a minimum identifying code by
deleting edges from G, as the deletion of edges cannot decrease the domination number.

71
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However, there are many graphs with small domination number where the identifying code
number is very large [59] [62]. Typically, this phenomenon appears in graphs having a specific
“rigid” structure. Supporting this intuition, Frieze et al. [66] have showed that the random graph
G(n,p) with p € (0,1), admits an asymptotically optimal identifying code. In particular, they
prove in [66] that

2logn

YP(G(n,p)) = (1+ 0(1))m :

where ¢ = p? + (1 — p)2. This suggests that the lack of structure in dense graphs implies the
existence of a small identifying code.

By selecting at random a small set of edges that can be deleted to “add some randomness” in
the graph, we obtain the following result.

Theorem 5.1. For every graph G on n vertices (n large enough) with mazimum degree A = w(1)
and minimum degree d > 66log A, there exists a subset of edges F' C E(G) of size

[F| =0 (nlogA) |

such that

G\ F) = <nlo§A> |

Observe that when d = O(n), this result is asymptotically equal to the one in [66].

In order to show Theorem 5.1 we define a suitable random spanning subgraph of G: we first we
choose a code C by selecting each vertex independenty at random, and then we randomly delete
edges among the edges containing vertices of C. We then analyze the construction by applying
concentration inequalities and the use of the local lemma.

A similar approach has been used in the literature when considering random subgraphs of a
graph (see Section [2.3.1)). Our random subgraph model is adapted to the analysis of identifying
codes, and can be seen as a weighted version of G, like the one proposed by Alon [3].

Theorem is asymptotically best possible in terms of both the number of deleted edges and
the size of the final identifying code for every graph with A = Poly(d) (see Corollary [5.10)). For
smaller values of the minimum degree, we prove that our result is almost optimal. We also show
that the two conditions, A = w(1) and d > clog A for some constant ¢, are necessary.

When considering the case of adding edges to the graph, we get analogous (symmetric) results,
showing that every graph is a large spanning subgraph of some graph that admits a small
identifying code. This result also turns out to be tight. We also describe an application to the
closely related topic of watching systems.

This chapter is organized as follows. In Section we define our model of random subgraphs
and use it to prove Theorem In Section we construct a family of graphs to show that
Theorem is almost tight for all values of d and A. We present some other consequences of
our result in Section in particular, we argue about the case where edges are added to the
graph. The chapter concludes with some final remarks and open problems (Section .
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5.2 Main theorem

In this section, we prove Theorem We will need some tools and lemmas.

5.2.1 Random subgraphs and identification

In what follows, for every set of vertices B C V(G) and each v € V(G), we let N§ (v) = Ng(v)NB
be the set of neighbors of v in B. Analogously, NE[v] = Ng[v] N B. We denote by dp(v) =
INE (v)], the degree of v within set B.

Definition 5.2. Given a graph G and B C V(G), a function f : V(G) — Rt U {0} is said
to be (G, B)-bounded if for each vertex u, f(u) < dp(u) and for each pair u,v of vertices with
dp(u) > dp(v), f(u)/dp(u) < f(v)/dp(v). Given a (G, B)-bounded function f, we define the
random spanning subgraph G(B, f) of G as follows:

o G(B, f) contains all edges of the subgraph G|V (G) \ B] induced by V(G) \ B, and

e cach edge uv incident with B is independently chosen to be in G(B, f) with probability

1 — pyy, where
_ 1 fw) | fv)
o= (s * 007)

Observe that, since f(u) < dp(u) for each vertex u € V(G), we have py, < 1/2.

The next lemma gives an exponential upper bound on the probability that two vertices of G(B, f)
are not separated by B. This lemma is crucial in our main proof.

Lemma 5.3. Let G be a graph, B C V(G), and f a (G, B)-bounded function. In the random
subgraph G(B, f), for every pair u,v of distinct vertices with dp(u) > dp(v), we have

Pr (Ng(vi)[u] = Ng(vi)[v]> < e—3f(u)/16 )

Proof. Consider the following partition of S = NF[u] U NE[v] into three parts: Sy, the vertices
of B dominating u but not v; Sa, the vertices of B dominating v but not u; and Ss, the vertices
of B dominating both w and v.

Let D be the random variable which gives the size of the symmetric difference of N’GB( B.f) [u] and

Ng(B n [v]. The statement of the lemma is equivalent to Pr(D = 0) < e~3/()/16,
The random variable D = \Ng(B N [u] ® Ng(B f) [v]| can be written as the sum of independent
Bernoulli variables

p-Y 0.,

weS

where D,, = 1 if and only if w dominates precisely one of the two vertices v or v in G(B, f).
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Therefore, for any w ¢ {u,v},

1 — Puw if w e Slv
Pl"(Dw:1): 1 = pow if w e Sy,
Puw (1 = pow) +pvw(1 _puw) if w e Ss.

Since we want to bound from above the probability that D = 0, we can always assume that
u,v ¢ Ng(B,f)[u] @ Ng(B,f)[v]' Recall that dp(u) > dp(v). By the definition of a (G, B)-
bounded function, we have that py, < pyy for each w € Ss. Since z(1 — x) has a unique
maximum at z = 1/2 and pyw, puw < 1/2, we also have:

f(u) flw) '\ _
Pow(1 _puw> > puw(l _puw) > 4dB(u) (1 - 4dB(u)) = g(u) ) (5.1)

for each w € Ss.

For w € S, denote by gy, the parameter of the Bernoulli random variable D,,. Then,

E(D) > Z Gu

weNE (v)
=D D w
wES weS3
= Z (1 _puw) + Z (puw(l _pvw) +pvw(1 _puw))
weST wWES3
2 Z puw(l _puw) + Z puw(l _puw)
weSL wESs

> g(u)dp(u)

:f(u)<1_ f(w) )

4 4dB (u)

3
> Tﬁf(“) : (5.2)

Finally, we have that

Pr(D=0) = [](1 — qu) < e Tuestv = ¢ BP) < ¢3/W/16
wesS

and the lemma follows. O

5.2.2 Proof of the main result

We are now ready to prove the main theorem.
Proof of Theorem [5.1] The proof is structured in the following steps:

1. We select a set C at random, where each vertex is selected independently with probability
p. Using the Chernoff inequality, we estimate the probability of the event A that C is
small enough for our purposes. From C, we construct the spanning subgraph G(C, f) of G
as given in Definition for some suitable function f.
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2. We use the local lemma (Lemma[2.12)) and Lemma 5.3]to bound from below the probability
that the following events (whose conjunction we call Az ) hold jointly: (i) in G(C, f), each
pair of vertices that are at distance at most 2 from each other are separated by C; and (ii)
for each such pair and each member of this pair in G, its degree within C in G is close to
its expected value d(v)p. We show that with nonzero probability, Ac and Apy, hold jointly.

3. We find a dominating set D of G with |D| = O(|C|); by Observation .3} if Az, holds, then
CU D is an identifying code.

4. Finally, we show that, subject to A¢ and Arr, the expected number of deleted edges is as
small as desired.

Step 1. Constructing C and G(C, f)

Let C C V(G) be a subset of vertices, where each vertex v in G is chosen to be in C independently
with probability
_ 66logA

b d
Observe that p < 1 since d > 66log A.

Consider the random variable |C| and recall that E(|C|) = np.

Define A¢ to be the event that

132nlog A

Cl < 2np =
IC| < 2np g

(Ac)
Since the choices of the elements in C are done independently, by setting ¢ = 1 in Lemma [2.2
notice that ¢, > 1/3, we have

PR _22nlog A
d

Pr(Ag) < e (5.3)

We let
f(u) = min (66 log A, d¢(u)) .

Observe that f is (G,C)-bounded. We construct G(C, f) as the random spanning subgraph of G
given in Definition [5.2] where each edge uv incident to a vertex of C is deleted with probability

Puv-

Step 2. Applying the local lemma

Let u,v be a pair of vertices at distance at most 2 in G. We define the following events:

By, is the event that there exists a vertex w € {u,v} such that the degree of w within C

. .. . . d(w
is deviating from its expected value d(w)p by half, i.e. |d¢c(w) — d(w)p| > (T)p;

Cyy is the event that Ng(C,f) [u] = Ng(c,f) [v];

Ay is the event that By, or Cy, occurs (Ayy = Buy U Cuy);

Ay is the event that no event Ay, occurs (A LL = OUUAW).
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In order to apply the local lemma, we wish to upper bound the probability of A,,. We have:

Pr(Ayu) < Pr(Buy) + Pr(Cuy)
= Pr(Buyy) + Pr(Cuy|Buw) - Pr(Buy) + Pr(Cuy|Buw) - Pr(Buy) -

Let us upper bound Pr(B,,). We use Lemma with e = 1/2. Observe that c¢. > 1—10, and thus

d(u)p d(v)p
; )

Pr(Bin) < Pr (|defu) = d(ap] > .

)+ P (lde(w) = dwypl >

< 90~ 104w)p + 90~ 14V)D

66d(u) log A 66d(v) log A
= 2e~ 10d + 2e 10d
_33logA
< Je 5
33
<4AT5 .

Next, we give an upper bound for Pr(C,|By,). For such a purpose, we apply Lemma with
B =C and f(u) = min(661log A, dc(u)). Observe that f is (G,C)-bounded. Since By, does not
hold, we know that dc(u) and de(v) are large enough, i.e. for w € {u, v}, de(w) > d(—;")p > dQ—p =
33log A; thus f(u), f(v) > 33log A. We have:

_ 3:33log A 99

Pr(Cuw|Buw) <e 18 <A 16, (5.4)
The probability that the event A, holds is

Pr(Auy) <Pr(Byy) + Pr(Cuy|Buw) - Pr(Buy) + Pr(Cyuy|Buy) - Pr(Buy)
33

<AAF 41-4AF £ AT -1

< 2A7% =!PLL
where we used A = w(1).

We now note that each event A, is mutually independent of all but at most 2A% events A, /..
Indeed, A,, depends on the random variables determining the existence of the edges incident
to u and v. This is given by probabilities py,, and py, that depend on de(w), where w is at
distance at most one from either u or v. Thus, Ay, depends only on the vertices at distance
at most two from either u or v belonging to C. In other words, A, and A, are mutually
independent unless there exist a vertex w at distance at most two from both pairs; in other
words, d({u, v}, {u’,v'}) < 4. Hence, there are at most 2A* choices for the vertex among {u/, v’}
that is closest from {u,v} (say «'), and at most A2 additional choices for v/, since d(u’,v") < 2.

Therefore, we can apply Lemma if
e 20716 - (205 +1) < 1,
which holds since A = w(1).

Now, by Lemma and since there are at most "QAQ events Ay, (one for each pair of vertices

at distance at most 2 from each other) and pr; = QA_%,

_99
Pr(Ar) > (1 —e-ppp)M > e 26PM > e2enA’ 10 , (5.5)
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where we have used (1 — z) = e *(170(@) > =27 if 3 = o(1).
Step 3. Revealing the identifying code
Let us lower bound the probability that both A¢ and Apy hold, by using (5.3)) and (5.5)):

PI"(AC N ALL) > PI"(ALL) — Pr(fc)
= 6—2677,A27% _ e_ 221’1,;0gA

which is strictly positive if
221log A

> 2eA2" 16
d ¢ ’

which holds since n is large (and hence A = w(1) is large too), and d < A.

Hence, there exists a set C of size 132% such that all vertices at distance 2 from each other
are separated by C, and such that the degree in C of all vertices is large enough.

In order to build an identifying code, we must also make sure that all vertices are dominated.
It is well-known that for every graph G, v(G) < (1 + 0(1))% (see e.g. [8, Theorem 1.2.2|).

Hence, we select a dominating set D of G with size (1 + 0(1))%. Then, by Observation
C U D is an identifying code of size at most

1
(1324 1+ o(1)—— < 134

Step 4. Estimating the number of deleted edges

Let Y = |E(G) \ E(G(C, f))| be the number of edges we have deleted from G to obtain G(C, f).
Recall that each edge uv € E(G) is deleted independently from G with probability

By
Puw =14 (dc<u> " dc<v>) ’

if one of its endpoints is in C.

Since Pr(A¢ N Arr) > 0, there is a small identifying code of G obtained by deleting at most
E(Y|Ac N Arp) edges. We next give an upper bound for E(Y|Ac N Arz). If both A¢ and App,
hold, then

1 (6610gA 6610gA>
Puv =4\ “de(u) de(v)

The expected number of deleted edges is

E(Y|AC N ALL) = Z DPuv -
uweE(G)
({u,v}nC)#0

Observe that in order to estimate this quantity, we can split the two additive terms in each py,:

for every u ¢ C, we sum all the terms Gf;j?(gﬁ for all v € C being neighbors of u; for every u € C,
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we sum all the terms Gfdlo(g)A for all v € V(@) being neighbors of u.

ugC veNE (u) uEC vENG (u)

1 66 log A 66 log A
<D def +) d(w) >
4 (ugc (W) o= de(u)

1 66 log A
< <|V(G) \C|-66log A+ > 2 . )

u€el

1
< 2 (n-66log A + 2|C|d)

66n log A 4 264nlog A
- 4
< 83nlog A ,

d(v)

where we used the fact (implied by Arp) that for each vertex v, =52 < d¢(v) at the second line,

and that A¢ implies |C| < 132% at the fifth line.

Summarizing, we have showed the existence of a small identifying code in a spanning subgraph
of G obtained by deleting at most E(Y|A¢ N ALr) edges from G, which completes the proof. [

5.3 Asymptotic optimality of Theorem (5.1

In this section, we discuss the optimality of Theorem first with respect to the size of the
constructed code and the number of deleted edges, and then with respect to the hypothesis
A =w(1l) and d > 66 log A.

5.3.1 On the size of the code and the number of deleted edges

As commented in the Introduction, by removing edges, the dominating number never decreases.
It is well-known (see e.g. [§, Theorem 1.2.2]) that the domination number of a graph with
minimum degree d satisfies

AG) < (1+o(1)) 182

This bound is sharp. If G is a tight example for (5.6]), then for every subgraph H of G,

(5.6)

nlogd
7

This shows that Theorem cannot be improve much in terms of identifying code size. In this
section we will show that, indeed, Theorem [5.1]is also tight in terms of number of deleted edges.

YP(H) > y(H) > v(G) = (1 +0(1))

Charon, Honkala, Hudry and Lobstein showed that deleting an edge from G can decrease by at
most 2 the identifying code number of a graph [33]. That is, for every graph G and any edge
w € E(Q),

YP(G) < AP(G\ ww) + 2
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This directly implies that for every graph with linear identifying code number, one needs to
delete a subset I of at least {2(n) edges, to get a graph with v'°(G \ F) = o(n).

We will show that, indeed, one needs to delete at least Q(nlogn) edges from the complete graph
to get a graph with an asymptotically optimal identifying code. Using this, we will derive a
family of graphs with arbitrary minimum degree d, that asymptotically attains the bound of
Theorem [5.1], both in number of edges and size of the minimum code, when A = Poly(d).

Let start by showing that every graph with an asymptotically optimal identifying code cannot
contain too few edges.

Lemma 5.4. For every M’ > 0, there exists a constant co > 0 such that any graph G with
YP(G) < M'logn contains at least conlogn edges.

Proof. Set g as the smallest positive root of

M/
f(a) = alog < ; ae) —1/2. (5.7)
Note that f(«) is well-defined since lim,—, f(a) = —1/2 and f(1) =log(M'+1)+1/2 > 0.

Suppose by contradiction that there exists a graph G containing less than conlogn edges, with
co = ap/4, that admits an identifying code C of size at most M’logn. Let U be the subset of
vertices of degree at least aglogn. Notice that

v < A8 20,
aplogn Qg

Since |C] < M'logn and any v € V(G) \ U has degree smaller than aglogn, the number of
possible nonempty sets Ng[v] NC, is smaller than

aoli:gn IC]| < M'logn + aglogn
T ) aglogn

i=1
_ ((M/ + ao)e>aologn

e7)]

!
ap log (%e)
=N 0
— .

where we have used that (‘g) < (%)b for the second inequality and the fact that «aq is a root

of (5.7) for the last one.

Since |V(G)\U| > n/2 there must be at least two vertices vy, vy € V(G)\U such that Ng[v1]NC =
N¢glve] NC, and thus C cannot be an identifying code, a contradiction. O]

The following lemma relates the identifying code number of a graph G to the one of its comple-
ment G.

Lemma 5.5. Let G be a twin-free graph. If G is twin—free, then
7P(G) < 29™(G) .
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Proof. Let Cp be a minimum identifying code of G. We will show that there exists a set C; of
size at most v'?(G) — 1 and a special vertex v, such that C = Co UC; U{v} is an identifying code
of G.

For the sake of simplicity, we define the following relation. Two vertices u,v € V(G) are related
if and only if Ng(u) NCy = Ng(v) NCy and u £ v (i.e. considering Cp in G, u,v are separated
by one of w,v). This will be denoted as u = v. It can be checked that this relation is an
equivalence relation.

Claim 5.6. Every pair of distinct vertices u #g v is separated by Cy in G.

Proof. By the definition of =¢, either Ng(u) NCy # Ng(v) NCp or u ~ v.

If Ng(u)NCo # Na(v) NCo, there exists w € Cp (and w ¢ {u,v}) such that w € Ng(u) ® Ng(v).
Then, w € Ng(u) & Ng(v), hence w still separates u, v in G.

If Ng(u) NCy = Ng(v) NCoy, then u ~ v. If at least one of them belongs to Cp, then this
vertex separates u,v in G. Otherwise, u,v ¢ Cy and we have Ng(u) N Cy = Nglu] N Cy and
N¢glv]NCy = Ng(v) NCy. Hence Ng[u] NCy = Ng[v] N Cy. But then Cy does not separate u, v in
G, a contradiction. O

In particular, this implies that any vertex in an equivalence class of size one is separated by Cy
from all other vertices in G.

Claim 5.7. If u =g v and both u,v ¢ Cy, then u = v.

Proof. Since u,v ¢ Cy, Nglu] N Co = Ng(u) NCo and Ng[v] NCo = Ng(v) NCo. Using that they
are equivalent, we have that Nglu] N Cyp = Ng[v] NCy. Since Cp is an identifying code of G, we
must have u = v. O

Claim 5.8. Let U = {uy,...,us} be an equivalence class of =g. Then all the pairs in U can be
separated in G by using s — 1 vertices.

Proof. We will prove the claim by induction. For s = 2 it is clearly true: since G is twin-free,
we can select w € Ng[u1] @ Nglug], and w separates u and v in G.

For every s > 2, consider the vertices ui,us € U and let w € Ngfui] ® Nglug). Since U forms
a clique in G, w ¢ U. Then w splits the set U into Uy, the set of vertices of U adjacent to w
in G, and Us, the set of vertices in U non—adjacent to w in G. Let |Uy| = s1 and |Us| = so; by
construction, s1,s3 < s.

Now, the pairs of vertices of U with one vertex from U; and one vertex from Us are separated
by w. By induction, the pairs of vertices in U; can be separated using s; — 1 vertices and the
ones in Uy using so — 1. Thus we need at most (s; —1) + (s2 — 1) +1 = s — 1 vertices to separate
all the pairs of vertices in U. O

From the previous claims, it is straightforward to deduce that there is a set Cy of size at most
|Co| — 1 vertices that separates all the pairs in G that are not separated by Cp.
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Eventually, there might be a unique vertex v such that Ng[v] N (Co U Cy) = 0 (if there were two
such vertices, they would not be separated by Co UCi, a contradiction). Hence, C = CoUCy U{v}
is an identifying code of G of size at most 2|Cy| = 27'°(G). O

Proposition 5.9. For every M > 0, there exists a constant ¢ > 0 such that for every set of
edges F' C E(K,,) satisfying v'° (K, \ F) < Mlogn, |F| > cnlogn.

Proof. Set M' = M/2 and let ¢ = ¢y be the constant given by Lemma for this M’. Suppose
that there exists a set F' of edges, |F| < cnlogn such that G = K, \ F satisfies v'°(G) < M logn.
By Lemma , the graph G admits an identifying code of size at most 2M logn = M'logn. By
Lemma [5.4] we get a contradiction. O

If A = Poly(d), the former proposition provides an example of a graph for which the result of
Theorem is asymptotically tight.

For every d > 0, consider the graph Hy to be the disjoint union of cliques of order d + 1. We
may assume that d + 1 divides n for the sake of simplicity. Denote by Hc(ll), . ,Hc(ls), s = 79
the cliques composing Hy.

Since H C(;) is a connected component, an asymptotically optimal identifying code for H; must also
be asymptotically optimal for each Hg). By Proposition we must delete at least Q(dlogd)
edges from Hc(lz) to get an identifying code of size O(logd).

Thus, one must delete at least Q(sdlogd) = Q(nlogd) edges from Hy to get an optimal identi-
fying code.

Corollary 5.10. For every d = w(1) and every M > 0, there exists a constant ¢ > 0 such that
for every set of edges F C E(Hy) satisfying v'?(Hg \ F) < M"lzgd, we have |F| > cnlogd.

We remark that a connected counterexample can also be constructed from Hy by connecting its
cliques using few edges, without affecting the above result.

Corollary implies that Theorem [5.1}is asymptotically tight when A = Poly(d), since in that
case log A = O(logd). In the case where d is sub—polynomial with respect to A, there is a gap
between the result of Theorem [5.1 and the construction provided here.

5.3.2 On the hypothesis

We conclude this section by discussing the necessity of the conditions A = w(1) and d > 66 log A
in Theorem [5.1]

First note that, if A is bounded by a constant, we need at least %7 = O(n) vertices to dominate

G. Thus, no code of size smaller than ©(n) can be obtained by deleting edges of the graph.

On the other hand, the condition d > 66 log A in Theorem is also necessary (up to a constant
factor) as can be deduced from the following proposition.
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Proposition 5.11. For arbitrarily large values of A, there exists a graph G with mazimum degree

A and minimum degree d = % such that, for every spanning subgraph H C G,

AP (H) = (1 - o(1))n.

Proof. Consider the bipartite complete graph G' = K, s where s = 22" Denote by Vi the stable

set, of size r and by V5 the stable set of size s. Observe that d =1 = logT?s = %.

For every twin—free spanning subgraph H C G, let C C V(G) be an identifying code of H. Let us
show that most of the vertices in V5 must be in C. Let S C V5 be the subset of vertices in V5 that
are not in the code. Thus, for every u € S, N¢[u] = Ne¢(u). Observe that Ne(u) C Vi, and hence,
there are at most 2" possible candidates for such N¢(u). Since C is dominating and separating
all the pairs in S, all the subsets N¢(u) must be nonempty and different, which implies, |S| < 2".
Hence, we have

€ = Ve \ 81 2 2% — 27 = (1 - o(1))2% = (1 - o(1))n .

5.4 Consequences of our results

We now describe consequences of our results on the case when we want to add edges to a graph
to decrease its identifying code number, and to the notion of watching systems.

5.4.1 Adding edges

In the previous sections, we have studied how much can the identifying code number decrease
when we delete few edges from the original graph. In this section, we discuss the symmetric
question of how much can the addition of edges help to decrease this parameter.

The question of how much can a parameter decrease when deleting /adding edges has been already
studied for some monotone parameters. However, if the parameter is monotone, only one of either
deleting or adding, can help to decrease it. One of the interesting facts of studying the identifying
code number is that, since it is a non—monotone parameter, we can have similar results for both
procedures.

As before, let G be a graph with maximum degree A and minimum degree d. We aim to find a
set of edges I" with ' N E(G) = () such that v'”(G'U F) is small. This set I will be provided by
applying Theorem to the graph G, that has maximum degree A(G) = n—1—d and minimum

degree d(G) =n — 1 — A. Thus, it will have size

|F| =0 (nlog A(G)) ,
and _
nlog A(G))

V(@ F) =0( e

Since G\ F = G U F, we have the following corollary of Theorem and Lemma,
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Corollary 5.12. For every graph G on n vertices with minimum degree d = n — w(1) and
mazimum degree A such that n—A > 661log (n — d), there exists a set of edges F' with FNE(G) =
0 of size

F| = O (nlog (n— d)) ,

such that

#%Guﬁ:@(mffg@>.

This result is also asymptotically tight. Otherwise, by using again Lemma|5.5] we could translate
our case to the case of deleting edges and we would get a contradiction with the optimality of
Theorem (.11

5.4.2 Watching systems

The result of Theorem has a direct application for waiching systems, which are a general-
ization of identifying codes [12] II]. In a watching system, we can place on each vertex v a set
of watchers. To each watcher w placed on v, we assign a nonempty subset Z(w) C N|v], its
watching zone. We now ask each vertex to belong to a unique and nonempty set of watching
zones; the minimum number of watchers that need to be placed on the vertices of G to obtain a
watching system is the watching number w(G) of G.

It is clear from the definition that v(G) < w(G) < 4*°(G), since the vertices of any identifying
code form a watching system (where the watching zones are the closed neighborhoods). In fact,
even the following holds:

Observation 5.13. For every twin—free graph G,
w(G) < min{~y'”(H), where H is a spanning subgraph of G} .

Indeed, consider the spanning subgraph Ho of G with smallest identifying code number, and define
the watching system to be the vertices of an optimal identifying code of Hy, with the watching
zones being the closed neighborhoods in Hy.

In [12, Theorems 2 and 3|, the authors propose the following upper bound for graphs with given
maximum degree:

Theorem 5.14 ([12]). Let G be a graph with mazimum degree A, then

[logy(n +1)] < w(G) < 7(G)[loga(A +2)].

Note that for every values of parameters v and A, the upper bound from the above theorem is
sharp for the graph consisting of - disjoint copies of a star on A + 1 vertices.

Recall that the bound on the dominating number provided in (5.6) is tight. In particular,
a d-regular graph chosen uniformly at random is an asymptotically tight example with high
probability. Indeed, for almost all d-regular graphs G, the upper bound of Theorem gives

nlog?d
d .

MQSV@W%A+ﬂ:Q< (5.8)
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By Observation a direct corollary of Theorem is the following:

Corollary 5.15. For every graph G on n vertices with minimum degree d > 66log A and mazi-
mum degree A = w(1), we have:

w(G) <0 <”1‘;gA) .

On the one hand, since y(G) > F5, Corollary is always at least as good as Theorem
On the other hand, if v(G) is large, it asymptotically improves Theorem as in case of a
typical d-regular graph (see the bound in (5.8)).

5.5 Concluding remarks and open questions

1. The kind of results we provide in this chapter can be connected to the notion of resilience.
Given a graph property P, the global resilience of G with respect to P is the minimum number of
edges one has to delete to obtain a graph not satisfying P. The resilience of monotone properties
is well studied, in particular, in the context of random graphs [122].

Our result can be interpreted in terms of the resilience of the following (non-monotone) property
P: “G has a large identifying code number in terms of its degree parameters, d and A”. For
every graph G satisfying the hypothesis A = w(1) and d > 66log A, Theorem can be stated
as: the resilience of G with respect to P is O(nlogA). Moreover, Corollary shows that
there are graphs that attain this value of the resilience.

2. In Theorem we show the existence of a small identifying code for a large spanning
subgraph of G. However, our proof is not constructive and, besides, the probability that such
pair exists is exponentially small, due to the use of the local lemma. The algorithmic version of
the local lemma proposed by Moser and Tardos [109], allows to explicitly find a configuration
that avoids all the bad events A,,, when these events are determined by a finite set of mutually
independent random variables. Unfortunately, this is not the case here, since A,, depends on the
random variables determining the existence of certain edges close to uv. These random variables
are not independent because of the definition of py,.

On the other hand, if we do not want to argue in terms of the maximum degree A, one can show
that by deleting a set of O(nlogn) random edges, any set of size O (nlo%) is an identifying

code with probability 1 — o(1). In such a case, the proof provides a randomized algorithm
which constructs the desired code for almost all subgraphs. It is an open question whether this
algorithm can be derandomized.

3. A notion similar to identifying codes, locating-dominating sets, has also been extensively
studied in the literature (see e.g. [96] for many references). A set C of vertices of G is a locating-
dominating set if C is a dominating set which separates all pairs of vertices in V(G) \ C. It
follows that any identifying code is a locating-dominating set, hence Theorem also holds for
this notion. In fact, the proof of Corollary can be adapted for this case too.

4. As further research, it would be very interesting to close the gap between the result in
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Theorem and the lower bound given by the example in Corollary [5.10] Motivated by this
example, we ask the following question:

Question 5.16. Is it true that for every graph G with minimum degree d, there exists a subset
of edges F C E(G) of size
[F| = O (nlogd) ,

VP(G\F) =0 <”1ng> ?

such that

It seems to us that the techniques used in this chapter will not provide an answer to the previous
question. The main obstacle is the use of the local lemma, which forces us to take into account
the role of the maximum degree of G.






CHAPTER 6

CONSECUTIVE PATTERN AVOIDING IN
PERMUTATIONS

6.1 Introduction

A permutation 7 € S,, contains o € S,,, as a consecutive pattern if there exists 0 < ¢ < n—m such
that st(m;41, ..., Titm) = 0, that is, there are m consecutive elements in 7 that have the relative
order prescribed by o. For instance, if o = (1,2,...,m), then 7 contains o as a consecutive
pattern if and only if it contains m consecutive increasing elements (a run of length m). A
permutation m € S, is called consecutive c—avoiding if it does not contain o as a consecutive
pattern. We denote by «, (o) the number of permutations in S,, that are o—avoiding.

The problem of determining o, (o) is inspired by the problem of finding the number of permuta-
tions of length n that avoid a pattern o non necessarily in consecutive positions. A permutation
m € S, contains o if there exist 1 < i3 < --+ < ip, < n such that st(m;,,...,m,, ) = 0. Clearly,
if m avoids o, then 7 also avoids o as a consecutive pattern. Knuth [90] introduced the non—
consecutive case and exactly determined the number of permutations avoiding some pattern of
length 3. There are many interesting results in the area (see e.g. |25, [5]) as well as the famous
Stanley—Wilf conjecture which was proved by Marcus and Tardos [99].

For every o € S, it is hard to provide an exact formula for a,, (o) when n is large. Asymptotic
formulas can be derived for some special patterns as showed by Elizalde and Noy [50]. In
particular, the authors give an estimation of «, (o) for every pattern o of length 3 and also for
some patterns of length 4. However, even for the case of length 4, there are still some patterns
for which the asymptotic behavior of ay, (o) is not known.

Elizalde [48] showed that for every o € S, the following limit

exists and that 0.7839 < p, < 1 if m > 3. A stronger result is given in [47|, where the authors

87
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show that a,(0) ~ ¢; pin!, for some constant ¢, that only depends only on o.

A pattern of length m is called monotone if it is either (1,2,...,m) or (m,...,2,1). It is clear
that ay,(1,2,...,m) = ay(m,...,2,1), since 7 = (m1,...,7,) is (1,2,...m)-avoiding if and only
if its reversing (my,...,m1) is (m,...,2,1)—avoiding. It was conjectured in [50] that monotone

patterns are the most avoided ones among all patterns of length m, when n is large enough. This
is known as the Consecutive Monotone Pattern (CMP) Congjecture.

Conjecture 6.1 (CMP conjecture [50]). For every o € Sp,

pg S p(17277m) :

The results in [50], determining p, for every o € Ss, settle in the affirmative the CMP conjecture
for patterns of length 3. Elizalde and Noy [5I] show that the conjecture is true for the large
class of non—overlapping patterns. A pattern is non—overlapping if two copies of the pattern in
a permutation share at most one position.

Regarding the least avoided pattern among all the patterns of length m, Nakamura [I11] posed
the following conjecture motivated by some simulations for small values of n and m.

Conjecture 6.2 ([I11]). For every o € Sy,

Po = £1,2,..,m—2,mm—1) -

Both conjectures have been recently proved by Elizalde [49]. The proofs are based on comput-
ing the generating function for the number of o—avoiding permutations, P,(2) = 3 an(0)Zy,
combined with the cluster method of Goulden and Jackson [71].

Here we will use a completely different approach to the consecutive pattern avoiding problem
through the probabilistic method. While this approach is not as precise as the generating function
technique, it provides simpler alternative proofs of some known results, as the CMP conjecture,
and allows one to obtain more general results.

All along this chapter, m will be a fixed integer while n will be considered to tend to infinity.
For the sake of simplicity, however, we will use asymptotic notation on m. If this is the case, we
will consider m to tend to infinity while n will be an arbitrarily large function of m.

Since we are interested in p,, we will consider m to be a fixed integer and n to be arbitrarily large
with respect to n. Our first result bounds p, from above when the pattern ¢ is not monotone.

Theorem 6.3. For every o € S;, \ {(1,2,...,m),(m,...,2,1)},
1 1
prsie o).
m! m?2 - m!

To prove this theorem we make use of Suen Inequality (see Theorem [2.16)), a powerful tool that
provides an upper bound on the probability that none of the events of a certain collection happen
simultaneously.

By comparing the upper bound given by Theorem with the result obtained by Elizalde and
Noy [51] for p(12,...m) We get the following corollary,
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Corollary 6.4. There exists an integer mq, such that for any m > mg and every paltern o €
S \{(1,2,...,m),(m,...,2,1)},

1
1—ps > <1 +Q <m>> (1 - p(l,Q,...JrL)) .

This immediately provides an alternative probabilistic proof for the CMP conjecture for large
values of m. Analyzing more carefully the proof of Theorem for small values of m, we can
show that the CMP conjecture holds for m > 5. The same approach, however, does not provide
meaningful results for the case m = 4.

This corollary also gives a lower estimation of the minimum gap between p(y 3 . ) and ps, for
every non monotone o € S,,.

Theorem can be extended to the whole set of patterns, S,,, by weakening the upper bound;

for every o € Sy,
1 1
e <1——+4+0 :
m! m - m)!

The second part of the chapter is devoted to the proof of a general lower bound on p, for o € Sy,.

Theorem 6.5. For every o € Sy,
1 m
o215 (p)

To prove this lower bound we use the one-sided version of the Lovasz Local Lemma (see
Lemma . This bound is asymptotically tight and an extremal example is provided by
the pattern (1,2,...,m —2,m, m — 1), the least avoided pattern of length m. Unlike in the case
of the upper bound and the CMP conjecture, our proof of Theorem can not be adapted to
extract a proof of Conjecture [6.2

As Theorem and Theorem give bounds for the value of p, in terms of m, a natural
question is to determine how most of the patterns behave. In this direction a much stronger
upper bound, close to the general lower bound, is showed to hold for most of the patterns.

Theorem 6.6. Let 0 € Sy, be chosen uniformly at random. Then, for each 2 <k <m/2,

1 4m
s <1—— ),
Po = m!+0<(m—k)!m!>

2m
m/2)!"

with probability at least 1 — (kil)! —mg

This theorem shows that when m large enough, for most of the patterns the value of p, is
concentrated close to the lower bound provided by Theorem [6.5] The idea behind the proof
of this result is that the number of permutations avoiding a pattern depends on the maximum
overlapping position of this pattern. It can be showed that almost all patterns do not have a
large overlap and thus, they are far from the upper bound attained by monotone patterns, the
ones with maximum overlap.
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This chapter is organized as follows. The upper bound on p, is studied in Section where
Theorem [6.3] and Corollary [6.4] are proved. Section [6.4]is devoted to the proof of Theorem
Finally, in Section we provide an upper bound for most of the patterns o by proving Theo-
rerm We conclude with some remarks and open questions in Section [6.6]

6.2 A probabilistic approach on consecutive pattern avoiding

Our goal in this section is to give a proper set of “bad events” A for our problem and build a
good dependency graph for A. The probability that a random permutation avoids all the events
in A will be the probability that a random permutation avoids o € S;,, as a consecutive pattern.

Let m € S, be chosen uniformly at random, and let o € S, be a fixed pattern. We consider the
set of events A = {Ay,...,Ap—m} where A; := {st(m;t1,...,Titm) = o}. As before, we let X;
be the indicator random variable of the event A; and let X = """ ™ X; denote the number of
events in A which are realized. Then, 7 avoids o as a consecutive pattern if and only if X =0,
that is, no copy of the pattern o appears. We have,

ap(o) =Pr(X =0)n!,

where the dependency of X on ¢ will be clear from the context. In particular we will be interested
in
po = lim Pr(X =0)'/". (6.1)
n—oo
Bounding from above the number of edges in a dependency graph H is crucial in order to give

a proper upper bound on the probability that no event in A holds. The following lemma shows
that we can choose a dependency graph H with few edges.

Lemma 6.7. Let S, T C {0,1,...,n—m} be two disjoint subsets such that for each (i,j) € SxT,
we have |i — j| > m. Then, the set of events {A;}ics and {A;}jer are mutually independent.

Proof. In order to prove that {A;}ics and {A;}er are mutually independent, we use the random
permutation model defined in Section [2.3] Recall that a uniform permutation from S, can
be obtained by considering Z1, ..., Z, independent uniform random variables in (0,1) and by
choosing ™ = st(Z1, ..., Zy).

Observe that the event A; depends only on the random variables Z;41,..., Zitm. By the hy-
pothesis of the lemma, we have that for each i € S and j € T, |i — j| > m. Then, using the
Mutual Independence Principle (see Observation with 73 = {i+1,...,7i+ m}, and noting
that

(UiesFi) N (UjerF;) =0,
we have that the set of events {4;}ics and {A,};cr are mutually independent. O
According to the previous lemma, the graph H with vertex set V(H) = {0,1,...,n—m}, where

ij € E(H) if and only if 0 < |i — j| < m, is a dependency graph for .A. Throughout the chapter,
we will use this graph H as a dependency graph of A.
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6.3 An upper bound on p, and the CMP conjecture.

In this section we show how Suen inequality (see Theorem can be used to provide a
meaningful upper bound on p,. Then, we derive an explicit lower bound for p(1 3 . ) using
a result of Elizalde and Noy [5I]. For large values of m, a proof of the CMP conjecture follows
from these two previous results. In the last part of the section we prove the conjecture for small
values of m.

A simple upper bound follows directly from the construction of the dependency graph H in the
previous section. Consider I = {km : 0 < k <n/m}, then

Pr(XzO)zPr( N Ai) gm(ﬂAi) :H<1—Pr<Ai| N Aj)> .
i=0 iel iel jel,j<i
By using Lemma[6.7 with S = {i} and T'={j : j € I,j <i},
_ 1
1—PI’<Az| m AJ>:1_Pr(AZ):1_7’TL‘
jelj<i

Since |I| > n/m — 1, this implies

1/m
pme(1-2) —1-o(—-).
m)! m - m!

A better upper bound is given in Theorem by taking into account the interaction between
pairs of dependent events.

A pattern o € S, has an overlap at k, 1 < k <m —1, if st(o1,...,0%) = st(Om_ks1,---,0m),
namely, the first and the last k& positions have the same relative order. For instance, the permu-
tation (2,5,8,7,1,3,6,4) has an overlap at 4, since st(2,5,8,7) =st(1,3,6,4) = (1,2,4,3), at 1,
since st(2) = st(4) = (1), and does not have an overlap at any other position. Observe that a
pattern does not have an overlap at k, if and only if

Pr(A;i N Ayimy) = 0. (6.2)

For every o € S, define the set
Oy ={k: Pr(A;) NPr(Ajsm-x) #0, 1 <k <m—1}.

Notice that O, is the set of positions at which o has an overlap. For instance, the monotone pat-
tern (1,2,...,m) has O .. m) = {1,2,...,m — 1} and for the pattern o = (2,5,8,7,1,3,6,4),
O, = {1,4}.

The following lemma is one of the crucial facts to prove Theorem [6.3]

Lemma 6.8. Letm > 2 and o0 € Sp,. Then m —1 € O, if and only if 0 is a monotone pattern.

Proof. 1t is clear that both monotone patterns satisfy m — 1 € O,. Let us show that for every
other pattern, m — 1 ¢ O,.
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Suppose that m — 1 € O,. This implies that

st(o1,...,0m—1) =st(o2,...,0m) . (6.3)

Since o is not a monotone pattern, there exists an index 2 < ¢ < m—1 such that ;1 > 0; < gj41
or g1 < 0; > 0;+1. Without loss of generality we assume the latter. Now observe that (6.3))
implies that if 0;,_1 < oy, then 0; < 0,11, leading a contradiction. O

Thus, we can consider that the maximum overlap of o € S, \ {(1,2,...m), (m,...,2,1)} is at
most at m — 2. We observe that there are non monotone patterns that have an overlap at m — 2.
For instance, consider m = 2t and o = (1,¢t +1,2,t +2,...,¢,2t), or (2,1,4,3,...,m,m — 1).

The following lemma gives some insight on the structure of the permutations that contain two
close occurrences of a pattern o.

Lemma 6.9. Let 0 € S, with k € O, and suppose that 7 € Soy,_ s such that the events
Ag and Ay hold. If o/ = st(opm—ki1,---,0m), then, for each i = 0,1,...,k — 1, we have

_ /
Tm—i = Ok—i + Om—i — O}_,;-

Proof. Fix some i < k. By the event Ag, we know that 7,,_; must be larger than o,,_; — 1
elements and smaller than m — o,,—; elements from (71,...,Tm—i—1, Tm—i+1s---,Tm)- By the
event A,,_r, it is also true that 7,,_; is larger than o,_; — 1 and smaller than m — o}_; elements

from (Tm—k+17 sy Tm—i—1, Tm—i+1,-- - 7—2m—k>-

Consider now the permutation o’ = st(op—k+41,--.,0m) € Sk. Then there are o}, — 1 elements
that are counted twice when we look at the elements smaller than o, _; or or_;, and k — a;_i
also double counted when we look to the larger ones. Therefore

Tm—i > Oh—i + Om—i —2— (0)_; — 1),
and
Tn—i < 2m — k — (m — Of—i+m—opm—i — (k— U;g,i)) .
Observing that the first inequality is strict, we get

. —_— . . I
Tm—i = Oi+1 + Om—i — Of_;-

By using this last lemma, we can provide an upper bound on the probability that two given
occurrences of a pattern appear.

Lemma 6.10. For every o € Sy, and any k € O,

(i)

m—k

Pr(A; N Ajpny) < ~1k
x( mek) S o T

Proof. Set 7 = st(mi41,...,Tirom—k)- Recall that 7 € §,, has been chosen uniformly at random,
which implies that 7 is also uniformly distributed in Sa,,_g. Moreover, 7 satisfies A; and A; 1,k
if and only if 7 satisfies Ag and A,,_.
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There are (2m — k)! possible candidates for 7. We will count how many of them are such that
the events Ag and A,,_j hold. By Lemma [6.9 -, we know that the elements {7,,—k41,...,Tm} are
uniquely determined by ¢ and k. Thus, we select a subset of m — k elements among the 2m — 2k
available ones in order to build (71,...,7,—%). Since 7 satisfies Ap, once these elements have
been chosen, there is just one order such that st(7q,...,7,,) = o, and only one way to set the
last m — k elements of 7, in order to satisfy A,,_g.

Since 7 = st(mit1,. .., Titam—k), for every permutation 7 chosen uniformly at random in S,,
(Q(m—k))
Pr(7 satisfies A; N Ajym—k) = Pr(7 satisfies Ag N Ayp—) < ﬁ .
m —k)!

Now we are able to prove Theorem

Proof of Theorem[6.3 First of all we compute u, A* and §*, needed to apply Suen inequality.
The expected number of occurrences of the pattern o does not depend on ¢ and can be computed
as

n—m
n—m-+1 n
Zi:() m)! m!

Assume that ¢ < j and j — i = m — k. Recall that by the choice of our dependency graph H,
two events A; and A; are not adjacent if ¢ — 7 > m.

By Lemma Lemma, and (6.2)), A* can be expressed as

2(m—k)
A*= 3" Pr(A:nA4;) Z Z Pr(A; N Ajym_r) <n z@:gmk)) (6.4)

ijEE(H) 1=0 k=max{1,2m+i—n}

where we assume that

Since o is not monotone, by Lemmawe have that m—1 ¢ O,. Thus, by using that (2aa) < fi—a,

we have

A* < m—k

=N (2m — k)
k=1
m—2 4m—k

<n
P (m—k)-(2m — k)
m—2 gm—k

<n

(6.5)

for any m large enough.
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Observe that the degree of a vertex in the dependency graph H is at most 2(m — 1). Then,

2(m — 1) 2
St

o= 0<i > Pr(4;) =2(m—1)Pr(4)) =

m)!
jrije E(H)

Since e20" < e¥/(m=D' < 9 if ;> 4 and by using that e < 1— T4a, for any a > —1; both (2.22)
and (6.1) imply that

1 — 34
po < exp ( . V2m(m+2)(m+1) )

m)!
1 34
< 1 m! \/ﬂ(m—f—f)(m—&—l) m!
T+ 25
1 1 4
<= (o () ( o)
m! m!  \27(m+2)(m+1)m!
. 1 14
= m! + m2.-m!’
for any large enough m. This completes the proof. O

6.3.1 A lower bound on p(i 3, . m)

Next, we proceed to prove Corollary . This is achieved by obtaining a lower bound on p(1 2 .. )
and by showing that this bound is larger than the upper bound given in Theorem [6.3] A recent
result of Elizalde and Noy gives an implicit expression for p(1 . m)-

Theorem 6.11 (Elizalde and Noy [51]). Let zp = p(112 .m)- Then zo is the smallest real root of
zmi Zmi+1
9(2) = Z (mi)! Z (mi+ 1)1

i>0 i>0

From this last theorem we can extract an explicit lower bound on p12. m)-

Lemma 6.12. For any m large enough,

1 1 1
P(12,.m) =1 ——+ +0 :
S m!  m-m! m2.-m!

Proof. Observe that for nonnegative values of z

m m+1 2m

z
J@ =1=24 =G T ) 2

since, for z € R", g(z) can be written as an alternating sum whose terms are strictly decreasing.
Since ¢g(0) = 1 and zp is the smallest real root of g(z), we can conclude that the smallest real
root of f(z), 21, satisfies 21 > 20. Thus pg1 2, m) > 1/21 and it suffices to compute an upper
bound on 2.
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Observe that we can consider z > 1. Write z = (1 —¢)~!, with 0 < ¢ < 1. Then z72™f(2) = 0

becomes
(1—¢)m1t

(m+1)!
By using that 1 — nx < (1 — )" <1 — nx + n?x? for any = > 0,

—(1 =) e (m—(m—i—l)zs)—i—L =0.

(2m)!

0 —(1- (am - Nege 4 LMDt (m =

(m — (m+1)e) +

(m+1)! (2m)!
<ae?+be+c,
where
o (om—1+ (m —1)(m? +1)
(m+1)! ’
m2+1
b=—|14+ — — d
< T+ 1>!> o
m 1
= <(m+ it (2m)!> ' (6.6)
Let ¢’ be such that a(¢’)? + be’ + ¢ = 0. Then,
—b—Vb?2 — 4dac
PA,2,..m) = (1= e)=1- % . (6.7)

If m is large enough we can get an asymptotic expression for /. Suppose that b > 4ac, then
the smallest root of az? + bz 4+ ¢ = 0 can be approximated by

c ac? a’c3
By putting together and (6.8), and by using that (1 +2)~! =1 — z + O(z?), we have

m 1
o Tt + @ Lo m3

(m—+1)!

iy O ()

m
1 1 1
S g ) (———
m!  m-m! m? - m!
for large enough m. This proves the lemma. O

6.3.2 The CMP conjecture for small values of m.

Theorem and Corollary are stated for sufficiently large values of m to avoid some techni-
calities. In this subsection we will make a refinement of our former analysis which allows us to
derive the CMP conjecture for m > 5. First we need an auxiliary lemma that will be useful for
small values of m.
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Lemma 6.13. Let 0 € S, \ {(1,2,...,m),(m,...,2,1)} with m > 5. If m—2 € O,, then
m—3¢ O,.

Proof. Suppose that m — 3 € O, and m — 2 € O,, that is, st(o1,...,0m—2) = st(o3,...,0m)

and st(o1,...,0m-3) = st(o4,...,0m). Thus, st(os,...,0.,) is a monotone permutation since
for each i € {1,...,m — 4}, if 0; > 041 then both 0,19 > 0543 and 0543 > 0;44. Without loss
of generality assume that st(os,...,om) = (1,2,...,m — 2).

Moreover, we have 01 < 02 < 03 since st(o1, 02, 03) = st(o3, 04, 05) and st(o3, 04,05) = (1,2, 3).
Thus st(o1,...,0m) = (1,2,...,m) getting a contradiction. O

Proposition 6.14. The CMP conjecture is true for m > 5.

Proof. On the one hand, a more precise upper bound on p,, 0 € S, \{(1,2,...,m),(m,...,2,1)},
can be derived from (2.22)) by using directly the upper bound on A* provided in (6.4)),

. (2(mfk))

1 T m—k
pse <U(0) = exp —m—l-e( D'k;@m—k)!

On the other hand, let L(m) be the lower bound on p(; 2, . ) that follows from and (6.7)).

Since ¢ is not monotone, by Lemma we have that m — 1 ¢ O,. One can check, by using
an algebraic manipulator, that for every o € S, \ {(1,2,...,m),(m,...,2,1)}, U(c) < L(m) as
long as m > 7, which implies the CMP conjecture for all these values.

Consider now that o € S \ {(1,2,...,6),(6,...,2,1)}. By Lemma and Lemma [6.13] O, is
a subset of either {1,2,4} or {1,2,3}. One can check in both cases that U(c) < L(6)

To conclude the proof, fix a pattern o € S5\ {(1,2,...,5),(5,...,2,1)}. By using again
Lemma and Lemma O, is a subset of either {1,3} or {1,2}. If 3 ¢ O,, then one
can check that U(o) < L(5). Otherwise we need to improve a particular case of Lemma

Assume that 3 € O,. We claim that
2
PI"(AZ N Ai+2) < ﬁ .

We will count the number of 7 = (7,...,77) € S7 that satisfy the events Ay and As. Notice
that st(73, 74, 75) is not monotone, otherwise, o would be also monotone. By symmetry we can
assume that st(73,74,75) = (1,3,2), thus 73 < 75 < 74. Besides, the events Ay and As imply
that st(7s, 74, 75) = st(71, 72, 73) = st(73, 76, 77). As a consequence, we also have 71 < 73 < T2 and
75 < 77 < 76. Then, 71 =1 and 73 = 2.

Let us continue by distinguishing cases depending on o3. If 03 < 05 (0 = (1,3,2,5,4)), then
all the other elements are fixed and 7 = (1,3,2,5,4,7,6). If o2 > o4 (0 = (1,5,2,4,3)), then
T=(1,7,2,6,3,5,4). Finally, if 05 < 02 < 04 (0 = (1,4,2,5,3)), then there are two options to
complete 7, (1,4,2,6,3,7,5) and (1,5,2,6,3,7,4).

There are 7! possible permutations for st(m;y1,...,m47) each of them appearing with the same
probability. From these permutations at most 2 satisfy the events Ag and Ay for a given o €
S5\ {(1,2,...,5),(5,...,2,1)}. Thus, the claim follows.
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It can be checked that L(5) is larger than the bound we get by setting
' 2 ()
A" = (PI‘(Az N Ai+2> + PI‘(Az N Az’+4)) n < ﬁ + ﬁ n

in (2.22)), where Pr(4; N A;44) has been computed by using Lemma O

6.4 A lower bound on p,.

The setting used to give an upper bound on the number of permutations avoiding a given pattern
can be also used to provide a lower bound on p,. Now we need a way to bound from below the
probability that X = 0 and for this purpose we will use the Lovéisz Local Lemma.

Usually, the Local Lemma is used to show the existence of a certain configuration that does
not satisfy any of the bad events in A. In our problem it is trivial to see that, for any pattern
o € Sp, there exists at least one permutation of length n that avoids 0. We are interested in
providing an explicit lower bound on the probability that a permutation selected uniformly at
random avoids o. This can be also attained through the local lemma. Thus, we will use it to
derive a lower bound on the number of permutations of length n that avoid o.

The one-sided version of the Lovasz Local Lemma (see Lemma [2.14)) is particularly convenient
for our approach.

Next, we show how the use this version of the local lemma to prove a lower bound on p,.

Proof of Theorem[6.5 Let A = {Ao,...,An—m} and let X be defined as in Section Set
m(i) =i —m+ 1. By using Lemma [6.7] with S = {i} and T'={0,1...,i — m}, we have

Pr <Ai] N Aj) =Pr(4;) .

j<i-m
Recall that Pr (4;) = % Since all the events have the same probability to appear, we set z; = x,
for each 0 <i <n —m, in (2.19)) from Lemma [2.14] to get
1 m—1
ponr <z(l—x) .
m—1
e m!

By setting x = <;—, the above inequality is satisfied and the Local Lemma can be applied. In
particular, we obtain the following lower bound on the probability that X = 0,

m—1)/m/! ) n—m+l

n—m (
— e
i=0
and, by using (6.1)),
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The lower bound given by Theorem is tight. This can be showed by using a result of
Elizalde [49], where the author proved that the least avoided patternis (1,2,...m—2,m,m—1).
The author also gives an implicit lower bound on 2y = p(_ as the smallest real

root of

1,2,....m—2,m,m—1)
»m Z2m+1
1z
/) ar m! m(2m —1)!

The following explicit upper bound can be derived from the previous equation, as in Lemma [6.12],

1 m
P(1,2,...;m—2,mm—1) = 1= m! @ <(m')2> ’

showing that Theorem [6.5]is tight.

6.5 The typical value of p,.

The results of the previous sections provide tight upper and lower bounds on p,, for every o € S,,.
In this section we want to show that, for a typical pattern, p, lies much closer to the lower
bound than to the upper bound. That is, the number of oc—avoiding permutations of length n,
for 0 € S, chosen uniformly at random, is typically closer to the number of permutations that
avoid (1,2,...,m — 2,m,m — 1) than to the number of permutations that avoid (1,2,...,m).

Define NV, C S,, as the set of patterns of length m that overlap at position k. The following
lemma bounds from above the size of these sets.

Lemma 6.15. Let 0 € S, be chosen uniformly ot random. Then

1. Prlce Np) =4 if2<2k<m

2. Pr(o € Ni,) < gy if m < 2k < 2(m —1).

Proof. Choose o € S,,, uniformly at random. Recall that the condition for ¢ € N}, is that
7MW =st(o1,...,04) and 7 = st(oym_pt1,...,0m) are equal to each other.

If 2k < m, then 7™ and 72 are independent, by Lemma and uniformly distributed in S.
For every 7,7 € S},
Pr(rM =7 | 7@ =) =Pr(+V = 1) .

Thus, we can compute the exact probability of being in N,

Pr(oc € Ny) = Pr(r) = 7(2)) = Z Pr(rM) =7n7® =7) = k! Pr(+V = 7)2 = =
TESE

Suppose now that 2k > m. For any integer £ > 1, observe that N, C N;_g. This in
particular implies that |Np—g| < [NMp—s|. Thus, for any k& such that 2k > m there exists an
integer k' € [m/2,3m/4] such that |N;| < |[Ny|. So we may assume that k& < 3m/4.

Partition the pattern o in s = || parts of length m — k by defining the permutations
() = St(O(m—k)(i—1)+15 - - - » O(m—k)i) for each 1 <i < s and one part, 76+ consisting in the
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last m — s(m — k) positions. Observe that, in order to have an overlap at k we must have
7 = 70 for each i < s and 76D = $t(0(s—1)(m—k), - - - » Ok). This condition is clearly necessary
but not sufficient for a pattern to overlap at k.

By the choice of o, the permutations 7(9 are uniformly distributed, and, by Lemma they

are mutually independent. This implies,

PI"(U S Nk) < PT(T(S+1) = St(a(s—l)(m—k)> cen ,Uk)) H PF(T(i) = 7'(1))

i<s

1 1 s—1
~(m—s(m—k))! ((m—k‘)') ’
If E <2m/3, then s = 2. If k =m/2 + ¢, then
1 (M 2™
QO m2 -0l m2+ 0! - (m2)!

Pr(oc € Nj) <

If 2m/3 < k <3m/4, then s =3. If k =2m/3 +t, then

L ("5) 2m

Pr(o € Ny) < BO(m/3 — )l(m/3 — t)! - (m/3+t)!(m/3 —1)! < (m/2)!"

O

For each 1 < k < m — 1, define the set My C S,, as the set of patterns of length m such
that O, C {1,2,...k}. Observe that M,,_1 coincides exactly with S,,. The elements in M
are called non—overlapping patterns. They have been enumerated in [26] and also extensively
studied in [49].

We use the previous lemma to give a lower bound on the size of M.

Lemma 6.16. Let 0 € S,,, be chosen uniformly at random. Then, for each 1 < k < m/2,
2 2m
-m :
(k+1)! (m/2)!

Pr(c e My)>1-

Proof. Observe that we can bound from below the size of M, by using the sets N,

m—1 m—1
M =S\ | M| Zml= > NIl (6.9)
l=k+1 l=k+1
By Lemma [6.15] for each k£ such that 2k < m,
m—1
1 1 1 om
P < o .
z_;l Mo eND S G T G T T Tz T g
The relation in gives
! T2 om 2 om
P >1-— P >1— —— m—-->1- —
r(o € M) szil t(o € N) 2 szil a " T T k)l M m2)n

which proves the statement. O
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Recall that My corresponds to the set of non—overlapping patterns. The proof of Lemma [6.16
implies that |Mi| > (3 — e)m!. This bound can be refined. Indeed, Béna [26] showed that

!M1!

0.364098149 < < 0.3640992743 .

The previous bound on |Mjy]| is clearly non sharp. A better estimation of the size of N} when
2k > m, would help to understand the distribution of p, when o € S, is chosen uniformly at
random.

Next lemma gives a better upper bound on A* than the one in (6.5) when the pattern does not
have a large overlap.
Lemma 6.17. For every o € My,

4m—k’

A s G ”

IN

Proof. Since o € M}, we have Pr(A4; N Aj4m—j) =0 for all k < j <m —1. By Lemma|6.10]

n—m max{k,2m+j—n} (Q(m ])) m—j 4m—k

k k
A*SZZ:% ; Pr(A; N Aipm—j) <n z:: 2m — j)! z::\/i(Qm_j) <(2m—k)!n

O

Proof of Theorem[6.6, Assume that 0 € Mj. By using the notation for p, A* and ¢* from
Section it follows from Lemma that
A* 4mRy) 4m 4m

WS meR (*™F) (m — k)! Sm-n

and that 20" < ¥/ (m=1! < 9 for each m > 4. Analogously to the proof of Theorem we can
derive the following upper bound,

1 4m
<1- — SR ——
pr =1 m!+0<(m—k)!m!>

The above upper bound is satisﬁed When o € M. This event holds, by Lemma with
probability at least 1 — (kfl)! — m(m/2) This completes the proof. O

6.6 Concluding remarks and open questions

1. The techniques displayed in this chapter could be applied for the study other type of patterns
in permutations [27], 88| or in other combinatorial structures, like matrices [67, [99].

In permutations, the most interesting case appears when considering non—consecutive pattern
avoiding. One may think that the ideas introduced here could be useful to study this problem.
Unfortunately, due to the strong dependency among a large part of the defined events, our
techniques seem useless there.
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Generalized patterns have been recently introduced [31] to cover all the different kinds of patterns
in permutations. A generalized pattern is a triple p = (0,S5,7) with o € S, and S,T C
{0,1,...,m}. An occurrence of p in 7 is a set of positions 1 < i; < -+ < i, < n such that
st(miy, ..., mi,,) = 0. Moreover, for all j € S, ij;.1 =i;+1and for all k € T, w41 = m;, + 1.
By convention, ig = m;, = 0 and ty, 1 = m,,,, = m + L.

Observe that consecutive patterns are obtained when S = {1,2,...,m — 1} and T = (. If
S =T =, then we recover the definition of a non—consecutive pattern.

For a general set S, the number of dependencies created among the events is still too large to
apply our techniques. However, if S = {1,2,...,m — 1} one could apply the same ideas, even if
T # (). In such a case, it can be useful to consider a lopsidependency graph in order to get rid
of the positive correlations.

2. In order to prove Conjecture by using probabilistic techniques, one could try to mimic
the same strategy we have used for proving the CMP conjecture. First, determine the subset of
patterns o such that a,(0) = a,(1,2,...,m —2,m,m — 1), the least avoided pattern, and then,
improve the lower bound given by Theorem for the patterns which are not in the previous
subset.

Our approach, however, is hopeless to tackle Conjecture Notice that no assumption on the
properties of the pattern ¢ has been used in the proof of Theorem unlike in the proof of the
upper bound in Theorem [6.3] Unfortunately, the local lemma cannot distinguish the different
nature of the dependencies among events. Thus, no better lower bound can be achieved by
restricting to a smaller subset of patterns. This prompts us to formulate the following question.

Question 6.18. Let o € S, be chosen uniformly at random. Is it true that

1
pUZl_il+f(m)7
m:

for certain f(m) > 0, with probability at least g(m) > 0?

This is also the main problem to provide a lower bound for p(13 . m) (see Lemma ) using
our probabilistic setting.

Question 6.19. Is it possible to provide a probabilistic proof for Lemma [6.19?

To answer this question, one would need to understand the probabilities Pr (Ai 1N i<i A7j> when
o= (1,2,...,m). It must be stressed that, in such case, the upper bound Pr <AZ- | ﬂj<i /TJ) <

Pr (A;) does not suffice to provide a meaningful lower bound on p2 ... m)-

3. One of the crucial steps in proving Theorem is to upper bound the size of the sets N, for
any k < m — 1. Lemma provides the exact value of |[Ni| when 2k < m. Nonetheless, the
upper bound given when m > 2k is far from being tight.

If m > 2k, not every pattern of length k is a candidate for ) = st(o1,...,0%) and @ =
st(Gm—k+1,---,0m). This observation suggests that, if 2k > m, then the probability that a
pattern o chosen uniformly at random belongs to N}, is smaller than in the case when 2k < m.
This motivates the following conjecture
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Conjecture 6.20. Let Ny be the set of patterns that overlap at position k. Then,

1

for every 1 <k <m—1.
This conjecture is also supported by numerical computations for small values of m.
Notice that the expected number of overlaps of a randomly chosen pattern can be expressed as

the sum of |NVj|. An interesting fact is that, if Conjecture is true, then this is at most e.
Furthermore, if this conjecture holds, then it would provide a stronger version for Theorem [6.6]



CHAPTER 7

ON THE LONELY RUNNER CONJECTURE

7.1 Introduction

Let n be a positive integer and let vy, ..., vn, vnt1 be a set of different positive real numbers, also
called speeds. For any real number x, denote by ||z||, the distance from z to the closest integer

2]l = min{z — |z], [o] -2} .
For any real number z, denote by {z} its fractional part.

{z} =2 —|z].

The Lonely Runner Conjecture was posed independently by Wills [127] in 1967 and Cusick [41]
in 1982. Suppose that n + 1 runners are running on the unit circle with different speeds and
starting at the origin. Then, for each runner, there is a time where he is far from all the other
runners. More formally,

Conjecture 7.1. For everyn > 1, every set of different speeds vy, ..., vp+1 and each k € [n+1],
there exists a time t such that ]

tv; — og)|| > —— |

It = 0l 2 —~

for everyi € [n+1], i # k.

This conjecture can be restated by assuming that the runner we want to isolate has speed zero.
Thus, he stays at the origin all the time and one must show that there is a time where all the
runners are far enough from the origin.

Conjecture 7.2 (Lonely Runner Conjecture). For every n > 1 and every set of nonzero speeds
V1, ..., Uy, there exists a time t such that

1
[toill > ——
n+1
for every i € [n].

103
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From now on, when we talk about the Lonely Runner Conjecture we will refer to the statement

of Conjecture

Observe that, if true, the Lonely Runner Conjecture would be best possible. For the set of
speeds,

v; =1 for every i € [n], (7.1)

there is no time for which all the runners are further from the origin than ——. This example is

n+1°
not unique and an infinite family of extremal sets can be found in [70].

The Lonely Runner Conjecture appears in many different situations. We next describe some
known results and some related motivations. Let us first notice that the conjecture is obviously
true for n = 1, since at some point |[tv1]| = 1/2, and it is also easy to show that it holds for n = 2.
Many proofs for n = 3 are given in the context of diophantine approximation (see [I8, 41]). A
computer—assisted proof for n = 4 was given by Cusick and Pomerance motivated by a view-
obstruction problem in geometry [42], and later Biena et al. [19] provided a simpler proof by
connecting it to nowhere zero flows in regular matroids. The conjecture was proved for n = 5 by
Bohmann, Holzmann and Kleitman [2I]. Barajas and Serra [13] have showed that the conjecture
holds for n = 6 by studying the regular chromatic number of distance graphs.

In [21], the authors also showed that the conjecture can be reduced to the case where all speeds
are positive integers and in the sequel we will assume this to be the case. In such a case, we also
may assume that ¢ takes values on the (0, 1) unit interval, since at ¢ € Z, ||tv;|| = 0 for all 1.

On the other hand, the conjecture can be showed to be true in the case where the set of speeds
has a special structure. For instance, Czerwinski [43] showed a strengthening of the conjecture
for the case where all the speeds are chosen uniformly at random among all the n-subsets of [V]
as N — oo. In particular, Czerwiniski’s result implies that, for almost all sets of runners, there
exists a time where all the runners are arbitrarily close to 1/2 € (0,1). The dependence of N
with respect to n, for which this result holds, was improved recently by Alon [4].

Dubickas [46] used a result of Peres and Schlag [116] in lacunary integer sequences to prove that
the conjecture holds if the sequence of increasing speeds grows fast enough; in particular, if n is

large and

Vit1 >4 22logn

(%

)
n

for every 1 < i < n. These results introduce the use of the Lovasz Local Lemma to deal with
the dependencies created among the runners.

Another approach to the conjecture is to reduce the gap of loneliness. That is, show that there
exists a § < n%rl such that, for any set of nonzero speeds, there exists a time ¢ € (0,1) such that

|tvi|]| > 0 for every i € [n] . (7.2)

For this approach it is particularly useful to define the following sets,
A ={t€(0,1): |tv] <o} .

For every t € A;, we will say that the i—th runner is d—close to the origin at time ¢. Otherwise,
we will say that the runner is d—far from the origin at time ¢.
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The set A; can be thought of as an event in the probability space (0,1) with the uniform
distribution. In that case, notice that we have Pr(A;) = 20 independently from the value of v;.

If the following equation is satisfied

Pr ((n] Ai> >0, (7.3)

then, there exists a time ¢ for which holds. Observe that this is not a necessary condition.
For instance, if we consider the set of speeds given by , the Lonely Runner Conjecture is
satisfied but it can be checked that Pr(N?;A4;) =0 when § = %H

Here, it is also convenient to consider the indicator random variables X; for the events A;. Let
X =>"" | X; count the number of runners which are d—close from the origin at a time ¢ € (0,1)
chosen uniformly at random. Then, condition is equivalent to Pr(X =0) > 0.

A first straightforward result in this direction is obtained by using the union bound in (7.3). For
any 0 < ﬁ, we have

Pr (ﬂm) >1-) Pr(A)=1-2m>0.
i=1 i=1

This result was improved by Chen [35], who showed that, for any set of n nonzero speeds, there
exists a time ¢ such that

1
tv;l| >
H ZH T 2n

— 1 > 7.4
-1+ 2n173 ( )

for every i € [n].

If 2n — 3 is a prime number, then the previous result was extended by Chen and Cusick [36].
They showed that for any set of n speeds, there exists a time ¢ such that

tv;|| >
|| U7/H—2n_37

for every i € [n].

In order to improve (7.4), we exactly compute the pairwise join probabilities Pr(A4; N A;), the
amount of time that two runners spend close to the origin at the same time. As a corollary, we
give the following lower bound on E(X?).

Proposition 7.3. For any 6 < 1, we have

AR _ ¢
E(X)_25n<5(1+10g61>n+1> ,

for some constant ¢ > 0.

Using this bound, we are able to improve Chen’s result on the gap of loneliness around the origin.



106 7.1. Introduction

Theorem 7.4. For every € > 0, every sufficiently large n and every set of nonzero speeds
V1, ...,Up, there exists a time t € (0,1) such that

9

1
tog]| > —————
Itvill 2 2n—2+4¢

for every i € [n].

The proof of this theorem uses a Bonferroni—type inequality (see Lemma [2.6)) that improves the
union bound with the knowledge of pairwise intersections.

Another interesting result on the Lonely Runner Conjecture, was given by Czerwinski and
Grytczuk [44]. We say that a runner k is almost alone at time t if there exists a j # k such that

1
v, — >
ICvi — o)l 2 =

for every i # 7, k.
In [44], the authors showed that every runner is almost alone at some time. This means that

Conjecture is true, if we are allowed to to make one runner invisible, that is, there exists a
time when all runners but one are far enough from the origin.

Theorem 7.5 ([44]). For every n > 1 and every set of nonzero speeds vy, ..., vy, there exist a
time t € (0,1) and a j € [n] such that

1
to| > ——
Jtoi] > ——

for every i # j.
As a corollary of Proposition we get the following result that extends Theorem [7.5] when n
is large.

Theorem 7.6. For every sufficiently large n and every set of nonzero speeds v1,...,v,, there
exist t1,t2 € (0,1) and j1,j2 € [n], j1 # j2, such that for any ¢ € {1,2},

tov|| > ——
Jtevill > —— |
for any i # j,.

This theorem extends Theorem by showing the existence of not only one but two runners
whose deletion leave the origin alone at some point.

A similar result can be derived by using a model of dynamic circular interval graphs. Then, we
can show that at least two runners are almost alone at the same time.

Theorem 7.7. For every sufficiently large n and every set of different speeds v1,...,v,, there
ezist a time t € (0,1), ki1, ko € [n], k1 # ke, and j1, j2 € [n] such that for any ¢ € {1,2},

1
It = ) >

for any i # ke, jo.
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This chapter is organized as follows. In Section we compute the pairwise join probabilities for
the events A; and give a proof for Proposition As a corollary of these results, we also show
Theorem (Subsection and Theorem (Subsection[7.2.2). In Section [7.3] we introduce
an approach on the problem based on dynamic interval graphs and prove Theorem [7.7] Finally,
in Section we provide some conclusions and open questions.

7.2 Correlation among runners

In this section we want to study the pairwise join probabilities Pr(A4; N A;), for any i,j € [n].
Notice first, that, if A; and A; were independent events, then we would have Pr(A; N A;) = 452
This is not true in the general case, but, as we will see later on, these probabilities can be showed
to be large enough.

Let us start by studying the case when the speeds v; and v; are coprime. For each ordered pair
(,7) with i, 5 € [n], we define

=} =

where (v;,vj) denotes the greatest common divisor of v; and v;.

Let us also consider the function f: (0,1) x (0,1) — R, defined by
f(z,y) = min(x,y) + max(z +y — 1,0) — 2zy . (7.6)
Proposition 7.8. Let v; < v; be coprime positive integers and 0 < § < 1. Then

2f(eij,€5) '

Pr(A; N A;) = 452
1"( j) + viv;

Proof. By the sake of simplicity, we write A = A; and B = A;. Observe that A and B can be

expressed as
vj—1

(k) a- (e nde

where o = 6 /v; and 5 = §/v;.

If I =(—a,a) and J = (—p, 3), we have

Pr(ANB)=Pr| | J (T+k/v)N(J+1/v))

k<v;,l<v;

(J+1 v — k/v)
k<v1,l<vj

- Pr(I0(J 4 k/vjvi))

i
o
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where in the last equality we use the fact that (v;,v;) = 1.

For each —1/2 < = < 1/2, define d(z) = Pr(I N (J + x)). We can write d(z) as follows (see

Figure :

Bta+z, zel[-(B+a)—(8-a)

_ 20&, WS [—(5—06),6—04]
d(z) = B+a—z, x€[f—a,B+a
0 otherwise
d(x)

20

—(B+a) —(B-a)

Figure 7.1: Plot of d(z) in (—1/2,1/2).
By symmetry, we have

ﬂ-ﬁ-a)?}ﬂ)]

Pr(A2ﬁB):d N Z (@J) -

=
+
£

vV .
min<2a,ﬁ—|—a— J > .
Uﬂ}j

Write av;v; = p + €5; and Sv;v; = q + €55, where p and ¢ are integers and 0 < g;,;5 < 1.

.
Il
—

Observe that

_ 9 g if eoi < gos
d(q p) V;V; :{ e LTS —9p ey 4 min(egi, eqp)

V;V; 2p+ejiteiy i gji > ey
and that
1 if €45 <
d(w> Uivj:{ 0 1 Eﬂ—i_EU _1 :maX(O,eji—i—Eij—l).
ViV; €ji T Eij — 1 if €ji + €ij > 1
Then,
+qtejiteij
Pr(ANB ? . .
( 5 )Uﬂ}j:p—F&ji—F Z min(2(p + €5i), ¢ + p + €ji + €5 — J)
j=1
q—p—
=p+ei+ Z 2p+€jz +2p+5]z+m1n(5ﬂa€zj)
7=1
p+q
+ Y (g+p+egt+eg— )+ max(0,e5 + g5 — 1)
Jj=q—p+1

=2(p+¢e;i)(q +eij) + flejireij) -
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Thus,

2 2f(gji, €45
Pr(AN B) = —— (2(p+e5)(a + =ig) + f(e5i,237)) = 46° + f(vavﬂ ,
iUj L

It is easy to generalize Proposition [7.8] for non coprime numbers.

Proposition 7.9. Let v; < v; be positive integers and 0 < 6 < 1. Then

2(vi,v5)? f (€51, 45)
ViUj '

PI‘(AZ N AJ) > 462 +

Proof. Consider vj = == and vj = 5. Define 4] = {t € (0,1) : |tvj| < 6} and

(Uivvj) (vi’vj)

A;. ={te(0,1): ||tv;|] < ¢}. Observe that
PI‘(AZ N AJ) = PI"(A; N A;) .

The proof follows by applying Proposition to v} and U}, which are coprime. O

The proofs of Propositions [7.8 and [7.9] are based on the proofs of Lemmas 3.4 and 3.5 in a paper
of Alon and Ruzsa [7].

Observation 7.10. The pairwise join probability given by Proposition s manimized when
v; =1 and v; = |6 ']. Thus, for any v; and v; we have

2f(8,0[07"])

1] > 2%, (7.7)

Pr(A; N A;) > 46% +
which follows by noting that 5|6~ 1] > 1 — 4.

Using the previous inequality, we can provide a first lower bound on the second moment of X,

E(X?) =) Pr(Ain4;)+ ipr(Ai) > 20%n(n — 1) 4+ 26n > 20n(6(n — 1) +1) .  (7.8)
i#j i=1

We devote the rest of this section to improve (7.8). Let us first show when f is nonnegative.

Lemma 7.11. The function f(x,y) is nonegative in [0,1/2]? and in [1/2,1)2.

Proof. 1f 0 < z,y < 1/2, then min(z,y) > 2zy, which implies f(z,y) > 0.

Moreover,

fA—2z,1—y)=min(l —z,1 —y) + max(1 —x — y,0) — 2(1 —z —y + zy)
= min(y, z) + max(0,z +y — 1) — 2zy
= f(z,y).

Therefore, we also have f(z,y) >0 for all 1/2 < z,y < 1. O
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The following lemma shows that the error term of Pr(A;NA;) provided in Proposition cannot
be too negative if v; and v; are either too close or too far from each other.

Lemma 7.12. Let M > 2 be any integer, v = M~! > 0 and v; < v;. If either (1 —y)v; < wvj or
yov; > vj, then

Proof. For the sake of simplicity, let us write v;/(vi,vj) = k6~! + z and v;/(vi,v;) = 1671 +y
with k and [ nonnegative integers and 0 < x,y < §~!. In particular, observe that gij = x6 and
€ji = yd. Moreover, we can assume that v; and v; are such that f (&5, €;;) is negative; otherwise,
the lemma is obviously true.

We split the proof in two different cases.

e Case A: v6v; > v;. Observe that, since v;/(v;,v;) > 1, we have v;/(v;,v;) > M5 L.

e Case B: (1 —v)v; < v;. By Lemma in such case we can assume that either k = [,
y <6 '/2and x > 571/2 (Cases Bl and B2); or k=1+1,y > 6 1/2 and v < §71/2
(Cases B.3 and B.4).

Figure [7.2] illustrates the situation considered in each subcase below.
Case A.1 (y < z):

We have,

(i 03)*f (€ig €50) o (Vi 05)* (€0 = 2ei0) _ (03, 03)* (6 — 2y6?) _ (v, v)(1 — 226)
V;Vj - ViV V;Vj - V;

.5,
where the last inequality holds from the fact that f (g;5,¢5) < 0 and y < v;/(v;, vj).

We have that k6! + x = v;/(v;,v;) > Mt implying k > M, since M is an integer. Observe

also that, since y < x and f(e;;,€;4:) is negative, by Lemma we have §71/2 < x < § L.
Then,

(vi, v3)* f (igr85) o (virvj)(1 = 220) o 1 — 20

(N - Vi “M+xd

Case A.2 (y > x):

In this case,

(i 03)f (eig €50) o (virv5) (85 — 2eij€0) _ (vi, v5) (@0 — 2ay0%) _ (vi, v5) (1 — 2y9) 6

Uﬂ}j Uﬂ}j Uﬂ]j Uj

where the last inequality holds from the fact that, in this case, x < Muv;/(vi,v;) = v v/ (v, v;).

As before, since f(e;5,€5;) is negative, by Lemma we have 6 1/2 <y < § ! and v;/(vi,vj) >
y. Therefore,

(viavj)2f (gijvgji) > (Ui7vj)(1 — 2y6) 75 > 1— 2?/6

VU5 Uy Yy

Y6 > =%
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Case B.1 (k=land z+y <5 '):
In this case, since z +y < 6!, max{0,&;; +¢j; — 1} = 0.

By using v;/(vi,v;) = k6t + 2 > k57! and v;/(v;,v;) = k6! +y > y, we have

(vir v3)*f (igr858) _ (virv3)* (€51 = 28i5650) _ (vi05)*y(1 = 220) 01— 220 o

Viv; Viv; ViV; ~ k+xd

Since v; > (1 —v)v;, we have y > (1 — ) —vkd 1. Combined with z +y < 61, it follows that
x < %5*1. Thus,

2(L+vk)
(i, 0))*f (€3 850) S 1 =220 5 1= 7957 o —74?
ViV ~ k+xd T ok+ % ’

for each k > 0.
Case B.2 (k=1Iland x +y > 6 1):

Now, maX{07€i]‘ +&ji — 1} = (x +y)d — 1. Then,

(vi,05)°f (eij,50) _ (vi,v3) (0 + (@ + )b — 1 — 22y0?)
Uﬂ}j ’U,;Uj '

Lk 51

5 and y =

This expression is minimized in the same point as in the case B.1, x =
(1 —y)x — yké~!. Hence, the same computations suffice to show that

(vi,0)2f (€4, €5i)
V;V;

Z _7527
for any k£ > 0.
Case B.3 (k=I!+1and z+y<d!):

Again, max{0,e;; + ;i — 1} = 0. Since v;/(vi,v;) = k5t + 2 > k6~ and v;/(v;,v;) =
(k—1)6"1 +y >y, v; > (1 —v)v; implies that y > (1 —y)z — (yk — 1)1

Then,

(vi,97)%f (eigr€ga) _ (viv3)*(eji — 2eije50) _ (vi,v5)%y(1 — 2$5)5 5 1220 o
ViV; Viv; ViV; ~ k+axd

From the equations y > (1—7v)z— (yk—1)~! and 2+y < 6!, one can deduce that z < 2k 51,

2=y
Thus,

i )2 375 €71 1—2x0 1_217k 2 —
(v,v])f(&?],&‘])Z 0525 2]:52:( 7—7>522—Vf52>
ViV k+ x6 k+217’y 2k

for any k£ > 0.
Case B4 (k=1+1and z+y > 6 !): Asin the case B.2, we have max{0,e;; +¢j; — 1} =
(x +y)d — 1. Then,

(0i,v7)%f (eijr €50) _ (v, v3)* (W0 + (z +y)d — 1 — 2ayd?)
VU5 ViV ’
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This expression is minimized in the same point as in case B.3, x = %’25*1 and y = (1 — )z —
(vk —1)6~ . Hence, we have
2
Vs v coi g
( 19 ]) f( 1] ]z) > _,}/527
ViV;
for any k£ > 0. O
(%
A2 A2 A2 A2
Al Al Al
A2 A2 A2
7,—15—1
Ba|
B.3 \ . ('Uj,'Ui)
° 2
. N
B3
51
5712 ‘@’ g (”_7 v_)
o (vi,v;) 7 (viyvy)
v
57172 51 .« o o 151 J

Figure 7.2: Different cases in the proof of Lemma Grey areas correspond to
positive values of f (g;;,¢;;) according to Lemma

The following lemma shows that among a large set of positive numbers, there should be a pair
satisfying that they are either too close or too far from each other.

Lemma 7.13. For everyc>1, a >0, § <1 and every set x1 > -+ > Tpyy1 > 0 of nonnegative
numbers, with m > log, (ad~ 1Y), there is a pair i,j € [m + 1] such that

. Tq Ty _
either —~ <c¢ or X >ad L
Lj Lj

Proof. Suppose that for each pair ¢ < j we have z; > cx;. In particular, for each i < m, we have
x; > criy1 and 1 > MTpyr > aéilxm_t'_l. Hence the second possibility holds for ¢ = 1 and
j=m-+1. O

For any pair i,j € [n], we call the pair e—good if Pr(4; N A;) > (1 — )46, Now we are able to
improve the lower bound on the second moment of X given in (7.8)).
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Proof of Proposition Recall that by (7.7)), for any pair 4,5 € [n], we have Pr(4; N A;) > 24°.

We will show that at least a Q2 (ﬁ) fraction of the pairs are e-good.

Consider the graph H on the vertex set V(H) = [n], where ij is an edge if and only if ij is

e—good. Using Lemma [7.13] we know that there are no independent sets of size larger than
-1 _—
logc(/S + 1, where ¢, depends only on e. Thus, the complement of H, H, has

£

m = log.(ad™!) =

m—2 n?

no clique of size m. By the Erdds—Stone theorem (see [54]), |E(H)| < 2=$%", which implies

m
that there are )

|E(H)| = m—1)

e—good unordered pairs.

Now, we are able to give a lower bound on the second moment,

E(X%) = Y PrAinA)+ Y Pr(AiﬂAj)+Zn:Pr(Ai)

ij e—good ij non e—good i=1

2
>(1—edd?— " 942 - — " )49
z(1-¢) log, ad=1 —1 + (n(n ) log,ad=1 —1 e
/o2 /
— 1_ 4 2 cEn 2 2 1_ CE 2 2
(1 —¢)4d log o1 +20 Tog o1 n° + 20n

Ce
> [
> 20m <5 <1+ logél) n+1> ,

for some c. that depends only on ¢.

Next, we show some applications of our bounds, that extend some known results.

7.2.1 First application: Improving the gap of loneliness

In this subsection we show how to use the pairwise join probabilities to prove Theorem [7.4]

For such a purpose, we will use the Bonferroni—type inequality displayed in Lemma As
we have already mentioned, Pr(4;) = 2§. Thus, it remains to select a tree T' that maximizes

ZijeE(T) Pr(4; N A;).

Lemma 7.14. For each € > 0 and 6 = o(1), there exists a tree T on the set of vertices [n] such
that
> Pr(AinAj) > (1-€)4s%n .
iJEE(T)

Proof. By Proposition we have

Pr(A;NAj) = 462 + 2(”%01‘)2]0(6@';',63‘@')_

ViV;
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Set v < 2¢’. We will construct a large forest F' on the set of vertices [n], where all the edges
ij € E(F) are ¢’~good. That is, they satisfy,

Pr(A4; N A;) > (1 — )46 = (4 — 2v)52 .

Let us show how to select such edges by a procedure. Set Sy = [n] and Ey = 0. In the k-th
step, we select different i,j € Sg_1 such that either v;/v; < (1 —~)~t or v;/v; > v~ 167L, and
set By = Ex_1 U{ij}, Sk = Sk—1 \ {i}. If no such pair exists, we stop the procedure.

Let 7 be the number of steps that the procedure runs before being halted. By Lemma with
c=(1—~)"'and a = y~! we can always find such an edge ij, provided that the set S}, has size
at least log, (d~1). Thus 7 > n —log, (ad~1). Since the size of the sets E}, increases exactly by
one at each step, we have |E.| > n —log, (ad~!) = (1 —o(1))n, since § = o(1). Besides, E, is an
acyclic set of edges. We are never closing a cycle since we always delete one of the endpoints of
the selected edge, from the set Sj.

By Lemma [7.12] for each edge in F; we have
Pr(A; N A;) > (4 —2v)62.
Therefore we can construct a spanning tree 7" on the vertex set [n] satisfying

> Pr(AinA4;) > (1-o(1)) (4—27)6%n > (1 —')46n .
ij€E(T)

O
Let us proceed to prove Theorem [7.4]
Proof of Theorem[7.4] By Lemma and Lemma with ¢’ = £/2, we have
n n
Pr (ﬂ Al> >1- ZPr(Ai) + Z Pr(A; N Aj)
i=1 i=1 ijeE(T)
> 1—26n(1 — 2(1 — £)5) .
The above expression is strictly positive for
5 < 1 o
T 2n—2+42 2n—2+¢
and the theorem follows. O

7.2.2 Second Application: Invisible runners

This subsection is devoted to the proof of Theorem [7.6] In particular, we use the result of

Proposition [7.3|to show that there is a large fraction of time where only one runner is d—close to
the origin, for § = n%rl This implies the existence of at least two runners whose delition leave

the origin alone at some time.
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Proof of Theorem[7.6, For 6 = %H, we have E(X) = HQ—fl =2— (14 0(n"1))2. Moreover, by
Proposition for any € > 0

BOC) > (140007 (4+ s ) -

for some constant ¢ > 0.

For every 0 < k < n, let p := Pr(X = k). We may assume that py = 0 since otherwise, there

n%_lffar from the origin, which implies Conjec-

ture Then we have the following system of linear equations,

would exists a time when all the runners are

pr + p2 + ... + p, =1
o+ 2pp + ... + np, = EX)
P+ 4ps + ...+ nPp, = E(X?).

From these equations one can deduce that,

n

pr=2-EX)+> (i-2)pi=(1+ O(Tfl))% +) (i - 2)p;
=1

i=1
= 2
3 G- 1)(i — 2)p; = E(X?) — 3E(X) + 2 = (1 + O(n™})) —— .
— logn
Then, p; is minimized when p3 =--- =p,_1 =0 and p, = (1 + O(n‘l))m. Thus,
2 2c 2
> —1\ 4 ~1 _ -1
p1>(1+0(n ))n—l—(l—i-O(n ))nlogn (1+0(n ")) T

Since a runner spends no more than 2§ = Tbi-i—l fraction of the time close the origin and ¢ does

not depend on n, there should be at least two such runners that make the origin almost alone
at some point. O

7.3 Weaker conjectures and interval graphs

In this section we give a proof for Theorem [7.7] The following weaker conjecture has been
proposed by Spencelﬂ

Conjecture 7.15 (Weak Lonely Runner Conjecture). For every n > 1 and every set of different
speeds v, ..., vy, there exist a time t and a runner j € [n], such that

[#(vi = v)ll =

S

for every i # j.

!Transmitted to the author by Jarek Grytczuk.
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For every set S C [n], we say that S is isolated al time t if,

|t(v; —vj)|| > % foreachie S, jeV\S. (7.9)
Observe that S = {i} is isolated at time ¢, if and only v; is lonely at time ¢.
To study the appearance of isolated sets, it is convenient to define a dynamic graph G(t), whose

connected components are sets of isolated runners at time ¢. For each 1 <¢ <mn and t € (0,1),
define the following dynamic interval of the torus (0, 1) associated to the i-th runner,

L(t) = {x €(0,1) : {o—tv} < le} .

In other words, I;(t) is the interval that starts in the position {tv;} of the i-th runner at time ¢
and has length %

Now we can define the following dynamic circular interval graph G(t) = (V(t), E(t)). The vertex
set V(t) is composed by n vertices u; that correspond to the set of runners, and two vertices u;
and u; are connected if I;(t) N I;(t) # 0 (see Figure [7.3).

ug Uy

uo U U2

Figure 7.3: An instance of the graph G(t).

Observation 7.16. The graph G(t) satisfies the following properties,

1. G(0) = K,.
FEach connected component of G(t), correspond to an isolated set of runners at time t.

If u; is isolated in G(t), then v; is alone at time t.

e e

All the intervals have the same size, |I;(t)| = 1/n, and thus, G(t) is a unit circular interval
graph.

We can restate the Lonely Runner Conjecture in terms of the dynamic interval graph G(t).

Conjecture 7.17 (Lonely Runner Conjecture). For any i < n there exists a time t such that u;
is isolated in G(t).
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For every subgraph H C G(t) we define u(H) = p1(Uy,ev(a)1i(t)), the length of the arc occupied
by the intervals corresponding to H. Notice that, if H contains an edge, then
V(H
i) < VUDL (7.10)

n

since the intervals I;(t) are closed in one extreme but open in the other one. If H consists of
isolated vertices, then (7.10)) does not hold.

The dynamic interval graph G(t) allows us to prove a weak version of the conjecture. Let us
assume that v; > vg > -+ > v,.

Proposition 7.18. There ezxist a time t and a nonempty subset S C [n] such that S is isolated
at time t.

Proof. Let t be the minimum number for which the equation tvy — 1 = tv,, — 1/n holds. This is
the first time that vy, is at distance exactly 1/n ahead from the fastest runner v;.

For the sake of contradiction, assume that there is just one connected component of order n.
Note that uju, ¢ E(G(t)) and since G(t) is connected, there exists a path in G(t) connecting
uy and u,. By (7.10), we have u(G) < 1. Thus, there is a point « € (0, 1) such that = ¢ I;(¢) for
any i € [n].

Observe that, at time ¢, all the intervals are sorted in increasing order around (0,1). Let ¢ € [n]
be such that = > {tvs} and x < {tvgy1}. Then, {ui,...,us} and {wsy1,...,un} are in different
connected components, since ujuy, upusr1 ¢ E(G(1)). O

We observe that, if one of the parts in Proposition consists of a singleton, say S = {i}, then
we would have showed Conjecture [7.15]

Let us show how to apply the idea of the dynamic graph to prove an invigible lonely runner
theorem, similar to Theorem [7.5]

Proposition 7.19. There exists t € (0,1) such that G(t) has either some isolated vertex or it
has at least two vertices of degree one.

Proof. Define Y : (0,1) — N by,
Y(t) = |E(G())] .

Let t € (0,1) be chosen uniformly at random. Then Y (¢) is a random variable over {0, 1,..., (g) }
We will show that E(Y (t)) < (n —1). If we are able to do so, by a first moment argument, we
know that there exists a time tg for which Y (tg) < n — 1. Then, denoting by d; the degree of w;,
we have

Zn:di < 2(n — 1) y
i=1

which, if d; > 0 for each ¢, ensures the existence of at least 2 vertices of degree one, concluding
the proof of the proposition.

i<j Yij

Now, let us show that E(Y (t)) < (n —1). We can write Y (t) = Y_,_. Y;;(t), where Yj;(t) =1
if u; and u; are connected at time ¢ and Yj;(t) = 0 otherwise. Then E(Y(¢)) = >_,,; E(Y;) =
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ZKj Pr(I;(t) N I;(t) # 0). For the sake of simplicity when computing Pr(I;(t) N I;(t) # 0), we
can assume that v; = 0. Since the intervals are half open, half closed, we have Pr(;(t) N I;(t) #
0) = 2/n, no matter the value of v;.

Finally,

In the dynamic interval graph setting, an invisible runner is equivalent to a vertex u with a
neighbor of degree one, say v. If u is removed, then v becomes isolated in G(¢) and thus, alone
in the runner setting. Thus, Theorem is a direct corollary of Proposition [7.19]

7.4 Concluding remarks and open questions

1. Using the same strategy as the proof of Theorem one can show that it holds for some
e=¢(n) —0.

Consider v = y(n) = 0 and m < yn. We can find a forest containing at least n —m = (1 —y)n
edges ij such that Pr(4; N A;) > (4 — 2v)4?. In this case,

> Pr(AinA4)) > (4-27)8%(n—m) = (1— 0(v))46n .
ij€E(T)

As in the proof of Theorem , we may set ¢ = (1 —~)~! and a =y~ ! in Lemma to apply
Lemma Then, the following inequality must be satisfied,

log,. b t=m<yn.

Some technical but straightforward computations show that this inequality holds if 7 is large

enough,
logn
v=7(n)=ﬂ< i > :

Since v = O(¢) in the proof of Theorem [7.4] we have that it holds for any ¢ = Q <\ / 10%")

2. Proposition shows that for § = n%rl we have E(X?2) > (1+0(n™1)) (4 + 2 ) However,

logn
we think that the proof of this proposition can be adapted to show that the second moment of
X is even larger.

Conjecture 7.20. For any set of different speeds vy,...,v,, and § = we have

_L
n+1’

E(X?) > (1+0(1))6 .

The proof of this conjecture relies on showing that either most pairs are e—good or the contri-
bution of the positive error terms is larger than the contribution of the negative ones. On the
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other hand, notice that E(X?) is not bounded from above by any constant. For the set of speeds
in ([7.1)), Cilleruelo showed [38] that

E(X%) =(1 +0(1))%5nlogn, (7.11)

which is a ©(log n) factor away from the lower bound in Proposition, when § = n%rl It is an
open question whether ([7.11]) also holds as an upper bound for E(X*).

3. Ideally, we would like to estimate the probabilities Pr(N;cs4;), for every set S C [n]. In
general, it is not easy to compute such probability. As in , the join probabilities cannot be
upper bounded by any constant. However it is reasonable to think, that, for any set S of size s,
we have

Pr(MiesA;) > cs6®

where cs depends only on s. Moreover, we know that ¢, < 2% since this is the case when the
speeds {v; }ies are rationally independent. Observation shows that ¢y = 2.
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