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Preface

In this thesis we consider two different problems in the theory of dynamical systems. Dy-
namical systems cover a wide array of subjects, from finite dimensional to infinite dimen-
sional, from analytic to statistical viewpoints and through all gradations in-between. No
matter the aspect or tool considered, the study of any dynamical system is concerned in
some way or another with the evolution of points through the action of a map

The simplest question to ask of a dynamical system is then which points are invariant?
Once we have an answer to this question we can proceed to study the dynamics in a
neighborhood of them. In general we find invariant subsets containing the fixed point
which provide very relevant information. Formally a fixed point satisfies

o — F(:C()) = Zg.

Under some sufficient conditions on the derivative of F', the invariant object has asso-
ciated invariant manifolds. The fundamental example is here a hyperbolic fixed point, z,
which has stable (we can denote it by W#) and unstable (W*) invariant manifolds associ-
ated to it. In this case, the iterates of the points on W* are always on W* and get closer
to xg as the map is iterated. The unstable manifold W* works in reverse, getting further
away from z( as iterates increase. A fundamental result in the study of dynamical systems
is that under some suitable non-degeneracy conditions, slight perturbations of F' preserve
these dynamical properties (the fixed object, hyperbolicity, associated invariant manifolds.)

Real-life dynamical systems can be modeled in a multitude of ways. Some of them can
be thought of as being an ensemble of really simple systems, together with a mechanism to
propagate changes from one to another. For instance, the human brain can be considered as
a dynamical system formed by several hundred billion variables (one for each neuron,) with
complex interactions and dynamics among them. Or instead as the ensemble of several
hundred billion simple dynamical systems (one for each neuron, or in a general setting,
one for each node) and a mechanism of interaction between them. The mathematical
generalisation is the study of systems in infinite dimensional lattices.

In Part [I] of this thesis we will study dynamical systems which are skew-products of a
lattice and a torus and are perturbations of systems which are uncoupled, with a hyperbolic
fixed point in the projection on the lattice. In other words, we will study systems of the
form

(z,0) — (F(z,0),0 +w), =z € (®R"), e T,
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which are perturbations of systems having {0} x T? as an invariant hyperbolic torus. The
interactions between nodes are governed through a decay function, which ensures that
further away nodes have increasingly smaller influence.

We will study the persistence of the invariant torus under perturbation and the persis-
tence of its invariant manifolds. The approach we will follow is the parametrisation method,
which allows us to determine invariant manifolds associated to the torus, as well as to study
its decay properties and obtain sharp results on the regularity of the manifolds.

We will also study normal forms of maps with decay in lattices around fixed points, and
as an application we will prove Sternberg theorems for attractors in lattices.

In Part [T we will turn to a special case of 1-dimensional dynamics, namely holomorphic
dynamics. This field is concerned with the study of the iteration of holomorphic maps in C,
and its origin can be traced to another kind of fundamental question: when does the New-
ton method converge for complex polynomials? Observe that the question can be thought
as for which points or for which polynomials. This dichotomy appears when considering
dynamical systems depending on one parameter: we can talk about the dynamics for a
specific parameter in the dynamical plane or we can talk about the general properties of a
set of parameters in the parameter plane.

The study of holomorphic dynamics is also grounded in the study of invariant objects,
the foremost being the Fatou and Julia sets. They are complementary sets in the dynamical
plane, the Fatou set being an open set formed of open components where orbits behave
similarly and the Julia set being a closed set, which defines where orbits stop behaving
similarly. A similar dichotomy occurs in the parameter plane, where different behaviors of
parameters are separated by a bifurcation set.

In the dynamical plane the Fatou set can in turn be decomposed into several kinds
of open sets, depending on the behavior of orbits. For instance, an attracting fixed point
would induce an open Fatou component, containing its whole attraction basin. There is a
fundamental difference between real (or just higher-dimensional) dynamics and holomorphic
dynamics: singularities of the map play a very important role in splitting the Fatou set into
smaller invariant sets. Namely, each invariant open set of the Fatou set has “associated” a
singularity of the map. Thus, if the map has 1 singularity, the Fatou set will have one basic
component. Hence, as the number of singularities increases, the number of dynamically
different components increases. And when studying families of functions, the interplay
between singularities and Fatou components gets more complicated as their numbers rise.
Recall that holomorphic functions have two kind of singularities: critical points, where the
derivative vanishes, and asymptotic values, where the inverse is undefined because of the
presence of an essential singularity.

In the parameter plane different components appear for similarly behaving parameters,
usually meaning parameters whose Fatou set has a specific property. For instance, having
an attracting orbit of a specific period could form a component in parameter plane.

Thus, the most basic functions to study are polynomials (because the are the simplest
holomorphic functions in many ways) with one critical value, in other words, studying the
family P.(z) = 22 + ¢. The parameter plane of such a polynomial exhibits a widely known
bifurcation set: the Mandelbrot set (the bifurcation set is the boundary of the Mandelbrot
set, though.) The next step in complexity is studying an entire transcendental function
with one asymptotic value. Or in other words, studying the family E)(z) = Ae*. These
two families exhibit incredibly intricate parameter spaces and bifurcation sets, and play a
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fundamental role in the study of more complicated holomorphic dynamical systems.

A natural next step would then be the study of families having two singularities, but
there is an intermediate step. Since singular values are always related to specific Fatou
components we can study families whose Fatou sets have a persistent component. This
means that one of the singular values is always tied to this component. For instance,
studying polynomials of degree 3 such that there is always a Siegel disc around 0. This
fixes one singular value to “handle” the Siegel disc and leaves one free to generate another
Fatou component. A natural extension is then studying a family of entire transcendental
functions with a persistent Siegel disc. One such a family is

ful2) = Xa(e/*(z+1—a) —1+a), acC\{0}, A=e>™.

This family is a good model, in the sense that any other function exhibiting these properties
(a persistent Siegel disc, one critical value, one asymptotic value, finite degree) is conjugate
to a map of this form, and thus models a wide array of holomorphic families in the simplest
possible way. It also includes as extreme cases the exponential family u +— A(e* — 1) when
a — 0, a polynomial-like function of degree 2 when a — oo and the family v — Aue® when
a=1.

In this work we will study the dynamics of f, and its parameter plane, where we
will describe its main stable components as well as parametrise some of them through
the techniques of quasiconformal surgery. We will also show several topological properties
about the open components in the parameter plane and about the boundaries of the Siegel
discs appearing in this family. We will also prove a general result, useful for generating
images of bifurcation sets that can be applied to families with one parameter, and thus can
be applied to all the families introduced above.
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Resum en Catala

En aquest treball considerem dos problemes en la teoria dels sistemes dinamics. El camp
dels sistemes dinamics abarca un ampli espectre de temes, des de sistemes finit dimensionals
a infinit dimensionals, des de punts de vista analitics a estadistics, amb totes les possibles
gradacions intermitges. Obviant I’aspecte o eina considerats, I’estudi de qualsevol sistema
dinamic es centra, d’una manera o una altra, en ’estudi de I’evolucié de punts sota 1’accid
d’una aplicacid

x> F(x) — F(F(x)) — F(F(F(x))) .

La pregunta més simple que podem fer-li a un sistema dinamic és llavors quins punts
son invariants? Un cop en tenim una resposta podem passar a estudiar la dinamica en un
entorn d’ells. En general, hi trobem conjunts invariants que contenen els punts fixos, i que
ens proveeixen d’informacié molt rellevant. Formalment, un punt fix satisfa

o — F(ZL’o) = Xg.

Requerint certes condicions suficients a la derivada de F' en M, el conjunt invariant té
associades unes varietats invariants. L’exemple fonamental seria un punt fix hiperbolic, xg,
que té associades una varietat estable (que podem anomenar W¥) i una varietat inestable
(W*). Els iterats dels punts de W* sempre estan a W*#, i s’apropen a xy a mesura que iterem
I’aplicacié. La varietat inestable W* es comporta a l'inrevés, allunyant-se de x( en iterar.
Un resultat fonamental en ’estudi dels sistemes dinamics és el fet que, sota certes condicions
de no-degeneracié petites pertorbacions de F' conserven aquestes propietats dinamiques
(Pobjecte invariant, ’hiperbolicitat, les varietats associades.)

Els sistemes dinamics al moén real es poden modelar de moltes maneres. Alguns d’ells
es poden considerar com un gran conjunt de sistemes senzills, juntament amb un metode
per propagar canvis d’un sistema a un altre. Per exemple, el cervell huma es pot consid-
erar un sistema dinamic de bilions de variables (una per cada neurona,) amb complexos
lligams entre les variables. O bé el podem considerar com un conjunt de bilions de sistemes
dinamics simples (un per cada neurona, o bé en general, un per cada node) juntament amb
un mecanisme per propagar les interaccions. La generalitzacié matematica és 1’estudi de
sistemes dinamics en reticles infinit dimensionals.

A la primera part d’aquesta tesi estudiarem sistemes dinamics formats per un skew-
product d’un reticle infinit i un tor, i que sén pertorbacions de sistemes desacoblats en els
que la projeccié sobre el reticle té punts fixos hiperbolics. En altres paraules, estudiarem
sistemes del tipus

(z,0) — (F(z,0),0 +w), =z € (®R"), e T,
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Resum en Catala

que s6m pertorbacions de sistemes amb {0} x T¢ com a tor hiperbolic invariant. La interaccié
entre els nodes esta controlada a través d’una funcid de decaiment, que assegura que com
més llunya és un node, menor és la seva influencia.

Estudiarem la persistencia del tor invariant sota pertorbacié i la persistencia de les seves
varietats invariants. El metode que emprarem és el métode de la parametritzacid, que ens
permetra determinar les varietats aixi com estudiar-ne les propietats de decaiment i obtenir
resultats fins de regularitat. Més concretament, comencarem establint les definicions de
funcié de decaiment i el sistema a estudiar al Capitol |2l Tot seguit establirem les propietats
dels espais de funcions en que treballem, primer definint aplicacions lineals amb decaiment al
Capitol [3] després espais de funcions diferenciables amb decaiment al Capitol [] per acabar
amb funcions amb diferenciabilitat anisotropica al Capitol Tot seguit introduirem el
concepte de I'-espectre i conceptes basics de teoria espectral en espais de Banach. Un
cop establerts aquests preliminars, determinarem la regularitat i decaiment del tor en el
sistema pertorbat al Capitol[7] Continuarem determinant la part lineal de la dinamica local
en les varietats invariants al Capitol [8 per a tot seguit estudiar termes d’ordre superior
en varietats fortament estables al Capitol [9] on trobarem resultats de diferenciabilitat fins.
Finalment, als Capitols[10]i[11] acabarem la parametritzacié de les varietats no ressonants,
determinant-ne la seva regularitat i decaiment. Per acabar, al Capitol [I2] donarem resultats
sobre formes normals i probarem els teoremes d’Sternberg en reticles amb decaiment.

També estudiarem formes normals d’aplicacions amb decaiment en reticles al voltant de
punts fixos, i com a resultat provarem teoremes d’Sternberg per atractors en reticles.

A la segona part d’aquesta tesi estudiarem dinamica 1-dimensional, en concret dinamica
holomorfa. Aquest és un camp focalitzat en I'estudi de la dinamica de funcions holomorfes
en C, i el seu origen es pot tragar a un altre tipus de pregunta fonamental: quan convergeiz
el métode de Newton per a polinomis complexos? Fixem-nos que aquesta pregunta té dos
vessants, per a quins punts o bé per a quins polinomis. Aquesta dicotomia és freqiient quan
considerem sistemes dinamics depenents de parametres: podem parlar sobre la dinamica
per a un parametre especific en el pla dinamic o bé podem parlar sobre propietats generals
d’un conjunt de parametres en el pla de parametres.

L’estudi de la dinamica holomorfa també es fonamenta en 1’estudi d’objectes invariants,
els més destacats serien els conjunts de Fatou i Julia. Sén conjunts complementaris en
el pla dinamic, el conjunt de Fatou és un obert format per components on les orbites es
comporten de manera similar, en canvi el conjunt de Julia és un conjunt tancat, i defineix on
les orbites deixen de comportar-se de manera similar. Una dicotomia similar apareix en el
pla de parametres, on comportaments diferents estan separats per un conjunt de bifurcacié.

En el pla dinamic, el conjunt de Fatou es pot descomposar en diferents tipus de con-
junts oberts, en funcié del comportament de les orbites. Per exemple, un punt fix atrac-
tor formaria un obert en el conjunt de Fatou format per la conca d’atraccié. Hi ha una
diferencia fonamental entre dinamica real (o simplement, dinamica en dimensions superi-
ors) i la dinamica holomorfa: les singularitats de 'aplicacié tenen un paper destacat en
separar el conjunt de Fatou en conjunts invariants més senzills. Concretament, cada obert
invariant del conjunt de Fatou té associat una singularitat de laplicacié. Aixi, si 'aplicacié
té 1 singularitat, el conjunt de Fatou tindra una component. Per tant, quan augmenta el
nombre de singularitats, el nombre de components amb comportaments dinamics diferents
creix. D’aquesta manera quan estudiem families de funcions depenents d’un parametre les
interaccions entre singularitats sera més complicat com major sigui el nombre de singular-
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itats lliures. Recordem que les funcions holomorfes tenen dos tipus de singularitats: punts
critics, on la derivada és zero i valors asimptotics, on la inversa no és ben definida per la
presencia d’una singularitat essencial.

En el pla de parametres apareixeran diferents components per parametres amb com-
portaments similars, normalment aixo implica que sén parametres on el conjunt de Fatou
té una certa propietat. Per exemple, tenir una orbita atractora d’un cert periode podria
formar una component en el pla de parametres.

Aixi, les funcions més simples a estudiar serien polinomis (les funcions holomorfes més
simples) amb un valor critic, en altres paraules, estudiar la familia P.(z) = 22 + ¢. El pla
de parametres d’aquesta familia mostra un conjunt de bifurcacié ampliament conegut: el
conjunt de Mandelbrot (de fet el conjunt de bifurcacié és la frontera del conjunt de Man-
delbrot.) El segiient nivell en complexitat seria l'estudi de funcions enteres transcendents
amb un valor asimptotic. En altres paraules, l'estudi de la familia F)(z) = Ae®. Aquestes
dos families mostren un intrincat pla de parametres i complexos conjunts de bifurcacions,
i tenen un paper fonamental en 'estudi de sistemes dinamics holomorfs més complexos.

Un pas seglient natural seria doncs estudiar families amb dos singularitats, pero hi ha
un pas intermig. Com els valors singulars sempre estan lligats a una component de Fatou,
podem estudiar families de funcions amb una component persistent. Aixo voldra dir que
un dels valors singulars sempre estara lligat a aquesta component. Per exemple, podriem
estudiar polinomis de grau 3 tals que sempre hi ha un disc de Siegel al voltant del 0. Aixi
fixem un valor critic, que s’haura d’encarregar del disc i deixara l’altre lliure per crear una
altra component de Fatou. Una complicacié natural sera doncs 'estudi d’una familia entera
transcendent amb un disc de Siegel persistent. Una familia aixi té la forma

fa(z) = Ma(e/*(z4+1—a) —1+a), a€C\{0} \=e2m

Aquesta familia és unica (fet que provarem al Capitol , en el sentit que qualsevol altra
familia de funcions amb les mateixes propietats (disc de Siegel persistent, un valor critic,
un valor asimptotic, grau finit) tindra aquesta mateixa forma i per tant aquesta familia
modela de la manera més simple una gran quantitat de funcions. També inclou com casos
extrems la familia exponencial u — A(e* — 1) quan a — 0, una funcié polynomial-like de
grau 2 quan a — oo i la familia u — Aue" quan a = 1.

En aquesta part estudiarem la dinamica d’aquesta familia al Capitol aixi com el seu
pla de parametres, on descriurem les seves components obertes i parametritzarem algunes
d’elles amb la tecnica de la cirurgia quasiconforme, als Capitols i També donarem
diversos resultats topologics sobre aquestes components en el pla de parametres en aquests
dos capitols, i sobre les fronteres dels discs de Siegel que apareixen en aquesta familia en el
Capitol També provarem un resultat general, 1til per generar imatges de conjunts de
bifurcacidé, que es pot aplicar a families depenents d’un parametre i per tant es pot aplicar
a totes les families esmentades anteriorment. Aquest resultat es presenta al Capitol
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Part 1

The Parametrisation Method for
Invariant Manifolds of Tori in
Skew-Product Lattices












Introduction

In this part we deal with the study of some (invariant) objects and the associated tools
and methods related to the dynamics of lattice systems. The origin of the study of lattice
systems is found in the first models of the dynamics of chains of particles under the action
of some potential, with an interaction to nearest neighbours, models which were first con-
sidered by Prandtl (see [Pra28]) and Dehlinger (see [Deh29]). Later these models were also
considered by Frenkel and Kontorova for specific cases (see [FK38a], [FK38b], [FK38c] and
[FK39]). For one dimensional lattices, chains of particles can be described by a (formal)
Hamiltonian:

H(p,q) =) (;Hpill2 + V(%)) + > W(gisr — @), (1.1)

1€Z 1€Z

where (g;,p;) € R?" are the position-momentum variables of the i-th particle, i € Z, V
is the potential acting over the i-th particle (which is the same for all particles) and W
is the interaction potential with the nearest particle. Although the sums are infinite, the
equations of motion are well defined, with the form:

4 = i
pi = —=VV(q) + VW (gip1 — @) — VW (g — gi—1), i €27,

or equivalently
Gi+VVi(g) =VW(giv1 — ¢) —VW(q — ¢i-1), i€Z.

More generally one can consider higher dimensional lattices, that is, consider ¢ € Z™
with m > 1 and also interactions of every particle with all the others. In this case we should
write the second term in (1.1) in the form

Z Z Widivk — @),

i€Z kEZ

where W), is the potential of the interaction between particles separated k positions.

In this case we have to ask for some decay in the strength of the interaction because, as
it is physically natural, the larger the separation between particles is, the smaller the force
of interaction should be. Observe that we could also consider i, k € Z™.

It is worth mentioning that there is a methodology to convert these systems to their
continuous limit, yielding a partial differential equation. In particular, when V' (q) = 1—cosgq
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and W (g;41—¢q;) = C(gi+1—qi)? one obtains (after normalisation and ignoring discretisation
effects) the Sine-Gordon PDE:

ot2  0z2

Several problems can be modeled under the Frenkel-Kontorova model or some general-
isation, ranging from chains of coupled pendula, dislocation dynamics and surface physics
to DNA dynamics. See [BK04] for the description of many applications of the model.

In this work we are concerned with the study of invariant tori and their invariant mani-
folds, taking into account their decay properties. We consider not only the stable manifold
but also the strong stable and more generally non-resonant manifolds (see [CFdILO03al,
[CFdILO3b], [CEdILO5], [HdILO6a] and [HAILOGD|] for the description of these manifolds in
different settings.)

The first versions of invariant manifold theory are found in the works of Poincaré and
Lyapunov. In [Poi90] we find convergent series for the manifold of a fixed point (say 0)
of a map F' associated with a simple eigenvalue A\, with |A\| < 1, such that there are no
eigenvalues of DF'(0) which are powers of \. In [P0i99] we find asymptotic expansions of
the solutions around periodic solutions of periodic vector fields. In [Lya92] we find similar
results to those of Poincaré (with great differences of style and methods of proof.) In [Lef77]
we can find a modern presentation of the work of Lyapunov.

There is a huge amount of literature dealing with invariant manifolds. Among the most
classical works we can mention [HP70], [HPS77], [Fen72|, [Irw70].

In this work we use the parametrisation method. Roughly, this method, when applied
to finding invariant manifolds of a fixed point p of a map F : U C R™ — R"™, consists of
looking for immersions K : U C R™ — R",1 < m < n, such that K(0) = p and

+sinu = 0.

FoK =KoR, (1.2)

where R : V. C R™ — R™ is the restriction of F' to the manifold we are looking for,
expressed in the new variables (the variables of K') which is also an unknown.
Assuming differentiability of the map F', condition (1.2]) implies

DF(p)DK(0) = DK (0)DR(0).

We can see that the image of DK (0) has to be invariant under DF(p), hence the image
of the linear part of the manifolds we are looking for has to be a collection of invariant
subspaces under the action of DF(p). Thus we can try to look for a manifold associated to
each invariant subspace of DF(p), but not all of them have associated (nonlinear) invariant
manifolds.

To find invariant manifolds associated to fixed points of vector fields X : R™ — R™ we
look instead for immersions K : U C R™ — R" such that X o K = DK -Y where Y is a
vector field in R™ which is also unknown.

The papers [FR81] and [FG92] use this method for one-dimensional manifolds, specially
in conjunction with numerical calculations. Simé in [Sim90] describes the method to com-
pute stable and unstable invariant manifolds. In [BK98] the Taylor expansion of invariant
manifolds for n-dimensional maps is computed, to approximate the manifolds numerically.
The papers [CEdIL03a] and [CFdILO3b] systematically study non-resonant manifolds of
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fixed points of maps and vector fields in general Banach spaces obtaining sharp regularity
regularity results for the parametrisation and deals with the dependence of parameters of
the manifolds obtained in [CEdIL03a], respectively. Some papers deal with the existence of
tori using the parametrisation method. In this case, given a map F' on a manifold M, one
looks for

K:T% =M,

a parametrisation of a d-dimensional torus carrying a quasi-periodic motion of rotation
vector w € R? and satisfying the equation

FoK=KoTl,,

where T,,(0) = 0 + w.
Similarly given a vector field X on a manifold M we can determine a parametrisation
K : T? — M satisfying
XoK=DK-w.

The papers [HdlIL06a] and [HdILOGD] use the method to obtain invariant tori and their
manifolds in skew-product systems. This method is able to deal with the small divisor
problems that appear when determining tori in conservative systems (see [dILGEJVO05],
[GEdILOg|, [HALLO07] and [GEHAIL14]). In [EdILS09] the method is used to find invari-
ant tori and its invariant manifolds in finite-dimensional exact symplectic maps and flows
and [FdILS15] determine invariant tori and their invariant manifolds in infinite-dimensional
coupled map lattices. In the forthcoming book [H'] the method is applied to finding invari-
ant manifolds of fixed points, invariant tori and their manifolds and normally hyperbolic
manifolds. The results provide the theoretical estimates to be readily applicable in a con-
crete system and obtain validated numerical computations. In this book the power of the
parametrisation method for effective computations becomes evident.

Dynamics on lattices appear in physics, biology and mathematics. They model infinite
arrays of subystems (called nodes or sites) which interact among them. Hence, the evolution
of each node depends on its state and also the states of all the others. Several surveys are
devoted to the study of such systems which are referred to as coupled map lattices, coupled
oscillators, extended systems, etc. These surveys study several mathematical aspects of
their dynamics, like travelling waves, spatio-temporal chaos, fronts and invariant measures
among others. See [Gal07], [BCCO03], [MP03], [CE05], [Kan85|, [FdILS15], [Pey04], [BK9T],
[EP99], [FP04], [JAILOO] for different approaches to this kind of problems. Mathematical
models of arrays of cells are also considered in neuroscience ([Hop86|, [HI97|, [BEFTO03],
[IzhO1]).

Several papers are devoted to the study of hyperbolicity properties in lattice maps,
[FAILM11Db] among others. In general they assume finite range interaction or an exponential
decay of the interactions among nodes. In [JdILO0O] the authors introduce a class of decay
functions such that the linear maps which satisfy decay properties according to decay
functions of this class have algebra properties which simplify the functional analysis neded
in the proofs of the results.

The papers [FdILM11a], [FdILM11b| contain a functional analysis background to study
certain objects as invariant manifolds modelling the phase space as an £*° space. In par-
ticular hyperbolic sets and their invariant manifolds for maps with decay properties are
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considered and their properties are studied. In [FdILS15] finite and infinite dimensional
tori are obtained in lattices where each node is governed by a Hamiltonian system and each
node is coupled to all others with some interactions satisfying decay properties. In these
papers the spaces of functions considered are such that their derivatives satisfy a decay
controlled by decay functions in the class introduced in [JdILOQ].

In this thesis we consider lattices indexed by Z™ over ¢>°(R"). Concretely, we consider
maps F : (2 (R™) x T¢ — (*(R") x T¢ having a skew-product structure, that is,

(x,0) — (F(x,0),0)

where w € R? is a fixed frequency vector. We assume that F is a perturbation of an
uncoupled map Fy, and that the perturbation F} at each node depends on the other nodes
with an interaction whose strength is dominated by a decay function which satisfies some
properties.

We study the linear and multilinear maps between ¢>° spaces having decay properties
according to some precise definition. From them we introduce C" decay maps, which
roughly means that their derivatives are multilinear maps with decay. These classes of
maps were already introduced in [JdIL00O], where some properties were already established.
A deeper study is found in [FdILMI1al]. Here we present a more complete set of properties
and provide more details.

Further we consider spaces of functions with different degrees of regularity with respect
to spatial and angular variables. We call them functions with anisotropic differentiability.
We also establish a set of properties of this class of functions to be used later within this
work.

Writing F' = Fy + F} with Fy(0) = 0 and Fp, F; decomposed as the sum of their linear
and nonlinear parts, namely

Fo(z) = Moz + No(z), and Fi(z,0) = Mi(0)x + Ni(z,0),

we have results which give, under some suitable hypotheses, the existence of invariant tori
close to {0} x T¢, using the parametrisation method. This result gives different decay and
regularity of the tori, assuming different decays and regularities for the map. See Chapters
Bl A and [f] for the definitions of the corresponding function spaces.

Theorem Using the motation introduced above, consider the dynamical system deter-
mined by F' and assume that DFy(0) is hyperbolic. Consider the functional equation

F(Wo(0),0) = Wo(0 + w). (1.3)

(i) Assume My € C°(T4, L(¢{>*(R"),>°(R™))) and N(z,0) € COO(U x T?,(>°(R")) with
N Lipschitz with respect to x for all § € T and assume ||Fi||co and

feTd

are small enough. Then the functional equation (1.3)) has a unique solution Wy(0) €
CO(T4, ¢>°(R™)) close to 0.



(i) Assume Fy € CHU,(®(R™)), Fy € Cv (U x T (>*R"™)) with t > r 4+ 1,7 > 0
and ||F1||ctr small enough. Then the functional equation has a solution Wy €
C (T4, £ (R™)). Since Cltir C Ch, for F € C’{%’r we also obtain a solution Wy €
C™(T9, 4% (R™)) close to 0.

(iii) Assume Fy € CYU4®(R")), Fi € Cip(U x T4 ((R™) with t > r+2,7 > 0
and ||F1||Ct_,; small enough. Then the functional equation (1.3) has a solution Wy €
s

S;jF(Td,EOO(R”)) close to 0.

To obtain the strong stable invariant manifolds and more generally, non-resonant man-
ifolds associated to this invariant torus, first we have to obtain a vector bundle tangent to
them, to have a good local coordinate system to work in. Before doing this though, we
translate the torus to the origin through a #-dependent translation.

The invariant bundle associated to a strong stable invariant manifold is determined
in Proposition and the bundle associated to a non-resonant manifold is obtained in
Proposition

Concerning the existence and regularity of a strong stable manifold of the invariant
torus we have a first result for low degree of regularity.

Theorem Given a dynamical system F(z,0) as defined in Sectz’on and a splitting
of (®(R") = &' @ &% as in Chapterlg we can determine the unique local strong stable
manifold of Wy tangent to €' at 0 as the graph of ¢ : & x T? — &2 in the following
reqularity cases:

(i) If F(z,0) € CYO(*(R") x T ¢*(R")) and ||Fi|cro is small enough then ¢ €
CH0(B(0,1) x T4, €2).

(ii) If F(x,0) € 0111,0 (€>°(R™), £°(R™)) and HFlHC%,o is small enough then ¢ € C%’O(B(O, 1)x
T4, €2).

(i1i) If F(z,0) € C},’Ig (€>°(R™), £°(R™)) and HFlHC;g is small enough then ¢ € C;’IQ(B(O, 1)x
T4, €2).

This theorem considers a more general setting than Theorems 1.1 and 1.2 in [CEdIL03a]
and [CFdIL0O3b], where the invariant manifolds of a fixed point are considered. Even though,
if in Theorem we assume that F' does not depend on # we have a comparable situation.
In this case Theorem covers the case of C! maps, which was not covered in [CFdIL03a]
because the standing assumptions therein have a C™ map with » > L+ 1 and L > 1. To
cover this case we have to deal with some nonlinear operators in function spaces whereas in
[CFdILO03a] the analogous operators involved are linear, a technique which does not work
directly for the C! case.

We have a result which deals with higher orders of regularity.

Theorem Given a dynamical system F(x,6) as defined in Section we can
determine the unique local strong stable manifold of Wy tangent to &' at 0 as a graph
@ : & x T% — €2 under the following reqularity and decay assumptions:

(i) If F(z,0) € CZ (£>°(R") x T4 (>*(R")) and ||Fi| oz, is small enough then ¢ €
C®s(B(0,1) x T? c €' x T4, £2).



(i1) If F(z,0) € C'?S’T (€>°(R™), £°(R™)) and "F1||C§S’T is small enough then ¢ € CE“ (B(0,1)x
T4, €2).
(iii) If F(x,0) € Cfff (€>°(R™), £=(R™)) and HFIHC.E?T is small enough then ¢ € C’fli‘r (B(0,1)x
Js
T4, €2).

The standard local stable manifold of the torus is obtained as a particular case of
Theorem Also strong unstable manifolds as well as unstable manifolds are obtained
applying Theorem to the map F~L.

As for non-resonant manifolds, the results are more involved since we have to first obtain
sufficiently good polynomial approximations of the parametrisation of the manifolds. The
main result is the following.

Theorem Let U be an open set of £°(R™) such that 0 € U and consider a dynamical
system F : U x T C 42°(R") x T¢ — (>°(R"), F(x,0) = M(0)x + Ni(z,0) with M(0) =
My + M () and

_A7 0 —~ _BV(Q)B,(G) _M7(9) M7(9)
= (00 ) 310 = (P @ O e - (M@ ey

Assume the following hypotheses,

(H1) F' € CF(((R") x T, £=(R")), My, M(6) € Lp(£(R"), £>(R™)), supgera | M(6)]r
is sufficiently small

(H2) ASpecp(Ai1) C D\{0},

(H3) 0 ¢ Specr(A22),

(H4) ASpecr(Ay1)E+ - ASpecrp (M) C D,

(H5) ASpecp(A11)" NASpecp(Aaz) =0 for2<i<L,
(H6) L+1<t.

Then

(a) We can determine a polynomial bundle map R(s,0) : €1 x T? — &' of degree not larger
than L in O (€1 x T4, €1) such that R(0,0) =0, DsR(0,0) = M;y1(0) and a bundle
map W : €L x T¢ — (2(R™) in CF" (& x T (°(R™)) such that

F(W(s,0),0) = W(R(s,0),0 +w),
where W(0,0) = 0, g1 D;W(0,0) = Ider and Ig2DsW(0,60) = 0.
(b) Furthermore, if there is | > 2 such that
ASpec(Alyl)i NASpec(Ai1) =0, 1 <i<L,

then we can choose R to be a polynomial bundle map of degree not larger than [ — 1.
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To obtain the mentioned polynomial approximations of the parametrisation of the in-
variant manifolds we have to solve “normal form” type of equations, which involve the use
of the so-called Sylvester operators. These operators have to be inverted, hence we need
to study spectral properties of them. These operators were studied in detail in the setting
of Banach spaces in [CEdIL03a] but here, since we are interested in decay properties, we
consider them in sections of spaces of k-linear maps in ¢>°(R") with decay.

We introduce the notion of I'-spectrum for linear maps with decay and establish some
spectral results for Sylvester operators in terms of it. The theory for the I'-spectrum is
developed in Chapter [6] and appears to be quite similar to the theory for the standard
spectrum of linear operators, since we have been able to reproduce the majority of basic
facts. To the best of our knowledge this is a new notion which appears to be very well
suited for the kind of problems we need to solve in this work.

Finally, concerning the dynamics of lattices, we obtain Sternberg theorems for the con-
jugation of a map to its linear part or to its normal form, in the case that the linear part
is a contraction (Poincaré domain.) Assuming decay properties for the map we obtain
decay properties for the conjugating map. For the results where we allow the existence of
resonances, we use a normal form theory with decay which we develop here (analogous to
the standard normal form theory around a fixed point) and is based on the use of Sylvester
operators in spaces of k-linear maps in ¢*°(R"™), introduced in Chapter @ Section

We present two cases, the first one concerning maps that are small perturbations of an
uncoupled map with equal dynamics in each node. For this class of maps we put conditions
on the eigenvalues of the unperturbed map restricted to each node (all are the same). The
main results for this case are the two following theorems. The first theorem determines a
conjugation to the linear part of the map in the absence of resonances among eigenvalues.

Theorem Let U be an open set of £°(R™) such that 0 € U. Let F : U — (*°(R"™) be

a CT. map of the form F' = Fy + Fy where Fy is an uncoupled map and Fy(0) = F1(0) = 0.

Let A= DFy(0), B= DF(0) and M = A+B. Assume that A;; = ad;; with a € L(R",R").
Let Spec(a) = {\1,..., \n}. Assume furthermore

(H1) 0 < || <1,1 <i<m,
(H2) N\i # X, ke Z™, |k| >2,1<i<n.

Let a = min; |\, f = max; |\i|, v = {ggg and ro = [v] + 1. Then if F € C}(U,(>°(R™))
with r > 1o and || B||r is small enough then there exists R € CL.({>°(R™),£>°(R"™)) such that
R(0) =0, DR(0) =Id and

RoF=MR
in some neighborhood Uy C U of 0 in £>°(R™).

The second theorem is more general, and conjugates with a normal form in the presence
of resonances (i.e. omitting Hypothesis (H2))).

Theorem Under the conditions and notation of Theorem except hypothesis
(H3), if F € CL({>(R™),£>°(R")) with r > ro and ||B||p is small enough there exists a
polynomial C°(£>°(R™), £>°(R™)) of degree not larger than ro and R € C{.(£>°(R™), £>°(R"™))
such that

R(0) =0, DR(0)=1d
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and
RoF=HoR

in some neighborhood Uy C U.

Similar results (see Theorems [12.10| and [12.12)) can be proved for maps which are not
perturbations of uncoupled maps, requiring conditions over the I'-spectrum of their linear

part.
Observe that we could prove analogous results for flows in lattices using a time-one map

argument.
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Chapter 2

Lattices, decay functions and
dynamical systems

In the first part of this work we will consider dynamical systems in the space of bounded
sequences of points of R™ with indices in Z™. That is, we will work in the infinite product
space (R™)%Z™. As usual we will call node to each individual R™. Associated with this
space we will consider a decay function, which will control the strength of the interactions
between different nodes.

The space of bounded sequences over the infinite product space (R”)Zm is denoted by
(> (R™), formally defined as

°(R™) = {(LL’i)ieZm |z; € R™, sup ||z < oo} ,

Syl

where | - || is a given norm in R". We endow ¢>°(R") with the norm ||z||cc = sup;ezm | il
as usual. Note that if we change the norm in R” we end up with an equivalent norm
in £*°(R™). We denote by proj; : £>°(R™) — R™ the projection onto the i-th component.
We denote by emb; : R” — ¢*°(R") the i-th embedding such that for every u € R",
proj;(emb;(u)) = 0, i # j, and proj;(emb;(u)) = u. This embedding is an isometry if the
norm in ¢>°(R™) is induced by the norm considered in R".

2.1 The dynamical system

Let f : R® — R" be a C'! mapping with a hyperbolic fixed point at 0. We can also consider
maps defined in a neighbourhood A of 0 in R™. Observe that in the differentiable case we
can always reduce the latter case to the former one. Indeed, by using cut-off functions of
suitable differentiability we can extend f from a neighbourhood A of 0 such that A C A (ie.
a neighbourhood “smaller” than A) to R™ with the extension having the same regularity
as f. For simplicity of notation in this introductory chapter we consider f : R™ — R"™.
However, later we will write f : A — R".
We will consider dynamical systems in R™ which have the form

F(x,0) = Fo(x) + Fi(z,0),  z € l®(R"),HeT
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From now on we will consider Fy as the unperturbed system and we will assume that
Fy is small in a suitable sense.

The unperturbed system Fj will be an uncoupled system in £°°(R"™) such that each node
R™ in the lattice has the same dynamics, given by f : R” — R™, that is Fp : (>°(R") —
£°(R™) is such that

(Fo(x))i = f ().
We will write Fy(z) = (f (2i)), czm- We will assume quasiperiodic dependence of F' with
respect to 6. Therefore we can write the system as a skew product from £>°(R") x T? to
itself defined by
(z,0) — (F(x,0),0 +w).

The norm we will use in ¢>°(R") is the supremum norm, || - ||« i.e. ||Z||cc = Sup;ezm |zil
where |z;| is a norm in R™. Later on we will specify concrete norms depending on the
problem we deal with. In general the norms will be adapted norms to the decompositions
of the spectrum of D, f(0) in R".

For instance, the spectrum of D f(0) can be decomposed into two sets of eigenvalues,
namely contracting and expanding eigenvalues. According to this decomposition we can
write R” = E° @& E", where E? is the subspace formed by the eigenspaces corresponding
to the eigenvalues of modulus less than 1, and E* the subspace formed by eigenspaces
corresponding to eigenvalues of modulus larger than 1. We denote by =g, m, : R” — E%¢
the linear projections on these eigenspaces. According to this decomposition of R™ we can
write:

pro = (%" o). (2.1)

a2

where ay1 is the contracting part and azs the expanding one. In such case we would
consider a norm adapted to both a;; and az2. Also, the splitting £* & E* induces a
splitting in ¢>°(R™). To study this we put ourselves in a more general setting where the
splitting may be different at each node.

Given a family (E;);ezm of subspaces of R" we define &€ C £*°(R") by

v = (Ui)iGZm e & vy ek

and
|v]|co < o0.

Given two families (E;);ezm, (G;)iczm of subspaces of R™ such that F; & G; = R" we
define € and G as above. Let II; : R™ — E; be projections such that
Ker HZ = Gz

We have that II = Id —II; is a projection onto G;.

Lemma 2.1. We have that sup;czm ||IL;]] < oo if and only if (*°(R") = E® G. In such
case, since €, G are Banach spaces, € ® G ~ € x G and the projections Ilg : {>°(R™) — &
and Ilg : (>*(R™) — G defined by Ilg(u) = (ILu;)iez and Ig(u) = ((Id —11;)u;)icz are
continuous. Furthermore, ||Ilg|| = sup;czm ||11;]].
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Proof. Let u = (u;)iezm € £°°(R™), then we can write u; = v; + w; with v; € E;, w; € G;.
Let v = (v;)iezm and w = (w;);ezm. As v; = I,

[oill < ITLil[[Juill < Cllulloo
which implies that v € €. Since

TG < (T[] + TG) < 1+ Sup ML < o0
1E€L™

we get that w € G. Clearly u = v+ w and €N G = {0}.
The following easy computation

[Meull = sup |[Mug|| < sup [[T[[[Jus]] < sup [[T]]fulloo
iezm™ iezm™ i€zm

proves that ||II¢|| < sup;czm ||IL]]. Now let € > 0 and jo such that [|IL; || > sup;czm [|ILi]| —
e/2. Let g € R™ such that ||zo|| = 1 and ||ILj,zo|| > ||II;,|| — €/2. By the definition of
norm,

e[ = sup [[Heu| = [[Meuoll,

flull=1

where proj; (ug) = zo and proj;(up) = 0 for i # jo. Then

M| = 1T (zo)[| = [Ty || — /2 = Sup ML =&
1 m

which proves the other inequality.
For the reciprocal let Ilgu = v. The continuity of Il¢ implies that

[[ol] < [ITe [l

and hence
[vill < [[ellljwll, — i€zZ™.

Now
[1L] = sup [ILi(uw;)[| = sup |lvs]| < ||TLe]]
flus (<1 [lus [ <1

and the result is proved.
O

As an application of Lemma [2.1] we consider the following important example.
Let a € L(R™ R™) and assume that R™ has a splitting R" = F x G where a is written

(11 0
= (8 o)

This splitting may be the one associated to the stable and unstable parts of the spectrum
of a or any other splitting.
Let M € L(£>*(R"™),£>°(R™)) be such that

as

M;; = a, M;j; =0, j#i.

)
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The sequence of subspaces (E;);czm, (G;)iezm with E; = E and G; = G define two sub-
spaces € and G of £>°(R") and

(®(R") = £ S.

This induces a representation of M of the form

B A171 0
M= < 0 A2’2)

because if z € (°(R"), z = 2! + 22 € E® § and x! = (z});ezm, 2% = (22);ezm, thus
Mz = Ma' + Ma® = (az;)iezm + (027 )iczm = (a1,127)iezm + (92,227 )iczm

and hence

Al,lfﬁl = (al,lfﬁ%)iezm, 142,2332 = (ﬂ2,2$?)ieZm.

Assume for instance that Speca;; C {A||\| < 1} and Specaza C {A||A] > 1}. Then
we have that M is a hyperbolic linear map. Thus we can consider an adapted norm to
a11,] - ||z in E, i.e. a norm such that ||a;1]] < @ < 1 and an adapted norm to a;é, Il llc
in G, i.e., a norm such that |lay3|| < 8 < 1. In R” we take ||z|| = max(||z1] g, [|z2]lc) if
r=z1+22€ EDG. In ZOO(R"S we take the supremum norm with the norms introduced
above in R™. Then

[Avall = || Mg || = sup [[Mz| = sup [|(a1,12i)iczm |
TEE z€eE
llzll<1 lzll<1
< sup sup |lagfl[[z]] < flaafl < a.

r€E i€EL™
=l<1

Clearly, M|q is invertible, a similar argument follows for || A, 5|l and we get Ay 5|l < B.
If we have a gap in the splitting of the spectrum of a, we can write

_fa; O
T < 0 a22)

according to some decomposition R” = E & G with [@11]] < a, [a22] <band a <b7!, a
completely analogous construction for the splitting in £°*°(R™) can be carried out.
Finally, in a decomposition ¢>°(R") = & @ G as above we will write

D, Fy(0,0) = (Bm<9) Bl,2(9)>

By1(0) B22(0)

and
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2.2 Decay functions in lattices

To be able to define meaningful localised perturbations in this product space, we consider
an appropriate set of weighted Banach spaces. The main idea is that the coupling term
in the perturbed system belongs to a weighted space, which controls the strength of the
interaction between nodes. We should note that nearest-neighbour (or any other finite rank
coupling, with similarly appropriate weights) coupling will satisfy these hypotheses.

We will make use of the following decay functions, originally introduced in [JdILOQ].

Definition 2.2. We say that a function T' : Z™ — R is a decay function when it satisfies:
13 kezm T(R) <1,
2. Y kegm Vi —K)D(k —j) <T(i—j), i, jeZ™

The first property ensures energy propagation related to such a decay function is finite,
while the second property is akin to a triangular inequality in a discrete lattice. As pointed
out by Prof. L. Sadun the second property says that the sum of the interactions between two
nodes through the interactions involving third nodes is dominated by the direct interaction
between them.

The following proposition can be found in [JdILO0] and provides a family of examples
of decay functions satisfying Definition

Proposition 2.3. Given o > m,0 > 0, there exists a > 0, depending on «, 0, m such that

the function defined by
. a, J=0,
LG) =4 . .
{aﬂ‘ae‘Wﬂ j#0

s a decay function on Z'™.

Note that the standard exponential function I'(j) = Cee~%! is not a decay function for
any C,0 > 0, as is proved in [JdILOO].

17
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Chapter 3

Linear and multilinear maps with
decay

To define C" maps with decay properties between lattices we need to introduce spaces of
linear and multilinear mappings with suitable decay properties. Then we can use these
definitions to introduce spaces of C" maps with these predefined decay properties for its
derivatives. In this section we will define linear maps with decay and its related norm
| - |lr. From now on we will use || - || to denote the norm induced in the space of linear or
multilinear maps by the same norm in ¢>°(R™). We reproduce some results from [FdILMI11a]
and provide more details and some additional results, mainly the proofs that certain spaces
are Banach spaces.

3.1 The space of linear maps with decay

One of the simpler ways to define linear maps with decay is to ask for the components
of “infinite matrices” to have decay properties with respect to their indices. Given || - ||
a norm in R™ we define the space of linear mappings with decay as a subset of the space
of continuous linear mappings L(¢>°(R"),¢*°(R™)) with a weighted norm depending on a
decay function as follows:

Ly = Lp(£*(R"), £2(R")) = {A € L({>(R"), £(R")) | | Allr < oo},

where

[Allr = max{[[Afl,~(A)},
with ||A]| the operator norm of A and

v(A) = sup sup I|(Aw); ||T(i — k)*l.
LEEZ™  lulI<1,
proju=0,j#k

Remark 3.1. We will use Ly for Lp(¢>°(R™),>°(R™)). Although the definition has been
written for £°(R™), we can define linear maps with decay among arbitrary vector subspaces
of (*(R™), £,F C L>*(R"™) as

Lr = Lr(&,9) = {A € L(E,F) | | Allr < oo}

19
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Many results stated for Ly (£>°(R™),¢>°(R™)) extend straightforwardly to Lp(&,F).

The following lemma formalises the introductory text of this section relating decay prop-
erties and “components” of infinite dimensional matrices. We define A;; = proj;Aemb;.
Using this notation then

y(A) = sup [[Au TG — k)~
i,keZm

Lemma 3.2. Let A € L({>(R™),£>°(R"™)), and v = (v;)iezm € £°(R™) such that

lim ||v;|| = 0.
ljl—o00
Then
(Av), = Z AUk

kezm™

Proof. Given v € {>°(R"), let v™ € £>*(R"™), m > 0, be the vector defined by v* = v, if
|k| <m, and v}* = 0 otherwise. Then v tends to v as m — oo in the £°° topology. Indeed,
since lim|| 0 [[vk]| = 0,

I — o™l = sup [l

>m

tends to 0 when m — oo. Moreover, since v has only a finite number of components
different from 0, we have that (Av™); = Z‘ K|<m A;pvg. Finally,

I(40)i = 37 Agewrll < AW = v™)lloo < A0 = o™ loc

[k|<m

tends to 0 when m — oo.
O

Remark 3.3. In general, a linear map A € L({>°(R™),£>°(R™)) is not determined by its
matriz components A;j. As an example, consider the following space:

Ey={v e (*R)]| lim v; exists}
|00

and the linear map lim, lim Ey — R defined as lim(v) = lim|j| o0 vj. Clearly, the operator
norm of lim is bounded on Ey by 1, thus from the Hahn-Banach theorem it follows that lim
admits an extension to (*°(R), L with the same norm. The matrixz elements of £, L;; are
gwen by L; : R = R, defined by L;j(o) = L(B), where § € {*(R) is such that B, = 0 if
k # j and Bj = a. Clearly, lim o B = 0, thus L; =0 for all j. However, L is not the
0 mapping.

This remark tells us that in general A € L(¢{>°(R™),¢*°(R™)) is not completely deter-
mined by its matrix entries.

Remark 3.4. Observe that given an uncoupled linear map A = ad;;, with a € L(R",R™)
we have A € Lp(£>°(R™),£>(R™)), 7(A) = T(0)~"|[a|| and [|A[lr = T(0)~"{|al|.

We begin our study of L spaces with its completeness properties.
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Proposition 3.5. The space (Ly, || - ||r) is a Banach space.
Proof. First we have to show that || - ||r is a norm. As || - ||p is defined as the maximum
between || - || and (), we just need to check the norm properties for ().

Observe that given A € Lp, Lemma and the definition of ~(-) imply [|A4;;] <
[A[lr T = 7).
First we check that v(AA) = |A|v(A).

v(AA) = sup sup |(AAw);||T (i — k)~*
i,keZ™ [Jul| <1,
proj ;u=0, j#k

= sup  sup  JA|[[(Aw)l|IT( = k)TH = [Aly(A).
ikeZm  |ul|<1,
proj;u=0, j£k

Now check that y(A + B) < v(A) +v(B).

v(A+ B) = sup sup H((A—i—B)u)Z-HF(i—k)*l
LkeZm  |lul<1,
projju=0, j#k

< sup sup  ([[(Aw)l| + [[(Bu)i) TG — k)~
Lk€ZM  |lul|<1,
proj;u=0, j#k

<v(4) +7(B).

Obviously if ||A]| = 0, then A = 0, thus if |A|[r =0, A = 0. It is however not true that
~v(A) = 0 implies that A = 0, as the previous remark shows.

The only thing left is to prove that (Lr,|| - ||r) is a complete space. Let {A"},en be a
Cauchy sequence of elements of L.

As the || - ||p-norm is stronger than the || - ||-norm and the space of linear applications is
complete, { A" },,en converges to some linear map A* € L(¢*°(R™),¢>°(R"™)) in the ||-||-norm.

Moreover, as it is a Cauchy sequence, given ¢ > 0 there exists ng such that for n > m >
no and for every u such that ||u|| <1 and proj,u =0, k # 1,

1((A™ = A™)u)i|[T(i — k)~ < (A" = A™) < /2.
Taking limit with respect to m in this expression,
1((A™ = A u)il|T(i — k)~ < e/2.

Observe that this bound holds for any 4, k£ and u such that ||u|| = 1 and proj,u = 0 if k # 4.
Now taking supremum with respect to u and i, k as in the definition of y(-), we get

VA" — A*) < /2 < e.

This implies that A™ — A* € Lp, thus A* € Lt and that {A"},en converges to A* in the
| - || p-norm.

O]
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Now we introduce, the following vector space which plays a significant role in the study
of linear maps with decay. Consider the vector subspace of £*°(R™) of vectors centred around
the j-th component

Sjr ={v e R") [ [|v]ls,r < oo},
where
”UHSJ',F = Ssup Hvk”F(k - j)_l'
kezm

Although this space looks dependant on the node j, all these spaces are equivalent (as
sets) as the following proposition shows. The intuitive idea is that all nodes look the same
from “far enough”.

Lemma 3.6. For alli, j € Z™, S;r = S;r as sets.

Proof. Let v € S;r, that is, supezm |[vg]|T(k—i) ™! < 0o. Now, as > cpm D(k—)I(1—j) <
I'(k — j) <1 and all terms in the sum are positive,

T(k—i) _ T'(k — i) o Tk=id 1
Lk —j) = Yiezm D(k =D —j) = T(k—i)T(i—j) T(i—j)
Therefore
— )= su v —q *1M
kseuzrgnllvkllf(k 7) _keZE"H k[T (k —4) (k=)
1

1
< ———— sup ||log||[T'(k—14)7" <
i — ) o [l =0

and this implies v € S 1.

Note that if v € S then
Iollo < sup floil| < sup ;| D(i = 5)7" = [[v]ls,
iezm iezm

And now we prove completeness of this space.
Proposition 3.7. The space S;r is a Banach space.

Proof. We check the completeness. Consider a Cauchy sequence {v"},en of elements of
Sjr. As | -|ls;r is a stronger norm than || - [ the sequence {v"}nen has a limit v* in
2 (R™).

As the sequence is a Cauchy sequence, for every € > 0 there exists an ng such that
[v™ —v"||s, » < €/2if m, n > ng. By definition of the Sjr-norm, this means that

sup ot — of [Tk — )" < /2.
kezm

We can take limit with respect to m in this last expression. The convergence of {v™} to v*
in || - ||co-norm implies that

sup |[vf — o ||T(k—j) ' <e/2 <e.
kezm
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Therefore [[v* —v"||s; . < € implying (v* — ") € S;r and hence v* € S;r. Now for every
e there exists an ng such that if n > no, [[v* —v"|[s;,. < €, thus the sequence {v"},
converges to v* in the S; p-norm.

O]

After this short digression about the properties of the spaces S;r we come back to
linear mappings with decay proving several properties that lead to a fundamental fact:
Lr is a Banach algebra. Observe that the identity map Id is a unit of this algebra but
|1 lr = T(0) "1 # 1.

The following proposition from [FdILMI1a] characterises linear maps with decay I' as
linear mappings preserving S;r. This is a key result that will be used several times.

Proposition 3.8. Let A € L(¢>(R™),¢>(R™)). Then

1. If A € Lp(£>°(R™),£>(R™)), then for any j € Z™ and for any v € S;jr, Av € S;r and
[Av]|s; o < v(A)lvlls; -

2. If there exists 0 < C' < oo such that for any j € Z™ and for any v € S;r, [|Av|s; <
Cllvlls,r then A € Lp(£>°(R™),£*(R™)) and v(A) < CT(0)~!.

Proof. The proof of Part is standard, and the arguments used in it will appear several
times. It follows from

A0yl < Y lAwlllorll < v(Allolls;r Y T — k)L (k- j)

kezm kezm
<y(Allvlls; o T = 7),

where we have used Lemma 3.2l Therefore

sup 1(Av) TG = 5)7" < v(A)llolls; -

To prove Part (2)), we only need to use the definition of 7(A) as follows

v(A) = sup sup | (Au)g||T(i — k)~
i,kEL™ [Jul| <1,
proj;u=0,jk

=sup  sup  sup [[(Au)illTG— k)7 = sup  sup [l Aulls,,
kezm - ulI<1, - deZm kezZm™  |lul|<1,
proj;u=0,j#k proj;u=0,j7k

< sup sup c HUHSkr < CF(O)_I'

kezm  lull<1,
proj;u=0,j7#k

Observe that a vector u € £*°(R") such that ||ul| <1, proj,u = 0,j # k satisfies u € S r.
O

Proposition 3.9 (Algebra properties). Let A, B € Lp({*°(R"™),¢>*(R™)). Then AB €
Lp(£>°(R™),£>°(R™)) and

e v(AB) < ~(A)y(B),
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e [AB[[r < [|Allr|Bllr-

Proof. We just need to check the bounds on the norm, using the properties of ~(:) and
Proposition [3.8] Since

YAB) = sup  sup |[[(ABu)||T(i — k)~
1, k€Z™ projju=0,
ik
<1

= swp s |3 A (Bu), TG — k)
1, k€Z™ projju=0, pezm
£k

J
[lull<1

< sup  sup D [[Apllll(Bu)plIT( — k)7

i, keZ™ pro]jjukzo, pezm
luf|<1
. . 1
< sup y(A) Y T(i—ply(B)T(p— k)T(i — k)
i, keZm pezm
< sup Y(A)y(B) < v(A)y(B)
i, kez™

and
|AB|r = max(v(AB), |AB|) < max(y(A)y(B), || Alll|BI)),

the statement follows.

O]

Remark 3.10. Proposition[3.5 and Proposition[3.9imply Lt (¢>°(R™), (>*(R™)) is a Banach
algebra. It has a unit element Id but || Id ||p # 1.

Proposition 3.11. Let My € Lp(¢>(R"™),¢>°(R"™)) invertible such that
Myt € Lp(£*(R"), £2(R™))

(or equivalently 0 ¢ Specp(Mp)) and My € Ly (£ (R™), £ (R")) such that | My *||r|| M |r <
1. Then M = My + My is invertible, M—' € Lp(¢£>°(R"™),(>°(R")) and

1M~ e = [[Mg el < [M 7 = Mg Hie = O(|| Mallr).

The proof of this proposition is completely analogous to the proof of Lemma [4.18 where
a slightly more involved result is considered.

3.2 The space of k-linear maps with decay

With the definition of linear maps with decay we can only characterise first derivatives with
decay. But we can inductively define multilinear maps with decay which in turn we can use
to characterise higher order derivatives with decay.
Recall that we can define the space of k-linear maps L*(¢£>°(R™), £>°(R"™)) via the iden-
tification
LR (R™), (2 (R™)) = LI (R™), LF=1 (02 (R™), £ (R™))).
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There are k possible identifications defined by ¢; as follows: let
1y s DR (R™), 5(R™) — L(E9(R™), LA ((2(R™), (5(RM)), 1< <k,
and given A € LE(¢>°(R"), (>°(R"))
J
L(A) (W) (v1, .. vp—1) = A(vr, ... W0 vel1). (3.1)

All these mappings are isometries in the corresponding operator norms. We define

LE(LZ(R™), 6°(R™)) = {A € L*(E°(R™), (2(R™)) |
tp(A) € Lr(£X(R™), L*1(£2(R™), £°(R™))), 1 < p < k},
with the norm
[ Al = max{||All, v(A)},
where
7(A) = max {y(1,(A))}.

1<p<k

Note that this definition makes sense because we can identify LF~1(¢£>°(R™),£>°(R"))
with the > space £°°(LF~1(¢£>°(R"), R")).

With this norm we can prove that LE(¢°°(R™),£>°(R")) is a Banach space as in the
proof of Proposition [3.5

The following proposition gives bounds to the norm of multilinear contractions. These
bounds are fundamental later on, since multilinear contractions appear naturally when
differentiating repeatedly invariance equations.

Proposition 3.12 (I' norms of contractions). Let A € LE((>°(R"),(>(R")), k > 2, and

u € (*®°(R™). Then, for any permutation of k elements T € Sy the map By, : {*°(R") x
k—
G S 1o (RP) = 190(R™) defined by

Bry(vi, ... vp—1) = A(T(vi, ..., vp—1, 1))
belongs to LE=1(£>°(R™), £°(R™)). Moreover
V(Bru) < (A)]full. (3.2)
As a consequence
[1Brullr < | Allp[lull (3.3)
If 7 = Id we will simply write By, = Biq .
Proof. For simplicity, we will only check the case 7 = Id.
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Inequality (3.3) is trivial if u = 0. If u # 0 we need some auxiliary vectors to prepare
the bound as in the definition of v(A). Let i,j € Z™, 1 < p < k, va,...vk_1 € £>*°(R™) such
that |lv,]| <1,2<¢<k—1, and w = (w');ezm such that w' = 0, if | # j. Then

lep(Bu)i(w) (w2, ..., vp-1) [T = §) 7
p

= |[(Bw)i(va, ..., w ..., o 1)|IT(i — §)

= [Ai(v2, - w, .o u/ a6l DG = 5)7

= [lep(A)i(w)(va, ..., v,/ |[ul) | TG — 5)~

< (A [ull-
Inequality (3.2)) follows from taking supremum above. Moreover || B,| < ||A|| ||u| and using
these bounds

[ Bullr = max(y(Bu), | Bull) < max(y(A) [lull, [ Al ull) = [|Allr[lull

we get that (3.3) holds true.
O

Remark 3.13. Observe that in the previous proposition we required u € (*°(R™), not
u € Sj’p.

In the same way we have

Proposition 3.14. Let A € LE(¢(>°(R™), ¢>°(R")), k > 2 and uy, ..., u, € £°(R"), 1 < p <
k — 1. Then for any permutation of k elements T € Sy the map

o0 (TN (k—p) o0 (TN
up P LO(R™)x -7 x = L°(R™)

7777

defined by
Brug,uy (V15 - 0—p) = A(T(V1, o Vkpy UL, -5 Up))

belongs to Llli_p(ﬁoo(R"),Eoo(R”)). Moreover

V(Brus,..p) < V(A Juall - [|upl]

and
| Brous .o || < [Alrfua |l - - Jupl-

Proposition can be used to bound I'-norms of contractions in such a way that
decay properties can be ignored except for the bound of just one component, as the next
proposition shows. Furthermore, such a bound is also a characterisation of multilinear
mappings with decay.

Proposition 3.15. Let A € LF({>(R"),(>(R")). Then

(i) If A € LE(™®(R™), £°(R")), then, for any va,...,vx € {*(R"), j € Z™, v € Sjr and
T € Sk, we have A(v,va,...,v;) € S;r and

[A(T (v, 02, o) ls; 0 < v(Aolls; pllvall - [lok]l-
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(it) If there exists C' > 0 such that for any va, ..., v, € {°(R"), j € Z™, v e Sir, T € Sk,
we have A(T(v,va,...,v;)) € Sjr and

HA(T(Uv V2. .. 77)/6))"5]',1“ < CHUHSJ',FHUQH s ”UkHv

then A € LE(£>°(R"),(>(R")) and v(A) < CT(0)~L.

Proof of Part : Propositionproves case k = 1. By induction assume that the result is
true for k—1 > 1 and let B, ,, be defined by By, (v,v2,...,v5-1) = A(T(v,v2, ..., Vp—1,0k)).
By Proposition m By, € Llli_l and y(Bru,) < 7(A)||vk|l. Now by the induction hy-
pothesis we have

JA(T (v, vz, - ) sy 0 = [1Broy (vsv2, - vk-1) s, 0 < Y(Bro)vlls; e llv2ll - - log-1
< vDlvlls;pllvall - - [[ox]-

Proof of Part : Given 1 < p < k we compute

Y(p(A)) = sup  sup  |[[1p(A)(W)][ITGE = 5)7
i,JEZ™  |v|I<1
proj; v=0, l#j
= sup sup sup ||[p(A)(v)(va, ... vp)]ilT(E —5)7"
LIEZ™ ||lv|| <1 [JuglI<1
= sup sup sup [[A(ve,...,vp,v,...,v5)]i||T(2 — j)_1
1LJEZ™ |lv]|<1[jvgl|<1

< sup sup sup H[A(T(v,vg,...,vk))]iHF(i—j)*l
LIEZ™ |Jo]|<1 ||vglI<1

< sup sup sup [|A(7(v,v2,...,vk))lls;
FEL™ ||v]| <1 [lvg[I<1
< sup sup sup Cllv|s,pllva] -~ - [Joll
JEZ™ [v[<1 [lvg[I<1
<cro)*
for some permutation 7 € Si. Recall that since proj,v = 0, [ # j, [[v|s; = || IT(0) L.

This implies A € LE(¢>°(R™), ¢>°(R™)) and (A) < CT(0)~ L.
O

From Proposition and Proposition [3.9] we also obtain the following composition
property, which will prove crucial for later developments.

Given A € LE(6®(R™),2(R™)), Bj € LE(£°(R™), €2(R™)) for j = 1,...,k and w, €
(> (R™)4, we define the composition AB - -- By, by

ABj - Bi(wy,, ..., w,) = A(Biw,, ..., Byy,).

Proposition 3.16. If A € LE((>®(R"),(*(R")) and B; € L?(ZW(R"),E"O(R”)), for j =
1,...,k, then the composition AB; --- By, € LZI}+"'+Z’“ (£ (R™),£>°(R™)) and

Y(ABy --- By) <v(A)||Bi|lr - - - || Br|lr, (3.4)
|ABy - Billr <||Allr||Billr - - - || Bllr- (3.5)
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A consequence of the proof is that if B, = B, for all ¢ # p the bounds can be written instead
as

V(AB1--- B) <y(A)||Br--- | Bl B,
IAB - Bllr <[|Allrl|Blr 1Bl -- - [ Bl

Proof. Since y(A) < ||A|lr and the fact that we have the bound
IAB--- B[ < [|A[l[|B][---[|B]

in the operator norms, inequality (3.4)) implies (3.5)).

For convenience of notation we let l[j = 0. Then, for any 1 < s < k and for any
Wy ritse oy, € C2(RY), we have that |Beuy, 1. ull < |Byllefun, el o
Also, by an iterative application of Proposition for any w;,_,4o2,...,u;, € {*(R")
and 7 € Sy, the map B¢ : u — Bs(7(u,u;, ,42,...,u,)) belongs to Lt and ||B;s|/r
B[ lluzl - - [[u, |-

Hence, by Proposition for any ua, ..., up 4.y, € L°(R™), [Juzl, - - iy +mti, ||
1 and [y < p <l the map Ay, : {>°(R") — £>°(R") defined by

IN

IN

Ap LU Lp(ABl - Bk)(u)(UQ, - ,ul1+‘..+lk),
where ¢,(ABy ... By) was introduced in (3.1)), belongs to Ly and
V(Ap) < 1A Bl 1(By) .. | Bl
Finally, since || B;|| < ||Bj||r, for all 1 < j <k,

Y(ABy...By) = max (Ap) < A(A)|Billr .- - || Billr-
<p<k

An important special case of the previous proposition is the following result.

Corollary 3.17. If A € Lr(¢{>*°(R"),£>°(R")) and B € LE(¢(>°(R™), ¢>°(R"™)) then A- B €
LE(6%°(R™), £°(R")) and

(A B) < ~y(A)y(B),
[AB|r <[ Allrl|Blr-
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Spaces of differentiable functions
with decay

With the definition of k-linear mappings with decay, we can now define spaces of differ-
entiable functions with decay between open sets in ¢*°(R™). We can also define spaces of
differentiable maps from the torus to ¢°°(R™) and spaces of differentiable maps from the
torus to LE((°(R™), (=(R™)).

Definition 4.1. Let U be an open set of £°(R™). We define
CHUL*(R™)) = {F € CH(UL*(R™M)) | sup | F(2)]|oc < o0,
zelU
DF(x) € Lp(£>*(R"™),£>°(R")),Vz € U,

sup [|[DF(z)||r < oo}
xelU

with norm

1]l ca = max (||F[|co, sup | DF(2)]|r),
zelU

where || F||co = sup,ep | F(2)]|o as usual. We can thus define

CHU, LF((=>(R™), £ (R™))) = {F € C'(U, LF(£=(R"), £(R™))) |
F(x) € LE(®(R™), £>°(R™)), Vz € U,
2gﬂF@Wr<aﬁ-

Based on this we can define spaces of C[. functions:

CH(U,E(R) = {F € C"(U,£*(R")) | D'F € Cp(U, L*(£%(R"), £2(R™))),
0<k<r—1}

with norm

IPlcg = max (1Pl s sup [DD*F(@)]e )
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Remark 4.2. The inclusions C'l’Q C Clifl, 1 <1 <r, are satisfied.

It is easy to check that CT.(U, ¢>°(R™)) is a Banach space. We have the following result
concerning the composition of maps which appears in [FdILM11a].

Proposition 4.3. Let U, V' be open sets of (*°(R"), F € CL(U,{>*(R"™)) and G € CL(V,£>°(R™))
such that F(U) C V. Then

e Gol' e CF(U,EOO(Rn)%
o |GoFlop < KA+ |[Fllg)Glep-

Remark 4.4. An important particular case appears when G is a linear map in Lp(£°°(R™), £>°(R™)).
In this case the estimates in the proof are much easier and the bound is

Ao Fller < |Allrl|Fllcr. (4.1)

Theorem 4.5 (Inverse Function Theorem). Let U be an open set of {*°(R™) and F €
CrUL*R™)), r > 1. Let p € U and q = F(p). Assume that DF(p) is invertible
and DF(p)~! € Lp((>°(R"),¢>°(R"™)). Then F is locally invertible around p and F~' €
CH(V,£>°(R™)) where V is a neighbourhood of q.

Proof. From the standard inverse function theorem in Banach spaces, F' is locally invertible
and F~! is defined in a neighbourhood V' of q. Moreover, DF~!(q) = DF(p)~! and by the
continuity of DF and Proposition DF~1(x) € Ly for x € V, provided V is small.
Since

-1

DF'(z) = (DF(F*(z))) (4.2)

we can obtain the higher order derivatives of F~! taking derivatives in the right hand side

of (4.2). For instance,
D?*F~Y(z) = — (DF(F~'(2))) " D*F(F~"(2))(DF(F~}(2))) "
= —DF Y2)D?*F(F~Y(z))DF (). (4.3)
Then, by Proposition D?F~Y(z) € L%. Proceeding in the same way for the other
derivatives we get that F~ € CL(V,¢>°(R™)). Alternatively, we can use (4.3 to prove

inductively that F~! € CL assuming F~! € Cf:l, for i <r.
O

Now we define mappings from the torus to an open subset U C ¢*°(R") with centred
decay. This definition is motivated by the definition of S;r given in Chapter

Definition 4.6. Given j € Z™, we define

Sir = Spr(T?) = {0 € C*(T,U) | sup sup ||o(9)|T(i — j)~" < oo},
1€EZ™ 9cTd

with norm

lollse, = sup [loillcol (i = §) " = sup [lo(8)lls; = sup sup [|os(O)[T(E — 7).
K iezZm cTd 1€EZ™ OcTd
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We also define mappings of higher regularity with centred decay. Let
k

—— O
96t ... 9p's
bi+...+lg=k 0<k<r}

Sip = Sjp(T%) = {o € C"(T",U) |

J e Spr(TY),

with norm

8k
_ 0
96t ... 0’y

I 0<k<r 11,040g>0

It =k

S9p
Proposition 4.7. The space SJT»’F is a Banach space.

Proof. The proof for r = 0 follows similar arguments to the ones used in the proof of
Proposition 3.7, The proof for higher order derivatives is standard, but we will give it in
the case » = 1 for completeness. A standard induction argument from this case gives the
desired result.

Let { f"}nen be a Cauchy sequence of elements of S]l,r- Since || - ||SJ1_F is a stronger norm
than the C! norm (this is clear from the definition), {f"},cn converges to some function
f* € ¢Y(T4,U) in C'-norm. Similar arguments to those used in Proposition show
that f* € S;‘),F' All we need to prove now is that the partial derivatives of the functions
converge to the corresponding partial derivatives of the limit function, in the Sgr—norm.
Given 1 < p < d let g, be the limit of the sequence {%f”}n@\] in the C%norm.

Define the following auxiliary sequence

fr(0+6-ep)—f"(8) 540,

h(5,6) = 0
(9,9) {agpf”(e) §=0.

The mapping A" is continuous with respect to 6 and 6 and h"(J,-) belongs to SRF. By an
application of the mean value theorem, we can bound ||h"™ — h™|| 50 as
J»

1 m n
I g, = o P LI A0 )
3.1 )

<" = s, <€/

given € > 0 and n > m > ng large enough. Taking limit with respect to n in the previous

“isp, <l (" = F)sp,

expression, we get
* m
[h* = B0, < /2,
where
f*(9+5'e§)_f*(9) o) 7& 0’

h(6,6) = {8gpf*(9) 5 =0.

As the convergence is uniform and {h"},en are continuous, the limit function h* is also
continuous and a%pf* (0) = g,(0) for all § € T¢.
Therefore {f"},en converges to f* in S}I—norm and the derivatives of the sequence

converge to the derivative of the limit with respect to S?’F—norm.
O
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The space S;‘),F has several properties that we can extend to the differentiable case, the
most obvious one being the decay at infinity.

Lemma 4.8. Let U C {*°(R") be an open set and let o € STp(U). Then for all1 <k <r
8k

LA
a0 - - 9%

oF .

< lim
|i]—o0 o
SJEF

lim

CO

Proof. The proof is an easy consequence of the definitions of S;F. Observe that the decay
speed is controlled by the decay function I'.
O

Now we define differentiable mappings from the torus T¢ to the space of k-linear maps.
These mappings will appear in the study and construction of invariant manifolds found in
this work.

Definition 4.9. We define
Y = CO(T%, LE(*(R™), £(R")))

= {F € O%(T, L* (¢ (R"), £>(R"))) | sup 1E(O)]r < oo}

with norm
[Fllco = sup [[F(8)[[r.
I gerd

From this we define

Ch = {F € C"(T%, L= (R™), *(R") [ | Fllr, < o0}
r

with norm
3jF(9)
L 0<j<r 11907 - 905 ||
L+ +lg=j Crp

When there is no possible confusion we will use the notation CT. instead of C7,.
T

Remark 4.10. As in the definition of linear and multilinear mappings, the definition can
be made general for linear subspaces £;, F C (>°(R™),1 <1i <k,

1 = Cre(€1 oo x &, F) = {F € CT(T*, LY€% -+ x &, F)) || Fller, < oo}
r

Remark 4.11. Given a linear mapping A(6) : £°(R™) — (2(R™) for all € T¢ depend-
87
fl,_,aesd
constdering only partial derivatives and we can compute its Cgk -norm in a straightforward
T
way.

ing C7 with respect to 0, ” A(0) is again a mapping of the same type, as we are
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As usual, after defining each space we check its completeness.

Proposition 4.12. The space (C7;, | - [lcr, ) is a Banach space.
r Lk

Remark 4.13. If A,B € C], we define AB by (AB)(0) = A(0)B(0). We have that
T
AB € Cf but in general we do not have
r

r << r L
[4Blle;, < ll4le;, 1Blc,

Hence 02’12 1s not a Banach algebra. However, see Proposition below for a bound of

this norm.

Proof. The proof that this space is a Banach space is very similar to the proof of Propo-
sitions and (Lr is a Banach space and S;F is a Banach space respectively). To
prove it is an algebra, we can follow the same ideas as in Propositions and (Al-
gebra properties for Lt and norm of the product of an element of C}:F and one of S]S-’F,
respectively).

O

Now that we have defined vector maps from the torus to £*°(R") and (multi)linear maps
over the torus, we can study its interplay.

Proposition 4.14. Given o € S;F(Td,EOO(R”)) and A € C} (T4 L(£>(R™),(=(R"))),
then Ao defined as (Ac)(0) = A(6)o(0) belongs to € S;:‘F(Td,ﬁoo(R")) with m = min(t, ).
Moreover

[Acllsm. < 2" | Allcy llollsy.-

In the particular case that A does not depend on 0 we have
lAollsy, < lAlcllollsy,

Proof. 1t is clear that Ao has regularity at most m by an application of Leibniz’s rule.
Thus we can assume without loss of generality that ¢ = r = m for the rest of the proof. We
need to check the statement on the bounds. If m = 0, by definition

14o]lso, = sup || (Ao); [lcol (i — )"
’ ezm™
As A(0) € Lr(¢°(R"),£>(R")) for all § € T¢, by Lemma we can write

(AO)o(0))i = Y An(B)ok(6)

kezm

and

sup || Air.(0)or(0)[| < sup~y(A(0))I'(i — k) sup [|ow(0)]
0T 0eT 0eT

< |lAlley llollsp, TG — KT (K — )
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Therefore
lollso, < lAlleg llolso,

Assume now that m > 0. In this case we can use Leibniz’s rule to calculate (A -

90%1 .00
or)(0) for ¢4 + --- + €3 = m, and we get 2" terms, each of these terms can be bounded as
in the previous case yielding

lAollsy, < 2" Allep. llollsy.
O

In the following result we bound compositions of linear maps, with and without depen-
dence on 6.

Proposition 4.15. Given A;, i = 1,...,7, with A; € CtLiF (T, L(£>=°(R™), £°(R"))), then
Ay A eCT (T, L(£>(R™), £°(R™))) with m = min;—y__;{t;}. Moreover

[ A1~ Ajllem < 7™ Arllcp - I Ajllep
If Ay, L=1,..., k, k < j, do not depend on 0, then
A1 - Ajllep < (G = k) lAllop - - 14;llep-

Proof. The proof is analogous to the proof of Proposition above. When we differentiate
m times a product of j matrices, we get j”* summands, and each summand can be bounded
by | A1l - - - [[Ajllem. If some elements do not depend on 6, they do not add summands
and the second statement follows.

O]

The next proposition is a version of Proposition for maps depending on 6 € T<.
Proposition 4.16. Let A € C}, (T4, LF(£2(R™), £>°(R™))) and u € C*(T?, £>°(R™)). Then
r
for any permutation of k elements T € Sy, the map B, defined by
B y(vi,...,vp—1) = AO)(T(v1, ..., vp—1,u(0)))

satisfies Bry € CtL,li,l(Td, LF=L(0%°(R™), £°(R™))), and
Brullee < 2Y A ‘.
IBraler, , < 24l Il

Proof. The proof follows an inductive procedure with respect to t. For the case t = 0 we
write

BT,U(Q)(Ul, e 7’Uk71) = A(e)(’]'(’l)l, ey Uk—1, U(G)))

We have

[Brullco, . = sup [|Bru(0)]lr-
Lp 9cTd
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Given 1 < p <k — 1 we compute, for 6 such that u(6) # 0,

Y(tpBru(f)) = sup sup | (tpBru(0))i(w)||T'(i — k)il
ikeZm  Jlw|<1
proj; w=0, j#k

= sup sup sup ||[Bru(0)(vay -, vp,w, ..., vp_1)]i||T(GE — k)~
pkezm  Jwl<1 o lufl<1
proj,; w=0, j#k
u(6) .
= sup sup  sup [[[A(0)(7(v2, ..., vp, W, U1 Dillllu(@)[|IT(@ — &)
LkeZ™  w|<1 [lull<1 [u(@)]l
proj; w=0, j#k u(0)#0
- A9 _O) 1T = k) (6
= sup sup  sup ||[ep(A(0))(w)(v2, - ., vk-1, llT (@ = k)~ {lu(0)]]
ikeZm  w|<l [wll<1 [u(8)]]

proj; w=0, j#k u(6)7#0
< (p(AOw@) < [[Allco, [ullco-

r
If u(#) = 0 we easily see that v(tpBr(6)) = 0.
Let t = 1, now B,, is clearly a (k — 1)-linear mapping of class C1, ie. B;, €
CL_y (T4, LE=1(4°(R™), £°(R™))). We still have to check the bounds in T-norms. By defi-

k—1
LF

nition,
"B,
B = max !
|| T;U||Ci11271 OS’LSl 601 CO 9
Lp
and
>~ Ou
891 Cg 892 U ™ 90; C%
T r

Since both u(#) and %(0) are in S;r for all § € T?, we can use the case t = 0 to get the
bound

HBch% < 2[|Blicg_llullst, -

When ¢ > 1 we can use an induction argument based on the cases t =0, ¢t = 1 and the

application of Leibniz’s rule.
O

Remark 4.17. Observe that each additional contraction adds a summand, thus apply-
ing p contractions to a multilinear map results in a factor p', i.e. given V1,...,0p €
CHT?,£>(R")) and A € Ct,, p <k —1, then

T

”A(Ulv---avp)HCtLl,i_p < PtHAHctLlﬁHles;’FHWllct - llopllee

Lemma 4.18. Let M € C’ZF(Td,L(EOO(R"),EOO(R”))) of the form M(0) = My + M;(0),
satisfying
o My is invertible and My € Lp(£>°(R™), (°(R"™)), (or equivalently, 0 ¢ Specy(Mp))

o [ Mg IrlMilley < 1.
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Then M is invertible, its inverse M~' belongs to Cr. (T?, L(£>°(R™), £>°(R™))) and
1M = Mg e = O(IMaley, )
Proof. Since My is invertible, we can write
M(0) = Mo (1d+My ' M:(9)).

If ||M0_1||1"||M1HC£F < 1 we can use Neumann’s series to invert M (0) as
[ee)
= (=M M(0)) Myt =Myt + Z My My (0)) Myt
7=0

which is convergent in || - ||C£F if ||M(;1||F||M1‘|C,§F < 1, since My does not depend on 6 (see

Proposition [4.15])
0

Lemma 4.19. Given M € Cj_ (T?, L(£>°(R™), £>°(R"™))) such that we can write M(0) =

My + ]\7(9) where My is a constant uncoupled linear map we have the following bounds for
allm<r,n>2:

IM(O)- M8+ (n = V)l ey <T(O) (IMoll +T©O) 1My )"

1Dg" (M(6) -~ M (0 + (n — Dw)) [leg <

PO 2™ [Mley (1Mol +TO) ¥y )" 1<n<r
Remark 4.20. Remember that from Proposition [{.15
[A®BO)]z. < 274G ey, 1BO)lcy,

by the combinatorics coming from Leibniz’s rule.
Remark 4.21. Remember also that from the properties of the decay functions,

1AB(0)Allcy < T(0) (1 AI*| B(6)]lco,

1AAB (@)l < L(0) 2| AI”[1B(9) | co-
Proof of Lemma[{.19. We will give details for m € {0, 1} and sketch the general case from
it.

For the case m = 0 we want a bound for the C’EF norm of (Mo +M (9)) [n], where we

denote (A(G))[”] = A(0)A0 + w)--- A0 + (n — 1)w). As the norms we are considering
involve taking suprema with respect to 8, we can ignore the angular shifts and just study
the combinatorics of the norms of n products of linear maps. We can write M («9)[”] =
Mg + B(6), where B is a term with all possible combinations of n products of My and
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M (0), except n times My. From the previous remarks, we need to collect terms wisely. To
do so, consider the groupings of the factor My in the products of n factors chosen from My
and M. We can have all these factors My together, completely spread out or arranged in
several combinations.

Each term in B(#) having j < [n/2] factors M (there are (7;) such terms) will have a

bound having at most j factors I'(0)~!. When j > [n/2] (again, there are (?) such terms),
there will be at most n — j + 1 factors I'(0)~!, since there are only n — j factors M and

thus there can only be n — j + 1 groupings of factors having only My factors.
After taking norms, we can bound ||M[™||r by the following expression

[n/2]
n . L
ORI ey (1.4
— \J Lp
J
n—1 n ‘ o )
b (0ol (45)
i=fj2it1 N r

Since in (4.4)+(4.5) the index j satisfies j < [n/2] we have j < n — j + 1 and we can
bound T'(0)~7 by I'(0)~"*7~1 hence by the binomial formula (4.4)+(4.5) is bounded by

0(0) (1Mol + 1) |y, )"

Hence

H(MO—FM>M <T(0)"! (HMOH +r(0)—1\|z\7ucgr>”, (4.6)

CO
Lp

For the case m = 1 notice that differentiating each term in the binomial decomposition
we obtain as many new terms as the number of factors M. Using the same trick to bound
powers of I'(0)~! as before we get

n—1
~\In _ n i . _ — n—j
1oV + W) ey, < 3@ ()0l (1) 17y, )
<
o Ky | j 1 n—1-j
=) 2l 3 (") 1ol (1) 131y, )

J=0

— —~ n—1
= T(0) 2| Mllcg (1Mol +T(0) ™[]y )

For 1 < m < r we bound the number of new terms arising at every step of differentiation

from each term by n. The same of type of arguments give the final bound in the statement.
O
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Chapter 5

Spaces of differentiable functions
with anisotropic differentiability

In this section we will introduce two notions of differentiable functions with anisotropic
differentiability, i.e. functions with different regularity in the x and 6 directions. The first
will be the standard, independent notion of spaces C*" (and related spaces with decay).
To define the other concept we will follow the construction found in [CEdILO3b]. Once we
have defined these spaces using the spaces defined in Chapter [4] thus introducing the spaces
of anisotropic functions with decay and the spaces of anisotropic functions with j-localised
decay.

t,r t,r t,r,L
5.1 The spaces C;', C;" and C}
Definition 5.1. Let U be an open set of £°(R™). We define

CL (U x T4, £ (R™)) = {F € OV (U x T (>*°(R")) |
DLD}JF € CO(U x T, Ly (£ (R™), (=(R™)),
1<i<t, 0<j<r},

with norm

P llegr = mas (|Fllco. mas, sup || DEDGF (2 6)]l).
0Sj<r ged

where ||F||co = supgev ||F(x,0)| as usual.
9eT?

Definition 5.2. Let U be an open set of £°(R™). We define
COL(U x T 02(R™)) = {F € Cp" (U x T4 £>(R™)) | DEF(-,0) € SPp, 0 <k <},
with norm
— k
IPllesy = ma (Il max sup [D5P(z.0)ls,)

6eTd
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The following results have technically simpler proofs than the equivalent results we will
prove in the next section for the spaces C**" (to be defined later), and thus we omit the
proofs here.

Proposition 5.3. Let F € C*"(U x T4 (>®(R")), t > r + 1 and g € C"(T%,U). Then
Fo(g,1d) € C™(T9,¢>(R"™)) and

OgF(9(0),0)= Y > COjoLF(g(6),0)95'9(0)- -y g(0),

(b,a)eXo 4 Hli=q—a
with ¢ < r, where

Sos = {(k,i) € N2| ki < i,k > 1} U{(0,1))

and I = (i1,...,1p) is a multi-index. We have used the notation 83 with j € N to denote
O with b+ ...+ 0y =7.

‘.. 5%
007" 0,

Proposition 5.4. Let 0 € U C (*(R") be an open set, F € C’;;(U x T4, ¢ (R")) and
9(0) € S5p(T4U). Ift >r+1 then F o (g,1d) € Sjp.

M r Et,r Zt,r Et,TaL
5.2 The spaces C*, C["", Cj,F and Cj,F

Consider the following subsets of indices

Sip={(k0)|t <r i+ k<r+t}
it,T:{(kal)’Z§T7Z+k§T+t7k21}7 tzl
Yo, = {(k,i) e N [k +4 <rk>1}U{(0,7)}
and let U C £*°(R™) be an open set in the || - ||« norm. We define the space of anisotropic
differentiable functions F with derivatives D} D¥F with indices (k,) in the set 3 ,. These

spaces are well suited to deal with derivatives of compositions of the form F'(W(6),0). The
first space is the following.

Definition 5.5. Given U an open set of £°(R"™) we define

CEr(U x T4 6°(R™) = {F : U x T — (*(R") |
DyDEF € C°(U x T, LF(t=(R™), £°(R™))), (k,i) € Ty,

IFl|gser < o0}, (5.1)
where
IFlcs... = max (| Fles, max |DIDEF e ). 52)
and
. "
IDEDyF|li = max  sup || Df———F(z,0
b= (4 0)eU xTd 00y ...00; Ik
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We can define a version of this space with decay as the following

Definition 5.6. Given U an open set of £>°(R"™) we define

Crt (U x T 42(R™) = {F : U x T¢ = (®(R") | F € C¥r (U x T, (2 (R"

DyDEF € CR(U x T, LE((®(R"), (2 (R™)), (k,i) € S,

I1Fl gz < 00},

where

1]l 21, = max <HFchm(kmaX 1Dy D FHcO) :

’LEEtT

and

DEDF|lo = max  sup [|DE—
H 0 ”CIQ i pig=1 (@, G)ngTd H 1’69111 R a%d

We can also define a j-localised version of this space.

Definition 5.7. Given U an open set of £>°(R"™) we define

Cot (U x T U®(R™) = {F € CF (U x T, 0°(R™),
| D4F(-,0) € S)p, 0<i<r, 1F| 0 < oo}
3,

with the norm

F » =max | ||F -, Max su DLF||s.
1712, <|| logers i, sup 1D ||sj,r>

Finally, we define spaces of [-flat functions with j-localised decay.

Definition 5.8. Given U an open set of {>°(R™) we define for 1 <t

ol 00 (TN Sit,r 00 (TN
CHEM (U x T ®(R")) = {F € C; 1" (U x T 1*(R")) |
DIF(0,0) =0,¥0 cT% 0<j <,
IF || 00 < 00},

jF

where

|D§DLF (@, o,

”FHCEMJ =max [ || F| Sty MAX SUD L

4T it ST geU\{0} |zl

(5.3)

Remark 5.9. The definition of C'jsz is needed to study j-localised properties of invariant
tori, forced by the chain rule. As an example, consider W (6) an invariant object under the
action of F', r-times differentiable w.r.t. 0 with j-localised decay, i.e. W &€ SJT-I. We need
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F(W(0),0) to be as differentiable as W (0) with respect to 0, to study the object as a fized
point. For the specific case of r = 2,

DEF(W(6),6) = DEF(W(9),6)(DgWW (8))* + 2Dy D, F(W(8), 6) Dy W (0)
+ D, F(W(6),0)D3W ()
+ DgF (W (6),0).
Since we need F(W(0),0) to be in SJZ,IW a necessary condition comes now from Propo-
sitions |4.14 and|4.16, when D2F and D,F are in ng and C’gr respectively and W € S}F,
F I

then D>F(DyW, DgW) and DyD,FDyW are in S?F thus this is a sufficient condition is
that derivatives with respect to = are in Cl(%r and derivatives with respect to (only) 6 (re-

sulting in vectors) are in S?F.
Proposition 5.10. The space of functions Cff’r(U x T?, ¢>°(R")) is a Banach space.

Proof. Since C’jzli’r is a subset of C*t" and the latter is a Banach space, we can use Cauchy
convergence in this space. Let F,(z,0) be a Cauchy sequence of elements of C’jzli”(U X

T4, £>°(R™)), thus Fy,(x, 6) converges to F(z,0) in Ot (UxT%, £>°(R™)) (as this is a Banach
space), moreover D) DEF, (x,0) converges to G*i(s,0) in C’fr—norm, as C’fr is a Banach
space. Now, as we have both uniform convergence for the function and its derivatives,
G%¥(z,0) = DiDEF,(z,0).

This is a well-known result, with a proof similar to the one given for the Banach space
properties of S;F in Proposition@7 but we prove it here for the first derivative with respect
to x nevertheless.

Let 1 € U and

Fn(z,0)—Fpn(z1,0)
Gn(l‘, 9) — T—x1 X 7& xy,
Dan(xlaG) r =1,

for z € B(0,r) C U. The function G,(x,0) is well-defined and is continuous, as F;,, €
CHO(U x T?, £°(R™)). Moreover

lim Gy (z,0) =

n—oo

S
G1O0(z1,0) x = x1,

in Lp-norm, taking supreme with respect to 6. Finally we check that the convergence is
uniform:

F(z,0)—Fpn(x1,0)+Fm(x1,0)— Fm (2,0)
(Gn _ Gm)(x,H) — T—x1 T 7’é T,
(D, F, — Dy Fp,)(x1,0) x =x.

We can bound the function (G,, — G,,) for x # x1 by using the mean value theorem,

1
Fo(2,0) — Fo(21,0) + Fn(x1,0) — Fon(x,6) = /0 (DuFo(z + Mz — 1), 0)(x — 21)

— DyFp(z + Mz — 21),0)(z — 21))dA,
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which can be bounded by ¢||z — x1||, as {D.F,}nen is a Cauchy sequence. When = =
the function (G,, — G,,) can be bounded by &, thus the convergence is uniform.

The norm of the limit function is finite, by using the same argument as in the proof of
Proposition [3.7]

The proof can be readily adapted to higher order derivatives, at the expense of longer
expressions.

O
We will now prove composition properties of functions of C’ff’r and S;-"I. These are
crucial to study regularity properties of solutions of the invariance equations.
Proposition 5.11. Let 0 € U C (*°(R") be an open set, F' € Cff’r(U x T4, ¢>(R™)) and
g € Sip(T%U). If r > 1 then F o (g,1d) € Si..
Before proving this proposition, we need a technical lemma.

Lemma 5.12. Let F € C¥ (U x T (*(R")) and g € C"(T%,U). Then F o (¢9,1d) €
C"(T4,U) and

OF(9(0),0)= > Y CopdbF(g(0),0)05g(0)--- 5 g(0),
(b,a)eg,q 1=q—a

with ¢ < r where I = (iy,...,1) is a multi-index. We have used the notation 8§ with j € N

to denote 89/97] with b1+ ...+ €03=17.

Proof. We prove this by induction over ¢q. Let ¢ = 1 and apply the chain rule to get
O3 (F(9(0),0)) = Dy F (g(6),0)39(0) + 04 F(9(0).0),
20,1 = {(07 1)7 (17 0)} )

which coincides with the stated formula. Assume the formula for the derivatives holds for
all k < qg—1, thus

9F(g(0).0)= > S° CopDE(9(0), 0000 9(6) -+ 01 9(6). 5.9)
(b,a)eS0,q_1 IT1=a—1-a

Apply again the chain rule to differentiate an arbitrary summand of the sum in [5.9| with
respect to 0, with p € {1,...,m}, yielding

03 (CO§DLF (g(0),0)95 g(0) -+ - 9 9(0))
= C93 ™ DY F(9(6),0)8) g(0) - - - 9y g(0)

+ COgDYT F(g(0),0)059(0)0; g(0) - - - 9 g(0)

+ CO§DLF(g(8),0)05 ™ g(8) --- 9} g(6)

...+ CIEDEF(g(),0)0 g(0) - -- I g(6).
In the previous expression we have exactly all the terms needed to get from iO,qfl to io,q,
since

So0q = X0g-1U{(b+1,a), (ba+1)|a+b=q—1}U{(0,9)},

therefore the formula holds for the ¢g-th derivative and the result is proved.
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Proof of Proposition|5.11. We will prove this result by a repeated application of Lemma
first by setting r = 1. We need to check that a—‘ZpF(g(Q),G) € S?,F(KOO(R")) for any

p € {1,...,d}. We apply the properties stated in Proposition to get

0 0 +iF(g(0),9)

—_— <
80,,9( ) a0, <

0
SJT

|- Ftat0).0),

_ 'DIF<9<9>,0>
S;'),r

IF 0z gl + 1F gz,

5,0
as we wanted.

Now differentiate again with respect to 6, with » > 1, getting the stated formula. To
finish the proof we have to bound ||0™F(g(0), O)HSQF. To do so we use the formula given
75

in Lemma B.12
05" (F(9(6),0) = > CogDLF(9(6),0)95 g(6) - - 95 g(6).

(bya)ego\;; 7,1++1b=m—a

Now the b derivatives of F' w.r.t. x are in L{l and all derivatives of g are in S;r. Hence we
can use Proposition to get to get

105 F @), Dllso,. < > D2 ClIFlslgllsy, - llgllso, < o0
(b,a) €S0 11 Fip=m—a i

and then the statement follows.
O

Lemma 5.13. Let F € C" (U x T, (®(R™) and G € C."(V x T4, U) such that
G(0,0) = 0, V0 € T and U, V are open subsets of £*(R"™). Then F(G(x,0),0) €
Co (V< T 0(R™)) and

IF oGl sy < KIF|

J,r

.g*(||GHC;?r,r+t),
J»

o
where o*(t,m) = >0, .

Proof. Since we can write G(z,0) = G1(0)x + - - -, it is clear that D.(F o G)(0,6) = 0 by
the chain rule, for ¢ < [. Remember that to determine the Cflf"’l—norm of a mapping H,

we need to bound DiDYH for (k,i) € i;, in C° and C%F norms (to find bounds for the
expressions in the definition of the C*** norm), bound the Sgr-norm of DiH for i <7 (to

have bounds in the C'jzli’r—norm) and finally bound the expression

| Dy DLH (. 0) | o
T

max sup
i< 2eU\ {0} [Ea

We can use an induction procedure similar to the one used in the proof of Lemma [5.12
and obtain the following formula for the derivative of this composition,

DéD];(FoG) = Z ZCDngFoGDZ)lDilG. ..Dsz%bG,
(b,a)eik,i Iv‘]
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where C' is a combinatorial coefficient, I = (i1,...,4), J = (j1,-..,Jp) are multi-indices
with [[I]|; =i — a and ||J||; = k. This formula also appears in Lemma 2.3 of [CEdIL03b]
in an equivalent setting. We can bound this expression in C%-norm by using the fact that
1§ DY G(x,60) [ co < (|G|, < |G| ot 2nd ID§DLF o Glico < ||Fllgsir < IFIl 50

] I
therefore

IDGDE(F o G)eo < > Y CIFI, znllGllbz”
(ba)eXy; 17
<C|F .o (|G STt
< CF Nz, 0" (1G] 317+ 1)
as we wanted.
For the derivative D)) (F o G) we can use the formula in Lemma m to get

DyFoG)= Y Y CD§DLFoGD}G---DyG,
(ba)eS,; H]1=i—a

and use the properties of the product of CZ;z functions to bound in S?,r norm getting

(ba)GEOZHIHl =i—a

where C' is a combinatorial coefficient depending on r, and we can bound as in the previous
case.

Finally, we need to bound the last term in the definition of the Czt i

-norm. We can

use the previous arguments to likewise bound || D§DL(F o G)(z, 9)”02 /HxH by
r

CHFHC_EIE:T’ZO-*<HGHC;?T7i + l)
7> Js

The following Corollary is straightforward from the previous lemmas.

Corollary 5.14. Consider P € C_(T¢, L((>(R™),(=(R"))), F € CE" (U x T¢ eOO(R"))

and G € C3 (VX T4, U) such that G(0,0) = 0, ¥0 € T%. Then P(0)-F(G(z,0),0) € ;"
and

12 FoGllze, s < KliPllog [Fllgzert - o (1G] o m +8).

The following proposition can be proved used the same techniques as in Propositions

Bl and 613

Proposition 5.15. (i) Let F € C*t"(V,{*(R")) and G € C*(U,V) where U, V are
open sets in (*°(R™). Then F o (G,1d) is a function in C¥tr (U, £>(R")).

(ii) Let F € C?”(V, >°(R™)) and G € CEFT(U, V') where U, V are open sets in £>°(R").
Then F o (G,1d) is a function in Cff” (U, £>(R™)).
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Chapter 6

Spectral theory for I'-coupled maps

In this Chapter we recall some results in spectral theory of linear operators and also intro-
duce a new notion, the I'-spectrum of a linear operator in a lattice, associated to a decay
function I satisfying the definition introduced in Chapter[2] It turns out that this definition
is very convenient when we deal with linear maps and operators with decay. We develop
the basic theory for the I'-spectrum which will be used to deal with the invariant manifolds
we consider in this thesis and a few Sternberg conjugation theorems.

To that end we need to study the so-called Sylvester operators in spaces with decay. We
will deal with two slightly different versions of these operators in two ways, depending on the
spaces where they are defined. The first type are defined in the spaces Lk (¢>°(R"), £>°(R"))
and the second one in CL(T4, LE(£%°(R™), £>°(R™))). In the latter case the actual way that
6 € T is involved in the definition of the Sylvester operator leads to dealing with annular
extensions of the spectrum of the associated linear operators.

Definition 6.1. A compler algebra is a C-vector space E with a product E x E — FE
denoted by (x,y) — xy satisfying

o z(yz) = (zy)z,
o (z+y)z=xz+yz, x(y+2) =xy+ 2z,
o a(zy) = (ax)y = z(ay)

forallz,y,z € E, a« € C. We call an algebra unitary if it has a unit element e € E such
that

eecx=zxe=x, VxEF,.

A (complex) Banach algebra is a (complex) algebra such that E is a Banach space with
norm || - || such that

o llzyll <llzlliyll, ve.y e E,
e if the algebra is unitary, |le|| = 1.

Throughout this appendix £ and F will stand for arbitrary complex Banach spaces. If
we have to deal with a real Banach space V' we can apply the results of this appendix to
the complexified space VC =V @g C.
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Given a Banach space E the space of continuous linear maps L(E, F) is also a Banach
space with the standard operator norm. Moreover it is a Banach algebra with the product
given by the composition of maps.

Let E = ¢>*(R™). Given a decay function I' as in Definition the space Lp(F, E)
introduced in Section is a Banach algebra (see Proposition [3.9])

We have that Lp(E, E) C L(E, E) as sets, but Lp(FE, E) is not a closed subalgebra of
L(E,E), so that it is not a Banach subalgebra of L(FE, E). Indeed, consider a concrete
decay function:

L(j) = alj|*e %, jez™
with & > m, 8 > 0 and a > 0 small enough.

Consider the sequence of linear maps {A*}cn defined by

gk JAL =it =g), il <k
Aﬁj =0, otherwise.

Clearly A* € L(E,FE) N Lr(E,E). Next we check that {A¥},cy converges to A in
L(E, E), where A7S = [i — jII'(i — j), Vi,j € Z™. Indeed

| A% — AF|| = sup 1(A® — AF)u| = sup sup || > |i— fIT( — j)uy]
lul<tiezm L
uf<1 fi=il>

<> lr@)

[t|>k

which goes to zero as k — oo because ), ,m [I|I'(1) is convergent provided either # > 0 or
0 =0 and o > m + 1. However A® ¢ Lp(FE, E) because

Y(A®) = sup |Aij|T(i—5)"" = sup |i—j|=
i,jEL™ i,jEL™
Lr(E, E) is a Banach algebra with the identity as unit, but || Id ||r = T'(0)~! # 1. To
be able to apply the general results of Banach algebras with unit we can introduce an

equivalent norm in Lp(E, E), || - || such that || Id|" = 1. The procedure is standard (see
[Joh72]). We define

IA]" = sup{||AC||, C € Lr(E, E), |C| < 1}.

The properties of norm are easily checked from the definition. We check the equivalence.
On the one hand,

1A]" = Sup, 1AC]] <”21|1|p [AHIC] = [lAl

and on the other hand

1
1A = | A1 = 1Al
HIdH (]

Finally,
I1d]"= sup ||1d-C|| = sup ||C| = 1.
cl<1 ClI<1
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6.1 Two examples

Let E = ¢>*(C") and A € L(E, E) be such that A;; = Cd;; with C € L(C",C"), i.e. an
uncoupled linear map such that all the dynamics on the nodes are identical. Concretely, A
is defined by (Azx); = Cz;, Vo € £°°(C™). Assume that SpecC' = {Ay,..., A\, }. We claim
that

Spec A = {A1,..., \ }

Indeed, first we compute the resolvent of A. Let p € C, u # X;, 7 =1,...,n. Given
y = (Yi)iczm € £>°(C™) we consider the equation

(A—=pld)z =y

for © = (x;)iezm € €°°(C™). The solution of the equation is straightforward due to the
uncoupledness of the system, hence for each node j we have

(C —pld)z; = y;
which has the unique solution x; = (C' — pId)~1y;. Clearly
23] < (C = pId) " fysl < (C = pId) ]Iyl

and therefore x = (x;);ezm € £°°(C™). This proves that the resolvent of C is contained in the
resolvent of A. Then we deduce that Spec A = Spec C, since the relation Spec C C Spec A
is obvious.

Now we provide examples of arbitrary (compact) spectrum. Actually we will show that
given a compact set K C C there exists a linear map A € L(E, E), with E = (°°(C?) over
a one dimensional lattice (i.e. the lattice is indexed by j € Z) such that Spec A = K. For
the sake of concreteness, we assume that we are working with the Euclidean norm in C2,
although the spectrum is an intrinsic object that does not depend on the norm.

Indeed, since K is compact there exists a countable dense subset S C K. We write

S={vli ez}

Let Cj € L(C% C?) such that ~; is an eigenvalue of C; and ||Cj| = |v;|. In fact, we can
explicitly set

v; 0 .
Ci=1|(" ) ifv;, eR
’ <0 % B
and

a; —pi . .
Cj: <Bj aj]> 1f7j:aj+zﬁje(?
otherwise.

Now let A € L(E, E) be determined by A;; = C}d;;, i.e. (Ax); = Cjz; for all x € C™.
Clearly it is well defined because

[Az|| = sup [|Cjz;|| < sup||Cj|l|z;| < (sup||Cj]])]|]]
JEZ JEZ JEZ

and sup;ez [|Cj || = sup, ek 7| < oo.
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If p ¢ K, dist(p, K) > 0. Let y = (y;)jez € (°°(C?) and consider again the equation
(A—pld)z =y
for z = (x;) ez € £°°(C?). Tt is equivalent to
(Cj —pld)z; =y;, JEZ

and hence we have that
zj = (Cj — pld) "'y,
and

1
1< ICs = pId)~Y||yi| < ———]y]|.
ol < 105 = 1) 5| < e Iyl

The last inequality is obvious if Cj is (v, Id). For the other case we use the identity

-1
, (e =B
1(C + p1d) ||—H< 5, u)

Oéj—

1
oy +iBy —pl’

However, if u € S,
(A—pld)x =y (6.1)

has no solution and if p € K\S we can solve Equation (6.1) but for y # 0 the obtained
solution x does not belong to ¢>*°(C?) since ||(C; — uId)!|| is unbounded with respect to j.

6.2 [I'-spectrum of linear maps on lattices

Consider the lattice £>°(R™) and a decay function I'. Also consider the complexified space
°(R™) @ C ~ L°(R™) @ il (R"™) ~ £>°(C").
Let € be a linear subspace of £*°(C™). Given A € Ly (€, €) we define:
e ['-resolvent of A as
pr(A) = {\ € C| A — \1d is invertible and (A — AId)~! € Lr (&, &)},
e I'-spectrum of A as
Specr A = C\pr(4),
e [-spectral radius of A as

rr(A) = sup{|\| | A € Spec-(A)}.
From the definition it is immediate that

pr(4) C p(4)

and therefore
Spec(A) C Specp(A), r(A) <rr(A4).

The fact that Lp(€, &) is a Banach algebra implies that Specp(A) is a compact subset
of C.
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Remark 6.2. The theory of I'-spectrum is similar to the theory of the spectrum of linear
maps between Banach spaces but the proofs have to be adapted to this setting, because the
algebra L(E, &) is different from Ly(E,E). In the next sections we develop this theory to be
used later for Sylvester operators.

An easy consequence of the definitions is the following lemma.
Lemma 6.3. Let B € Lp(E,E). If 0 ¢ Specp(B) then
A € Specp(B) < A7 € Specp(B™Y).
Proof. 1t follows from the identities
Bl \l=_\1BYB-)),
B—-\=-AB(B~! -1,

and the algebra properties of Ly (€, ).
O

To illustrate some features of L (&, £) we present an example of an invertible linear map
in Lp(£>°(C™), £>°(C™)) such that its inverse may not be in Lp(¢*°(C"), ¢>°(C")) depending
on the decay function I' considered.

Let £°°(C) be a one dimensional lattice (m = 1,) r € N, and A € L({*°(C"),¢>(C"))
determined by

A;j =0, ifeither j <iorj>i+r,

Ay = ao,
Ajit1 = an,
Ai,i—H“ = Qr,

with a;, € C.
Clearly A € Lp(¢°°(C), ¢>°(C)) for any decay function I', since

7(A) = sup | AT (i — )7t = max{|agT(0) 7, |a|T(1) 7L, ... e T(r) 7!} < 00
i

and

|Al| = sup ||Az| = sup ||(...,0,a0x0,a121,...,a,z,0,...)]| <max(|ao],...,|ar|).
zll<1 [lzll<1

We look for the inverse B of A assuming “a priori” that it is upper triangular and that it
is a band matrix, i.e. B;; = bj_; for some b, € C, with b, =0if k < 0.
Imposing the condition AB = Id, or equivalently

Z Ak By = 6;5
keZ
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we get
aobj_z' + albj_i_l + ...+ arbj_i_r = (5”
When ¢ = j we have agby = 1. This condition implies ag # 0. We assume it from now on.

Then we proceed by induction and recursively obtain b; for j > 0. Actually b; satisfies the
r-th order linear difference equation

al a9 Ay .
L Y VI P
J a()]l a0J2 ag 0T J=z1
with initial conditions by = 1/ag, b—1 =0,...,b_r41 = 0.

Using the theory of linear difference equations we can compute b; in terms of the zeros
of the characteristic polynomial of this equation,

ax” +a1z" '+ ... +a, =0.
Once we have determined b; we can check that formally
AB =BA=1d.

For this to hold it is important that A;; € L(R,R) ~ R. It remains to check that B sends
¢ (R) to itself. This will depend on the choice of the values of a;.

To work with a concrete example, assume r = 2 and a9 = 1. Hence we can determine the
zeros of the characteristic polynomial and determine the general solution of the difference
equation as

B 1\’ I s PR
= (FgEEt ) (SR

for suitable values of 1, 5.

Now we can choose a1, az to adjust the growth of the coefficients b;. For instance, taking
—3 ay = %, then b; = 2(3)” — (3)’. In this case B € L({>°(R),(*(R)). With the
choice of decay function I'(j) = a|j|~*e~?!7! we have that

v(B) = sup |B;|['(i — j)~
17‘7

1 IS D] oli—i
=max | —, sup |2( = - - a “|j —i|%e”V
@’ i <2> <4> 7=

which is finite provided that # < log2. Hence B € Lp(¢*>°(R),£*°(R)) (with this particular
choice of decay function I') if and only if § < log 2.

a1 =

6.3 Integration of Banach space valued functions

We introduce the so-called Cauchy-Bochner integral (see [AMRS8]) and adapt it to deal
with complex line integrals. First we recall the Linear Extension Theorem

Theorem 6.4 (Linear Extension Theorem). Let E, I be normed vector spaces with F' C E,
G a Banach space and A € L(F,G). Then the closure F' of F is a normed subspace of E and
the map A can be extended in a unique way to a map A € L(F,G). Moreover || A] = || A]|.
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Let [a,b] be an interval of R and E a Banach space.

Definition 6.5. A map f : [a,b] — E is a step function if there exists a partition a =ty <
th <ty <...<t,=0>b such that f|[ti—17ti) is constant (the values of f att; do not matter.)
We denote by S(la,bl], E) the set of step functions from [a,b] to E.

Remark 6.6. It is easy to check that S([a,b], E) is a vector subspace of the Banach space
B([a,b], E) of bounded functions from [a,b] to E.

We define the integral of a step function by

b b n—1
/ f= / F&ydt =" "(tj41 — 1) f ().
a a j=0

It is easy to verify that this definition of integral is independent of the partition. Also

note that
b b
\/ﬂk/ngw—wmw

where || f||co = sup,<;<p |f(t)], that is, the operator

/b:S([a,b],E)—>E

is continuous and linear. By the Linear Extension Theorem (Theorem [6.4), it extends to a
continuous linear map

/b ¢ L(S(a. 0. B), E).

Definition 6.7. The exrtended linear map f; is called the Cauchy-Bochner integral.

Note that the Cauchy-Bochner integral satisfies

b b
/ﬂk/ﬂmsw—wmu

and the usual properties of the integral such as

b b
[resfs
b c b
[i-fre [
as can be readily verified. For b < a we define

L=

C%([a,b], E) C S([a,b], E) C B([a,b], E).

and

Observe that
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We can prove the first inclusion using uniform continuity of continuous functions in the
compact set [a, b] and the second inclusion is trivial. Observe also that the Cauchy-Bochner
integral defined in this section is less general than the Riemann integral if £ = R.

Note that if £ and F' are Banach spaces, A € L(E,F) and f € S([a,b], E), we have
Ao fe S(a,b], F) since

Ao fn= Ao flloo <[[Allllfn = flloo,

where {f,}nen is a sequence of step functions in F converging to f. Moreover,

[rer-a([7)

since the same relation holds for step functions.
Let A € S([a,b], L(E, F)) and u € E. We have

/a " A(s)uds = ( / " AGs) ds> " (6.2)

Note that the previous formula involves two different integrals (in E and L(E,F), re-
spectively.) Indeed, it is easily seen that (6.2)) is true if A € S([a,b], L(E,F)). Now let
Ay € S([a,b], L(E, F)) such that { A }ren is a sequence converging to A. From the inequal-

1ty

sup [|Ap(s)u — A(s)ul < sup [[Ax(s) — A(s)[[|u]

s€[a,b] s€[a,b]
we conclude that

lim Ag(s)u = A(s)u.

k—o0

Since s — A (s)u belongs to S([a,b], F') we have that
b b b b
/ A(s)uds = / (lilgn Ak(s)) uds = / li]?l Ag(s)uds = h;?l/ Ag(s)uds

= lim </abAk(s) ds> "= (/abliinAk(s)> "= (/abA(s) ds> "

In the particular case that £ = (*°(R"), if f € S([a,b], E), since proj; is a linear and

continuous operator
b b
( / f(t)dt) = [

Let I" be a decay function. We will consider integrals of functions from [a, b] to Ly (&, F).
Since Ly (&,F) is a Banach space the general definition of integral applies.

Proposition 6.8. If A € S([a,b], Ly (E,F)) then

(i) [ A(t)dt € Lr(€,5),

(ii) HfjA(t) dtHF < [PIIA@)r dt.
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Proof. Tt is immediate from the definitions that if A € S([a,b], Lp(E,T)) then ff A(t)dt €
Lr(E,F). Now let A € S([a,b], Lr(€,F)) and {Ag}ren be a sequence in S([a,b], Lr(E,F))
such that limy A; = A. This condition implies

sup Y(Ag(t) — A(t)) = sup sup sup |[[Ar(t) — A(t)];u||T( —j)_l <e
a<t<b a<t<b ij  |ul|<1
1=0,l#3

and supy || Ax(t) — A(t)|| < € provided k > ko for some ko depending on €. Then

I =200

/a [A44(t) A<t>1iudtH r(i— )

L@ —5)~"

/n A(t) — A ul dET( — ) < (b — a)
and )
\ [ 1o - dtH / JA(t) — A dt < (b a).
Hence [ Ay(t)dt — [ A(t)dt € Lr(€,F) and therefore [* A(t)dt € L (€, F).

Moreover, by Hfa Alt dtH < fa |A(t)|| dt and

b b
vy </ A(t) dt) =sup sup ‘</ A(t) dt) ul| TG — )71
a @, ul||<1 a i
B,
b
<sup sup / [A(t)]iudtH INCE
6 <1 1lVa
u;=0,l#7

b

< / sup sup  [A)]ulT( — ) dt
a 47 Jlul<1
u;=0,l#j

b
< [ty a (6.3)
we obtain .
Analogously we can prove the following result.
Proposition 6.9. If f € S([a,b], S;r) then
(i) [, £(t)dt € Sjr,

b
< s, a
3,

If furthermore A € Lr then
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b b
JrAf@ydr <Al [,
s
We also have the following properties.

e if Ac Lp(E,F) and g : [a,b] — & then

AZMQ&-AAZ@&

\ [na]

o if A:[a,b] = Ly(&,F) belongs to S([a,b], Lr(E,F)) and u € &€
/A uds—(/A ds)

s)uds

and

b
[ g0 dtH < Allr

and

[l

6.4 Complex line integrals

If Q is an open set of C, E is a complex Banach space, 7 : [a,b] —  is a curve in Q and
f:Q — FE is analytic then we define

b b b
/ f(z)dz = / SO (8) dt = / Re(f(7)7/(t)) dt + i / Tm(f (1) (£)) dt.

From this definition the usual properties of complex integrals follow. In particular
e Linearity of the integral with respect to f.

o || [, f(z)dz| < sup.e - || f(2)|length(y), where v* = 7([a, b]).

o If Ac L(E,F), then f,yAf(z) dz = Afvf(z) dz

o If Ac C°Q,L(E,F)),u€E,

AA@uw:<AA@m%u

and the analogous properties for functions over Ly (&, F).
Moreover, if f(z) is analytic on a simply connected domain © and 7 is a closed curve

in 2 then
[ f)as =
v
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Lemma 6.10. Let A € Ly (E,€). If z,w € pr(A) then
(z=A) —(w-A)7 = (w-2)(z —A) H(w-4)7" (6.4)
Proof. Let u € & and v = (2 — A)"lu. Then
(z—Aw=u

and

(w— A= (w—2)v+u.

Hence

z—A) " u—(w—A) " u=v—(v—(w—2)(w—A)"1v)
=(w—2z)(w— A)_l(z — A)_lu

which proves the statement.
O

Lemma 6.11. Let A € Ly (&,€) andw € pr(A). If |z—wl|||(w—A)7Y|r < 1 then z € pr(A)
and

i Rl — A)7F (6.5)

k=1
and the series converges in Lp(&,E).
Proof. We write in the form
(z—At=(w—-A"+(w—-2)(z—A) Hw-A)""

Substituting (z — A)~! into the right hand side and iterating the process we obtain

=Y (w—2)""w—A)F+(w-2)"(z-A) (w— A"
k=1

Expression (6.5)) follows from the fact that
= 2"z = ) el w — )7 — o,
O

Lemmas and prove the continuity and analiticity of z — (z— A)~! respectively.
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6.5 Operational calculus

Given A € Ly (&€,9), let Q be an open set such that Specp(A) C Q and let w be an open
set such that
Specp(A) Cw Cw C Q

and dw is a finite union of closed curves.
Given f : Q) — C analytic we define

1
27’l’Z Ow

f(A) = f(2)(z = A) " dz.
This definition is independent of the choice of w provided it satisfies the previous con-
ditions.

Lemma 6.12. We have that
f(A) € Lr(E,9).

Proof. Let w : [a,b] = Ow be a parametrisation of Ow and v an arbitrary element of S;r.
We have

1

[f(A)vlls; . = or f(2)(z — A) lwdz

ow

Sjyr‘
<o / PN — A Yol ]2 (1)) de

< o sup |£(2)] sup [|(z = 4) o], length(o)
T 2€0w 2€0w

length(Ow) _
< ——5 s [f(z)[ sup [|(z — 4) Hrllvlls;e = Cllolls;
™ z€E0w z€0w

where C depends on dw, f and A but not on v. By statement [2] of Proposition [3.8 we have
that f(A) € Lp(&,5).
O

In the case that f is a polynomial, f(z) = Y_1*,axz", the previous definition gives
f(A) =370, arA¥. Indeed, let B, be a ball of radius n > 0 around 0, big enough such
that Specp(A) C B, and n > ||Allr. If z € B, we have (z — A)~! = >0 Py
convergent in Lt norm. Then

f(A):le'/a (Zakzk> (z—A)dz = 2m - <Zakz> z—A)ldz

—j—1 4j _ ' k—j—1
2m s, (Zaw) jz::Oz] Al dz-%j:akA]/ 2V dz

0B,

m

j k
= ZakAjék_j_l,_l = ZakA .
k,j k=1

At this point we can prove the following result.
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Proposition 6.13. We have
1 n 1/n _ - n %
re(A) = Tim (JA"r)"" = inf (JA")r) (6.6)

We need the following auxiliary lemma.
Lemma 6.14. Given A € Lr (€, &),
() I 1\ > [ Allr then A € pr(A).
(i1) If X € Specr(A) then X" € Specp(A™), for all n.

Proof:

Part : Consider the formal identity
A—X=-\Id-)"1A4).

If |A| > ||A||r then |A"!A|r < 1 and by a particular case of Lemma we have that
Id —A\~1A is invertible and (Id —A"1A)~! € Lr(€, €). As a consequence, A — X is invertible
and (A — N\~ e Lp(§,€).

Part : Assume the opposite, i.e. A" € pr(A™) for some n. From the identity
A" = N"=(A-NC =C(A-\),
with
C=A"1 XA 2 £ N2A" 3 4 A 2A 4\t

we have that if A™ — A" is invertible then (A — )) is exhaustive and (A — \) is injective,
which implies (A — A) is invertible.
Moreover

Id = (A - \)C(A" — A")~!

and hence
(A-=N"t=0cA" - )"t e Lp(E,8)

because C' € Ly (&, €). This is a contradiction with A € Specp(A).
O

Proof of Proposition[6.13. On the one hand from Lemma if X € Specp(A) we have
A< A%, Vo e N

and
AL < (lI4" )", W¥neN

which implies
rr(A) < liminf (| A" )"
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and
1
A) < inf (||A™||r) —.
r(4) < it (14])
On the other hand, from the consequence of Lemma [6.10| we have

1
At = — 2z — A)ldz,

a 21 dw

where w is an open set such that Specr(A) C w. We take w to be the disc centered at the
origin with radius a + &, where a = rp(A) and € > 0 arbitrary. Then

1
1A% lr < o~ Sup 2" sup [|(z — A) v length(dw) < o= (o + )" M2m (o + ¢)
zedw

1
z€Jw - 27

where M = sup,cg,, ||[(z — A)7|Ir < oo by compactness.
Then

limsup (| A" )"/ < rr(A) + & < liminf (JA"|l)"/" + .

n—oo

Since ¢ is arbitrary lim, oo (||A™|r)"/" exists and we get

The following proposition is a kind of continuity of Specp A with respect to A.

Proposition 6.15. Let A € Ly(E,€) and p € pr(A). Then if B € Lp(&,€&) and ||B||r is
small enough then u € pr(A+ B).

Proof. From the hypothesis, (A—pId)~! € Lr. By Proposition|3.11} if ||(A—pId)~Yr||B|r <

1, A4+ B — p1d is invertible and (A + B — uId)~" € Lr.
O

Lemma 6.16. Let A € Ly (E,€) and Q be an open set such that @ O Specp(A). Let
frg:Q — C be analytic functions and h(z) = f(z)g(z). Then

Proof. Let w1, ws be two open sets such that
Specr(A) Cwy; Cwy Cwy Cwg C

and Jw1, Ows are the finite union of closed curves. Next we are going to use the identity (6.4]),
-1 -1
(z—A)L(w—A)~L = LA —W=A" 1114 the fact that if z € dwy, 9W) qoy = 2rig(2)

w—2z Ows w—2z
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z—w

and if w € dws, fawl F2) 1> = 0. Thus

1

F(A)g(A) = 5— ; f2)(z = A)"lg(A) dz
= 4;7:2 - f(2)(z— At /E)w2 gw)(w — A) " dwdz

w—z

_ s AV — (w— AL
= 47?12/3 /6 f(z)g(w)( 4) ( A4) dw dz
1

= — f(2)(z - A)ll/(9 9(w) dw dz

27

Owy 27TZ w—z
L . g(w)(w — A)flf1 , JE) dz dw
270 J gy 270 Jo, W — 2
1 _
=55 f(2)g(2)(z — A"t dz = h(A)
YW Hw1

O]

Corollary 6.17. In the conditions of the previous lemma, assume f : 2 — C is not zero.
Then f(A) is invertible, f(A)~t € Lp(&,€) and

RV
2mi Owq f(Z)

Proof. Let g(z) = ﬁ in Lemma Then f(2)g(z) = 1 which means f(A)g(A) = Id,
and hence we have the stated formula for [f(A4)] '

(A~ (== A) " da

O]

6.6 Spectral projections associated to a gap in the I'-spectrum

We can adapt the spectral projection theorem to the setting of I'-spectrum.
Assume that
Specp(A) =01 U oy

with
0; Cw; Cw; C 8y, 1=1,2,

where (); are disjoint open sets and w; are open sets such that dw; are finite union of simple
closed curves.
We define

Lemma 6.18. We have
(Z) P e Lr(g,g),
(ii) P? =P,
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(iii) P(€) and Ker(P) are closed and invariant.

Proof. Part (fil) follows from the properties of integrals of functions over Lr. Part follows
from the fact that P can be written as

1
o= | R —A) e,

27 Ow
with f : Q; — C, defined by f(z) = 1. Since f(z) = f(z)f(z), by Lemma [6.16]
PP = f(A)f(A) = f(4) =P,

proving P is a projection.

For Part (i), P(€) and Ker(P) are invariant when P is a projection, and & = P(&) &
Ker(P). Moreover since P(€) = Ker(Id —P) and P is continuous, both P(€) and Ker(Id —P)
are closed. 0

We denote €' = P(€) and €2 = (Id —P)(€) = Ker(P) and A; = Alg,-
Theorem 6.19. We have that

SpecF(A,-) = 0y, 1= 1, 2.

1, ifzeQ
f(z) = o
0, ifze

Proof. Let

Moreover let A ¢ o1 and g1(2) = f\c(_zg The function ¢; is analytic in a neighbourhood U of

Specp A and satisfies

f(z) = (A= 2)q1(2), zeU,
f(2)91(z) = 91(2), zeU.
By Lemma [6.16]
f(A) = (A= A)g1(4), (6.7)
f(A)g1(A) = g1(A),
and hence

P=M\-A4)g(4)=ga(AA—-A4), Pgi(A) =g (AP =g(A).

If z € €L,
g1(A)x = Pgi1(A)x = P(q1(A)x) € el

Moreover, from ([6.7))
(A= A=A o= -4t

which implies that A € pp(A;). Therefore Specp (A1) C 1. Since Id —P is a projection onto
€2 a completely analogous argument shows that Specp(A4z) C o9. Indeed, given \ ¢ o9, let

g2(2) = % Then
(Id =P) = (A = A)ga(A) = g2(A)(A = A),  (Id=P)ga(A) = g2(A)(Id =P) = g2(4)
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and

g2(A) = (A — A)_l‘g2 = (A= Ay~ L
Now suppose that A € pr(A;1) N pr(As). Since g1(z) + g2(z) = ﬁ, Corollary shows

A= A)7" = g1(A) + g2(4) = g1 (A) P + g2(A)(I1d —P)
=A—A)'P+(\— Ayt (1d-P).

Then A € pr(A) which implies that
Specr(A) C Specr(A1) U Specr(As2),

and therefore
o; C Specp(4;), i=1,2.

6.7 Sylvester operators in Lf

In this section we will prove some auxiliary results on Sylvester operators in spaces with
decay. In the next section we will give results related to Sylvester operators defined on
bundles.

Definition 6.20. Let E = (*°(R"™). Given A,B € Lr(E, E) we define the operators
Rja: LE(E, E) = L(E, B), 1<j <k,

by
RjaW)(ur,...,ux) = W(uy,...,Au;, ... ug),

and L,8p.a: LE(E,E) — LE(E,E) by

LB<W)(U1, ce ,uk) = BW(ul, .. .,uk),
SB,A(W)(ula ‘e ,Uk) - BW(AUL - .,AUk),

respectively.

Note that by Proposition if W e LE(E,E) then R; 4(W),Lp(W) and 8p 4(W)
are in LE(E, E) so that the operators are well defined.
Given two subsets X, Y of C we denote by X - Y the set

X Y={z-ylzeX yeY}

Analogously we define
xk—x.x.%" x

Proposition 6.21. We have

Spec(Sp.a, LE(E, E)) C Specy(B) - (Specr(4))*, ke N.
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The proof of this proposition is a consequence of the following theorem and the next
lemma.

Theorem 6.22. [Theorem 11.23, |[Rud91)]] Let a and b be two commuting elements in a
unitary Banach algebra. Then

Spec(ab) C Spec(a) - Spec(b).
Lemma 6.23. Given A,B € Lr(E,E),k € N,1 <j <k, then

Spec(ij7A,L]I?(E, E)) C Specp(A),
Spec(Lp, LE(E, E)) C Specy(B).

Proof. Let A € pr(A). This means that (A—XId)~! € Lp(FE, E). To study the invertibility
of R; 4 — A1d we consider the equation

Wiui,...,Auj, ... ug) — AW (ug, ... uj, .o u) = H(ug, oo ug, .0, ug),
which is equivalent to
W(ul,...,(A—)\Id)uj,...,uk) :H(ul,...,uj,...,uk).

Then, formally,
H =R a-x1a9)-1W

and hence H € LE(E, E) and X € p(R; 4).
The proof of the result for £p is completely analogous.

Proof of Proposition|6.21]. It follows directly from the fact that

Spa=LpoRia0...0RE

and the fact that the operators on the r.h.s. commute. Then Theorem [6.22] gives the result.
[

6.8 Sylvester operators on CL(TY, LF(€,F))

In this section we will prove some auxiliary results on Sylvester operators on bundles used
in this thesis. Let &, F be linear subspaces of ¢>°(R™). To simplify the notation in this
section we will write C7, instead of Cr (T4, Lk (€, F)).

T

Definition 6.24. Given a linear map A € Lr (&, E), we define the operator R; 4 : Clr —
T
r

RjaW)(O) (21, 21) =W (O)(21,..., Az}, ..., 21).
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Definition 6.25. Given a linear map B € Lp(F,5F), we define the operator Lp : C’Zk —
T
CZI’E by
Lp(W)(0)(z1,...,2k) = BW(0 —w)(21,-..,2k)-

Remark 6.26. Observe that these two operators trivially commute. This is a key point in
the main proof of this section.

Definition 6.27. Given A € Lr(€,€), B € Lr(F,7F) we define the Sylvester operator
8B,A : C’Z{2 — CZI’E by
SpAW)(0)(21,...,2k) = BW(0 —w)(Az, ..., Az).

Remark 6.28. Actually Lp and 8 4o depend on w, but since w will be kept fized we do
not express this dependence explicitly in the notation.

Let D be the open unit disc in C. Given a set S C C, we define the annulus generated
by S as ‘
AS = {es]0 € [0,27), s € S}.

Proposition 6.29. We have the following inclusions of spectra
Spec (SB’A, Clx (8,?)) C Spec (LB, Czk) - Spec (le,A, C£k> -+ Spec (ka,A, C’Zk)
T T r r
C A Specp(B)A (Specr(A)"
The proof of this proposition follows from the next results and Theorem [6.22

Remark 6.30. We will apply Theor@m when the Banach algebra is Lp(E,E). As we
indicated before | Id || # 1, but there is an equivalent norm || - || in Ly(€,€&) such that
Jaj = 1.

Using this norm we are able to apply the theorem and obtain the inclusions of spectra.
Since the spectra are intrinsic we therefore obtain that if A, B € Lp(E,&) commute then

Specp(AB) C Specp(A) - Spec(B).

Lemma 6.31. Given B € Lr(F,5) the spectrum of Lp over CR(T?, L*(&,F)) is related to
the I'-spectrum of B through

Spec(Lp,Clx) € ASpecp(B, J).
T
Proof. We will prove that if
A\e'? ¢ Specp(B), Ve € [0,2n) (6.8)

then A\ ¢ Spec Lp. Since Specr(B) is compact the condition implies that there is a
gap in the spectrum, i.e. there exists 7 > 0 such that

{p e ClIA =n < |p| < X +n} N Specp(B) # 0.
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By Lemma and Theorem there exist F1,Fy linear subspaces of F such that
F=3F1dF and

Specr(Blg,) C {n € C||ul > [\ +n},
Specp(Blg,) C {u € Cllu| < |A] —n}.

Let P; : ¥ — JF; be the spectral projections. We have that P; € Lp(F,3;). We write
B; = P;B, i = 1,2. By Proposition there exist C7,Co > 0 such that

B " lr < Cr]Al+7)7", n =0,
B3 [lr < Co(|Al =n)", n=0.

We want to determine whether £Lg — AId is invertible. Given W € CZk we write
r

W; =P oW.
Now let H € C’Zk, H; = P, o H and consider the equations
r
BiWi(0 —w) — AW (0) = Hi1(0), (6.9)
BQWQ(@ — w) - )\WQ(@) = HQ(H) (610)

which we can solve recursively as

Wi(6) = By " A" Hy (6 + nw), (6.11)
n=1
Wa(0) = = BIA™ TV Hy (0 — nw). (6.12)
n=0
These two series are absolutely convergent in || - HCLk Indeed, we can bound the general
r

term of the series in (6.11)) as follows

ol

——— B7"N" U H (0 4 nw
007t - g% ! 3 )

B A" H, (0 r <
1B 1 +"°")”0Llfz—§;§ Jnax

Jite+ja=J Lt
|/\|n—1
<Crv——Hlcr,,
(1Al +m)" rf
and hence
Willey, <> e, — Sy
1jjicr, >~ “1 TINT T N cr, = — cr, -
=G 2 e e, = 5 1 e,
We can proceed similarly for the series in (6.10). Therefore these series are absolutely
convergent in || - [[cr, , and this implies that £ — AId is invertible in C7, whenever A ¢
LF T
A Specp(B).

The formulas (6.11)) and (6.12) determine uniquely the solution W = (Wi, Ws) ' of

(6-9), (6-10), thus £p — A1d is bijective whenever A ¢ A Specp(B).
O
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Remark 6.32. It is worth to remember the relationship between spectra. In particular,
A ¢ ASpecr B implies A\ ¢ Spec Lp, thus C\A Specyr B C C\ SpecLp, and ASpecr B D
SpecLp.

Lemma 6.33. The spectrum of Rj 4, 1 < j < k, over CZI’E 1s related to the I'-spectrum of

A through
Spec(R;j.4,C7 ) € ASpecp (4, E).
T

Proof. Observe that there are k natural identifications between L*(€,F) and L(€, LF~1(&, F)).
We denote them as ¢;, then
Wizt ..o zk) = (W) (25) (215 -+ o5 Zjm1, Zjg 1y - - -5 2k)-
We can use this notation with R; 4, and write
ijA(W)(Zl, ey Zk) = Lj(W)(AZj)(Zl, B e R R B P Zk)
From now on we will write W instead of ¢;(W) to simplify the notation.
Let A € C such that A ¢ A Specr(A). Then there is a gap in the spectrum of A in the
sense that there exists 7 > 0 such that
{n e ClIAl =n < [ul < [A[+n} N Specp A # 0.
As in the previous lemma, Lemma and Theorem prove that there exist !, €2
linear subspaces of & such that & = &' @ €2 and
Specr(Algr) € {n € Clu| > |A +n},
Specr(Alg2) C {n € C|p| < [Al—n}.
Let P; : € — &; be the corresponding spectral projections. We have that P; € Lp (&, &;).

We write A; = P;A, i = 1,2. As in the proof of the previous lemma, there exist C7,Cs > 0
such that

AT lr < Ci(]A[+m)™", n =0,
[A3[lr < Co(|A| =m)", n>0.
Now to study whether (R; 4 — Ald) is invertible, let Hyo : T — Lp(€12, LE1(E,T))
be the induced embeddings of an arbitrary element H € C7x and consider the following
r
equations
Wi (0)(Ar) — AW(0)(1dy) = Hi(0),
W2(0)(Az2) — AW2(0)(1d2) = Ha(0).

Observe that these equations can be rewritten as Wy 2(6)(A12 — A1d) = Hy2(8), and we
can solve them just by writing

Wi(0) = Hi(0)(A; = A1d)™Y, i=1,2.
Observe that ||e;(Wy)(4p)llcr, , < HWPHOZk || Aillr, p = 1, 2, by Proposition [3.12
.

T r
Then this condition and the spectral properties of A ensure that W obtained in this way
belongs to CZ{&'
O
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Proof of Proposition [6.29. Observe that we can write the Sylvester operator Sp 4 as
8pAW)(0)(21,...,2,) =LpoRiao---0oRpa(W)(O)(21,...,2).
Thus we can apply Theorem to get
Spec(8p,.4, CZ{E) C Spec(Lp, C’ZI@) - Spec(R1, 4, CZ;z) -+ - Spec(Rg, 4, 02’12)
and now apply Lemmas and to get
Spec(8p,4, Cpy. C ASpecr B - (A Specr A)*

as desired.
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Chapter 7

The 1nvariant torus

We want to determine an invariant torus close to {0} x T¢ in £>°(R"™) x T? of the perturbed
dynamical system F' = Fjy+ F}, where Fj is defined in Section and F1 is a small pertur-
bation of it. Once we have obtained this invariant object, we will find a parametrisation of
some of its invariant manifolds, namely strong stable manifolds and non-resonant ones. The
first step is then to determine the invariant torus, a task that will be done in this section.
In the forthcoming sections we will find the parametrisation of the invariant manifolds.

We will denote the invariant torus by its parametrisation, Wy : T¢ — ¢*°(R"). Find-
ing this object is the first step in the parametrisation method as detailed in [CFdIL03a],
[HdILO6D] or [FAILS09]. We will do this (under suitable smallness assumptions on the per-
turbing function F7) by solving the functional equation given by the invariance of the torus
with respect to the dynamical system

F(Wo(6),0) = Wo(0 + w). (7.1)

The solution will be found under different regularity and decay assumptions for F', which
will result in different properties for the torus determined by Wj.

We recall that the dynamical system we deal with, as defined in Section has the
form

(x,0) — <F(m, 0),0 + w), z € (>*(R"), § € T, (7.2)

where F'(z,0) = Fy(x,0) + Fi(x,0) and Fy(x,0) = (f(2;));czm- The function f:R"™ — R"
is C! in a neighbourhood A of 0. Let U C /*°(R™) be a neighbourhood of 0 such that
U C [I;ezm A. The function Wy : T% — ¢>°(R") parametrising the invariant torus will be a
solution of Equation and note that due to the particular form of the dynamical system

(7-2), (Wo(6),0) will be an invariant graph of (7.2)):
<F(W0(9), 0), 0 + w) = <W0(9 + w), 0+ w) .

We write

F(x,@) = Fo(x) + Fl(:c, 9),
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and

M(0) = My + M1(0),
N(J:‘, 9) = No(.l‘) + Nl(.%', 9),

with DNy(0) = D, N1(0,0) = 0. We also write

FQ(:L‘) = M0$ + No(x),
Fi(z,0) = Mi(0)x + Ni(z,0).

The main result of this section is the following theorem, which determines, under hy-
perbolicity and several regularity assumptions, the invariant torus as a graph.

Theorem 7.1. Consider the dynamical system defined in (7.2)) together with the notation
introduced above. Assume that D f(0) is hyperbolic and consider the functional equation

(i)

(i)

(iii)

F(Wo(8),0) = Wo(0 +w). (7.3)

Assume My € C°(T?, L(£>°(R"),£>°(R"))) and N(z,0) € COU x T4, ¢>°(R™)) with
N Lipschitz with respect to x for all § € T and assume ||Fy||co and

Llpz(N) ‘= Sup Llp(N(a 9))
feT?

are small enough. Then the functional equation (7.3) has a unique solution Wy(0) €
CO(T4, £ (R™)) close to 0.

Assume Fy € CHUL®(R™)), F; € C*"(U x T4 (*(R")) with t > r+ 1,7 > 0
and || F1||ctr small enough. Then the functional equation has a solution Wy €
C™ (T4, ¢>(R™)). Since CF" C C, for F € CF" we also obtain a solution Wy €
C™(T9,4>(R™)) close to 0.

Assume Fy € CHUL>®(R"™)), Fy € C;’;(U x T4 (°(R"™)) with t > r + 2,7 > 0
and ||Fy || otr small enough. Then the functional equation (7.3|) has a solution Wy €
40

S’;:F(Td,ﬁoo(R”)) close to 0.

As was justified in Section My = DFy(0) is a hyperbolic linear map, and M is
uncoupled.

We will start by proving Part . The proof of Parts and follow a different
scheme of proof. To prove this “Lipschitz” case we will use a fixed point theorem, since
we cannot use the differentiability of N to apply an implicit function theorem in Banach
spaces.

Proof of Part in Theorem . A solution of ([7.3) can be obtained as a fixed point of
the operator

F: T U) - (T, U)

defined by

FW)0) = F(W(0 - w),0 —w).
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We can write F(x,0) = M(0)x + N(x,0) where M(0) = My + M;(0) and use the decom-
position

EOO(RTL) — 81 D 82
associated to My introduced in Section 2.1 where the super-indices 1 and 2 stand for stable
and unstable respectively, to get the following decompositions

(A, 0 _ (B1.1(0) Bi2(8)
wo= (" i) MO= (50 b))
_ (Mia(0) Mi2(0)
M) = <M2,1(9) M2,2(9)> '

Remember that the hyperbolicity of My implies ||A; 1| < 1 and HA;%H < 1 in the norm we
are using, based on a suitable adapted norm in R", and the norm of M is bounded by the
norm of F;. We also write

N(z,0) = (N (,0), N*(z,0)),
W(0) = (W'(0), W?(9))

according to this decomposition of £>°(R™). We can express the operator F component-wise
as

~ (Mg (0 — )W — w) + Myo(0 — w)W2(0 — w) + N2(W (0 —w),0 —w)\
S(W)(G)_<M;1(9—w)W1(9—w)+M;;(9—w)W2(9—w)+N2(W(9—w),9— > :

The operator J is clearly not a contraction since ||A22|| > 1, which means the second
component is expanding. As A;; exists and ||A55|| < 1, since || Ba2||co is small enough we
can use Neumann'’s formula to invert My o(6) = Az 2 + B22(0) = Az 2(1d +A2_7%BQ,2) as

o0

M;3(0) = (—A22B22(6))" Az}
k=0

and hence HM{%H < HA;%H (14 C||Mi||co) (see also Lemma D and we can rewrite the
fixed point equation projected to the unstable directions:

M1 (0 —w)WHO — w) + Mao(0 — W)W — w) + N2 (W (0 — w),0 —w) = W2(6)
Mao(0) ' W2(0 + w) — Mao(60) ' M1 ()W (0) — Mao(0) " N*(W(6),0) = W2(0).
Observe that for a fixed W1, the operator G defined as
S(W) = Ma(0) " (W(0+w) — Ma1 ()W (0) — N*(W' +W)(6),0))

is a contraction by the hyperbolicity of My and the smallness of My ; and N. Now we can
find the invariant torus as a fixed point of F : CO(T4, ¢>(R")) — C°(T%,¢>*(R")) defined
by

F(W)(0)

B <M1,1(9 —W)WO —w) + M50 — )W2(0 —w) + N (W(0 —w),0 — w)>T
a M272(9)_1W2(0 + w) — M272((9)_1M271(9)W1(9) — M272((9)_1N2(W(9), 0) '
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We need to check this operator is a contraction if ||M;||co and Lip,(NN) are small enough.
Indeed, given W, V in CO(T?, ¢>°(R")), we can bound ||F(W) — F(V)||co component-wise:

= sup || M11(6 - w)(Wl(O —w) -V - w))
o PeTd

+ Mip(0 —w) (W30 —w) — V(0 —w))

+ N (WO —w),0 —w) = N (V(0—w),0 —w)||
< (Al + 21 Ml co) W — V| co + Lip, (N)[[W — V]| co
< p1|W = V|| o,

-

1

with p; = [|A11]] +2||Mi]|co + Lip, (N) < 1 if || M;]|co and Lip, (V) are small enough. The
bound of || [F(W) — F(V)], o is accordingly

(14320 + O(IMilco) + Lip, (N)) W = Voo < p2| W = Vo

with pg = ||A2_%|| + O(||M1]|co) + Lip,(N) < 1 if || Mo is small enough.
In this bound we have used the fact that, for x € {1,2},

IN*(W,-) = N*(V,-)llco = sup, IN*(W(8),6) — N*(V(6), )]

< sup Lip(N(-,0))[[W(0) — V(9)]]
< Lip, (N)[W — V|| co.

By the Banach fixed point theorem we get a unique fixed point Wy which gives the
desired invariant torus.

O]

The proofs of Parts and in Theorem are a consequence of the next two
Lemmas, which deal with the regularity of an operator related to the invariance equation.

Lemma 7.2. Let
V, = {W € C"(T%,¢°°(R™)) | W(0) € U,V € T4},
V=C(U x T 6°(R™) x Vy, t>7+4 1.
We introduce the operator F:V — C" (T4, £>(R™)) by
FEW)O)=FW (O —w),0 —w)—W(0).
The operator F is well-defined, jointly C* in V and
[DwF(FE, W) AW (0) = D, F(W(0 — w),0 —w)AW (0 —w) — AW (6).

We will need the following auxiliary result. The proof can be found in [FdILM11a)] (page
2875).
Theorem 7.3. Let E, F, G be Banach spaces and U C E, V C F open sets such that
0e€V. Let f:U xV — G under the following assumptions
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1. for ally €V, f(-,y) is linear continuous,

2. for all x € U, f(x,-) is C"(V,G) and ||f(x,")|crvgy < C for x € B(0,6) and
C,6 > 0.

Then f € C"(U x V,G).

Remark 7.4. In fact, by the linearity of f with respect to x € E we can extend f to be C”
m E x V.

Proof. First we need to check that the operator is well defined between these spaces. Lemma
proves that C" functions composed with C” functions are again C” functions, thus the
operator is well-defined.

To study the regularity of F, we only need to study the differentiability of the compo-
sition operator:

F(F,W)(0) = F(W(0 — w), 0 — w),
observe that F = F+Tly, where IIy(F, W) = W, and F is linear with respect to F. Theorem
proves that an operator in two variables between Banach spaces which is linear with
respect to one variable and C" with respect to the other is jointly C". If we can show F is
C! with respect to the first variable (which is W) then the operator J is jointly C*.
Define
AWYAW)(0) = D, F(W (0 — w),0 — w) AW (0 — w)

with AW € C™(T9, ¢>°(R™)) with ||AW|| small enough so that W (6) + AAW () € U for all
6 € T? and X € [0,1]. By applying the mean value theorem we can write

F(E,W + AW)(0) — F(F,W)(6) — A(W)(AW)(0) (7.4)
_ /1 [DLF((W + AAW)(0 — w), 0 — w) — DyF(W(0 — w), 0 — w)] AW (0 — w) dA.
0

Observe that the graph of W for a fixed W,
Sy = {W ()]0 e T},

is a compact set: a torus. Since D, F' is continuous, it is uniformly continuous in this
compact set and since AAW is arbitrarily small, W + AAW is arbitrarily close to the
compact set Sy. We are thus working with two sets of points, x = (W + )\AW) (0) and
y = W(0), and with an uniformly continuous function, D,F. The difference D, F(W +
AW) — D, F(W) is then a difference of images of points such that one of them is in the
set where D F is uniformly continuous and thus is bounded by ¢ if ||z — y|| < § for = and
y defined as above and 6 € T¢, A € [0, 1], in particular when |AW|co < &, where ¢ and &
are the constants used in the definition of uniform continuity of D, F'.

Thus given € > 0 there is ¢ > 0 such that if [|[AW||co < §, we can bound the integral

(7-4) in C%-norm as

sup /1 [DLF((W + MAW)(0 — w),0 — w) — DuF(W (0 — w), 0 — w)] AW(0 — w)dAH
0

PeTd

1
[
0 geTd

< el|AW]|co.

(Do F (W + MAW)(0 — w), 0 — w) — DyF(W (0 — w), 0 — w)] AW (6 — w)Hd)\
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Actually we have to bound the C™ norm of ([7.4). To this end, consider the integral of
the derivatives, which we can write as follows (cf. for1<k<r:

/ DEDLF((W 4 AAW) (), u) — Do F(W (), )] AW ()
0

1 ' ‘

=c / ) [33 VDL F((W + AAW)(u), w)I (W + AAW) () - - - Ol (W + AAW) (u)

O (ba)esy,
Il =h-a

— O§OE DL F (W (w), w)I W (u) - - - O W () | AW (w)dA,

where u = 0 — w,
S50 ={(b;a) eN*la+b<i,b>1}U{(0,i)}

and I = (i1,...,1p) is a multi-index. We can bound the argument of this integral in Cy-norm
grouping terms and using the same technique of uniform continuity of 2194 F around the
graph of W we have used above. This bound for the derivatives implies we have a bound
in C"-norm of the form Ce||[AW||cr, where the constant C' only depends on ¢ and r. This
means we can exchange derivation with respect to 8 and integration, thus the C"-norm of

FEW +AW)(0) — F(F,W)(0) — AW)(AW)(8)

has a bound of the form Ce| AW ||cr.

To prove continuity of A(W') with respect to W we can use a similar argument with the
uniform continuity of DZF, 1 < j < r+ 1, in a compact set as follows. Given £ > 0 and a
fixed W7, there is a § > 0 such that if ||W; — Wa||cr < §, the expression

(A(W1) — A(W2)) AW (0
= (D, F(W1(0 —w),0 —w) — D, F(W(0 —w),0 —w)) AW (0)

can be bounded in C"-norm by Ce||AW ||¢+ by the uniform continuity of DLF, 0 < j < r+1
in Wy(0), 0 € T¢ (or Wa(6), 6 € T¢), therefore A(W) is continuous.
O

The following lemma is analogous to Lemma [7.2] above, but using decay norms.

Lemma 7.5. Let

Ver = {W € STR(T 6 (R™) | W (0) € U,V0 € T,
Vp = CE" (U x T 6°(R™) x Vyr, t>7 42,

We introduce the operator F : Vp — S;’F(Td,ﬁo"(]R”)) by
FEW)O)=FW(O —w),0 —w)—W(0).
The operator T is well-defined, jointly C* in Vr and
[DwF(FE, W) AW (0) = D,F(W (0 — w),0 —w)AW (0 — w) — AW (6).
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Proof. Proposition [5.4) proves that the composition of a function F' € C’;’;(U x T4, £°(R™))
with W (0) € S7 (T, U) is in S71.. Therefore this operator sends Vr to S;F(Td, 2 (R™)).

To study the regularity of F, we only need to study the differentiability of the compo-
sition operator:

FE,W)(0) = FW(0 —w),0 —w)

as we did in the previous case.

Observe that as before F = F + II5, where HQ(F W) =W, and F is linear with respect
to F', thus Theorem |7 . 3| proves that if we can show Fis C1 with respect to the first variable
by the continuity with respect to the other variable the operator  will be jointly C'.

Let A:V.r — L(Siy, S 1) be defined by

A(WYAW)(B) = Dy F(W(0 — w), 0 — w)AW (0 — w)

with AW(0) € S;F(']I'd, U) small enough. By means of an application of the mean value
theorem

F(FE,W + AW)(6) — F(F,W)(0) — AW)(AW)(6) (7.5)

1
= / (D F(W 4+ AAW)(0 —w),0 —w) — D F(W (0 —w),0 —w)| AW (0 — w)dA.
0
As before, we use the fact that the graph of W is a compact set:

Sw = {W(H) 16 € "er},

hence D, F is uniformly continuous in Sy and the difference D, F(W + AAW) — D, F(W)
is bounded by ¢ if ||z — y|| < & for all z = (W + AAW)(0), y = W(0), § € T?, X € [0,1],
which holds if ||AW{|co < 0, where ¢ and ¢ are the constants given by the definition of
uniform continuity of D, F.

Given € > 0 there is 6 > 0 such that if ||AW||co < J, we can bound the integral in
Sﬁr-norm by

|

/1 (Do F((W + MAW)(0 — w), 0 — w) — DyF(W (0 — w), 0 — w)] AW (6 — w)dA
0

1
g/
0

< e AWso,

0
Sj,l“

[DF(W 4+ AAW)(0 —w),0 —w) — D F(W(0 —w),0 —w)] AW (0 — w) d\

0
Sj,l“

by applying Proposition which proves that for o € S7 p(T%,£°(R™)) and

A€ CL (I®°(R™),£°(R")), Ao € S;?F(Td,ﬂoo(R”)) with m = min(,7) and [|A(6)o (6) || sm. <
QmHA(H)HC?FHU(Q)”S?F~ Hence the result follows with A(#) = D,F (W (0),0) and o (6 ) =
AW (0).
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We can now write the integral of the derivatives as
1
/ Dy [DzF(W 4+ AAW)(u),u) — Dg F(W (u), w)] AW (u)dA

e /0 X 0D (V4 ASW) ) ) (W -+ AW ) -0 (W + ATV 1)
Ili=r—a

— 93L DL F(W (u), w)I5 W (u) - - - O W (w) | AW (w)dA,

where u = 0 — w,
Shi={(b,a) eN*|la+b<ib>1}U{(i,0)}

and I = (i1,...,%) is a multi-index. We can bound this expression in OF norm with
the same unlform continuity argument as before and using Proposition [4.16] which proves
the contraction properties for multilinear maps with regularity S]"F ThlS bound for the
derivatives implies we have a bound in ST -norm of the type C’E||AW||S; with the constant
C depending only on and r. This shows that A is the derivative with respect to W of F in
the spaces we are working with.

To prove the continuity of A(W') with respect to W we use the fact that F' is at least
C? with respect to z. Given € > 0 and W; € V,.r there is § > 0 such that given W5 € V.1
with HW1 — WQHS;I <9

I(A(WL) — A(W2)) AW (6) 7 .
= [ (DeF(Wi(0 = w), 0 — w) = Dy F(Wa(6 — w),0 —w)) AW (0 — w)||s7 .

/1 D2F(Wy(0 — w) + H(Wr — Wa)(0 — w), 0 — w)
0

X ((Wl — Wz)(e — w), AW(@ — w) dt

9

T
SJEF

which can be bounded by C||[W; — WQHS}‘FHAWHSJTF since DLF(z) € Lp, 0 < j < r+2
thus A(W) is continuous in V, p. Observe that the condition ¢ > r + 2 is needed in this

step which proves continuity of the derivative.
O

Proof of Parts and of Theorem . We will prove these two parts using the Im-
plicit Function Theorem in Banach spaces.

Part is standard, we need to check that Dy F(Fp,0) is invertible, i.e. we have to
uniquely solve

given an arbitrary function g € C"(T%,¢>(R")), determining AWV .
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To do so, consider the decomposition ¢*°(R") = &' @ €2, for which D, F,(0) splits as a
block-diagonal linear application

A 0
Da:FO(O) = ( (1)71 A2 2) 3

as detailed in Section We can project AW according to this decomposition as AW!
and AW?2.
In coordinates, Equation ([7.6)) reads

A AW — w) — AW(H)
Ag o AW2(0 — w) — AW?(8)

g9'(0),
g*(9),

for an arbitrary g = (g%, %) € C"(T%,£>(R")) also projected as above. This can be solved
iteratively, by setting

AWL(0) = — Z(Am)pgl(e — pw),
p=0

AW?(0) =) (A22) Pg>(0 + pw).

p=1

Since [|A11] < 1, [[Ag, 3|l < 1 the previous series are absolutely convergent. Moreover, if
g = 0, the only solution is AW = 0.

The convergence of the series of the derivatives is easy to check since A;; and Az 2 do
not depend on 6. They are also absolutely convergent if g(6) is in C"(T¢,¢>(R")). This
means we can exchange the order of derivation and infinite sum and then the solution AW
is in C" (T4, £>°(R™)).

By the Implicit Function Theorem in Banach spaces (see [Nir01], for instance) we now
know that there exists a unique function § from a neighbourhood U of Fy in OV (U x
T4, £ (R"™)) to C"(T?,U) such that G is C' and

F(F,G(F))(0) = S(F)(0 + w).
Moreover we have the following bound
IS(F)ller < CIIF = Follger, Fel

as a consequence of the fact that G(F) depends C! with respect to F, where C'is a constant
depending only on || D Fy(0)]|.

To prove Part we need to work a little more. Recall from Remark that bounds
involving uncoupled linear maps with I'-decay have an additional constant, I'(0)~!. There-
fore we cannot bound iterates directly, since it results in factors I'(0) ™" making fixed point
arguments divergent.

To avoid this difficulty we consider the invariance of this torus for a high enough iterate
of F. Starting with

FW(0 —w),0 —w)=W(6),
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we can write
F(F(W(0 —2w),0 —2w),0 —w) = F(W(0 —w),0 —w) =W (0)
and iterate this procedure. To simplify the notation we introduce
FU(z,0) = F(2,0 —w),
FPl(z,0) = F(FM (2,0 —w),0 —w) = F(F(0 — 2w),0 — 2w),0 — w)
and in general,
Fl(z,0) = F(FI" (2,0 — w),0 — w).
With this notation the invariant torus parametrised by W has to satisfy
FP (W (0 — nw), 8) = W (6),
and hence we define the operator
FrU (P, W) (0) = FIN(W (6 — nw), 0) — W (0).
Moreover we define M[™ as the linear part of F[", i.e.

MGy = MO —w) - M0 — nw) = MJ + O(| My])).

Aty 0
(5 )

By the properties of I'-norms, [[A}[|r = ||A?’1||I’(O)_1, A5 lr = ||A£§||F(0)_1. Let N be
the minimum natural number such that both these norms are smaller than 1. This number
has to exist since [[A1 1] and |45 5|l are both smaller than 1.

Now the proof proceeds analogously to the proof of Part ( . working with the operator
F = FIV instead of 7. B

By Lemma the operator F(F, W)(0) = FIN(W (0 — Nw),8) — W(6) can be differ-
entiated with respect to W and

Observe that M can be written as

DwF(F,W)AW (6) = D,FIN (W (0 — Nw), ) AW (6 — Nw) — AW (6).

To prove the existence of the invariant torus we apply the Implicit Function Theorem
in Banach Spaces to 9(F W) = 0. We clearly have that ?(FO,O) = 0. We only have to
check the invertibility of

DwF(Fy,0)(0) = D.FN(0,0) AW (0 — Nw) — AW () = MY AW (6 — Nw) — AW (6).

As before, given g € S;F(’]I‘d, (>(R™)) and projecting onto ' and €2 respectively we
are led to consider the equations

AYIAW®(0 — Nw) — AW*(0) = g°(0),
AYLAW™(0 — Nw) — AW™“(0) = g
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which have the solutions

AW?(6 Z Ajlvfgs — Npw),
AW (9 Z A3 2Pg" (0 + Npw),

respectively. By Proposition [4.14] we have that AW?* and AW™ belong to S”~ and
yRs

o0 oo
N
AW sz, < 1Al N, < 3 It sl
AW sy, <3 14z el Isge <3 ||A IR s,
J» s

p=1

the series on the right-hand sides being convergent by the choice of N.
Then there exists a (locally) unique implicit function V) such that

gN(F, SNI(F)(6) = SPI(F) (6).

Observe that GV (F) is a solution in the S} p-norm and also a C" solution of FIN(F, W) = 0.
The same argument applied to FIN! from V to C7 (T, £>°(R™)) proves that FIN(F, W) =0

has a unique C" solution GV (F).

On the other hand, F(F, W) = 0 has a unique C” solution §(F'). These two solutions
must be the same, since G(F) is also a solution of FIN(F, W) = 0 and both solutions are
locally unique. Therefore GV(F) is the (locally) unique S7p C C" solution of F(F, W) =0

and the result is proved.

As before, we can use the C''-regularity of the implicit function GV to get the following

bound
ISM(F)sr,. < CIIF - Folletr,

which will be used in later sections.
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Chapter 8

Linearisation around the torus

In this chapter we will determine the linearisation around the invariant torus and find the
linear term in the parametrisation of strong stable invariant manifolds and non-resonant
stable invariant manifolds. Recall that strong stable invariant manifolds of fixed points of
maps F' are associated to a subset o1 of the spectrum having the following property: if
M is the linear part of the map at the fixed point, Spec(M) = o1 U 02 and there exists a
modulus p < 1 such that

sup [A] < p < inf |A|.

AEo1 AEog

We introduce now the annulus generated by a set. Let D be the open unit disc in C.

Given a set S C C, we will define the annulus generated by S as the set

AS = {es]|0 € [0,27), s € S}.

Non-resonant stable invariant manifolds on the other hand are associated to an invariant
subspace by the linear part M such that the spectrum of M restricted to this subspace
is contained in the unit disc. Some non-resonance conditions are needed so that these
manifolds do exist and have the required regularity. In this Chapter our maps F will be
perturbations of an uncoupled map f with

Dfo(0) = <a81 a(2)2>

We will require an additional (with respect to the case of manifolds of fixed points)
non-resonance condition to determine non-resonant invariant manifolds,

e ASpecaj 'ASpecaQ_éﬂ{z eCllz|=1}=0.

This condition is a technical requirement, used when the extended mapping D, F :
(>®(R™) — ¢>°(R™) is not in block triangular form in the decomposition defined by the
projections ITg1 and Ilg2 of the induced decomposition /*°(R") = &' @ 2. When the linear
part of the dynamical system is in block triangular form, the linearisation has a trivial
solution, and with this spectral condition we can find a linear transformation that puts
D, F in block triangular form, i.e. where Il D, F embg1 is 0. This is done by splitting the
restrictions Ilg1 D, Fy = Ay 1 and Ilg2 D, Fy = Ag 2 according to the spectral decomposition.
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Actually, strong stable manifolds are particular cases of non-resonant manifolds. We
treat both cases separately because we can prove better regularity results for strong stable
manifolds.

We want to determine the linear part of the function describing the local dynamics on the
invariant manifold close to the torus, traditionally denoted by R(s, @) in the parametrisation
method (JCFdIL03a]). This linear part of R(s,#) is denoted by R;(f), and we write the
expansion of R(s,0) as

R(s,0) = R1(A)s + R (0)s®% + .. ..

Following the same convention in the parametrisation method, the parametrising function
W (z,0) has a linear part, denoted by W;(6), which we want to determine. The condition
R; and W satisfy under the action of the dynamical system (up to first order) is

F(Wo(0) + Wi(0)s,0) = Wo(0 + w) + Wi(0 + w) Ry (8)s + o(|s])). (8.1)

For convenience we will translate the torus Wo(0) to 0 € £°(R"™). Let Ty, (g)(x,0) =
(Wo(0) + z,0), which clearly has the same regularity as Wy with respect to 6. The trans-
formed mapping is F'(z,0) = TI;/;(HLU) o I o Ty, (p)(, 0) and satisfies F'(0,0) = 0.

Notice that

F(x,0) = Fo(x + Wo(0)) + Fi(z + Wo(6),0) — Wo(0 + w)
= Fo(x) + [Fo(z + Wo(0)) — Fo(z) + Fi(z + Wo(6),0) — Wo(0 + w)]
which can be written as B B
F(.%',H) = F()(w) + Fl(l', 0),
where B
Fy = Fy(z + Wo(0)) — Fo(z) + Fi(z + Wo(60),0) — Wo (6 + w).
Then F has the same regularity and smallness properties as F7.

Note also that

Dxﬁ(O, 0) = D, Fo(0) + Dy Fo(Wo(0)) — Dy Fp(0) + Dy Fr(Wo(6),0).
From now on we will write F' again for F.
With this new notation we also write F(z,6) = Dz F(0,6)z + N(x,0), with N(0,6) =0
and DN (0,6) = 0.
With the torus translated to 0, Equation (8.1 has the form

F(W1(8)s,0) = W1(0 + w)R1(0)s + o(||s])). (8.2)

8.1 Linear part for a strong stable invariant manifold

Recall from Section that the splitting of the spectrum of D, Fj(0) into a strong stable
part and its complement induces a splitting of ¢>°(R") = &! @ €2, where &' and €2 are
invariant by D,Fp(0). We write

A 0
D Fo(0) = < 5’1 Ay 2> ’
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and

~ (Bi1(8) Bia(0)
D, F1(0,0) = ( B;(e) Bé,i(@) '

Let

M31(0) Ms2(0)
Recall also from Section that we use an adapted norm in ¢*°(R™) such that

Al AZ3l < 1,

Dﬁ@@:mﬂ@+mﬂ@®:OﬁW)Mm@>

induced by a norm in R™. From now on we will use this underlying norm unless explicitly
stated.

It is straightforward to determine a linear part of the parametrisation W1 (6) in the
strong stable (also in the non-resonant) case if we assume D;F(0,6) is block triangular
in the decomposition £*°(R") = &' @ €2 (see for instance [CFdIL03a), [FIdILO6H]). In this
subsection we will put D,F(0,60) in block triangular form to determine this linear part,
assuming A; ; is contracting and HAMHHAQ_%H < 1.

Observe that if D, F'(0,0) is block triangular, i.e.

D,F(0,6) = (MI’S(G) %2%)

we can choose Ri(0) = M 1(0) and W;(0) = (Ide1,0¢2) where W is expressed according
to the splitting /°(R") = &' @ €2, Id¢1 denotes the mapping g(#) = Idg: for all 6 and Og2
denotes the mapping h(f) = Og= for all 6.

We will use the fact that our system is close to a constant coefficients system and the
contraction conditions stated above to find a linear change of coordinates transforming
D, F(0,0) into a block triangular linear mapping as shown, thus finding the linear terms in
the parametrisation.

We look for Wi(6) in the form (Id,v(f)), where Id denotes the identity in ' and
v(0) € €2, VA € T¢. Equation cut to first order can be written as

M 1(0) My 2(0)) < Id > < Id >
’ ’ = R1(0). 8.3
Q@M)Mm@ () o(0 +w) ) F100) (8:3)
Proposition 8.1. Let F be defined as in Section and D, Fy(0) written as above under
the splitting of its spectrum in a strong stable part and its complementary. Assume

(H1) ||A11]l <1 in some norm,

(H2) Aszz is invertible, and HAUHHA;%H < 1 in the same norm as the previous hypothesis,

(H3) HFlHCft’T' is small enough, t > r+1,r > 0.

Then we can find Ry € CL(T4, L(EY, L)) and Wy € CR(T?, L(EL,£%°(R™))) such that
F(W1(0)s,0) = Wi (0 +w)R1(0)s + o(||s]])- (8.4)

Moreover

Ry = A1+ O(|| F1l)).
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Remark 8.2. In Hypothesis (}@ we ask for t > r + 1 because this condition is needed
to determine the invariant torus of class C". However, if we start with F(x,0) = Fy(x) +
Fi(x,0) such that

Fo(0) =0, F(0,6) =0, V6 e T,

to prove the results in this chapter it would be enough to require Fy € C?“.

As stated in the previous introductory text, this proposition is a direct consequence of
the following lemma, which determines a linear transformation converting D, F(0,6) into
a block triangular map. The proof of this lemma is very similar to the proof needed in the
next section, but the spectral condition is simpler, making the proof easier. We include it
for completeness.

Lemma 8.3. Under the hypotheses of Proposition we can find v € CR(T?, L(EL, €2))

such that the linear transformation

5(6) = <v1((;) I(()i>

transforms D, F(0,0) into a block upper triangular matriz. More precisely, there ezists a
splitting (®(R") = &} ® €2 such that the projections Il Il € Lp(£>(R™),£°(R™)) and
6

19
88

that in this splitting we have

DLF(0,0) = (Ml,l(e) M1,2(9)> '

0 Ms2(6)

Proof of Proposition [8-1 Expanding F by Taylor at 0 and keeping the first order terms in
Equation (8.4) we get the following invariance equation

D,F(0,0)W1(0) = W1(0 + w)R1(0).
By Lemma we can find a linear transformation S(6) transforming D,F(0,6) into
D, F(0,0) having a block triangular form, i.e.

S(0)"' D2 F(0,0)S(6) = D, F(0,6) = (Mlg(e) J\%EEZ;)

with M; ; € CL(T?, L(&7, &%)).
After this change of coordinates, we can choose Wi (6) = (Idg1,0¢2) and

Ri(0) = My,1(0) = My11(0) + Mi2(0)v(0) = A1 + O(|| Fu))

and the statement is proved.
O

Proof of Lemma[8.3 Converting a 2x2 block matrix into triangular form amounts to mak-
ing one of the non-diagonal terms M; 2(6) or M3 1(#) zero. This problem in this particular
setting is equivalent to solving an invariance equation for a linear function w(#) : €2 — &!
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or v(#) : €' — &2. The invariance condition for the graph of a function v(f) : ! — €2
under D, F'(0,0) can be expressed as

200 (i) = (oo L b)) -

for some suitable function «.
Equation (8.5)) is equivalent to the fixed point equation

S(W)(0) = W(6),
where 8 : CL(T9, L(EY, %)) — COR(T?, L(€1, €?)) is the operator defined as
8(v)(0) = M55 (0) [v(6 + w) (M1,1(8) + My 2(0)v(6)) — My (0)].
We write this operator as 8§ = 8¢ + &1 with
So(v)(0) = Ai%v(@ +w)Ar,
81(v)(0) = 8(v)(#) — So(v)(0).

By hypothesis, || A7 1]| HA;%H < p < 1 in the norm of £*°(R™). Thus we can iterate Sy to
a high enough order and find

85 (0)(68) = So(So(- .- (1)) = 435 v(6 + Nw) ATy
which we can bound by
188" () legp < 1433 Ie 1A Irllvllep < pVT(0) 2 [folley

Using the triangle inequality we can show that a high iterate of the operator § is a
contraction in CT. norm. Indeed,

IS < 11851 + 1185" — ™11,

where

N—-1
8o =8N =) 8(8) —8) oSN,
k=0

We can bound this expression by

N-1
185" — 8™ = 180 =8Il D lIS6 1 <
k=0

O
1280 =8|, (5.6)

Let N be such that pVT'(0)72 < 1 — § for some § > 0, and ||F1HCEt,r small enough such

r
that the right-hand side of is smaller than 6. Then 8" sends CL(T¢, L(E!, €2)) into
itself and the operator 8% is a contraction on it.
Since 8V is a contraction it has a unique fixed point on it giving Wy (6) in the form
(0,v(0)). Since the fixed point of Sy is zero and S — Sy = O(||Fi]|), the fixed point of § is
also O(||F1||). Moreover,

R(0) = My,1(0) + M1,2(0)v(0) = A11 + O(|| 1)
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as stated. N N
It is clear that &} = graphwv(f) and €2 = €2. Then from z +y = = + v(f)z +y —
v(f)z we see that Hévl(:n,y) = z + v(f)x and Hg;(m,y) = y — v(f)z and since v(f) €
6 0

Lr (£ (R™), £>(R™)) for all # € T? we also have I € Ly (¢ (R™),0>*(R™)), i = 1,2, for
6

all § € T,
0O

8.2 Linear part of a non-resonant stable invariant manifold

As in the previous section, it is straightforward to determine the linear part Wi(#) of the

parametrisation W (x, #) in the non-resonant case if we assume D, F'(0, #) is block triangular

in the decomposition />°(R") = £! @ €2. In this subsection we will put D, F(0,6) in block

triangular form to determine this linear part, assuming different spectral properties of the

non-perturbed system than in the previous section, which make the proof slightly different.
Again, observe that if D,F(0,60) is block triangular, i.e.

M 1(0) M1,2(9)>

D,F(0,0) = ( 0 M 2(0)

we can choose Ry(6) = M 1(0) and Wy(6) = (Ider,0g2) where W is expressed according
to the splitting /°(R") = &' @ €2, Idg1 denotes the mapping g(#) = Idg: for all § and Og2
denotes the mapping h(#) = Og2 for all 6.

As before, assume we have a splitting of Spec D, Fy(0) and a corresponding splitting of
(> (R") = &' @ &2 associated to the spectral decomposition. We write

b= (5" ) D= (55 52G) e
My 1(0) Myo(0)
DF0.0) = (M) M)

Proposition 8.4. Let F be defined as in Section[2.1 and D, Fy(0) written as above. Assume

(H1) ||A11]| <1 in some norm,

(H2) Agg is invertible,

(H3) ASpec A1 NASpecAzs =0,

(H4) HFlHC?t,T is small enough (witht >r+1,r>0).

Then we can find Ry € CR(T4, L(EY, €)') and Wy € CL(T4, L(EL, £°(R™))) such that
F(W1(0)s,0) = Wi (0 +w)R1(0)s + o(||s|])- (8.7)

Moreover Ry = A1 1+ O(||Mi])).

As in the previous case, this proposition is a direct consequence of the following lemma,
which determines a linear transformation converting D, F'(0, #) into a block upper triangular
map.
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Lemma 8.5. Under the hypotheses of Proposition we can find v € CR(T?, L(EL, €2))
such that the linear transformation

() = <UI((;) I%) ’

transforms Dz F(0,0) into a block upper triangular matriz.

Once we have proved Lemma the proof of Proposition is exactly the same as
the proof of Proposition [8.1}

Proof of Lemma[8.5 The components B; ;, M; ; satisfy
Bij, M;; € CL(T? L(&7, &%),
and we have the following bounds
| Bijller < CllFillcr,

where || - ||cz applied to B j is the norm of the corresponding space Cr (T4, L(&7, EY)).

Now we proceed to prove the existence of the change of variables claimed in the state-
ment of this lemma.

As in the proof of Lemma [8.5| we start by studying an invariance equation for the graph
of a function v(f) : €2 — €.

This invariance condition under D, F(0,6) can be expressed as

2500 (0)) = (w0 £ 9at0) (88)

for some function a. Thus we need to find a bundle linear map v € CL(T?, L(EL, £2))
satisfying this condition to determine the change of variables.
If we write (8.8]) in components, we get the pair of equations

M171(0) + MLQ(Q)’U(@) = 04(0), (8.9)
Ms1(0) + M2 2(8)v(0) = v(0 + w)a(h). (8.10)

We can substitute « from Equation into Equation , obtaining
MQJ(@) =+ MQQ(@)U(Q) = ’0(9 -+ w) (M171(9) 4 MLQ(@)U(Q)). (8.11)

We introduce
Bi1 Big
B= (7t PL2)
<BQ,1 BQ,2>
Note that B € CL(TY, L(£>°(R"), (>(R"))).
Now we can determine v(6) satisfying Equation (8.11)) as a zero of the following operator:
T(v, B)(0) = M5 () [v(6 + w)(Mi,1(6) + My 2(0)v(0)) — Ma,1(6)] — v(6). (8.12)

This operator maps CL(T9, L(EL, €2)) x CL(T4, L(£>°(R"), £>(R"))) into CL(TYL(EL, €2))
if HF1||sz is small enough, since under this condition, M2_21 exists by Lemma |4.18

We will find a zero of T for B small using the Implicit Function Theorem in Banach
spaces.
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Lemma 8.6. The operator T is C*, 7(0,0) =0 and
DT (v, B)Av(0) =M, 5 (6) Av(6 + w) M 1(0) — Av(6)
+ M5 (0) Av(0 + w) My 2v(0) + My 5 (0)v(6 + w) My 2 Av(6).
To prove this result we need an auxiliary lemma.

Lemma 8.7. Under the regularity assumptions and notation introduced above, the mapping
BQQ — (A2’2 + 3272)_1 is C1 from C{w(Td,L((C:Q, 82)) to C{:(Td, L(82, 82))

Proof. Tt is sufficient to study the differentiability of the map Inv, that is, A — A~!. In
this case we can formally write

A+ A) ' =T+A7'A) A =4 -4 A + Z ATTA AL

Recall that to prove differentiability we actually need to bound
|Inv(A + A) —Inv(A) — DInv(A)A||.

For DInv(A) we will use the formal derivative (cf. [AMRSS]).

IA+2)" = AT + AT AL o <D IATA) 2014 oy
n=2

= |A g A~ IAHCTZH DA
n=0

The n-th term of the infinite sum can be bounded, by using Proposition as
2" A lepllAllep)™

Thus, the infinite sum is convergent when [|A||cr < W and the differentiability is
T

proved. ]
Proof of Lemma[8.6. Since |[[(A+ A)™' — A7+ A7TAA o = O(HAH%*;) to prove the

differentiability of T first we will prove the differentiability of some auxiliary operators.
First, note that the map B +— B; ; is linear and continuous, then it is C'*°.
Let

T1(v, B)(0) = v(0 + w) B 2(0)v(0). (8.13)

This operator is C!' with respect to v (since it is quadratic in v) and linear in B. Hence,
from Theorem it is jointly C*.
Let
(.TQ(U, B)(Q) = U(9 + W)Ml,l(g) — Mz’l(g) + 71(1], B)(@),

which is clearly C! because T7 is. Since Lemma proves By o — (A2 + 3272)_1 is C1,
the operator
T3(w, B) = (A2 + Ba2) " (f)w(f)
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is C! and the differentiability of the operator T follows from
T(v, B)(0) = T3(T2(v, B), B)(0) — v(0).
O

To finish the proof of Lemma we need to prove the invertibility of D,T(0,0). First,
we decompose the spectrum of a; ; and a2 as
Specaj; = A U...UA,,
Specagp = Ay U... UA], lg —p| <1,
where A € A; implies a; < [A[ < 3; and p € A} implies o < |u| < B} so that all intervals
[, Bil, [a), Bj] are disjoint. Hence, if n € A; and ¢ € A} then either (Clp<lor(n?t<l.
Observe that A1 1, Az2 can be put in a block diagonal form in this decomposition. Now
write
Al,l = diag(Ail, e 7‘4}17,1)’
A272 = diag(A%,Q, ‘e ,Ag72).

We can also write v in this decomposition using g x p blocks of linear mappings. We take
a norm in R™ such that

ATl < Bites  AL) T < (@i +)7h
1450l < Bj+e, (A5 7 < (af +e)7H
with € > 0 so small that the intervals [a; — ¢, 8; + €], [ — €, 8} + €] are disjoint.

Thus, either ‘ ‘
147 1 11 (A35) M < 1
or

(A5 )72, < 1.

Finally, to prove the invertibility of D, T(0,0), let w € CL(T¢, L(E!, €2)) and assume it is
also expressed in ¢ x p blocks according to the same decomposition. To solve D,T(0,0)Av =
w, we have to solve ¢ X p equations, expressed in matrix form. They are

AULl(H + w) ce AULP(Q + w) AULl(Q) cee A’Ul,p<9)

A;% : : : Ar1— : : :
Avg1(0 +w) -+ Avgp(d+w) Avg1(8) -+ Avgp(0)
w11(0) - wip(0)
wg1(0) - wep(0)

Thus we have to solve equations of the type

(DU{I(O, O)A’U) (0) = Wi j (9),

1,J
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which can be written as
i 1 j
(A5o)  Aw; (0 +w)A] | —vij(0) = w; ;(6).

We can solve this type of equation by either setting

Avij(0) = = (Ab,) "wi(0 +nw)(A] )" (8.14)
n=0
Avm(G) = Z (AQ’Q)nwi,j(G — nw) (A{l)_n (815)
n=1

depending on the relationship between eigenvalues.
By Proposition the series in converges in C}. because

00
1A llop <> 11(A52)™ el (AT )™ Ir lwigllor
n=0
[e's]
_ 1 1 — n
<T(0)7> (1A% 1(AT D)) il
n=0

An analogous result holds for (8.15)).
This proves D,7J(0,0) is invertible. By the Implicit Function Theorem, if B is small,
from T (v, B) = 0 we get v = v(B) such that

Te = (U(IJdB) 1(31)

transforms D, F'(0,0) into block upper triangular form.
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8.3 Transforming D,F(0,6) into block diagonal form

Actually we can transform the linear part of M to diagonal form by a CT. transform. In a
completely analogous way to the linearisation in Chapterwe can find w € CL(T9, L(€2, €Y))
such that

(o) o) (0 = (7)) o w10

for some RY(0) € CR(T?, L(€2,€2)) close to A .
Indeed w(#) has to satisfy
M171(6)w(9) + MLQ(@) = w(@ + w) [Mg,l(ﬁ)w(ﬁ) + MZQ(Q)J s
which is equivalent to
w(h + w) = [My1(0)w(h) + My 2(8)] [Ma2(0) + Ma1()w(8)]) " .

That is, w has to be a fixed point of the operator 8% : Cf(T%, L(€2,£2)) — CL(T9, L(€2, €2))
defined as

8“(w)(0) = [M11(0 —w)w(d —w) + M1 2(0 —w)] [M22(0 —w) + M 1(0 — w)w(d — W)t
Note that 8“ can be written as 8§ = 8§ + 8} with

8 (w)(0) = Ay 1w(0 — w)Aié

81 (w)(0) = 8"(w)(0) — Sg'(w)(0).

The hypothesis HAi%HHAlJH < p < 1 used in the previous section allows, in the same
way, to prove the existence of a unique fixed point w € C} of the operator 8. As a
consequence ||w|| = O(||M;]|) and

RY(0) = M21(0)w(0) + Ma2(0) = Az2 + O(||M1]]).

Moreover R} € CL(T4, L(€2,€2)).
Now consider the linear map (depending on 6)

([ 1d w(0)
co) = <v(9) 1d )
where v has been obtained in Lemma of Chapter |8 Since v and w are small, C'(6) is
invertible. We claim that

CHO+w)M(H)C(H) (8.17)

R1(0) 0
0 RO))
Indeed, the expression (8.17)) is equivalent to

i o) o ) =Gty "0 O m)

which in turn is equivalent to both (8.3]) and (8.16]).

is the block diagonal matrix
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8.4 Scaling procedure

In this section we will use a “scaling trick” that moves the smallness requirements on the
space to smallness requirements on a parameter, allowing us to work always in the unit ball
B(0,1) of the corresponding space.

Remember that after translating Wy(#) to 0 in the previous section, we write F(x,0) =
D,F(0,0)x + N(x,0), with N(0,0) =0 and DN (0,6) = 0. Using the results of Section
we know that we can find a linear change of variables C"-smooth (if the system is C" with
respect to 0, and C}. if the system is C[.) such that it transforms

D, F(0,0) = <M1,1(0) M1,2(9)>

Mg’l(e) MQVQ(H)

into

L T o
D, F(0,0) = ( 0 M2,2<6)> .

For convenience of notation we will denote ]/\\4/1,1 and Mgg by Mji 1 and M>o. We should
observe that M1,1(9) = A171 + B1,1(9), MQ’Q = A2’2 + 32,2(9) and HBMHCF S g, 1 S 7 S 2,

by the smallness properties of ||Fy|| (and hence of | M|, in C1°, CI{’O or C;’g norms as
needed).
We will write F' according to the splitting in Section [8.3] as

. M171(9) 0 T Nl(a:,y,e)
F(xvy’e) N ( 0 M2,2(9)> <y> * (NQ(IL‘,Z/,H)) '

We will denote by DN the derivative of N with respect to (x,y) and D,N, DyN the
derivatives of N with respect to x and y respectively. Finally, Dy N will denote the derivative
of N with respect to 6.

We apply a re-scaling T'(z,y, 0) = (§z,9y,0) to F to get F(x,y,0) =T Lo FoT(z,y,0)
and write N(x,y,0) =T o N oT(z,y,0). Observe that this re-scaling makes N and DN
as small as needed in a ball of radius 1:

1 1
N(,.6) = 5N(62.03.6) = | DN (ub.udy. O)dp = o(6”)
0

DN (z,y,0) = DN (6z,dy,6) = o(8°).

We will write N instead of N for convenience.
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Chapter 9

Regularity of local strong stable
invariant manifolds of the torus

Wo(0)

This section is devoted to the study of the strong stable manifolds of the invariant torus Wy
determined in Chapter [7|for a system F = Fy+ F} as defined in Section assuming C>tr
regularity for F' as defined in Chapter 5} We will use the same notation for the invariant
spaces and projections as the one used in Chapter More precisely, recall from Section
that we will assume we have a splitting />°(R") = &! @ €2 induced by a splitting of the
spectrum of DFy(0) of the form Spec(DFy(0)) = o1 U o2 with

o1 = {\ € Spec(DFy(0)) | ] < a},
o2 = {\ € Spec(DF(0)) | ]\ > a}

for some a < 1. We have that DFy(0) leaves €! and &2 invariant. We will denote the
projections IIy DFy(0)emb; = A;;, I DFy(0)emby = Ay as introduced in Section
where II; : £>°(R") — €° and Emb; : & — (>°(R") are the corresponding projections and
embeddings, respectively. Notice that, by the spectral conditions, Az 2 is invertible. Recall
also from Section that additionally, they satisfy the following bounds for some adapted
norm in ¢>°(R™):

A1l <1, | A1

IAZ5] < 1,

a bound we will be using throughout this section.

A strong stable invariant manifold will be determined as an invariant graph under the
action of the dynamical system. More precisely, we will look for a function ¢(z,6) such
that the local strong invariant manifold of the invariant torus Wy(#) found in Chapter
can be expressed locally as the graph (z, ¢(z,0), H)D

The regularity result is split into 4 parts. In the first one, we will find the C%° function
parametrising the invariant manifold using a fixed point argument. Then, in the second part
we will deal with determining the C'Y parametrisation. The third part is just a sketch of
the C1! case in preparation for the fourth part, which is an inductive proof of the existence
of a C¥r parametrisation. In each part we will also find I" and (j,I") parametrisations

1'We write the graph in this form to keep the notation uniform, since this is how it will be used later
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when the conditions on the system are adequate to determine them with the techniques we
use.
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9.1 Regularity in the C'°, C%’O, C;’g cases

In this section we deal with the first regularity results, which are the basis for the inductive
proof in the general case. This proof is very similar to the regularity proofs found in
[CFdIL03a] and [CEJILO3b], but here we deal with a nonlinear operator acting on C'*?
functions to find sharp regularity. In this way we obtain the sharp regularity of the manifold
when F is just C10, a case not considered in [CFdIL03a]. The main result is the following.

Theorem 9.1. Given a dynamical system F(x,0) as defined in Section and a splitting
of 1°(R") = &L @ €2 as in the introduction of this chapter, we can determine the unique
local strong stable manifold of Wy tangent to €' at 0 as the graph of ¢ : &' x T — €2 in
the following regularity cases:

(i) If F(z,0) € CLO(¢>°(R") x T (*(R"™)) and ||Fi||c1o is small enough then ¢ €
CH0(B(0,1) x T4, £2).
(ii) If F(z,0) € C%’O (£°(R™), £2°(R™)) and || F1 || ;10 is small enough then ¢ € C%’O(B(O, 1)x
r
T4, €2).
(iii) If F(x,0) € C’]{’Ig (6>°(R™), £>°(R")) and ||F1HCJ119 is small enough then ¢ € C;’IQ(B(O, 1)x
T¢, &2).
Remark 9.2. The standard local stable manifold of the torus is obtained as a particular

case of Theorem [9.1. Also strong unstable manifolds as well as unstable manifolds are
obtained applying Theorem to the map F~1.

We will determine first the existence of a C%° parametrisation under the hypotheses of
the theorem and then prove Part . We will then prove parts and by adding the
required conditions and using results from Chapters 4] and

9.2 Lipschitz regularity of the parametrisation of strong sta-
ble manifolds

Since we want to determine the strong stable invariant manifolds as graphs of functions
@ & x T? — €2, the invariance equation we need to solve has a different expression from
the invariance equation we have used in the results of Chapter [(]and Chapter[8l We impose
that the graph of ¢ is invariant, thus

F(z,¢(x,0),0) = (z,0(z,0 + w)). (9.1)

We assume that we have done the linear change S(6) introduced in Sectionto F so that
we can write F(x,y,0) as

o0 = (" ) () () (92)
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If we denote by F' and F? the projections of the image of F' on &' and €2 respectively
we can rewrite Equation (9.1) in components as

(Fee ) = (ot ) o3

Substituting # by F!(z,p(x,0),0) in the projection over €2 in Equation (9.3) we end up
with the following equation:

F2(z,0(2,0),0) = o(F'(2,0(x,6),6),0 + w).
By using Expression (9.2) we can write this as
Moo (6)¢ (. 6) + No(, o(x,6),0) = o(Mr1(6)x + Ni(w,0(2,0),6).0+w).  (9.4)

Any solution of (9.4)) is a fixed point of the following operator

T(0)(2.0) = Moo (6)"! (go (b (,60). 0+ w) — No(, (. 6), 9)), (9.5)
where
Yo(x,0) = Mi1(0)x + Ni(z, p(x,0),0). (9.6)

Now we introduce the spaces we will use to prove the existence of a C? fixed point for
the operator J. Recall from Chapter [7| that given f € CO(¢>°(R") x T9, £>°(R")) we have
defined

Lip,(f) := sup Lip(f(-,0)),
c d

and observe that by the definition of M;j 1, M>2 and the smallness of the perturbating
function F7:

[Mi1]| = sup [|[M11(0)] < [[Arq]
cTd

[ M5 || = sup [|M2(0) | < [[Az5] + O(e).
0cTd

+ 0O(e),

To prove the result for the strong stable manifold, we will use the following space.
Consider U a bounded open set in ! such that 0 € U and

Y= {p e C®U x T’ &%) [¢(0,0) =0,
© Lipschitz with respect to the first variable,
lplly < oo, Lip,(p) <1}

with the norm

o(x, 0

lolly = sup 1EZON
cet\foy |||
T

Remark 9.3. Observe that Y is a Banach space.
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Remark 9.4. Observe that a necessary condition for

@Ol
seo\{o} |1zl
feTd
1s that
»(0,0) = 0.

A property we will use several times when working with the ||- ||y norm and compositions
of functions ¢, g € Y (assuming the composition makes sense) is the following:

lp o glly < llellyllglly, (9.7)

where we have made the abuse of notation

goog(x,@) - (p(g(l',@),@).

Indeed, first consider the case where x and 6 are such that g(z,0) # 0:

le(g(x,8),0) < sw lo(g(x,0),0)|| [|lg(z,0)]

Eal 2€U\{0}, 0T [l lg(z,0)]
g(z,0)#0

— lo(g(z,0),0)| lg(z,0)]

zetn\fo},0eme  19(z, 0)] Eal
9(z,0)#0
< llellyllglly-
When g(z,0) =0,
o(g(x,0),0
Ieto DO o < foly ol

and taking supremum and using these two bounds follows.

Having defined Y and having established Property we can prove the existence of
a local strong stable manifold when F; € Y is small enough.

In the following we will use U = B(0,1) in the definitions of these function spaces.

Lemma 9.5. The operator T defined in (9.5)) is well-defined from B(0,1) C Y into itself

and is a contraction in the Y norm if || Fi|ly and the scaling parameter § are small enough.

Proof. We have to show that T sends Y into itself and bound the Lipschitz constant of T
in the norm of Y.

If p € B(0,1) C Y, we can use Property (99.7) to bound

zeU\{0} [Ea zeU\{0}
feTd feT?

sup M< sup HM272(9)_1H(HMLI(H)H+Lip(N))

+ [[Ma2(0) | Lip(N) < 1,
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where we have used that [¢|ly < 1 and the fact that given f € Y and g € CO9(&! x €2 x
T4, £°(R™)) such that ||g||coo < 1, we have £(0,6) = 0 for all # and

f(g(x,0),0) — f(0,0)]|co0 < (Lip, f)lgllcoo

Ifogllcoo = sup |
€L (R™)
fcTd

with f = N, g = (Id, ). Observe that Lip, N is as small as needed after the scaling
procedure in Section [8.4] i.e. if § is small enough. To bound the Lipschitz constant of
T(¢), remember that if ¢ and g are Lipschitz functions with respect to x, Lip,(p o g) <

Lip,(¢) Lip,(g) thus
Lip, (T(9)) < M52 (Lipz«o) (M1, + Lip, (V) + Lip, (V) Lipx«o)]) ,

which is smaller than 1 if Lip,(/N) is small enough, since

[ Mi1]| = sup [|[M11(0)]] < ||A11]
feTd

+ O(e),

M55 || = sup [|M22(6) 7| < [[Az3] + O(e).
0eTd

Also observe that
I7(0los = sup HM2,2('9)_1 (sa ($(,6),0 1 ) — Na(a g (a, 6), e)) H
xe
feTd

= sup
zeU
fcT

MaaO) (1 (0l0.0).6-+ ) ~ N, (. 0).0))
- 2206 (106 + ) - 320.0.0)) |

< sup [IIM2,2(9)1||(HM1,1(9)H + Lip, (N) - Lip, ()
FAS
T

| Map(6) |- Lip, (N) - uw,e)u] <1

by the conditions on the norms of the linear part and the fact that Lip, ¢ < 1 for p € Y,
ensuring we can compose J with itself.
Finally observe that

322000 (100 (0.0).6 4 ) = Nl 0(2,).0) )|

sup ||‘-T(<P)($,9)H: sup
ceo\{oy ]l 2€U\{0} |||
T T
—|m 1|<Llpz N2+ sup
22l Lipo(N2) & sup el (2, 0)]
peTd

<M (LipJC(Na) Tl (10l + Lipx<N1>)) <1
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if € is small enough.
Now we will prove the contractivity of the operator. Let @1, p2 € B(0,1) C Y and write

(T(p1) — T(p2)) (x,0) = Moa(0) (T (2, 0) + T?(x,0))
with

T1($"9) = @1(¢¢1($70)76 +w) - W?(¢Wz(w79)’9 +w)’
T?(x,0) = No(x, pa(x,0),0) — No(x, p1(z,6),6).

Let T'(z,0) = Z'(z,0) + Z%(x, ), with

Zl(xve) = @1(%:1 ($,9),9 +CU) - §01(¢<p2(x7 9)70 +w)7
ZZ(x,G) = @1(¢¢2($39)79 —|—U.)) - 802(¢<,02(x7 9),0 +w).

~—

We can bound

Z1 _
”ZIHH = sup H (33,9)“ < sup ”901(1/%01 (x79)79) 801(7%2(33»9)79”
zcU\{0} k4] zcU\{0} |zl
et et
0) — 0
S Llpx(@l) sup Hwtpl(‘rv ) 1/’<p2($7 )”
2€U\{0} Ea
T
< Lip, (1) Lip, (V)1 — 2|y
and
122 (x,0)]] .
123y = 3}1\30} el < [lor = pallyllvg,lly < | [[Maa]l + Lip, (N) | [le1 — w2lly
S
T

by using Property (9.7) and the bound for Lip,(N2). We can bound sup || T2(x, 0)||/||x| by
Lip,(N)|l¢1 — ¢2|ly, and by combining these bounds and assuming the perturbation size ¢
and the scaling parameter ¢ are small enough we get

[T(p1) = T(p2)lly < pller — w2lly

for some p such that ||A11||HA2_%H <p<l

An immediate consequence of the lemma is that the sequence

{¢h = T"(0) }nen

converges in Y to some function ¢2. .
We can summarise this claim in the following proposition.

Proposition 9.6. Under the assumptions of Theorem the sequence ¢ = {T"(0)}nen
converges to the unique fived point ©3, of the operator T in'Y and this fized point gives a
parametrisation of the strong stable manifold of W (0) as the graph (az, o(z,0), 9).
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9.3 ('Y regularity of the parametrisation of strong stable
manifolds

To prove C'Y regularity, we will assume that the operator T defined by Equation (9.5)
acts over C10(B(0,1) x T, €2) where B(0,1) is the unit ball in £'. With this assumption
Proposition still applies, thus T has a fixed point . in C%° as before and we only need
to prove this fixed point is in C"?. We will prove this by determining its derivative with
respect to x as a limit. This proof mimics the proofs in [CFdIL03a] and [CFdILO3b], but
extends the result to the C10 case, a case which was not needed for the results therein.
Observe that the regularity proofs in [Irw70] and [HP70] follow a different construction
to prove regularity of the fixed point. In the first, the main tool is the implicit function
theorem applied to a space of sequences, in the second the graph transform and the fixed
point theorem (applied to the graph transform operator) are used.

Observe that for an arbitrary ¢ € C0(B(0,1) x T4, £2), T(¢) € C1O9(B(0,1) x T¢, €2)
and the derivative D,T can be computed and has the form

D,T()(x.0) =M2,2<9>1(Dw<m<x,9>,e T ) Datpo(,0)

— Dy No(x,p(x,0),0)
— DyNa(z, ¢, 6),6) Daipla, e>), ©8)

where 1), is defined as in , that is
¢go(907 9) = Ml,l(g)x + Nl(x7 90('7:7 9)7 9)

Moreover, if ||Dypl|coo < 1 (consequence of ||¢||c1.0 < 1) then the right-hand side of
has C%%-norm smaller than 1 if || N1]|c1,0, || V2||c1.0 are small enough by the conditions
on the norms of A;; and A, since D1, is close to A1. Hence || T(¢)||cro < 1.

Our goal is now to prove that the limit function ¢ introduced at the end of the previous
section is in C10. To do so, we will study the convergence of the sequence

{on(2,0) = Doy (,0) bnen
Observe that by differentiating 9 ; = T(¢})(z, #) we can write the sequence as
Pn1(2,0) = Angp (2,0) + Cu(pp) (x,0) + Bu(z,0), (9.9)
where
Ap, € : C¥(B(0,1) x T? ¢ &' x T, L(&Y, €2)) — C*0(B(0,1) x T? ¢ &' x T?, L(&, &2))
and
B, € CO9(B(0,1) x T¢ c & x T?, (&1, €2%))

are defined as

And(z,0) = Ma2(0) T (¢n(2,0),0 + w) (M11(0) + DyNi (2, 02 (2, 0),0)) (9.10)

— M2(0) ' DyNa(z, ¢y (,6), 0)J (2, 0),
Ca(J)(@,0) = M22(0) "I (¥n(,0), 0 + w) DyNi(z, ¢y (,6), 0)J (2, 6),
By (2,0) = —Ma2(0) "' Dy Na(z, o (2, 6),0),
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where we have used the notation i, (,0) = 10 (z,0). We also introduce the objects A,
Coos Boo and 1 with the same expressions as Ay, C,, By, ¥, but changing cp% by the limit
function Y, whose existence is proved in Proposition

Remark 9.7. Observe that the operator C, is nonlinear. This is a difference with the
reqularity proofs found in [CFdIL03d] and [CEILO3Y], since the operator T is linear when
the reqularity required is higher than 1, as happens in those papers.

We want to show that {(L},cn has as limit a continuous function ¢!, and that the limit
is uniform in compact sets. First we will prove that this limit exists and it is continuous.
Then we will show that the convergence is uniform in compact sets. To end the proof of
Part ({ij) in Theorem we will check that the limit function coincides with the derivative of
%, thus Y is a C10 function, proving the differentiability of the function parametrising
the strong stable manifold of Wy(6).

The following lemma shows that given J € C%%(B(0,1) x T¢ C €' x T4, L(&, £2%)), the
sequences {A,J }nen, {Cn(J)}neny and {B, }nhen converge in compact sets to AsoJ, Coo(J)
and B, respectively.

Lemma 9.8. Under the previous definitions and assumptions,

(i) The operator A,, is well defined from B(0,1) C C%°(B(0,1) xT¢ C &' x T, L(&*, £2))
to itself and is a contraction in ||-||coo for alln € NU{oo}. Furthermore, there ezists
pa < 1 such that Lip A, < pa for alln € NU {co}.

(ii) Given J € C*0(B(0,1) x T? C &' x T4, L(E', €2)), the sequence {AnJ }nen converges
uniformly over compact sets to Asod .

(iii) The operator Cy, is well defined from B(0,1) C C%°(B(0,1)x T? C &' x T?, L(€1, £2))
to itself and is a contraction in ||-||co.o for alln € NU{oo}. Furthermore, sup,, Lip C,, <
pe with pe as small as needed by taking the scaling parameter sufficiently small.

(iv) Given J € C*0(B(0,1)xT¢ C &' xT?, L(EY, €2)), the sequence {Cp(J)}nen converges
uniformly over compact sets to Coo(J).

(v) The sequence {By}, oy converges uniformly over compact sets to By and || By|coo <
ps for all n € NU {oc}, with pg as small as needed by taking the scaling parameter
sufficiently small.

Before proving this lemma, we need the following auxiliary result.

Lemma 9.9. Let Q C &' be an open set and G C Q a compact set. Let {&,} nen, be
a sequence of continuous functions &, : Q x T4 — €2, n € N, converging uniformly to a
continuous function £xo(x,0) in Q x T, Then

G .= { <D gn(x,a)> U{éo(z,0)}, 2€G, 0c ']rd}
n=0

is a compact set. Moreover, let A be an open set such that G C A and f € C*9(G x A x
T¢, £°(R™)) then

G = {(U f<m,sn<x,e>,e>> U{f (@, 6cl2.0),0)}, 2 € G, 0 Td}

n=0
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18 a compact set.

Proof. We will only prove the result for the set G, the proof for the set G being analogous.
Consider an open covering of G and denote it by U. Let

U, = {U € U| &, (x,0) € U for some z € G, § € T},
Uso = {U € U|éoo(z,0) € U for some z € G, 0 € T¢}.

Observe that |, U, U U is a sub-covering of U which also covers §. Since for a fixed
n € NU {oco}
{€n(z,0) |z € G, 0 € T}

is a compact set and {U,},y is a covering of it, for each n € NU {oo} there exists a finite
sub-covering of U,, which we will denote by V,, that covers {&,(z,0) |z € G, § € T¢}. The
sub-covering V., has a Lebesgue number § > 0 and by the convergence of {&,}nen t0 €
we can find a N(4) < oo such that for all n > N(J),

1€ (2, 0) — Eoo(, 0)| <4, Vz e G, 0¢€ T
Therefore Vo, covers {&,(z,0), x € G, § € T} for all n. > N(§). Thus

N(9)
Vi | UV

n=0

is a finite sub-covering of U covering G, which is then a compact set.

After having proved this auxiliary lemma we come back to the proof of Lemma

Proof of Lemma [9.8: Recall that ¢0 € B(0,1) C C%0(€! x T% €2) and 1, (z,0) =
Ml,l(e)x + Nl(xa (1091(1'7 H)a 0)

Part () (An is well defined and a contraction): Given J € B(0,1) C C%°(B(0,1) x T? C
&l x T4, L(E, 82)), AndJ is clearly continuous. We only need to bound the norm of the
image to check that A, J € B(0,1):

[Andlleos < 1My HollTleos (1Mo + [DaNi o)
1My ol Dy N oo [T omo
< M5 ol Tllgoo (HMMHCO ; o<6°>)
T o(8%) Mz | oll oo

< ﬁHJHC’QO,

with p = HM2_21HCO (IIM1,1]|co +0(8°)) which is smaller than some p < 1 if ¢ and § are small
enough. Observe that this bound is independent of n € NU {oo}.
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To prove the contraction property, let Ji, Jo € B(0,1) C C’O’O(B(O, 1) xT¢ c &' x
T4, L(€',€?)). We can write

(ApJi — Ano)(2,0) = T (2,0) + Ta(x,0) + T (x,0),
where

Té(x,ﬂ) = M272(0)_1J1(1/)n($, 0), 0+ w)Ml,l(G)

— M 5(0) " Jo(¢n(2,0),0 + w) My 1 (), (9.11)
T3 (x,0) = M2,p(0) " Ji(¢n(2,6), 0 + w) Dy N1 (2, ¢ (, 6), 6)

— M2(6) ™" Jo(¥n(@,6),0 + w) Dy N1 (2, 5 (2, 6), 6), (9.12)
TS(QE,H) = —ngz(ﬂ)leyNg(x,gp?L(:E,G),Q)Jl(x,O)

+ Ms5(0) ' DyNo(z, 02 (2,6),0)J2(x, 0). (9.13)

We now bound these three terms separately. We can bound 7! in (9.11)) by
1Mo oo [Mullcoll T = J2llcoo < BllJL = J2f|coo

with p = HM2_21 llcol|Mi1]|co < 1 if the perturbation of the original system is small enough.
Similarly we can bound 772 in (9.12) by ||M2_21||CoHJ1 — Jallcoo||[DN||coo and a similar
bound follows for T3 in (9.13]). All these bounds together result in

| (Andr = Anda) || oo < pllJ1 = Jallcoo
with
p= My llcollMillco + 2| M5 || col DNl coo

which is smaller than some p < 1 if the scaling parameter § and the size of the perturbation
term e are small enough.

Part (convergence of {A,(J)}nen): To prove the convergence of the sequence {A,,J },en,
observe that we can write

[An — AOO] (J)(x,0) = T}(x,0) + T2(x,0) + T2 (x,0),

where

T (2,0) = Mao(0) ™ T (Yn(x,0),0 + w) M 1(6)

— M32(0) " J (Yoo (,6), 0 + w) My 1 (6),
Ty (2,0) = Ma2(0) " J (¢n(x,0),0 + w) Dy Ni (2, 5 (2,0), 0)

— MQ,Q(H)_lJ(woo(m, 0),0 + w)D,Ny(x, gogo(x, 0),0),
T3(x,0) = —Mao(0) "' Dy No(z, @ (x,0),0)J (x,0)

+ Ms2(0) ' Dy No(z, 02 (,0),0)J (x,0).
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Given a compact set G € €', by Lemma applied to the sequence {¢y, }nen, the sets

G, = { (G Un(, 9)) U{to(z,0)}, 2 € G, 0 € ’]I‘d} :
n=0

Gy = { (U @n($,9)> U{poo(z,0)}, 2 € G, 0 € Td} : (9.14)
n=0

Gy x T4, Gy x T% and G x Go x T? are compact sets. Since J and D, N; are continuous, they
are uniformly continuous on G; X T and G x Gy x T respectively. Thus for each € > 0
there is some & > 0 such that if ||t — Yeolco0 < & then ||T}|| < /3, where ¢ and 6 are
the constants used in the uniform continuity bounds for .J in G; x T%. The same argument
applies to T2, with the compact set G'x G x T¢. Finally, to bound ||T?| we add and subtract
the term Ma2(0) "1 J (¢ (x,0),0 + w)DyNi(z, 0% (x,0),0) and use the same argument as
above to get analogous bounds. To prove the convergence of {[An — Aoo] (J )}n ey o 0 we
just have to take ng such that if n > ng then ||t — 1oo||coo < § and ||¢2 — ¢ ||co0 < 6,
where 9 is related to the definition of uniform continuity of the above mentioned functions.

Part (C,, is well defined and a contraction): It is straightforward to see that C,(J),
n € NU {oo}, is continuous. To prove the contraction property, let Ji, Jo € B(0,1) C
C%%(B(0,1) x T? c &' x T4, L(&,€%)). We can bound

1(Cn(J1) = Cu(S2)) oo < 20(| DyNiflcoo)l 1 = Jallcoo
by adding and subtracting
Mi%(e)‘]l(’(vbn('%Q%G +W)DyN1(x7 @2($79),0)J2($,0)

and using the fact that ||.Ji||coo < 1, ||J2]|co0 < 1.

Part (convergence of {Cp(J)}nen): We can write
CalJ) = Cool() = Ty (,60) + T (x,0),
where

T, (x,0) =M 5 (0)J (Vn(x,0),0 + w)Dy N1 (2, ) (2,6),0)J (z,0)
— ]\42_21 (0)J (Yoo(,0),0 + w)Dy Ny (z, ©2(x,0),60)J(z,0)

Tg(l‘, 0) :M2_721(0)J(¢oo(x, 6),0 4+ w)Dy Ny (z, wg(m, 0),0)J(x,0)
- M2_21('9)J( 00(337 9)’ 0+ W)DyN1($’ @go(x)e)v H)J(x7 9)

)

Now given a compact set G C &' we can use the same uniform continuity argument as in
the proof of Part to prove the convergence on compact sets of {Cy,(J)}, oy to Coo(J).
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Part (convergence of {B,}nen): Given a compact set G C €', we can use the same
argument as before to show the uniform convergence of {B,, — B}, oy to 0in G x T9. As
before, the key ingredient is the uniform convergence of D,Na(x, 0 (z,0),0) in the same
set as in the proof of Part (i). The bound |B,|| < pg < 1 is a consequence of the smallness
of [DN||co0 and the smallness of the scaling parameter. There is a common bound for all
terms, independent of n, as small as needed.

[

Consider the operator
T, : C%0(B(0,1) x T* c &' x T4 L(E', €2)) — C™(B(0,1) x T? C &' x T, L(&',€?))
defined as
TL(T) i= Asd + Coo(J) + Beo.

According to the results in Lemma this operator is well defined and is a contraction in
B(0,1) if the perturbation is small enough. By Lemma we can have py + pg + pe < 1,
then T1 sends B(0,1) into itself. Thus it has a fixed point @%, € B(0,1). Obviously, the
fixed point condition holds

oo = AcoPro T Coo(Pse) + Boo- (9.15)
We will prove that the iteration defined as
Pt = Anon + Culey) + Bn

converges to this fixed point uniformly on compact sets. Note that, again by Lemma
if o} € B(0,1) then ¢}, € B(0,1).
Let G C &' be a compact set. We can write

i1 = Poo = Zn+ 2y + Z,
where
Zh = Al — An@L, + AnBl, — AcoB,
Zy = Cr(on) — Cul(Pao) + Cnl(Pho) — Coo(Pa):
Z3 =B, — Bw,
where we have used (9.15) and added and subtracted suitable terms to make bounding
easier. We can now bound each term separately.

The term Z} can be bounded by a,, + [|Anlllleh — L, where oy, = ||(An — Aco) P
on G x T¢ and {a;, }nen converges to 0 by Part of Lemma Similarly for Z2 we get
the bound 7, + Lip C,||¢L — &L || where 7, = [|(Cn — Coo)(@L)| on G x T¢ and {7, }nen
converges to 0 by Part of Lemma . Finally, || Z3|| < B, where 8, = || B, — Boo|| on

G x T¢ and {B, }nen converges to 0 by Part of the same lemma.
With these bounds we can write

n
lon i1 — Bl < pllon = Bl + v <> 0" us,
=0

where p = sup,,cy (|[An| + Lip€,) < 1in G x T¢ and v; = a; + B; + 7i. This sequence of
bounds converges to 0 as the following lemma shows.
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Lemma 9.10. Given A € R such that |\ < 1 and a sequence {vy}nen of elements in a
Banach space E converging to 0, the sequence {0y }nen defined by

n
Op 1= E Ay,
i=0

converges to 0 in E (we can use X € C if E is a complex Banach space.)

Proof. Let A := max; ||v;||. Given any € > 0 let N € N be such that ||v,] < (1 —|A])/2
for n > N. For n > N, we can write

N n
lowll < DAl + ] D0 Ay
i=0 i=N+1
The first term can be bounded by
n—N _ n+1 n—N
P N i
1—|A| 1=

which is smaller than £/2 if n > K for some K > N depending on N, A, € and A since

X < 1. The second term can be bounded by — s=]A)

T— 2 and the result follows.

O

Let ol = lim,, o L. We have just proved that @1 = pL_ . Therefore !, is continuous.
To finish the proof, we need to check that ¢! (z,6) is the derivative with respect to z of

0 (z,0
oo (@, 0)-
Since by definition ¢} = D¢V, for all n € N we can write the following

1
2 (12,60) — (a1, 0) = / o (e + s — 21),0) (w2 — 21)dp.
0

As we have uniform convergence over compact sets of {pl(z,0)}en to ¢l (x,0) and
{2(2,0) }nen to @2 (x,0) respectively, and the integral is over a compact set (o) is evalu-
ated on the segment which joins x; with z2,) we can take limit n — oo and exchange the
integral and the limit in the previous expression to get

1
o (72,0) — o (1,0) = / (@1 + p(es — 1), 0) (s — x1)dp,
0
= oo (1) (22 — T1)

1
+ / (oo (@1 + (2 — 21),0) — oo (21,0)] (w2 — x1)dp
0

which implies that D,% (z1,0) = ¢l (21,0), since by the continuity of ¢!, the integral
can be made smaller than e||zy — x1|| if ||z2 — 21] is small enough.
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9.4 C’%’O regularity of the parametrisation of strong stable

manifolds

To prove Part of Theorem we cannot use the same proof as in the C%0 case, since
although for some block diagonal (uncoupled) matrix Ay, ||[Ag| < 1, || 4ollzr = || 4o]|T(0)~!
which is then not necessarily smaller than 1. To overcome this problem, if F(z,0) =
A(0)z+ N (z,0) with A(6) close to Ag we will consider F(x,0) = FP(z,6) with p € N which
we can write as A(6)Px + N(z,6).

The following lemma establishes the contraction property of a high enough iterate of a
perturbed coupled linear map.

Lemma 9.11. Given A € CL(T¢, Lp(¢>°(R"), (*°(R"))) such that
A(f) = Ao+ A(9)

with Ag € Lp(£2°(R™), £>°(R™)), uncoupled and ||E||C; small, the following bound holds
k r -1 -1 7 k
|4¥lleg < KT (140l + DO 1 Allg) s k=1,

Proof. We will prove first the C'IQ bound.

k
A(9)F = Z Products of m factors Ag and (k — m) factors A(6).

m=0

Since the product of matrices is not commutative, the order of the factors matters. When
we bound this expression in Lr norm, we get as many I'(0)~! factors in each summand as
groups of consecutive factors Ag, but this is at most k —m for each summand, therefore we
can bound the previous expression by:

k—1
Lo <||A0Hk + Y Cm,kF(O)k+m|!Ao\|m\|A||’é§m> ;

m=0
where Cy, 1, is a binomial coefficient. This expression can be bounded by
-1 1 k
r(©0)~" (140l +TO) " Alcg)

For the general CJ. case, observe that 95 A(f) = 93 A(6) for all 1 < i < r, which is a term of
order || Al|cr, thus for each derivative of A(0)F with respect to @ we get k new terms which
can be bounded by the previous expression, hence

~ k
14 g < KT (| 4oll +T(0) 1 A1y )
]

By using Lemma we can find p € N'such that [|A7[|co < 1and [|A7 ;[[collA35]co <
1. We will fix this p for the rest of this section. For convenience we will write again F' and
N instead of F' = FP and N. Now we can prove
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Proposition 9.12. Let p € N such that ||AI1),1|’C§ < 1 as defined above, then we can

determine the local strong stable manifold of Wy(6) for FP as the graph of ¢ : € x T? — &2
with ¢ € CL° (B(0,1) x T4, £2).

The proof of this proposition follows the same formal outline as the proof of Part (i) of
Theorem We need to prove analogous auxiliary lemmas and proposition to the ones
used in that proof but now in the decay setting.

The formal structure of the proofs of the mentioned lemmas is also similar, thus we will
only point out the differences in the bounds, for a shorter exposition.

The operators A, €, and B,, defined in (9.10) are now defined in I'-linear spaces:
A, Cp : C%0(B(0,1)x T C €' x T4 Li(€4,€2)) — C™(B(0,1) x T C €' xT% L (€, €2))

and
B, € CO0(B(0,1) x T¢ c &' x T¢, Lr (&', €?)).

Lemma 9.13. Under the previous definitions and assumptions,

(i) A, is well defined from B(0,1) ¢ C%%(B(0,1) x T¢ ¢ &' x T4, Ly (&', €2)) to itself
and is a contraction in || - ||coo for alln € NU{oo}. Furthermore, there exists py < 1
such that Lip A, < pa for alln € NU {oco}.

(ii) Given J € C%(B(0,1) x T¢ C & x T, Lp(&',€2%)), {AnJ }nen converges uniformly
over compact sets to Ao .

(iii) @, is well defined from B(0,1) ¢ C%°(B(0,1) x T¢ ¢ &' x T%, L (&', &2)) to itself and
is a contraction in || - ||coo for alln € NU{oo}. Furthermore, sup,, Lip C,, < pe and
pe can be made as small as needed by taking the scaling parameter sufficiently small.

(iv) Given J € C%0(B(0,1) x T4 C €' x T%, L (&L, €2)), {€n(J)}nen converges uniformly

over compact sets to Coo(J).

(v) B, converges uniformly over compact sets to B and ||Bnlcoo < ps for all n €
N U {0}, and pg can be made as small as needed by taking the scaling parameter
sufficiently small.

Proof of Lemma .' Recall that ¢ € B(0,1) c C%9(&! x T? €2) and v, (x,0) =
My (0)x + Ni(z, (@, 0),0).

Part () (A, is well defined and a contraction): Given J € C%%(B(0,1) x T¢ C &! x
T¢, Lp(El, %)), AnJ is clearly continuous. Note that we compute ||.J||co.0, although J(z, ) €
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Lr(&', €?). We only need to bound the norm of the image to check that A,J € B(0,1):

Mnd oo < 1Mz llcoll Tllooo (I Millce + [1Ds N1l o)
—1
+ [ My5 [l [ Dy Nafl ool Il coo

< 1353l g llos (13611 lcg +0(8%))
+ o(8%) M52 1 Tlne
< Al Tllcoo,

with p = HM2_721H09(||M171||00 + 0(6%)). Observe that this bound is independent of n €
N U {0}, and by Lemma is smaller than 1 if the perturbation parameter € is small
enough.

To prove the contraction property, let Ji, Jo € B(0,1) C C’O’O(B(O, 1) x T c &' x
T4, Lr (€L, 82)), we can write

(Apdy — ApJo) (2,0) = T (,0) + T2 (x,0) + Ta(x,0),
where

Té(x,ﬂ) = M272(0)_1J1(1/)n($, 0), 0+ w)MLl(G)

— M 2(0) " Jo(¢n(2,0),0 + w) My 1 (6), (9.16)
T3 (x,0) = M2,p(0) ™" J1(¢n(2,6), 0 + w) Dy N1 (2, ¢ (, 6), 6)

— Ma5(6) ™" Jo(¢n(@,6),0 + w) Dy Ni (2, ¢ (2, 6), 6), (9.17)
TS(JJ,H) = —ngz(ﬂ)leyNg(x,gp?L(:E,G),Q)Jl(x,O)

+ Ms2(0) ' Dy No(z, 02 (2,6),0)J2(x, 0). (9.18)

Now we proceed to bound all these terms separately. We can bound 7! in (9.16)) by
1 ~
1My lcolMualicell 1 = Jallcoo < pllJ1 = Jaf|coo

with p = ”MQ_QIHCQHMIJHCIQ < 1 if the perturbation of the original system || F}| is small
enough. Similarly we can bound 72 in (9.17) by HMQ_;HCgHJl — Jo|lgo.o||DN||co0 and a
similar bound follows for 73 in ([9.18]). All these bounds together result in

| (Andi = An2) || poo < pll i = Jallcoo

0,0
with
1= M5l IM1allgg + 21M53 o DN o

which is smaller than 1 if the scaling parameter § and the size of the perturbation term e
are small enough.
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Part (convergence of {An(J)}nen): To prove the convergence of A,J, observe that
we can write

[An - Aw] (J)(x,0) = Tk (x,0) + T2(x,0) + T2 (x,0),
where

T (2,0) = Mao(0) ™ T (Yn(x,0),0 + w) M 1(0)

— M32(0) " J (Yoo (,6), 0 + w) My 1 (6),
T2(x,0) = Mao(0) " J(Yn(2,0),0 + w) Dy Ny (2,2 (2, 0),0)

— MQ,Q(G)_lJ(woo(x, 0),0 + w)D,Ny(x, gogo(:v, 0),0),
T3(x,0) = —Mao(0) " Dy No(z, @ (x,0),60)J (,0)

+ Ms2(0) ' Dy No(z, 02 (,0),0)J (x,0).

Given a compact set G € €', by Lemma applied to the sequence {¢y, }nen, the sets

G = {(U Un(, 9)) U {¢eo(z,0)}, 2 € G, 0 € 'er} :
n=0

Gy = { (D @n(m,9)> U{¢(z,0)}, € G, 0 € Td} )
n=0

G x ’]I‘d, Gy x T% and G x G x T? are compact sets. Since J and D, N3 are continuous, they
are uniformly continuous on G; x T and G x Go x T? respectively. Thus for each € > 0 there
is some § > 0 such that if |1, —oo|| < 0 then ||T}}|| < £/3, where ¢ and 4 are the constants
used in the uniform continuity bounds for .J in G; x T¢. The same argument applies to 773,
with the compact set G’ x G x T?. Finally, to bound ||T2|| we add and subtract the term
Mo 2(0)"1 T (¥n(z,0),0 + w) Dy Ny (z, 0% (7,0),0) and use the same argument as above to
get analogous bounds. To prove the convergence of {[ﬂn — Aoo] (J )}n cn 0 0 we just have
to take ng such that if n > ng ||t — Yeollcoo < § and || — % ||co0 < & where § is related
with the definition of uniform continuity of the above mentioned functions.

Part (C,, is well defined and a contraction): It is straightforward to see that €, (J),
n € NU {oo}, is continuous. To prove the contraction property, let Ji, Jo € B(0,1) C
C%%(B(0,1) x T? c &' x T4, L(&',€%)). We can bound
1(€n(J1) = Cu(J2)) [lcoo < 20([DyNiflcoo)llJy = Jzllcoo
by adding and subtracting
My, (8)J1(tn(2,0),0 + w)DyN1(x, ¢p(2,6), 0) J2(x, 0)

and using that ||J1]|co0 < 1, ||J2]|co0 < 1.
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Part (convergence of {Cpn(J)}nen): We can write
Co(J) = Cool]) = T (2, 0) + Ty(w,0),
where

Ty (,0) =M 5 (0)J (Yn(x,0),0 + w)Dy N1 (z, 5 (x,0),0)J (, 60)
2,5(9)J(¢oo(w, 0),0 + w)DyNi(z, o (x,0),0)J (x,0)
T2 (x,0) =M;35 ()] (Yoo(2,6),0 + w) Dy Ny (2,0 (x,0),60).] (x,0)
21(9)J( 0o (2,0),0 +w)Dy Ny (z, 2 (x,0),6).J(x,0).

Now given a compact set G C €' we can use the same uniform continuity argument as in
the proof of Part to prove the convergence on compact sets of {Cp,(J)}, oy to Coo(J).

Part (convergence of {B,}nen): Given a compact set G C !, we can use the same
argument as before to show the uniform convergence of {B,, — BOO}nEN to 0in G x Gg x T¢
with Go the same set as in the proof of Part (ii). The bound ||B,| < ps is a consequence
of the smallness of ||[DN|| and the smallness of the scaling parameter. There is a common

bound for all terms B,,, independent of n, and as small as needed.
O

The proof of Proposition now finishes like the proof of the C0 case.

Observe that the local strong stable invariant manifold of I, denoted for clarity as W,
is a subset of the invariant manifold of F?(6), denoted by W},. Due to the uniqueness of
the local invariant graphs tangent to the same linear strong stable space, they are the same
local parametrisation proving the result.
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9.5 C i regularity of the parametrisation of strong stable
1nvar1ant manifolds

The proof when F' € C’ T is completely analogous to the proof in the C’%’O, changing €90
bounds by S? bounds Where appropriate.

9.6 The C* case

We will only give a rough sketch of the construction of this case, to give an idea of how the
proof in the C*s case works. Consider the sequence 0 = 7"(0) introduced at the end of
Section Taking derivatives with respecto to 6 we can write

8980701+1 = ﬁnae%g + %m
where .;Ln, %n and v, are defined for n € NU {oco} as follows

And (,0) =Mo5(8) " [io1,(n(,0),0 + w) Dy N (2, &5 (,6)) J (, 6)
+ J(Yn(2,0),0 + w) — Dy No(z, <pn(:v 0), H)J(x,e)],
B (,0) =09 Mo 2(0) ™" (25, (¥ (2, 6), 0 + w) — Na(w, 9 («,6,6)))
+ Ma2(0) " [on (Un (2, 0),0 + w) (9 Mi1(0)x + N1 (z, oy (2, 6),0))
— 99 Na(x, oy (,0),0)],
Y (x,0) =My 1(0)x + Ni(z, ¢2(:U, 0),6),

where we denote ) = D2 for n € NU{oo}. Observe that the proof of convergence is now
done in a step-wise fashion. From Part ( . i) of Theorem [9.1] - we already know that ¢0 and ¢}
converge over compact sets to 2 and ¢l respectively. This allows us to prove a lemma
analogous to Lemmashowmg that the sequences {-An}nEN and {':Bn}’nEN converge to Ao
and Boo, and that .Aoo is a contraction. Observe that in this case, An is a linear operator
and we do not need an operator analogous to C,,. This allows us to prove that the sequence
{09 }nen converges uniformly over compact subsets to dppl. .

The proof of the C*s case follows the same lines, covers the C*01 sketched here and
is done in full detail in the next section.

9.7 Sharp regularity in the C*+r case

The proof of this result follows the lines of the proof of sharp regularity in [CFdIL03a]. We
use an induction argument that allows us to find higher order derivatives, based on the
proof of C10 regularity.

We will need a few preliminary lemmas describing the structure of derivatives of com-
positions of functions in C*+ and related spaces. The structure of the inductive step then
follows closely the regularity proofs in the previous sections.

Theorem 9.14. Given a dynamical system F(x,0) as defined in Section we can
determine the unique local strong stable manifold of Wy tangent to &' at 0 as a graph
@ : &L x T¢ — €2 under the following reqularity and decay assumptions:
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c C%sr (gOO(R") X ']I‘d,foo(]R")) and || F1|| oz is small enough then ¢ €

(i) If F(z,6)
(B(0,1) x T C &1 x T, €2).

CZs.r

(ii) If F(z,0) € C?” (€>°(R™), £=(R™)) and [F1l| 25 is small enough then ¢ € C’?” (B(0,1)x
T

T4, €2).

(iii) If F(z,0) € CJ.EI“;"T (€>°(R™), £=°(R™)) and [F1l 25 is small enough then ¢ € C'jsz (B(0,1)x
b ],F b
T4, £2).
For the remaining part of this section, let p(x,#) = 6 be the projection on the torus T¢.

Lemma 9.15. Let s, 7 € Z* with s+r > 1. Given a pair of functions f € C¥=r (£>°(R") x
T4, ¢2°(R™)) and g € C*"(£°(R™) x T, £>°(R")), fori, j € X, we can write

DiD}(fo(g,p))(x,0)= > CDjDfo(g,p)DiD} g DieDjyg,
(a.b)ED];
i1t Hig=i
JitAja=j—b
where
55 ={(@b) € (2" Jatb<ja>130{0.4)}, j=>1
Si={b) e () [a+b<itja>1,b< {09} ifix1, j>0
and C' is a combinatorial constant depending on a,b,i1,...,0q,J1,- -+, Ja-

Proof. We will prove this result by a double induction. First we will prove

Dj[fo(gp)]= >, CDyDfol(g,p)Dj'g-- Djg. (9.19)
(ab)ex;,
Ji+ectam]—b

Indeed, when j = 1, the summation indices are in ¥ ; = {(1,0)}U{(0, 1)} and by Leibniz’s

rule
DG [f o (gvp)] = D:Bf(gvp)DG.g + D@f(gvp)a

which coincides with the required expression. Assuming that (9.19) holds for the j-th
derivative we will show the expression also holds for the (j + 1)-th derivative. If we differ-
entiate the general term in the sum in the right-hand side of Equation (9.19)) with respect
to 8, we get

CDy DA f o (g,p)Ditg- - Dy, (9.20)

+CDyDS fo(9,p)(Dog) Dj'g- - Difg, (9.21)

+Y CDjDLf o (g,p)DY' g+ DY Hg. - Dig. (9.22)
k=1

Consider the range of indices (a, b) and j in the summation of Equation (9.19)), which are
(a, b) € 35 ; and j1 + ...+ jo = j — b. Then
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e in (9.20) the indices span
(a,0) € 55,1 \{(¢,0)[0<e<j+1},  jit...+ja=3j—b

e in (9.21) the indices span

(a,b) € EZS,J-H\({(O,C) [0<e<j+1u{(1,¢)[0<c< j—1}>, Jite . Hja = j—b+1,

e in (9.22)) the indices span
(a, b) € % ;5 Ji+...+ja=j—b+1

Combining these three sets, we get the desired result,

Dy fo(gp)= Y,  CDDjfo(g,p)Dig--Djg,
(a.D)ET ;14
Jitetja=j+1-b
since differentiating passes exactly from one set of indices to the next.
Now to prove the general formula, we have derivatives of Dg [ folg, p)] with respect to
x. When i =1,

D.D)[fo(g,p)] = > <CD§£+1D3f 0 (9,p)D2gD}' g--- Dj'g
(a,b)eX] ;
j1+---+ja:j_b
a
—i—ZC’D;DgfogDélg---Désng- - -Dé“g>. (9.23)
s=1

Since X7 ; = {(a,b) € (Z*)? |la+b < j+1,b<j a> 1}, we can re-write the previous
expression as

D.Dj[fo(g,p)l= >  CDiDifo(g,p)DiDj'g-- DicDjg, (9.24)
(a,b)EZi].
j1+---+ja:j_b
i1+...+ig=1

since the two terms in Equation (9.23) combine to fill the set of indices X ;. Note that

there is no term having D} f o (g,p) in (9.24).
We assume now that the formula holds up to the i-th derivative with respect to x, thus

DiDj(fo(g.p)(x,0)= Y CDiDjfo(g,p)DiDj'g-- DieDjg,  (9.25)
(a,b)EE;j
i1+---+ia:i
j1+---+ja:j_b

and we differentiate the general term of the sum in the right-hand side of (9.25)) with respect
to x. We get

CDEDSf o (g,p)DygDi D) g - - DieDleg

a
+ > CDD§f o (g,p)Di DYt g- - DD} g DisDjeg. (9.26)

s=1
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Observe that passing from E;j to X7 41,5 18 realised by the two terms in (9.26]). The first
term covers the increment in the a direction, and the second term fills the gaps caused by
the shift a — a + 1.

O

To denote derivatives of functions like N(x,y, 6), depending on two space variables and
one angle variable we introduce the following sets of indices.

S5 = 1(a,b,0) € (Z4) |a+b < j, a>1}U{(0,5,0)}, j>1

£ ={(abe) € (2 latbte<itib<je<iax1j>10{(0,4i)}i>1j>0

An analogue of the previous lemma holds for this type of functions.

Lemma 9.16. Let f € C¥sm(£°(R") x T4, ¢>(R")), g € C57(&' x T, (°(R")) with f =
f(x,y,0). Then we can write

DiDj(fo(ld,g,p)l= >  CDjDiDifo(ld,g,p)Di' D} g-- Die Diyg.
(ab,c)€XT
i1+...+ig=i—cC

]1++]a:]_b

Proof. We will prove this result by induction. The first step in the inductive proof consists
in showing that the formula holds for X%, but this is already covered by Lemma
Therefore the result holds for ¢ = 0.

Assume the formula holds up to the i-th derivative,

DiD][fo(ld,g,p)] = >  CD{DLDSfo(Id, g,p)DiD) g-- DisDlrg.  (9.27)
(a,b,c)EEf”}
i1+...+ig=ti—c

j1+---+ja:j_b

If we differentiate a generic term of the right hand side of Equation (9.27) with respect to
x, we get the following expression

DD D f o (1d,g,p) Dt Dyt g -+~ Dy Dy g
+ DgDSDy ™ f o (Id,9,p) Dug Dyt D' g -+~ Dy Dy g
a
+> DyDiDLf o (Id, g,p) Dy Dfg -+ Dt D) g Dis D g.
s=1
Note that a term with indices (a, b, ¢) generates new terms, with indices (a, b, ¢), (a+1, b, ¢),
(a,b,c+1). Let

i%z{(a,m,cﬂa—{—cﬁi—i—j—m,cgi,az1}, 120,720, 0<m<i+7.

Clearly X = U%:oi%' The operation over indices represented by

(a,b,¢) =+ (a,b,¢) U (a+1,b,¢) U (a,b,c +1)

is exhaustive from i‘;”] to iﬁl,j? since the increments in indices fill up the increment in
i. When ¢ = 0, X5 = Ufn:[)f]g‘j, observe that in the induction procedure the initial
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case corresponds to ié,j = {(0,7,0)} and this term (0, 7,0) generates (1,4,0) and (0,4, 1)
satisfying

X1, ={(1,4:0). (0.5, 1)}

Observe also that the term in D;Dg [ fo(ld,g, p)] with the derivative of highest order

in g is DéDgg and that this term is multiplied by a factor of the form D, f o (Id, g, p).
O

To end these technical lemmas about derivatives, we need a formula for the derivatives
of products of linear mappings by functions of the types we have considered.

Lemma 9.17. Let f € C%s ({®(R™) x T (®(R")), g € C5"(£>°(R") x T¢,£>*(R")) and
h € C" (T4, L(¢>(R™), (=(R™))). Then if (i,j) € T, the following formula holds

DLDy[h(8)f o (9.p)] =

J
> X ODThO)DLDLf o (9.9)D Dy g - D D).
p=0 (a,b)EZ;p
11+...Flg=1
Jit-.+ja=p—b

where C' is a combinatorial coefficient depending on all indices.

Proof. The proof is a direct application of Leibniz’s rule and Lemma [9.15
O

Remark 9.18. Observe that the previous lemmas also hold changing C>sr for C'E”

szf and C*" for C3" or C i since they deal with the differentiability of composztzons
not with the decay pmpertzes of the functions.

The following theorem establishes the inductive step in the proof of C*¥s regularity of
the strong stable manifold.

Theorem 9.19. Let F € C¥=r ({®°(R") x T (*°(R")) and let ;; C Sy, (i, ) # (1,0).
Then if we define ¥; ; = ¥; ;\{(4,5)}, on’ = T7(0) and assume

1) ol e C*ii(EY,E2) for alln € N,

2) {cpn tnen converges uniformly over compact sets to gooo for (a, b) € E;j,
then

a) o € C%ii

b) {sﬁﬁ]}neN converges uniformly over compact sets to go o5, which is a continuous function

which coincides with the derivative of cpoo T with respect to x and with the derivative of

QOog U with respect to 0.

The proof of this result is based on the next lemmas.

Lemma 9.20. The operator T defined in (9.5)) is well-defined from B(0,1) C C>is (B(O, 1)x
Té c &1 x T9, 82) into itself and is a contraction in B(0,1) in the C°, C’lg and C;]’F norms.
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Proof. This proof is completely analogous to the proof of Lemma

Observe that if 7%(0) = ¢ by differentiating ¢ +1 = To0", we can write, for (a,b) #
(1,0),
DU (,0) == "0 (2,0) = A28 (x,0) + By(,6), (9.28)
with A, : B(0,1)" ¢ C%9(B(0,1) x T¢ c &' x T¢, £ab(eL, £2)), B, € COO(B(0,1) x T C

0,1
&l x T4, £ab(EL €2)) defined as

And (2,0) = Ma2(0) " J (z,60) (v (x,0),0 + w) (Dythy)
+ My (0) 0 (Yn(,0), 0 + w) Dy N (2, 0)°(x, 0),0)J (x, 0)
— M>5(0)~ 'D Ng(:l:,(pn’ (x,0),0)J(x,0),
Bn(z,0) = DEDST(020)(z,0) — A, DED5Y0(x, 6),

where
wn(aja 9) = Ml,l(e)m + Nl(:E, 909{0(1"’ 0)7 9)

for n € NU {oo} and
Lob(er €%y = L&', LY(RY, €)).

We have dropped the dependence on the differentiation order a, b of A,, and B,, for sim-
plicity. Recall that 4,0,1{0 = D,TJ"(0) which converges to 903;00 as proved in Proposition

Remark 9.21. Observe that B will have multilinear terms in D“/DS @20 with ',V € E’
by the properties of Lemmas[9.15 and[9.16, By the hypotheses of Theorem[9.19, these terms
converge uniformly over compact sets to cpgob , thus {B, }nen also converges.

Remark 9.22. Observe that || B, || coo is of order e if || %[ coo < 1 and § is small enough.
This is a consequence of Lemma since all terms in B, have either a factor N(z,0)
or one of its first derivatives, which are smaller than 0, or derivatives of either My 1(6) or
Mi%(ﬁ) with respect to 8, which are smaller than ¢.

Observe that the operator A,, as defined above is very similar to the operator in Lemma
having similar properties. We can use similar arguments as those used in Lemma
to prove the following result.

Lemma 9.23. Under the previous definitions and assumptions,

(i) An is well defined from B(0,1) C C%9(B(0,1) x T¢ C &' x T¢, LoP(EL, &2)) into itself
and is a contraction in || -||coo for allm € NU{oo}. Furthermore, there exists pg < 1
such that Lip A, < pa for alln € NU {oco}.

(ii) Given J € C%°(B(0,1) x T¢ C &' x T9, L(€Y,€?)), {AnJ}nen converges uniformly
over compact sets to AooJ

(iii) By, converges uniformly over compact sets to Boo and ||By|coo < pp for all n €
NU {oo}, with pg as small as needed.
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In the remaining part of this section we will add again the a, b indices to the objects for
clarity. Consider the operator

Jeb . C%9(B(0,1)x T c &' x T4, £2b(er, €2)) — C%(B(0,1)x T4 c &' x T4, £*b(€, €2))
defined as
TL(J) := AYLT + B,

According to the results in Lemma this operator is well defined and a contraction if
the perturbation Fj of the dynamical system is small enough. Thus it has a fixed point
%> € B(0,1). Obviously

P = ALY + B, (9.29)
We will prove that the iteration
b
P = ARon’ + B

converges to this fixed point uniformly on compact sets.
Let G C &' be a compact set. We can write

a,b ~a,b __ 71 2
Qpn+1 ~ P = Zn + Zn’

where

1._ pgab, ab a,b ~a,b a,b~a,b a,b~a,b
Zn _‘An Pn _‘An Poo +‘An Yoo _‘Aooso ;

00
2 ._ mab a,b
72 .= Bub _ pab,

where we have used and added and subtracted suitable terms to make bounding
easier. We can now bound each term separately as we have done before and prove the
convergence of ©2° to %l

To prove ¢% is the derivative with respect to 2 (or with respect to 6) of ¢
tively of ¢®*~1) we use the same argument as in the previous results.

To prove Theorem we follow the scheme of Figure We prove the C%0 and C19
regularities via Theorem [9.1] Then advance along the a axis by proving higher regularity
with respect to 6, given by the previous inductive step. Then, we prove a higher derivative
with respect to x, also given by the previous inductive step (which only fails when the
derivative with respect to z is of order 1).

a=1b (respec-

S,7

9.8 Sharp regularity in the C? case

This case is completely analogous, using F'¢ as introduced in Section [9.4] and the same
inductive proof as in the previous section. The equality of the parametrisations is shown
using the uniqueness argument already used at the end of Section [9.4
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Chapter 10

Non-resonant manifolds I: Formal
expansion

In this chapter and the next we consider non-resonant manifolds of invariant tori. In this
chapter we will determine parametrisations W (s, ) of the manifolds and a normal form
R(s,0) for the dynamics restricted to them. In this chapter we will determine the terms
of a formal parametrisation up to a predefined degree L, while finding the terms of the
restricted dynamics over the invariant manifold at the same time. After this formal part is
given, in the next chapter we will proceed to determine the tail of the parametrisation by
using a fixed point argument.

We assume that we have translated the torus to the origin as in Chapter |7} After this
change is done, Wy(#) = 0 and hence M(6) = D, F(0,6). Assuming we are in the setting
of Proposition we change variables so that M () is in block upper triangular form. To
simplify the domains of definition of the functions involved in the following proofs, we will
introduce a scaling procedure as in Section which allows us to work in the unit ball of
¢>°(R™) and shift the smallness requirements to the size of the perturbing function.

We recall that given § > 0, we consider the scaling defined by

T(z,0) = (0x,0),
which we apply to F(z,0) to get

(T Yo FoT)(x,0) = M(0)x + ]\7(6;,9)’
where M (0) = D,F(0,0). If the invariance equation
F(Wo(0) + Wi(0)s +...,0) = Wo(0 + w) + Wi(0 +w)Ri(0)s + ...

is satisfied for W and R defined on B(0,§) x T¢ C ¢£°°(R") x T¢, after applying this scaling it
holds for W and R defined on B(0,1) x T¢ C ¢>°(R™) x T¢. Moreover, assuming F € C’?”,
the C?” (or the C’fff norm if F € C’jzltf) norms of 6 1N (dz,0) are as small as desired in
B(0,2) x T (this fact is important later on) by taking ¢ small, because N (z, ) is of order
2 (assuming the system is at least C2) with respect to z.

Recall that we denote the annulus generated by a set S by AS, as introduced in Chapter
The main result of this chapter and the next is the following theorem.
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Theorem 10.1. Let U be an open set of {>°(R™) such that 0 € U and consider a dynamical
system F : U x T? C ¢>°(R") x T? — (>*(R"), F(x,0) = M(0)x + Nyi(z,0) with M(0) =
My + M(0) and

(A 0 ~ «  (B11(0) Bi2(0) (My1(0) Mi2(0)
MO‘( 0" A> M“”‘( gy Bﬁ(e))’ M<9)‘< 0 Mii(e))'

Assume the following hypotheses,

(H1) F € C?“LKOO(R") x T, 0>°(R™)), with t > r+ 1, Mo, M(G) € Lp(£>(R™), £>°(R™)),
supgerd || M (0)|lr = O(e) and the scaling parameter 6 are sufficiently small

(H2) ASpec(A;1) C D\{0},

(H3) 0 ¢ Spec(Az2),

(Hj) ASpec(Ay 1)+ - ASpec(M;') C D,

(H5) ASpec(A11)' NASpec(Ass) =0 for2<i<L,

(H6) L+1<t.

Then

(a) We can determine a polynomial bundle map R : ' x T? — & of degree not larger than
L in CZ2"(&1 x T4, &1) such that R(0,0) = 0, DsR(0,0) = M;1(0) and a bundle map
W : B(0,1) x T? C &1 x T? — ¢*°(R™) in C3*" (B(0,1) x T¢ C &; x T%, ¢°(R™)) such
that

F(W(s,0),0) = W(R(s,0),0 + w),
where W(0,0) = 0, g1 D,V (0,0) = Ider and TIg2DsW(0,60) = 0.
(b) Furthermore, if there is | > 2 such that
ASpec(ALl)i NASpec(A11) =0, 1 <i<L,
then we can choose R to be a polynomial bundle map of degree not larger than [ — 1.

Remark 10.2. Given a map F as in Chapter in general D, F(0,0) is not in triangular
form as is required in the theorem above. In such case one has first to apply Proposition
fm‘ which the additional hypothesis A Spec Ay 1 NA Spec Ag g = 0 is needed. Under such
condition, the results in Sectz’on give a C[. linear transformation turning M () into block
triangular form. Hence, if the linear map is already in block triangular form this condition
can be skipped.

Hypotheses ( and ( have already been used in Sectionto determine the linear
part of the parametrisation. Hypothesis ( is a non-resonance hypothesis for the spectral
decomposition, used to invert the homological equations at each order. Hypothesis (H@
ensures we can still differentiate the remaining terms. The condition in (]ED is a stronger
non-resonance condition that ensures we can solve all homological equations by setting as
zero some higher order terms in the normal form of the restricted dynamics. Hypothesis
( is used in controlling the tail of the parametrisation.
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10.1 Formal solution up to degree L

The proof of Theorem begins with determining a formal solution of the homological
equations of the problem under consideration.

Proposition 10.3. Under the assumptions of Theorem |10.1], we can determine a polyno-
mial bundle map of degree not larger than L, R(s,0) : €' x T¢ — & such that R(0,0) =0,
DR(0,0) = M;1(8) and a polynomial bundle map of degree not larger than L, W :
EL x T¢ — (°(R") such that W(0,0) = 0, g1 D,W(0,0) = Ider and Hg2D,W(0,0) = 0
satisfying

F(W(s,6),0) = W(R(s,0),0 +w) + O(||s| “*).
Moreover W € CR7" (&2 x T4, 4°(R")), R € C™" (€Y x T4, &) and
|F(W(s,0),0) — W(R(s,0),60+ UJ)HC?t,T,L = 0(e) + 0(9).
Furthermore, if
ASpec(Ay 1) NASpec(Ay 1) =0, (10.1)

for 2 < i < L, then R is linear and equal to M 1(0). More generally, if (10.1) holds for
all i such that | < i < L, we can take R to be a polynomial bundle map of degree not larger
than | — 1.

Proof. Since we have already translated the torus to the origin x = 0, we want to determine
W (s,0) and R(s,6) of the form

W(s,0) =0+ Wi(0)s+ ...+ W(0)s®L,
R(5,0) = Ri(0)s + ...+ Rp(0)s®L
and satisfying
F(W(s,0)) = W(R(s,0),0 +w) + O(||s|~ ™). (10.2)

Using that F(z,0) = M(0)x + Fo(0)x®% + ... + Fr(0)z®" + ..., we can expand formally
Equation ((10.2)) in powers of s and find homological equations for each order k < L. For
k = 1 the condition is

M(O)W1(8)s = Wi(0 + w)R1 (0)s + O(||s||2). (10.3)

As in Section once we have M(f) in block triangular form we can choose (and it is
not the only possibility) Wi(f) = (Idg1,0) ", that is, the canonical embedding from &
to £>°(R"™) and R;(0) = M;i,1(6). This choice solves (10.3). For k > 2 the homological
equations are

M)Wy (6) = W1 (0 + w)Ri(8) + Wi(6 + w)REF(0) + Qr(6), k> 2,

where Q1,(0) comes inductively and depends on F;(0), j < L, and W;(8) and R;(6) for
j <k
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To solve these equations, we start by re-parametrising s by M 11(9), that is writing
s = Ml_ll(ﬁ)g, obtaining
M(0)Wi(0) M7} (0)%F = W1(60 + w) Re(0) (Mljll(e))@’“ + Wi(0 + w) + Qr(0).

Now we project this equation over &' and €2 and rearrange terms to get a triangular system
of equations. We write

Wi = Il Wy,
% = HeiQ,
for j = 1, 2, where Il¢; is the projection £>°(R™) — &7. The first equation is
M (O)WE(O) (M 1(0) %" — W (6 + w) (10.4)
= Ry (0) M (0)%* — My (0)W(0) M| (0)* + QL(0),
and the second one is
Moo ()W (0) My 1 ()% — WE(0 + w) = QF(6). (10.5)

Expanding these equations using the fact that M 1(60) = A1 + B1,1(6), M22(0) = Azo +
B272(9) and MLQ(Q) = BLQ(@), we get

AL WEO)(ATH T+ Ti(WH(0) - WO +w)
= Rp(0) (M 1(0))" — Bia(O)WE(0)MH(0)%* + QL(0), (10.6)
and
Ag s WR(O) (AT + Ta(WR)(0) — W20 +w) = Q3(0), (10.7)

where

Observe that
[ M711(0) — A1

and My | (0) = A7+ B1,1(0), where by Lemma |4.18] || By 1]lcs. = O(|[B1llcy). From these
facts, a telescopic decomposition and Proposition [4.12| we get the bound

oy < CliFl e

ITW)O)lep < CIFl s i=1,2.

To solve the triangular system for W}l, W2, we start by solving Equation (10.7). Given
€L, &% arbitrary subspaces of /*°(R") and A € L(&',&Y), B € L(€2%€2), we define the
Sylvester operator 8p,4(C) for C' € C7 (T, LF(EL, E2)) as

k
T

85.4(C)(0) = BC(0 — w) A%,
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With this definition, we can rewrite Equation ((10.7) as

Sa (W2)(0+w) = Wi (0 +w) + T2(WE)(0) = Q7.(0)-

22411
Since ||§'2(W,?)|\C;;r is small and all operators involved in the r.h.s. of this equation are
linear, we can solve it if we can solve (SAz,wAfj — Id)(W2)(0 + w) = Q2(f), in turn, we
can solve this equation if 1 is not in the spectrum of the Sylvester operator 8 Ay AT
Notice that Qz is determined by simple operations on CT. functions which maintain the CT.
character. Then Qi €Cy, (below we show an explicit expression for @s.)

r
Proposition [6.29] in Section [6.§] states that
—_1\k
4 C : !
Specr 8142,2#41& C A Specr(Asz2) - A Specr (AM) )

and by Hypothesis (7 the r.h.s of this expression does not contain values in the unit circle
for 2 < k < L. Therefore we can solve Equation (10.7) and find W? € CL(T?, LE(EL, £°(R"))).
We have two options to solve ((10.6)). If we can solve the following equation

(84, art — IVH(O +w) + T (W0 +)
= ~Bua(B)WE(0) My} (6)™ + QL(0), (10.8)

)

ie. if 1 is not in the spectrum of (SALI,A;}’ 2,13), we set W () equal to the solution

of (10.8]), and Rx = 0. Observe that this spectral condition holds for k large enough by
Proposition . Observe that to solve (10.8) we use the fact that § , At Id can be

inverted and the smallness and linearity of ‘}1(W,€1) as before.
If this is not the case and we can not solve equation ([10.8]), we can solve equation ((10.6))
by setting Wk1 =0 and Ry as

1,10

Ry(0) = Bia(0)Wi(0) — Q1(0)(M11(0))=".

Obviously there are many other possibilities to solve equations and . The
remaining part of the proof is devoted to prove that if we use the choices indicated above
to solve the equations, the terms Wy, Ry for k > 2 obtained are small if ¢ is small. Indeed,
this can be shown inductively while proving Q) are small. When k& = 2, the homological
equation is

M(O)W2(6)s®? + [N (Wi (6)s + Wa(0)s%%)] o )
= W1(0 4 w)Ry(0)s®2 + Wo(0 + w) (M 1()s)®?

where the subscript O(2) means we only keep the order 2 terms. From this equation we
find

Q2(0) = — [N(W1(8)s + W2(0)s%%)] g )

which is of order § since IV is of order §. This implies Rs and W5 are also small by the
following lemma.
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Lemma 10.4. Let A, B be linear operators defined on a Banach space E, A invertible and
f € E. If | B|| is small enough then the equation

Ax+ Bx = f

has a unique solution, g € E. Furthermore,

1
< — A7
loll < =47

The proof is straightforward. The smallness of Wy and Ry follows considering the
Sylvester operator 8 A7LA,, as A and Q2 as f for the second equation and 8 ATL A, for
the first equation. Observe that the case when the Sylvester operator is not invertible also
implies W5 and Ry are small, since in this case Wy = 0 and Rs is a sum of small terms.
When k£ > 2, B =T or B = T3 depending on which equation we are solving. As before, if
we can not solve Equation , W, and Ry are small since in this case W, = 0 and Ry
is inductively a small term.

O
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Non-resonant manifolds I1I:
Regularity

11.1 Bounds for shifted iterated maps

In this chapter we will introduce a notation for skew products and skew product-like com-
position of anisotropic functions. This kind of expressions will appear in Section when
defining certain inverses of operators via formal series. To prove the convergence of these
series we will need sharp bounds of these expressions.

Given M € C™(T%, Lp(£>°(R™), £°(R™))) and R € Ct" (£2°(R™) x T, £ (R™)) we define
M¥(0) = M(0)--- MO+ (k—1)w), E>1, MU(9) =1d,
R (s 0) = R(RF=1(s5,0),0 + (k — 1)w), k>1, R%s,0)=s. (11.1)

These expressions are also called co-cycles over rotations in the literature. The bounds
for M (6) when M = My + M () and My is uncoupled are already established in Lemma
4.19

The sharp bounds on R, based on the ideas in [dILMMS6] (page 574), are obtained by
determining bounds for the number of terms and factors when differentiating expressions
similar to RI*).

Let N > 0 be an arbitrary natural number. For technical reasons we will be interested
in grouping compositions of R in R¥ in groups of N maps. For that, given k let

k=pN +q
with p, ¢ € N, ¢ < N, and define
R(s,0) := RM(s,0),
RP .= R (Ewll(s, 0),0 + (p— 1)Nw) . (11.2)
Observe that the definition of RIP! is different from the definition of R as there is a

different shift in the angles. This makes the definitions compatible.
Note that with this definition of RP!, we can show inductively that

RIPNI = RIPI, (11.3)
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Finally define (as an abuse of notation):

Rl o RPN .= RIV(RP(s,6),0 + (b —1)w), for any b < N. (11.4)

Since k = pN + ¢, statements (11.3)) and (11.4]) imply the identity

RI¥ — Rl 5 Rl

Lemma 11.1. Let f(z,0) and g(x,0) be such that f(g!*!(x,0),0) is well defined for any
k > 1 and assume that they are differentiable enough so that the j-th derivative with respect
to 6 of the above expression makes sense. Let A(k,j) be the mazimum number of terms
and B(k,j) be the number of factors in each term in the expansion of Dg(f(g[k] (z,0),0))
expressed in terms of derivatives of g and f. Then

A(k,5) < (k+1)U7DI/2 (g 4 2)771, Jj>1,
B(k,j) < (k+1), j>1,
A(k,j) < k+1, j=1,
B(k,j)gk—i—l, 7 =1

Proof. We will prove this result by analysing how the number of terms and factors increase
after differentiation with respect to #. We will start by counting the terms and factors of
the first derivative, to get the initial conditions of a recurrence for the number of terms and
factors.

When we differentiate for the first time, we get

DOf(g[k}) = Dmf(g[k] (:L'v 0)’ Q)De(g[k](l’a 9)) + Def(g[k} (:Ea 0)7 9) (11'5)

If we expand the term Dg(g!*(z,6)), we can use a similar identity k times. Observe that
each time we differentiate g[k} (z,0) with respect to 0 to get the complete expansion we get
the terms

Dog(g*=1(x,0),0 + (k — 1)w)Dyg* 1 (z, 0),
Dyg(g* (2, 0),0 + (k — Dw).

The second term has no more derivatives left to expand and the first term still has one
derivative left. Thus when we expand Dygl*~U(z,0) we get two new terms, one with
pending expansions and one with no expansions left. We can repeat this process until we
have no derivatives left, i.e. when we have differentiated k times and the last product is
then Dgg(x,0). Thus after expanding all derivatives in , we have k + 1 terms, each
term having a decreasing number of factors. The term with the least number of factors has
1 factor and the term with the most number of factors has k + 1 factors. Therefore the first
derivative has k + 1 terms and the term with the most number of factors has k + 1 factors.
This proves the bound for j = 1.

When we have a term with m factors from the differentiation of f(g!*!(x,6),0) a certain
number of times with respect to 8, we can assume each factor generates at most the same
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number of factors and terms as f(g/*!(z, 8),6) does under differentiation. This is an upper
bound, since a generic factor in this expression will have one of the following forms:

D;Dgg(g[07l] (l', 0)7 6 + (C - 1)(,0)7
DiD}f (g (x,0), 0 + cw), ¢ < k.

Differentiating such a factor generates at most the same number of factors and terms as
differentiating f(g[¥(x,8),6). Therefore if we have m factors, differentiating this expression
with respect to 6 generates m terms (the same as the number of factors), each factor then
generates at most k + 1 new terms (following the rule for differentiating ) and each
new term gets an addition of at most k + 1 new factors. Thus we will have m(k 4 2) terms
arising from each factor in a generic term of m factors of D} f (g¥(x,0),0), and each term
will have at most m(k + 1) factors.

Using this argument, we can write the following recurrences for the number of terms

(A) and factors (B):

Ak, j +1) < A(k, j)B(k, ) (k + 2), i>1, Ak 1) =k+1,
B(k,j+1) < B(k,j)(k+1), j>1, B(k1)=Fk+]1.

Since this recurrence is of positive terms, we can bound it by the solution of the recur-
rence with an equality:

a(k,j+1) = a(k, )bk, j)(k +2), i>1, a(k,1)=k+1, (11.6)
b(k,j+1) =b(k,j)(k+1), J>1, b(k,1)=Fk+1. (11.7)
Expanding Equation (11.7) we get
b(k,j+1)=bk,))(k+1)=bk,j—1(k+1)?>=...=(k+1)7

We can now substitute this expansion into Equation (11.6)),
a(k,j+1) = a(k, 5)(k + 1) (k + 2),

and expand

alk,j+1)=alk,))(k+1)7(k+2) =ak,j —1)(k+ 1)Lk + 1) (k+2)?
=...=(k+ 1)(j+1)j/2(k + 2)]‘_

This proves that

A(k,j) <a(k,j), j7>1, Ak,1)<(k+1)

as we wanted.

The next lemma obtains analogous bounds as Lemma for the derivative
DDy (f (g™ (,0),0)).
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Lemma 11.2. Let f(z,0) and g(x,0) be such that f(g*!(x,0),0) is well defined for any
k > 1 and assume they are differentiable enough so that the (k,i)-th derivatives of the
above expression make sense. Let A(k,i) be the mazimum number of terms and B(k,1)
be the mazimum number of factors in each term in the expansion of D;Dé(f(g[k] (2,0),0))
expressed in terms of derivatives of f and g. Then

(k,i,§) < (k+ 1) D2k 4 1)70D (g 4 1)70-D/2(f 4 2)7—1 j>1,
(k,i,7) < (k4 1)k + 1), j>1,

o/ N

and

k1)1 j=0,
k+ 1), j=0,
k,_|_1)’L’L 1/2(k+1)z+1 j:17
k+1)7 j=1

~ o~ o~ o~

Proof. We will follow the same method as in the proof of Lemma[l1.1] We will differentiate
with respect to z an expression coming from Dg f(g*)(z,0),0) and count the number of
terms appearing in it. Differentiating f(g/*(x,6), ) with respect to z generates one term
with k-+ 1 factors. The number of factors depends on the iteration depth, k+ 1 in this case,
and the number of terms is the same as the number of factors, 1 in this case. A generic
term of D;Dg f(g*)(x,8),0) will obviously be the product of terms, of one of the following
two types:

Dngg(g[C}(x70)70)a Cgk—l,
D$D; (g1 (x,6),6), c<k

This means that when differentiating with respect to =, each factor generates k + 1 new
factors and one new term. Thus the following recurrences hold, assuming j > 1.

A(k,i+1) < A(k,i)B(k, 1),

A(k,0) = (k+1)7U7/2(k 4 2)771 (11.8)
B(k,i+1) < (k+1)B(k,1),
B(k,0) = (k + 1)’ (11.9)

We can follow the same bounding procedure as in Lemmal[IT.1] First consider the recurrence
with an equality,

a(k,i+1) =a(k,i)b(k,q),
a(k,0) = (k+1)70=D/2(f 4 2)i—1 (11.10)
b(k,i+1) = b(k,i)(k+ 1),
b(k,0) = (k+1)’,, (11.11)
and now solve Equation :
b(k,i4+1) =b(k,i))(k+1)=bk,i—1)(k+1)?=...= (k+ 1) (k+1).
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Replace this expression in Equation ((11.10))
a(k,i+1) =a(k,i)(k+ 1) (k+1) = ... = a(k,0)(k + 1)/ 4 1)70+D)
= (k4 1)EHDEF2/2 (4 1)704H0) (4 1)70-D/2(f; 4 2)77 1,

Finally,

for the j > 1 case, as we wanted. -
When j = 0, the initial conditions in the recurrences (11.8), (11.9) are A(k,0) = 1,
B(k,0) = 1. We can obtain teh bound as before
(kyi) < (k + 170D,
(ki) < (k+1)%

s/ IN

When j = 1, the initial conditions in the recurrences (11.8)), (11.9) are A(k,0) =k + 1,
B(k,0) = k + 1. We can obtain the bound as before

(ki) < (k+ 1) D2k 4+ 1),
(k,i) < (k+ 1)

o~/ N

O]

In the case where f = ]5;@]7 g= Rl4 the proof would be (formally) slightly different due
to the addition of shifts in the angles. Since shifting angles does not add differentiation
terms or factors, the number of terms can be bound exactly in the same way using p instead
of k in the formulas.

11.2 Bounds for the iterated local dynamics in I'-norms

In this section we want to determine the tail terms in the parametrisation of the non-
resonant invariant manifold. To do so, we want to bound ||D;D§R[k}||cg in such a way
that a particular series to be defined later is absolutely convergent in I'-norm. Since we
are bounding in I'-norm, to get contraction properties we have to work with a high enough
iterate to turn uncoupled C° linear contractions into I' linear contractions. To find the
minimal iterate we need for this procedure, let N be such that T'(0) 4[| A=YV A 1]|PN <
p < 1, for some p.
Recall that we define the restricted dynamics on the invariant manifold as

L
R=> Ry(6)s™,
j=1

which is a contraction in C? if the perturbation e and scaling parameter & are small enough
as the following lemma shows. The following lemma is the first step in the proof of existence
of a C? tail.
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Lemma 11.3. Ife and 0 are small enough, we can bound
IRM[lco < ([ A11]l + O(e) + 0(8))"
in B(0,1) x T¢ C £>°(R") x T¢.

Proof. Observe that we can write R(s, ) = M1,1(9)3+Qv(s, 0), with Q(s, 0) = 2522 R;(6)s®
where R; are the multilinear terms determined in Chapter We have the bounds
[M11(0)]lco < A1l + O(e) and [|Q|lco = O(8)]s]|*> by the results in Chapter It

is then clear that if § and ¢ are small enough,

[Rllco < sup ([|AL1ll+O(e))lls]l + O(d)Is]

l[sll<1

< sup (|41l +0())llsll + OG)llsll) < p.

with p = || A1 ]| + O(e) + O(9), proving the case k = 1. Thus the map (s,0) — RPl(s,0) is
well-defined. Now we can bound || RU!||c0 by induction:

IRV || o = || R(RY)(s,0),0 + jw)||co
< (JA11] + 0N [RY | go + O(8) | RY| oo

which by induction hypothesis satisfies
IRV [ co < o715

as desired.
O

Of course we also need bounds for higher regularity functions. Thus we need to bound
their derivatives by following a similar scheme of proof. In this case the bound will be in I
norms, since it is the bound needed when differentiating.

Lemma 11.4. If e and 0 are small enough and for (i,7) € L4, we can bound

1D; Dy RM (2, 60)]| o
< (p+ 1DV 4+ 10D (p+ 10702 (p 4 2) 7 T(0) P (p + 1)
x ([ ALl + 0(e) + 0(8))"Y,

where k = pN + q and C' is independent of p.

Proof. Recall that we write R¥(z,0) = RPN+ (g, 0) = RIPNI(RI4 (2, 6),0 + (¢ — 1)w) and
denote R(z,0) = RN (z,60). Thus we can write R¥(z,0) = RP/(R (z,0),0 + (¢ — 1)w).
Remember that N and L are fixed and observe that if ¢ and § are small enough, ||R|[co <
pllz|| as a particular case of Lemma which implies all compositions are well-defined.
Finally observe that

N _ L~ N
1M lleg < T (1Mol +T(©0) " I1M g )
I

130



CHAPTER 11. NON-RESONANT MANIFOLDS II: REGULARITY

by Lemma

The number of terms and factors appearing in the derivative DiDgR[k] (in terms of
derivatives of R and Rl4) can be bounded by Lemma hence the number of terms can
be bounded by (p+1)*0=1/2(p+1)30=D(p+1)9U=D/2(p + 2)7~ and the number of factors
by (p+ 1)+, Each factor in a generic term of D!, D}[RIPI(RI4)] is of one of the following
three types:

1. DYRPI(RI), b<j,
2. DDYR(R(RM)), a<i+jib<jc<pa>1b>1,

3. DID4RI, a<i, b<j.

We can bound factors of the first type by either a small constant related to the scaling
parametre when a > 1 or using Lemma [£.19 when a = 0. Recall that Lemma bounds
expressions of the form M (#) where M (0) = My+ M (0), and this is essentially equivalent
to bounding expressions of the type RI!, since we can write R = Ml[]\ll] (0)x+ Q(x, ), where
Q(x,0) has order larger than 2 and has small coefficients (of order of the scaling parameter

]

9) in all the considered norms and Ml[]\lf is a contraction in Lp-norm, since we have chosen
N satisfying this propperty.

We can bound factors of the second type likewise. When a > 1 or b > 1 the derivative
of R is of the order of the scaling parameter or the perturbation term respectively.

Finally, factors of type 3 can be bounded directly by a constant C,. Observe that this
type of factor appears only once in each term.

Let p be the worst bound of a factor in the previous discussion (which is smaller than
1 with the possible exception of the constant bounding type [3| which we will consider this
separately). Such a bound comes necessarily from the factor having no derivatives of R and
hence comes from bounding directly by using Lemma since all other factors are bound
by the scaling or perturbation parameters and are thus as small as needed. Since the factor
only appears in the term having the largest number of factors, we can bound the whole
expression by bounding all terms with the term having the least amount of factors (which
is p factors) and using the largest bound (the one not involving any derivatives, since the
others introduce scaling factors which decrease the bound).

Therefore we can bound D;Dg(]?i[p] (Rl (z,0),0 + (¢ — 1)w)) by
e i o - p
(p+ 12 (p 4+ 17D+ I 2(p 4+ 207 (1Y g + 0(6) +09)) " €,
< (p+ 1)V (p 4+ 1) (p 4 1)U (p 2
N p
< ((1nall+ 0Bl ) + 00 +00)
< (p+ 1)/ (p 4 1) (p 170D (p 4 277 (| Ara]| + O(e) + 0(9))PY €

with p = p+ 0(0) < 1 when ¢ and ¢ are small enough, where we have used Lemma to
bound the number of terms in this expression.
O

131



CHAPTER 11. NON-RESONANT MANIFOLDS II: REGULARITY

11.3 Determining the tail of the parametrisation in Theorem

[10.1]

The results in Chapters and |10] determine terms W; and R;, 0 < 5 < L, such that w=
and R defined as

L
= W;(0)s®
j=0
= Ri(0)s™
Jj=1

satisfy the invariance equation for a non-resonant manifold up to order L. Note that in this
and the next section we denote by s the variable in .
Now assume the parametrisation we are determining is written as

W=W=s+W~, (11.12)

with W> € C2 " (B(0,1) x T? C €' x T9, £ (R™))
The term W~ is the unknown tail of the parametrisation, W< is the formal solution
already established and the goal of this section is finding W~ and determining its regularity.
We can write

F(z,0) = M(0)z + N(z,0),
and write the invariance equation for W as

M(0) (W=(s,0) + W (s5,0)) + N (W=(s,0) + W (s,0),0)
= W= (R(s,0),0 +w) + W (R(s,0),0 + w). (11.13)

Since M (6) is invertible by combining Hypotheses (H2) and (H3) in Theorem we
can write Equation (11.13]) as

W= (s,0) — M(0)'W>(R(s,6),0 + w)
= M(0)'W=(R(s,0),0 +w) — W=(s,0)
— M(O) " IN(W=(s,0) +W<(s,0),0). (11.14)

Given W< and R given by Proposition we define
G, 3 : CFmH(B(0,1) x T? € €1 x T4 1°(R™)) — CFH(B(0,1) x T? € €1 x T, 1°(R™)),
as

S(W)(s,0) = W(s,0) — M(0)"'W(R(s,0),0 + w). (11.15)
H(W)(s,0) = M(0)'W=(R(s,0),0 + w)
—WS(s,0) — M(O)"'N((WS + W)(s,0),0).
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We can write as
S(W=)(s,0) = HW?)(s,0), (11.16)
or equivalently, assuming G is invertible,
W= (s,0) = G'H(W™)(s,0).

If we can prove G is an invertible operator and the Lipschitz constant of the composition
G719( is smaller than 1, we will find W> satisfying using a fixed point argument.
In the fixed point process we will lose some regularity of W= with respect to the regularity
of F', but we will recover the lost derivative in the next section.

We need the following bound.

Lemma 11.5. Givenn € C?”’L(B(O, 1) x T4 C €1 x T4, ¢>°(R™)) with t > 2 we can bound

|Dg D (e, 0) | < (L=bDs (ba) € B

1
m||77||crzt,rﬂ|x||
where (a)4+ = max(0,a).

Proof. Since D%n(0,0) =0, V0 € T for b < L, we can use Taylor’s expansion around x = 0
to write

1 1
DgDbn(x,0) = / (1 — )X~ Dg DLy (ta, 0)a® 0 dt.

(L—b-1)! J
We can bound
|1 D§ DEn(ta, 0)||lp < HnHCl;t,mLHxH,

since

HDsDéwm,e)t

2D < ol s

by the definition of the C? L horm and the result follows.

Proposition 11.6. The operator
: Crtmh(B(0,1) € € x T 6 (R™) — CF(B(0,1) € €' x T £°(R™))
defined as
S(W)(s,0) = W(s,0) — M(0)"'W(R(s,0),0 + w)

s a well-defined injective linear operator.
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Proof. First observe that t —1 > L and that (z,0) — W~ (R(z,0),0 + w) is well-defined
and stays in the domain of definition since ||R|co < 1. Also, we already established that
M (8) is invertible for all #. Observe also that the image of an L-flat function under the
operator G is also L-flat. Hence, to prove the operator is well-defined we need to check the
norm of the image in the target space is finite.

The only term in the norm which requires attention is

IDp Dy (M (0) "W (R(s,0),0 +w)) ||
5]l ’

Expanding the derivative we have terms with DgD’;W(R(s, 0),0+w) with j <iand k < L
which can be dealt with the Mean Value Theorem because DéD’;W(0,0 +w) = 0 and
|R(s,0)|l/||s|| is bounded and terms with D)DEW (R(s,6),6 + w) which can be bounded
by

|DSDEW (R(s,6),0 + )|
IR (s,0)]

1B (s, Ol < [1Wll p21.r o (A1l +O(8) + OCe)) [l

for s # 0. Recall that R(s,0) = A115+h.o.t. and A is invertible.

To prove the operator is injective we will determine its kernel. Consider the projections
in stable and unstable bundles. Write W = (W', W?) where W' = IIox W, W2 = . W.
Since M ()~ is triangular in this decomposition (since M () is) we can write § in compo-
nents as

G (W)(s,0) = W'(s,0) — My W' (R(s,0),0 + w) + (M| M1 2M; ) (0)W?(R(s,6),6 + w)
S2(W)(s,0) = W?(s,0) — My (0)W? (R(s,6),0 + w),

We can solve G2(W) = 0 iteratively by setting

W2(s,0) = lim My (0) -+ My (0 + (k — D)w)W?(RF(s5,0),0 + (k — 1)w).

k—o0

Observe that the limit is actually 0, which can be shown using a Taylor expansion like
above and the bound [ My ||| My |F+! < || My ||| M71]** < 1. Indeed,

DyDIMYO)W (R (5,0),0 + kw)

=" oy My (0)DLDy(W? o RI)
j
= Y cDyMy}- DY My ICDgDIW? o RMD) DI R ... DY DY RIM.
0<m<p ,
(Ba)ET] m

il...+i3:m—a
Jji+..+jg=q—p

St L

Since for n € O (B(0,1)xT¢ C €' xT?, £°°(R™)) we can bound HDO‘D n(zx,8)|| Bt <

,HnH Bk v |z|E=A+D+ by Lemma [11.5 and HD”’DJPR[’“]HC < (p+ 1)1~ 1)/2(])—i-

(L-pB
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176D (54 1)70-D/2(5 4 2)7 71 (| A ]| + O(e) + O(6))PN C5 with k = pN + ¢. Taking limit
when k — oo we get that W2 = 0. In an analogous way we obtain W' = 0. the result
follows.

O]
To prove G is invertible we need the following auxiliary lemma.
Lemma 11.7. The definition of R[k](s,ﬁ) given in s equivalent to
R<*>(s5,0) = R*"1>(R(s,0),0 + w)
Proof. The proof is immediate by unwrapping the compositions:
R¥(s,0) = R(R(R(...R(s,0), ), )0+ (k—1)-w),
R<"(5,0) = R(R(R(...R(5,0),0 + w),...),0 + (k — 1) - w),
and observe that both coincide.
O]

Proposition 11.8. The operator G is invertible.

Proof. Given 71 € Cz”’

inverse given by

(B(0,1) x T¢ c &' x T9,¢>(R"™)), the operator § has a formal

o0

Z [k] [](3,9),0+kw). (11.17)
k=0

Observe that since R is a contraction in C°, the composition 1(-, # 4 kw) o R is always
well-defined.

A straightforward calculation using the definitions of R*¥! and R<*¥> proves this expres-
sion is indeed a formal inverse. For completeness, we prove one of the compositions.

The introduction of R<*> is necessary to check §(G~'n) = 1. To prove the inverse indeed
exists we need to show the series in (11.17)) is absolutely convergent in the C? oL horm.

135



CHAPTER 11. NON-RESONANT MANIFOLDS II: REGULARITY

This is equivalent to checking the convergence of the series

i DD (M) (O)n(RH(s,0),0 + k)
k=0

for (b,a) € f)t,,«.
According to the results of the previous section, every term in the sum is bounded by
a sum of terms of the general form

C|Dg=™ (MM (0) | r|| D§ DEn(RM (s, 6), 0 + k)|
x || D& DI R (5,0) |- - - || Dy DY R (5, 0) |1,

with 0 < m < a, (8,@) € Sy, i1+ ... +ig =m—a and ji + ...+ jg = b. This can be
bounded by

Crn™T(0)~ (1M || + O(HMchgF))k\!nllcft,wHR['“]H(L_/B“)*ff(p?ihjl) Dy g, Js)
x (A1l +0(e) + 0(8))PN?

r(p.iy ) = (p+ 1)V (p 4+ 1)V (p 4 10D (p 4 27!

comes from Lemma Hence each term in the sum can be bounded by

C(IIMg || + 0(e) + 0(8)PY (| Arall + O(e) + O(5))”N<L+”||77||cft”“’L’

where C' depends on n, a, b polynomially, thus the series is convergent. Moreover we check
that the series of the D} DL derivatives of the k-th terms divided by [|s| converges. Hence
we obtain norms,

157 Dl zer s < Clinl e

with C independent of k, § and e.

Once we have proved that G is invertible, we want to solve the fixed point equation

W>(s,0) =G~ (M(0)'W=(R(s,0),6 + w)
—W=(s,0) — M(0) " 'N(W=(s,0) + W (s,0))).

We will show this problem has a unique solution in C’? ““’L, and then prove this solution

has a derivative with respect to s, a concept similar to the situation in Section[9.1] but with
different tools.
We can decompose the operator H as H = H; + Hy, with

Hi(W)(s,0) = —W=(s,0) + M(O)'W=(R(s,0),0 +w) — M(0) "' N(W=(s,6),0),
Ho(W)(s,0) = M(0) " 'N(W=(s,0),0) — M(0) ' N(W= +W)(s,0),0).
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We rewrite Hy (W) as
Hi(W)(s,0 =)M(0) ' [-M(O)W=(s,0) — N(W=(s,0),0) — W=(R(s,6),0 + w)]

and from this expression we readily get that H; (W) is flat and || Hy(W)]| oStk 18 as small
r

as needed.
We can write Ha(W)(x,0) as

1
96, (W)(x, 6) = /0 M) DN (WS + W) (x,0), 0)W (., 6) ds,

Et 'r:L

which is also as small as needed in the C, norm because | N chm is small and W €
r

Czt,rvL
a .
We can write the fixed point equation for the tail of the parametrisation W~ as

W= (s,0) = GLH(W™)(s,6)

which is well defined, since ||| is as small as needed. If we define T = G713, T maps the
St L
unit ball of CT""

constant of T restricted to Cp,

S_1.0L
Let A € Cp7""7, we can write

to itself and the only thing left to check is to determine the Lipschitz
Y1 r:L

(T(W> +A) - (z,0)
/ STIDN (WS + W~ + AA)(2,0),0)A(z,0) dA. (11.18)

t,r,L

We can take the Dng derivative of this expression for W= € Cp"" to see that

|D§DE [TW + &) — TW)] lleg < CUIG NIDeNI| g0, AN 5
T I

Observe that when b = L, each term in the sum forming D¢DLN o (WS + W> + AA)A

has at least one derivative Dg‘DfA, with 8 < L which is then bounded by C/|z|*=#*!.
Thus

| (D§DLDLN o (W= 4+ W= + AA)A) (z,6)]| 100
sup = < CHDxN”CEtfl,r'
Jall<1, 6eTd Il r

Therefore the operator T is a contraction in B(0,1) C C?t’T’L(B(O,l) x T C & x
T¢, £>°(R")) and has a fixed point in it satisfying Equation (11.16]).
11.4 Recovering the last derivative

In the previous result we lose a derivative with respect to x in the parametrisation W when
proving the contractivity of the operator J. Recovering this last derivative is the subject
of this section.
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Since W~ satisfies the fixed point equation

W>(37 9) - M(Q)_1W>(R(s’ 9)7 0+ w)
= M(0)"'W=(R(s,0),0 + w) — W=(s,6)
— M) IN(W=(s,0) + W<(s,0),0), (11.19)
its derivative with respect to x, DsW has to satisfy
DW= (s,0) — M(0)"*D,W>(R(s,0),0 +w)DsR(s,0) =
M(0)"'D,W=(R(s,6),0 + w)DsR(s,0) — D;W=(s,6)
— M) 'D,N((W=+W?)(s,0),0)(DWVS + DWW )(s,0). (11.20)
Let

U(s,0) = — DsW=(s,0) + M(0) "' D,W=(R(s,0),0 4+ w)DR(s,0)
— M) "D, N((W=4+W?>)(s,0),0)D;WV=(s,0). (11.21)

Observe that now we can write Equation (|11.20)) as

DW= (s,0) — M(0) "' DW= (R(s,8),0 +w)DsR(s,0) =
— M(O) D, N((W=S +W>)(s,0),0)DsW™(s,0) 4+ U(s, 6). (11.22)

Define the operators

G, 3 : C PN (B0, 1) x T € €' T, 6 (R™)) — C " H(B(0,1)xT? € €1 xT?, 1°(R™))

by

S(K)(s,0) = K(,0) — M(0) K (R(s,0),0 + w)D,R(s,0),
H(K)(s,0) = —M(0) ' D, N((W= + W>)(s,0),0)K(s, ).

Now the fixed point equation (11.22]) can be written as

S(DW>)(s,0) = F(DW)(s,0) + U(s, 0).

Lemma 11.9. The operators

G, 3 : C (B0, 1)xT? € 1T 62 (R™) — Ct "1 (B(0,1)xT? € €1xT?, 1°(R™))

are well-defined.

Proof. 1t is straightforward to prove the well-definedness of §. Since M (6)~! exists, and if
K is in C?t*“, so is §(K). Likewise, if K is L — 1-flat, so is G(K) since R has no term of
order 0. B
Similarly for 3, the only thing to check is whether (W< + W>)(s,#) is in the domain
of definition of D, N for all (s,0) € B(0,1) x T?, but they are because W< contracts and
[W=[lco < 1.
O
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The main result to recover the lost derivative is the following lemma.

z:t 2r7L 1( Et QT,L 1(

Lemma 11.10. §,% : C;. B(0,1)xT? C &1 xT? ¢>°(R")) — Cf B(0,1)x

T4 C €1 x T4, ¢>°(R™)) are bounded linear operators. Moreover, if HNHCEW is small enough,
— . — r

then G is invertible and |GY||||H|| < 1.

Ye—1,r,L—1

Remark 11.11. Observe that the operators are well defined in Cp
Yi—2,r,L—1

, but to prove

contractivity we need C . We recover the missing regularity later.

Proof. They are clearly linear operators.
The proof of the invertibility of G is very similar to proving the invertibility for §
(Proposition |11.8). Thus the operator G has a formal i inverse, given by the series

i(M”)W (0)G(R¥(s,0),0 + kw)(DsR)H (s, 6).
k=0

Proving its convergence is totally analogous to the proof of G referenced above. Observe
that the missing R factor in the bounds (since G € C*~1"L~1) comes from the additional
factor D,R. N
The operator H is as small as needed, since its size can be adjusted via the scaling as
for the operator H, hence the composition is well defined.
Thus the bound for the operator norms follows.
O

To finish the proof we need to prove U(s, ) € Cl- L= (B(0,1) x T, £°(R™)). Indeed,
we can write

U(s,0) = —Dy(Uy + Us),

where

Uy = W=(s,0) — M(0)"W=(R(s,0),0 +w) — M(0)"'N(W < (s,6),0),
Up = M(0)"'N(W=(s,6),6) — M(6) 'N((W= + W?)(s,6),6)

where we have added and removed M (0) "N (W<(s,0),0).

Observe that U; and U, are the expressions appearing in and hence they are in
CFE”’ and then U € Cz”’

Finally, we can solve

G(K)(s,0) = H(K)(s,0) + U(s,0) (11.23)

by writing
~ o\l ~ -~
= (5+%) ) =§"aa+5'50)7'v.
Since Lemma [11.10states |G|/ ||F|| < 1 and G~ is well defined by the same result, we can
find a unique solution of Equation (11.23]), which is D;W~ and therefore W~ € Czt ok
proving Theorem
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Chapter 12

Normal forms and Sternberg’s
conjugation theorems

12.1 Normal forms of maps in lattices
In this Section we consider the computation of normal forms around a fixed point of a map
in a lattice, assuming the map has decay properties. We estimate the decay properties of
the normal form and the transformation to it.
We consider an open set U of £*°(R™) such that 0 € U and
F:U — (*(R")

amap such that F'(0) = 0 and F' € CL(U,£*°(R"™)). Let A = DF(0), with A € Lp(¢>°(R"), £>°(R"))
and consider its I'-spectrum Specp(A).

Theorem 12.1. In the previously described setting there exist polynomials H € CR°(£>°(R™), £>°(R™))
and R € CR°(L>°(R™),£>°(R"™)) of degree at most r such that H(0) =0, DH(0) =1d and

FoH(z) - HoR(x) = of[z]")

and R(x) = Az + 3", ; Rjz®) where
J = {2<j <r| Specr(AY N Specp(4) £ 0}
and R; € LL(£>(R™), 1°(R™)).
Corollary 12.2. Under the conditions of the previous theorem, if
Specr(4)’ NSpecr(4) =0, 2<j<r,

then there exists a polynomial H € Cp°(£>°(R™),£>°(R"™)) such that

FoH(z)— Ho Az = o(|z|").
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Proof. We look for H and R in the form
H(z) = ZHjx®j,
j=1
R(z) =Y Rz,
j=1

where Hj, R;j € L{;(EOO(R”),EOO(R”)). Taking derivatives on both sides of
FoH=HoR

and evaluating at 0 we have
AH, =H R;.

This equation has the obvious solution Hy = Id, R; = A, although other solutions are
possible, for instance H; any linear map which commutes with A, as H; = aId, a € R and
Ry = A.

Taking k-th order derivatives using the Faa di Bruno formula,

k k
> Y CDIFoH(D"H---DYH)=Y" Y CD'HoR(D"R---D'R)
G=1 d1,eij>1 =1 d1,ei>1

i1+...+ij:k i1+...+ij:k

(where for the sake of simplicity we have not written the dependence of C' on the indices,)
and evaluating the derivatives at 0 we can write

AHy + Gt = Ry + H A" 4+ G2, (12.1)

where G}, G% are k-linear maps which depend on DYF(0), 1 < j <r, and H;, R;, 1 <i <
r— 1.
Let G = G}C — Gi. Note that Gi is sum and contraction of multilinear operators.
Using Sylvester operators (introduced in Chapter @ we rewrite Equation as

(Sp4-14 —1d) H, = A~ (—Ry, + Gy). (12.2)
Now we proceed inductively from k = 2 up to k = r. Assume that for j up to the (k—1)-
th step we have obtained H; and R; in L{.(£*>°(R"), £>°(R")) solving Equation (12.2)). From
the way Gy is defined, from Proposition we get that Gy € LE((>®(R"), (> (R")) and
hence A=Y (—Ry + Gy) € LE(¢>(R"), (>(R")). Now, if
Specp(A) N Specp(A)F = 0,
then 1 ¢ Spec84-14  thus (§4-1.4 —1d) : LE — Lk is invertible by Proposition
This implies we can choose R, = 0 and Hj, = (SAA’A)*le.
Obviously with this choice Ry, Hy, € LE(£>°(R™), £>(R")). On the other hand, if
Specr(A) N Specy(A)*F #
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the operator §4-1 4 may not be invertible and we set Ry = Gy and Hp = 0. This
is not the only possible choice, it is only the simplest one and we also have Hy, R; €
LE(£(R™), £2°(R™)).

Another standard possibility is to decompose LI]i(E, E) =Im84-1 4 @©V, where Im
stands for the range of $4-1 4 and V' is a complementary subspace in LE(E,E). Then one
decomposes G according to this splitting of the space as G}C + GZ and choose Hj such
that Sy-1 4 Hg = G}f and Ry = Gj. Of course this choice also depends on the choice of
the complementary space V.

By the choice of Hy, R, 1 <k <,

DF[FoH—-HOoR] =0, 1<k<r

and hence, by Taylor’s theorem F o H(z) — H o R(x) = o(||z||").

12.2 Sternberg theorems in lattices

In this section we will prove several Sternberg conjugation theorems for contractions under
several non-resonance hypotheses. All are adaptations to our setting of the classical proof
in [Ste57], using the normal form theory developed in the previous section.

Although we do not explore it here, another possibility is to follow the ideas in |[CC97],
based on the fact that a function ¢ conjugates hg and hy if and only if the graph of ¢ is
invariant under hg X h1. Using this insight and the constructions of invariant manifolds up
to a certain order in Chapters [§]and [L0] under non-resonance we might also prove Sternberg
theorems in lattices with decay.

Theorem 12.3. Let U be an open set of £>°(R™) such that 0 € U. Let F': U — (>*°(R™) be

a CF map of the form F = Fy + Fy where Fy is an uncoupled map and Fy(0) = F1(0) = 0.

Let A= DFy(0), B= DFi(0) and M = A+B. Assume that A;; = ad;; with a € L(R™,R™).
Let Spec(a) = {\1,..., \n}. Assume furthermore

(H1) 0 < |N| <1, 1<i<n,
(H2) \i 2N, keZr |k >2,1<i<n.

Let v = min; |\;|, f = max; |\i|, v = }22% and ro = [v] + 1. Then if F € C}(U,(>°(R™))

with v > 1o and ||B||r is small enough, there exists R € CL({>*°(R"),{>(R"™)) such that
R(0) =0, DR(0) =1d and

RoF=MR
in some neighborhood Uy C U of 0 in £>°(R"™).

Remark 12.4. Note that we do not require ||Fi|| to be small but only B = DF1(0) to be
small.

Remark 12.5. Since a is a contraction, assumption (P@) imwvolves only a finite set of
conditions.
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Before starting the proof we perform a re-scaling of F' as in Section to move the
smallness conditions on the domains of definition to the smallness of an auxiliary parameter.
Let 6 € R, § > 0, and the re-escaling map Tsx = dx. We define

Fs(z) =T; ' o FoTs(x) = Mz + Ns(z) = Mx + 6 ' N(6z).

From now on we will not write the dependence on § of Fs(z) and Ns(z) and we will
assume that F' is defined on B(0,1) C ¢*°(R™) and 0 is as small as needed. In particular,
if F is at least of class C2, we have that

INllco = 0(8), [IDN|[co = 0(6) and DN |0 = (8" 1), j > 2,

and moreover

[Nller = 0(0).

Given r,rg € N, r > rg we introduce the spaces

X" = {g € C"(B(0,1),6*(R")) | D’g(0) = 0, 0 < j <o, [lgler < o0},
Xt = {g € Cr(B(0,1), £>(R")) N x"" [ llgllcy < oo}

Observe that x"° is a closed subspace of Cf..
Lemma 12.6. There exists m € N such that
r'o) % 'po)" <1

Then if r > ro with F' € CL(U,£>(R™)) and ||B||r and the re-scaling parameter are small
enough, the operator G, : Xg'° — xp'° defined by

Sm(g) =M""go F™"
is well defined and a contraction in the Cr.-norm.

Proof. First we fix some quantities to be used throughout the proof. From the definition
of ry and the fact that § < 1 we have

alpro < 1.
Then there exists m € N such that
L) 2 (') <1
and also there exists positive numbers €1, €5 and €3 such that
L) a ™t +e)™[LO0) T (B+e)™ +e2)° +e3] < 1. (12.3)
On the other hand there exists a norm in R™ such that

lal <8+, lall<a™+ 3,
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where || - || is the associated operator norm. Clearly,

g1\m _ E1\m
laml < (B+5)", el < (a7t +3)

and

Jamie < v (8+2)", e =T (o7t + 2)"

Moreover,
[M™||p = |(A+ B)™|Ir
_ E1\m 4 E —
<[l 4™ [r + O(IB]lr) < TO) (8 + )" +T(0) ' 55m
<TO) ' (B+e)"

if || B||r is small enough.
In the same way, now using Proposition [3.11}

M e < [[A7" e + O([IBlIr)

<T0) o™t + %)m + I‘(())_l%lof(m_l) <T0) Ha™t +e)™,

and finally
M < [[M™ < (8 +e1)™.

Let g € x12"°. By Remark [4.4] we have
1Sm(9)lley < 1M~ [|rllg o F™[|cy-

To estimate [|g o F™||cy we will use again the Faa di Bruno formula for the derivative,
l<p<m,

DP(go F™)(x) =DPg(F™(x))(DF™(x))*"

p—1
+>3 N CDig(F™()DMF™(x) - DUF™(x),  (12.4)
G=1 d1,.i>1

i1+...+i;=p

where C' is a combinatorial coefficient which depends on all the indices. From ((12.4)) it is
clear that DP(go F™)(0) =0 for 1 < p < rg, since F"(0) = 0.
Since g € X", by Taylor’s theorem in integral form (see [AMRSS])

1 1 — T A
g@ﬁzzwh_])ké(l—tyo1D°9@@$®°dt
and also
. 1 1 . .
Dlg(z) = M/ (1 —t)0 It Dog(tr)x®0o= dt, 0<j<ro—1.
o—J—1)"Jo
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Using the previous formulas, the results in Section [6.3] and Proposition we have

: 1 L I - o
HD]g(Fm(-%'»HF < m /0 (1 — t)TO i=1p Og<tF (m))(F (.%'))®( 0—J) dt
' r
1 ! iy - . _
= W/() (L =)0~ DTog(tF™ () [ | F™ ()|~ dt
1 m ro—j .
S o=y leslE" @)™, 05 <o -1

and ‘
[D7g(F™(x))r < lgllez, ro<j<r

We can write both bounds in the more compact form
ID7g(F™(@))l|r < llgllepllF™ ()] 0=+,

where (¢)4 = max(t,0).
Then

1DP(g o F™)(x)lr
< lglegl| F™ @) |0~ | DE™ (@) |[o[| DF™ () [P~
p—1
+> > CllglegllF™ @)=+ | D F™ ()| - - - | DB F™ ()]
J=1 1,021

i1+...+ij:p

By the scaling,
[EF™ (@)]| < [M™z]| + O0(6) < [|M™]| + 0(9),

IDE™ ()|} < [[M™[| +0(6),  [[DF™(@)[[r < [M™][r + 0(0),

and ‘
|DIF™ (@) - = 0(5), 5> 2.

Also note that for p > 0, (rg — p)+ +p > ro.
Then

I1DP(g o F")(2)]Ir < llglleg [(!IM’"HF +0(8)) (IIM™[| + 0(8) ™" + 0(5)] , 1<p<r
and finally
19m(o)llcg < 1M e [(IM™ [+ O(8)) (1M + 0(3)* "+ 0(8)] gl
<TO) Hat+)™

X [(O) 7 (B +21)™ +0(8)) ((8+21)™ +0(8))° " +0(3)] gl
Then if § is small enough, by (12.3)) the factor in front of |g||cy is strictly less than 1
and hence § is a contraction in x'.

O]
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Now we use the normal form theory in the previous section to find a decay map which
linearises our map F' up to order ry. The form of A implies that Spec A = {A1,...,\,} and
Spec A™ = {A1,..., A"}, Since A™ is uncoupled, Specy(A™) = Spec(A™). Moreover the
non-resonance condition ( implies that

P VD Vi =/ T

and therefore '
(Specp(A™))? N Specp(A™) =0, 5> 2.

Taking || B||r sufficiently small, by Proposition we have
(Specyr M™)? N Specy M™ =, 2 < j < ro,

since we are only asking for a finite set of conditions.
Hence Corollary gives us that there exists a polynomial H € Cp°(¢*°(R"), (>*°(R"))
of degree (at most) ¢ such that H(0) =0, DH(0) = Id and

F™o H(x) — H o M™(x) = of|[z|"™).
Let So = H~'. By Theorem So € CT and satisfies

50(0) =0,  DSp(0) =1d,
M™ 0Sy0F™ — 8y = o(||z||").

Starting with this approximate conjugation we define the sequence
Spn=M"TTS,_ 10F™, n>1.

The next lemma proves that 5, converges to a well-defined conjugation in the space
ct.

Lemma 12.7. The sequence {Sy,}nen defined above converges to a function S € C{i satis-
fying S(0) =0, DS(0) =1Id and
SoF™=Mm"S.

Proof. Since m is fixed we do not write the dependence of G,, on m. First we will prove
the following relation

n—1
Sn =S80+ G (M ™Syo F™ — Sp), (12.5)
§=0

where G =1d and §/ = Go G/=1, j > 1. Observe that M~™Syo0 F™ — Sy € x""0, since Sy
solves the conjugation equation formally up to order rg. Moreover M ~™S5y0 F™ — Sy € C{E
since Sy, F' € C’F. We will prove (12.5)) by induction. When n = 1, we can use the definition
S1 = 9(5):

S1=G(Sp) = M~™Sy0 F™ = Sy + G (M ™Sy 0 F™ — Sy).

147



CHAPTER 12. NORMAL FORMS AND STERNBERG’S CONJUGATION THEOREMS

Now assume Equation (12.5) is true up to the index n, then

Spiq = M H G o ()
= M~™1Gy o ™ 4 Nl gy o prlntl) _ pmng o pmn
= S, + M~ (M™™Sy 0 F™ — Sp) o FM™
= Sp + G (M~™Sy 0 F™ — S)

n
=0

Now by Lemma G is a contraction in x"° and therefore the series determining
limy,, 00 Sy, is convergent.
Finally, we have to check the conjugacy properties. We can write

SoF™= lim S, o0 F™= lim M~™8y0 F™"*"™ = lim M™M~™"~mg,Fmn+tm = \ymg,
n—oo

n—oo n—oo

proving the conjugacy part. Finally,
S(0) = lim M~™"Syo F™"(0) =0,

n—o0
and since DF™(0) = DF™"(F™=1(0))... DF(0) = M™ and DS,(0) = Id,
DS(0) = lim M~""DSy(F""(0))DF™"(0) = lim M~""1d M™" = 1d.

O]

Thus, S conjugates F™ to M™. The final step is showing that S also conjugates F' to
M.
By the spectral properties, and also applying Corollary there exists a polynomial
H € C®(£>(R™),£>°(R™)) such that

H(0)=0, DH(0)=1d,

and
Fo ()= Ho M(x) = ofa]).

Let Ry = H~'. Thus
MRy o F(x) = Ro(x) + o||lz]|™)
and as a consequence
M™Rgo F"(x) = Ro(x) + o(||z||"). (12.6)
Lemma 12.8. Under the hypotheses of TheOTem if ||B]| is small enough the operator
G: C"(B(0,1),°(R")) — C"(B(0,1), £*(R"™))

defined by B
S(g)=M'goF

is well defined and a contraction in the C"-norm.
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The proof of this lemma is analogous to the proof of Lemma but the estimates are
much simpler, since they do not involve decay functions.
Define the sequence
R,=M"'R,_10F, n>1.

The same arguments to the ones used in the proof of Lemma but now in the space
C" instead of C[. give that there exists R = lim,,,oc Ry, and R € C"(£>*°(R"),£>°(R™)) such
that Ro F = MR.

Now consider the iteration .S, considered in Lemma with Sop = Ry € C}. Since Ry
satisfies , we see that S, is then a sub-sequence of R,,, being both convergent in the
larger space C". Then

R= lim R, = lim S, =S € Ct
n—oo n—oo

and S also conjugates F' with M, proving Theorem [12.3

An improvement of Theorem consist of not assuming the non-resonant condition
(. In such case we obtain a CT. local conjugation to a normal form of F' instead to a
conjugation to its linear part.

Theorem 12.9. Under the conditions and notation of Theorem except hypothesis
(H3), if F € CL({>(R™),£>°(R™)) with r > 7o and | B||r is small enough there exists a poly-
nomial H € CR°(L>°(R™),£>°(R™)) of degree not larger than ro and R € C[.(£>°(R™), £>°(R™))
such that

R(0)=0, DR(0)=1d

and

RoF=HoR
in some neighborhood Uy C U of 0.

Proof. We will only comment on the differences of this proof with the proof of Theorem
After re-scaling and defining x""° and x12"°, we use the same integer m. We determine
a normal form H provided by Theorem [12.1] and define an operator

gm(g) =H MogoF™.

Now the estimates on §m become more involved because in this case H is not linear. This
implies that G,, is not linear anymore. However, because of the re-scaling, H! is very
close to M1 in Cf (and C") norm, a fact which gives similar estimates and thus proves
Lip G,, < 1. The remaining part of the proof is analogous.

O

The previous theorems assume that the linear part of the maps is close to an uncoupled
map and that all restrictions to nodes are equal. This gives sufficient conditions for the
conjugation in terms of the eigenvalues of the restriction to the nodes.

A statement using conditions on the I'-spectrum of the linear part is the following.

Theorem 12.10. Let U be an open set of £>°(R"™) such that 0 € U. Let F' € CL(U,{>*(R"™))
with F(0) =0. Let A= DF(0). Assume

(H1) 0 ¢ Spec(A) and Specp(A4) € D(0,1),

149



CHAPTER 12. NORMAL FORMS AND STERNBERG’S CONJUGATION THEOREMS

(H2) Specp(A) N Specp(A) =10, j
Let o = inf{|A| | A € Specp(A)}, B = sup{|A|| A € Specp(A)}, v = 8% 4nd rg = [1] + 1.

log 8

Then if F' € CL(UL>*(R™)) with r > rqg there exists R € CL({>°(R™),£>°(R")) such that
R(0) = 0, DR(0) = Id and

v

2.

RoF = AR
in a neighborhood Uy C U of 0.

Remark 12.11. Since Specp(A) is compact, ( implies that 0 < o < B < 1. Therefore

(@ needs to be checked only for 2 < j < }ggg

Proof. The proof has a structure very similar to the proof of Theorem [12:3] but has some
technical differences. Let rp and r be as in the statement of the theorem. Note that
B =rr(A) and a=! = rp(A1). Since 79 > v, @187 < 1 and there exists €1 > 0 such that

(™t +e)(B+e)? < 1.
From Proposition [6.13] there exists m such that
[A"lr < (re(A) +e1)", n=>m

and
[A™r < (A7) + )", n>m.

Obviously
(Oc_l +ea)"(B+e)" <1

and there exists 5,3 > 0 such that

(™t +e)™[((B+e1)™+e2) +e3] < 1.

Now we introduce the operator G, : X' — x¢ ° defined by

Gm(g) =A""go F™

where the space x12" is the same as in the proof of Theorem

Analogous estimates as in Lemma[I2.6]lead us to prove that if the re-scaling parameter
is small enough G, is well defined in x{"* and a contraction. Then the proof follows the
same lines as the proof of Theorem [12.3
_ For the uniqueness arguments needed at the end of the proof, we consider the operator
S(g) = A~tgoF in C"(B(0,1),£>°(R")). Since Spec(A) C Specy(A), condition ( implies
that there are also no resonances among the elements of Spec(A) and that r(A) < 5 and
(A7) > a~!. Hence we can find a norm in the space, equivalent to the original one such

that
AT A <1, (12.7)

where in the previous expression || - || stands for the associated operator norm. The bound
(12.7)) allows us to prove the estimates needed to show that G is a contraction. With these

ingredients we can finish the proof in this setting.
O]
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The analogous version of Theorem in this setting is the following.

Theorem 12.12. Under the conditions of Theorem except condition (HJ), if F €
CL®(R™), £°(R™)) with r > 1o there exists a polynomial H € C°({>*(R"™),£>*(R"™)) of
degree not larger than ro and R € CL.({>*°(R™),£>°(R™)) such that

R(0)=0, DR(0)=1Id

and

RoF=HoR
in some neighborhood Uy C U of 0.
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Part 11

An Entire Transcendental Family
with a Persistent Siegel Disk
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Introduction

In the second part we deal with a holomorphic dynamics problem, studying a family of
entire transcendental functions with a persistent Siegel disc.

Holomorphic dynamics started with the work of Fatou ([Fat20]) and Julia ([Jullg]) at
the beginning of the 20th century, motivated by the complex Newton method. They studied
general properties shared between rational and transcendental functions (those having an
essential singularity at oo) alike. They gave a dynamically natural partition of the phase
space named after them, the Fatou set F(f) where the iterates of f form a normal family
and the Julia set 9(f) = C — #(f) its complement. Informally, the Fatou set is formed
by those points that behave under iteration “like their neighbors do”, which is why it is
sometimes called the stable set. Its complement, the Julia set, is also called the chaotic set
and, indeed the dynamics on 7(f) exhibit high amounts of unpredictability. Both sets are
completely invariant, that is f(7) = f~'(7) = 4, and the same holds for #. Naturally from
its definition, the Fatou set is open and the Julia set is closed.

Given a connected component U of the Fatou set, it is always the case that f(U) is also
a connected component of the Fatou set. At a first level, a connected component U € F(f)
may be periodic if fP(U) = U (and we call the minimum p its period), pre-periodic if there
is some n such that f™(U) is periodic and finally it may be a wandering domain if all
{f™(U)}, are distinct.

Fatou also gave a description of all possible periodic connected components of U C F(f).
They can be classified as:

e Attracting domain: U contains an attracting periodic point zp of period n and
f™(2) = zo for z € U as n — oo. If zy is superattracting we also call U a Bdttcher
domain, otherwise a Schréder domain.

e Parabolic domain: OU contains a fixed point zg of fP and f"P(z) — 2o for z € U as
n — oo and also (fP)(z0) = e*™*, a € Q. We also call U a Leau domain at z

o Siegel disk: There exists an analytic homeomorphism ¢ : U — D where D is the unit
disk and such that ¢(f"(¢71(2))) = €2™2 for some a € R\Q.

e Herman ring: There exists an analytic homeomorphism ¢ : U — A where A is an
annulus A = {z|1 < |z| < 7,7 > 1} such that ¢(f"(¢~1(2))) = €™z for some
a € R\Q.

e Baker domain: f™(z) — oo for z € U as n — 00, and oo is an essential singularity.
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Examples of functions with attracting or indifferent periodic basins are easy to find.
The existence of Siegel disks, however, was first shown by C.L. Siegel ([Sie42]), proving the
following theorem.

Theorem (Siegel’s linearization). Let f(2) = Az + O(22) be an analytic function with 0 as
a fized point with multiplier X. If 1/|\1 — 1] is less than some polynomial function of q,
then f is locally linearisable.

Being locally linearizable means that there is a conformal homeomorphism conjugating
the function to an irrational rotation, hence it is equivalent to the existence of a Siegel disk
around z = 0. As a corollary, if A = €>™% and ¢ a Diophantine number, every function with
a fixed point of multiplier A is locally linearisable.

The main difference between real dynamics and holomorphic dynamics is the role that
singularities play, since holomorphic mappings are local homeomorphisms except in a dis-
crete set of points, the set of its singular values (i.e. points where some branch of f~! fails
to be well defined).

There are two types of singular values, critical values and asymptotic values. A point zg
is said to be a critical point of f(z) if f(z) is not a local homeomorphism in zy. If zg # oo,
this is equivalent to f’(z9) = 0. Then f(z9) is a critical value. For rational functions this
is the only type of singularity of f~!. We say v is an asymptotic value if there is a curve
~:[0,1] = C such that ~(t) = oo as t — 1 and f(v(t)) = v as t — 1. From now on v will
denote an asymptotic value.

The key point with singular values is that every connected component of the Fatou set
is ‘related’ in some way to one of them. Indeed, attracting and parabolic domains must all
contain a singular value, while Herman rings and Siegel disks must have a singular orbit
(the forward orbit of a singular value) accumulating at their boundary. Likewise, Baker
domains and wandering domains require the existence of infinitely many singular values (see
[Sul85] and [EL92]), satisfying some conditions related to their distance to the boundary
of the domains. Hence the asymptotic behavior of the singular orbits contains plenty of
information about the possible stable domains in the dynamical plane.

Holomorphic dynamics was stagnating for almost 50 years until D. Sullivan proved
his non-wandering domain theorem (which states that a rational map has no wandering
domains, ending the classification of components started by Fatou) using as a tool the
theory of quasiconformal maps. Then came a new interest, focused mainly in the study
of polynomial dynamics, not only because of their simplicity but also because they are
“universal”, as A. Douady and J.H Hubbard showed with their theory of polynomial-like
maps (see [DH85]).

Most of the work was centred around the quadratic family P.(z) = 2% + ¢, which has
only one critical value. Its parameter plane contains the well-known Mandelbrot set, which
has been a subject of study for many years and still is the center of several important
conjectures.

There is an increasing interest in entire transcendental functions. The first one to
be systematically studied was the exponential family f\(z) = Ae®. This family has one
asymptotic value as its only singularity and is often considered the transcendental analogue
of the quadratic family.

S. Zakeri studied a family of cubic polynomials with a fixed Siegel disc. He investigated
the interplay of the 2 critical values with the boundary of the Siegel disk.
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The dynamics of rational maps are fairly well understood, given the fact that they
possess a finite number of critical points and hence of singular values. This motivated the
definition and study of special classes of entire transcendental functions like, for example,
the class 8 of functions of finite type which are those with a finite number of singular values.
A larger class is B the class of functions with a bounded set of singularities. These functions
share many properties with rational maps, one of the most important is the fact that every
connected component of the Fatou set is eventually periodic (see e.g. [EL92] or |[GKS6]).
There is a classification of all possible periodic connected components of the Fatou set for
rational maps or for entire transcendental maps in class 8. Such a component can only
be part of a cycle of rotation domains (Siegel discs) or part of the basin of attraction of
an attracting, super-attracting or parabolic periodic orbit. This rules out the existence of
Baker or wandering domains, which are naturally unbounded, as well as the existence of
Herman rings.

In this work, we are specially interested in the case of rotation domains. We say that
A is an invariant Siegel disc if there exists a conformal isomorphism ¢ : A — D which
conjugates f to Rg(z) = e*™2 (and ¢ can not be extended further), with & € R\ QN (0, 1)
called the rotation number of A. Therefore a Siegel disc is foliated by invariant closed simple
curves, where orbits are dense. The existence of such Fatou components was first settled
by Siegel [Sie42] who showed that if zg is a fixed point of multiplier p = f/(z) = €™ and
0 satisfies a Diophantine condition, then zq is analytically linearisable in a neighbourhood
or, equivalently, zy is the centre of a Siegel disc. As already mentioned, the Diophantine
condition was relaxed later by Brjuno and Riissman (for an account of these proofs see
e.g. [Mil06] or the original articles [Bry69], [Riis67]), who showed that the same is true if ¢
belonged to the set of Brjuno numbers B. The relation of Siegel discs with singular orbits
is as follows. Clearly A cannot contain critical points since the map is univalent in the disc.
Instead, the boundary of A must be contained in the post-critical set Uccging(s-1)0%(c)
i.e., the accumulation set of all singular orbits. In fact something stronger is true, namely
that A is contained in the accumulation set of the orbit of at least one singular value (see
[Man93]).

Our goal in this part is to describe the dynamics of the one parameter family of entire
transcendental maps

fa(2) = Aa(e/*(z+1—a) —1+a), (13.1)

where a € C\ {0} = C* and A = > with 0 being a fixed irrational Brjuno number.
Observe that 0 is a fixed point of multiplier A and therefore, for all values of the parameter
a, there is a persistent Siegel disc A, around z = 0. The functions f, have two singular
values: the image of the only critical point w = —1 and an asymptotic value at v, = Aa(a—1)
which has one and only one finite pre-image at the point p, = a — 1.

The motivation for studying this family of maps is manyfold. On one hand this is
the simplest family of entire transcendental maps having one simple critical point and one
asymptotic value with a finite pre-image (see Theorem for the actual characterisation
of f,). The persistent Siegel disc makes it into a one-parameter family, since one of the
two singular orbits must be accumulating on the boundary of A,. We will see that the
situation is very different, depending on which of the two singular values is doing that.
Therefore, these maps could be viewed as the transcendental version of cubic polynomials
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with a persistent invariant Siegel disc, studied by Zakeri in [Zak99]. In our case, many new
phenomena are possible with respect to the cubic situation, like unbounded Siegel discs
for example; but still the two parameter planes share many features like the existence of
capture components or semi-hyperbolic ones.

There is a second motivation for studying the maps f,, namely that this one parameter
family includes in some sense three emblematic examples. For a = 1 we have the function
fi(z) = Aze?; for large values of a we will see that f, is polynomial-like of degree 2 in a
neighbourhood of the origin (see Theorem ; finally when a — 0, the dynamics of f,
are approaching those of the exponential map u — A(e" — 1), as it can be seen changing
variables to u = z/a. Thus the parameter plane of f, can be thought of as containing the
polynomial )\(z—i—%) at infinity, its transcendental analogue f1 at a = 1, and the exponential
map at a = 0. The maps z — Aze® have been widely studied (see [GeyOl] and [Fag95]),
among other reasons, because they share many properties with quadratic polynomials: in
particular it is known that when 6 is of constant type, the boundary of the Siegel disc is
a quasi-circle that contains the critical point. It is not known however whether there exist
values of 6 for which the Siegel disc of f1 is unbounded. In the long term we hope that this
family f, can throw some light into this and other problems about f7.

For the maps at hand we prove the following.

Theorem A. Let f, as in (13.1) and denote by A, the Siegel disc of f, for all a € C*.

a) There exists R, M > 0 such that if 0 is of constant type and |a| > M then the boundary
of A is a quasi-circle which contains the critical point. Moreover A, C D(0, R).

b) If 0 is Diophantine and the orbit of c = —1 belongs to a periodic basin or is eventually
captured by the Siegel disc, then either the Siegel disc A, is unbounded or its boundary
s an indecomposable continuum.

c¢) If 0 is Diophantine and fI'(—1) "X o the Siegel disc A, is unbounded, and the bound-
ary contains the asymptotic value.

Part E[) follows from Theorem (see Corollary below it). The remaining parts
(see Theorem are based on Herman’s proof [Her85] of the fact that Siegel discs of the
exponential map are unbounded, if the rotation number is Diophantine. The proof in this
case, however, presents some extra difficulties given by the free critical point and the finite
pre-image of the asymptotic value.

In this part we are also interested in studying the parameter plane of f,, which is C*,
and in particular the connected components of its stable set, i.e., the parameter values for
which the iterates of both singular values form a normal family in some neighbourhood.
We denote this set as 8 (not to be confused with the class of finite type functions). These
connected components are either capture components, where an iterate of the free singular
value falls into the Siegel disc; or semi-hyperbolic, when there exists an attracting periodic
orbit (which must then attract the free singular value); otherwise they are called queer.

The following theorem summarises the properties of semi-hyperbolic components, and

is proved in Chapter [16] (see Proposition [16.4, Theorems and Proposition [16.10

therein). By a component of a set we mean a connected component.
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Theorem B. Let f, be as in (13.1) and denote by v, = A(a — 1) its asymptotic value.
Define

H¢ = {a € C|O"(=1) is attracted to an attracting periodic orbit},
HY = {a € C|0T (v,) is attracted to an attracting periodic orbit}.

a) Every component of H” U H€ is simply connected.

b) If W is a component of H” then W is unbounded and the multiplier map x : W — D*
1s the universal covering map.

¢) There is one component H{ of HY for which OF (v,) tends to an attracting fized point.
HY contains the segment [r,00) for r large enough.

d) If W is a component of H¢, then W is bounded and the multiplier map x : W — D is a
conformal isomorphism.

Indeed, when the critical point is attracted by a cycle, we naturally see copies of the
Mandelbrot set in parameter space. Instead, when it is the asymptotic value that acts
in a hyperbolic fashion, we find unbounded exponential-like components, which can be
parametrised using quasiconformal surgery.

A dichotomy also occurs with capture components. Numerically we can observe copies
of quadratic Siegel discs in parameter space, which correspond to components for which
the asymptotic value is being captured. There is in fact a main capture component Cf,
the one containing a = 1 (see Figure , which corresponds to parameters for which the
asymptotic value v,, belongs itself to the Siegel disc. This is possible because of the existence
of a finite pre-image of v,. The centre of Cf is the semi-standard map fi(z) = Aze?, for
which zero itself is the asymptotic value.

The properties we show for capture components are summarised in the following theorem

(see Chapter Theorem and Proposition for the proof).

Theorem C. Let f, and v, be as in Theorem B and A, be the Siegel disc of f, for all
a € C*. Let us define

C°={a e C|f}(—1) € A, for somen > 1},
C" ={a € C|f}(vy) € Ay for some n > 0}.

Then

a) C¢ and CV are open sets.

b) Every component W of C¢U CV is simply connected.

c) Every component W of C¢ is bounded.

d) There is only one component of C§ = {a € Clv, € A} and it is bounded.

Numerical experiments show that if 6 is of constant type, the boundary of Cj is a Jordan
curve, corresponding to those parameter values for which both singular values lie on the
boundary of the Siegel disc (see Figure|13.1)). This is true for the slice of cubic polynomials
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Figure 13.1: Left: Simple escape time plot of the parameter plane. Light grey: asymptotic
orbit escapes, dark grey critical orbit escapes, white neither escapes. Regions labelled
H; and Hs correspond to parameters for which the asymptotic value is attracted to an
attracting cycle. Right: The same plot, using the algorithm grounded on the results in
Chapter which emphasises the capture components. Upper left: (—2,2), Lower right:
(4, —4).

having a Siegel disc of rotation number 6, as shown by Zakeri in [Zak99], but his techniques
do not apply to this transcendental case.
As we already mentioned, we are also interested in parameter values for which f, is

J-stable (see [McM94] or [MSS83]), i.e. where both families of iterates {f7(—1)},en and
{f(va) }nen are normal in a neighbourhood of a (see Chapter [L8)). We first show that any
parameter in a capture component or a semi-hyperbolic component is J-stable.

Proposition D. Let f,, H¢, H” and C¢ C" be as in Theorems B and C. If a € HUC
then f, is J-stable, where H = H¢ U HY and C = C°U C".

By using holomorphic motions and the proposition above, it is enough to have certain
properties for one parameter value ag, to be able to “extend” them to all parameters
belonging to the same stable component. More precisely we obtain the following corollaries

(see Proposition and Corollary [18.3).

Proposition E. Let f,, H¢, H, C¢, C", A, be as in Theorems B and C.

a) If 6 is of constant type and a € C§ (i.e. the asymptotic value lies inside the Siegel disc)
then OA, is a quasi-circle that contains the critical point.

b) Let W C H'UC" be a component intersecting {|z| > M} where M is as in Theorem A.
Then,
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i) if 0 is of constant type, for all a € W the boundary A, is a quasi-circle containing
the critical point.

it) There exist values of 6 € R\Q N (0,1) such that if a component W C C¥ U H"
intersects {|z| > M}, then for all a € W, the boundary of A, is a quasi-circle not
containing the critical point.

13.0.1 Numerical approximations

During the exploration of this family of functions we used an empirical numerical algorithm
to plot capture components. Later on we formalised the method and generalised it to
arbitrary holomorphic functions of degree larger than 2.

In his seminal work, Fatou [Fat20] described the set of non-normality for a family of
iterates for a rational function, a set he denoted by F (probably for fermé, French for
closed). This set would be later known as the Julia set of a holomorphic dynamical system.
Among the properties he proved for this set is the fact that every point is a limit point of
pre-images of almost any point in C. Naturally, a pre-image of a point a for a function f
is any point b such that f"(b) = a for some n € N.

Later H. Brolin re-wrote and added new results to Fatou’s papers in [Bro65], giving a
shorter proof of this result and its reciprocal (under suitable conditions any limit point of
pre-images is in the Julia set). An interesting consequence of this result was the construction
of a measure of weight 1 over the Julia set of a polynomial, based on the proof of this result.

Our interest though is in the parameter plane, not the dynamical plane. Given a
dynamical system depending on one parameter, {f.}.cc, a natural object of study is the
bifurcation locus of the family: the set of points ¢ € C where the dynamical behavior changes
significantly in any neighborhood of ¢. This set can be described in terms of the normality
of a certain sequence of functions. The best known example of a bifurcation locus is the
Mandelbrot set, the bifurcation locus for the quadratic family P.(z) = 22 + c.

The Mandelbrot set was represented for the first time by R. Brooks and J.P. Matelski
in [BM80] while they were studying the dynamics of PSL(2,C). This set is one of the most
fruitful objects of study in holomorphic dynamics during the last 30 years for its simple
definition, complex behavior and universality among a wide range of dynamical systems. A
remarkable property of the Mandelbrot set M is that any point in its boundary is a limit
point of centres of hyperbolic components, centres are parameters for which the attracting
orbit of the corresponding quadratic polynomial is superattracting. These components
are open regions where the dynamics of the family are governed by an attracting periodic
orbit, and its centres are parameters where the critical value is part of this attracting orbit.
Centres are easy to compute, and by this property the resulting picture is an accurate
representation of M. In Figure you can see a plot of this set.

We prove a generalisation of this result for uni-parametric families of functions of degree
at least 2 with a finite number of singular values. An additional requirement is for these
singular values to be analytic functions with respect to the parameter. We prove that any
point in a set we name bifurcation set, denoted by B, of an arbitrary uni-parametric family
of functions of degree larger than 2 is the limit of certain “pre-image parameters” (to be
defined later,) which we denote by C, of almost any point in the plane. We have to exclude
some points from a set which we denote by K. This fact can be considered an analogous
result to Fatou’s pre-image result in parameter plane, and can be used numerically to
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Figure 13.2: Upper left: (-2.2,1.6), lower right: (1,-1.6) To generate this image, the
centres are determined numerically, solving P”(c) = 0 for different values of n, using a
Newton method

generate images of bifurcation loci, as can be seen in Figure right and [13.2l The
result by Fatou and Brolin also appears as a relatively easy corollary of this result.

Theorem F. Let f. be a one-parameter family of entire functions of degree at least 2
depending analytically on the parameter c. If vi(c), 1 < j < N denoting the singular and
asymptotic values of f. as functions of ¢ are analytic for all j and all ¢ € C, then

B\ K. CC.

Under certain conditions on the dynamics of the family we can also prove the reverse
inclusion, see Propositions [19.15] and [19.17] One of this conditions is when the family f,.
has a persistent Fatou component for all values of the parameter. Observe that the family
fa(2) = Aa(e*/*(z + 1 — a) — 1+ a), has a non-vanishing, persistent Siegel disk as shown in
Part @ in Theorem C.

The second part is organised as follows. Chapter 14| contains statements and references
of some of the results used throughout this part. Chapter [L5|contains the characterisation of
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the family f,, together with descriptions and images of the possible scenarios in dynamical
plane. It also contains the proof of Theorem A. Chapter deals with semi-hyperbolic
components and contains the proof of Theorem B, split in several parts, and not necessarily
in order. In the same fashion, capture components and Theorem C are treated in Chapter
In Chapter (18] we investigate Julia stability and contains the proofs of Propositions
D and E. These results have been published in [BF10]. Finally in Chapter |19 we prove
Theorem F and related results.
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Chapter 14

Preliminary results in holomorphic
dynamics

In this section we state results and definitions which will be useful in the sections to follow.

14.1 Quasiconformal mappings and holomorphic motions

First we introduce the concept of quasiconformal mapping. Quasiconformal mappings are a
very useful tool in holomorphic dynamical systems as they provide a bridge between a geo-
metric construction for a system and its analytic information. They are also a fundamental
pillar for the framework of quasiconformal surgery, the other one being the measurable Rie-
mann mapping theorem. For the groundwork on quasiconformal mappings see for example
[ALIOG], and for an exhaustive account on quasiconformal surgery, see [BE14].

Definition 14.1. Let o : U C C — C be a measurable function. Then it is a k-Beltrami
form (or Beltrami coefficient, or complex dilatation) of U if ||u(2)||co < k < 1.

Definition 14.2. Let f : U C C — V C C be a homeomorphism. We call it k-
quasiconformal if locally it has distributional derivatives in £? and

0,

@)

(z) = <
1253 %(z)

is a k-Beltrami coefficient. Then iy is called the complex dilatation of f(z) (or the Beltrami
coefficient of f(z)).

Given f(z) satisfying all above except being an homeomorphism, we call it k-quasi-
regular.

The following technical theorem will be used when we have compositions of quasicon-
formal mappings and finite order mappings.

Theorem 14.3 ([FSV04, p. 750]). A k-quasiconformal mapping in a domain U C C is
uniformly Hélder continuous with exponent (1 —k)/(1 + k) in every compact subset of U.

Theorem 14.4 ((Measurable Riemann Mapping, MRMT)). Let pu be a Beltrami form over
C. Then there exists a quasiconformal homeomorphism f integrating p (i.e. the Beltrami
coefficient of f is ), unique up to composition with an affine transformation.
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Theorem 14.5 (MRMT with dependence of parameters)). Let A be an open set of C
and let {px}aen be a family of Beltrami forms on C. Suppose A — py(z) is holomorphic
for each fixred z € C and ||palloo < k < 1 for all \. Let fy be the unique quasiconformal
homeomorphism which integrates py and fixes three given points in C. Then for each z € C
the map A — fa(z) is holomorphic.

The concept of holomorphic motion was in [MSS83| introduced along with the (first)
A-lemma.

Definition 14.6. Let h: A x Xo — C, where A is a complex manifold and Xo an arbitrary
subset of C, such that

o h(0,2) =z,
e h(A\,-) is an injection from Xy to C,
o For all z € Xy, z+— h(\, z) is holomorphic.
Then hy(z) = h(\, 2) is called a holomorphic motion of X.
The following two fundamental results can be found in [MSS83] and [SIo91] respectively.

Lemma 14.7 ((First A-lemma)). A holomorphic motion hy of any set X C C extends to
a jointly continuous holomorphic motion of X.

Lemma 14.8 ((Second A-lemma)). Let U C C be a set and hy a holomorphic motion of
U. This motion extends to a holomorphic motion of C.

14.2 Hadamard’s factorisation theorem

We will need the notion of rank and order to be able to state Hadamard’s factorisation
theorem, which we will use in the proof of Theorem All these results can be found in
[ConT§].

Definition 14.9. Given f: C — C an entire function we say it is of finite order if there
are positive constants a > 0, rg > 0 such that

[F)] < e, for |z] > ro.
Otherwise, we say f(z) is of infinite order. We define
A = inf{a||f(2)| < exp(|z|*) for |z| large enough}
as the order of f(z).

Definition 14.10. Let f : C — C be an entire function with zeros {ai,as, ...} counted
according to multiplicity. We say f is of finite rank if there is an integer p such that

[e.9]

Z |an[PT! < oo (14.1)

n=1

We say it is of rank p if p is the smallest integer verifying (14.1). If f has a finite number
of zeros then it has rank 0 by definition.
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Definition 14.11. An entire function f : C — C is said to be of finite genus if it has finite
rank p and it factorises as:

f(z) = 2me9) . H E,(z/ay), (14.2)
n=1

where g(z) is a polynomial, a,, are the zeros of f(z) as in the previous definition and

22 Zp
Ey(2) =(1—2)tz 4%,
We define the genus of f(z) as p = max{degg,rank f}

Theorem 14.12. If f is an entire function of finite genus p then f is of finite order
A< p+1.

The converse of this theorem is also true, as we see below.

Theorem 14.13 ((Hadamard’s factorisation)). Let f be an entire function of finite order
A. Then f is of finite genus p < A.

Observe that Hadamard’s factorisation theorem implies that every entire function of
finite order can be factorised as in (|14.2]).

14.3 Siegel discs

The following theorem (which is an extension of the original theorem by C.L. Siegel) gives
arithmetic conditions on the rotation number of a fixed point to ensure the existence of
a Siegel disc around it. J-C. Yoccoz proved that this condition is sharp in the quadratic
family. The proof of this theorem can be found in [Mil06].

Theorem 14.14 ((Brjuno-Riissmann)). Let f(z) = Az + O(z?). If 2—: = la1;a2,...,a,] is

the n-th convergent of the continued fraction expansion of 0, where A = €™ and

> 1 -
3 log(gni1) _ (14.3)
n=0 n

then f is locally linearisable.

Irrational numbers with this property are called of Brjuno type.
We define the notion of conformal capacity as a measure of the “size” of Siegel discs.

Definition 14.15. Consider the Siegel disc A and the unique linearising map h : D(0,7) =
A, with h(0) and K'(0) = 1. The radius r > 0 of the domain of h is called the conformal
capacity of A and is denoted by k(A).

A Siegel disc of capacity r contains a disc of radius § by Koebe 1/4 Theorem.
The following theorem (see [Yoc95] for a proof) shows that Siegel discs can not shrink
indefinitely.
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Theorem 14.16. Let 0 < 0 < 1 be an irrational number of Brjuno type, and let ®(0) =
>0 1 (log gnt1/qn) < 0o be the Brjuno function. Let S() be the space of all univalent func-
tions f : D — C with f(0) = 0 and f'(0) = e*™*. Finally, define () = inf re g9y K(Af),
where K(A) is the conformal capacity of A. Then, there is a universal constant C' > 0 such
that |log(k(9)) + ®(0)| < C.

We will also need a well-known theorem about the regularity of the boundary of Siegel
discs of quadratic polynomials. Its proof can be found in [Dou87].

Theorem 14.17 ((Douady-Chys)). Let @ be of bounded type, and p(z) = e*™ 2+ 2%. Then
the boundary of the Siegel disc around 0 is a quasi-circle containing the critical point.

The following is a theorem by M. Herman concerning critical points on the boundary
of Siegel discs. Its proof can be found in [Her85, p. 601]

Theorem 14.18 ((Herman)). Let g(2) be an entire function such that g(0) = 0 and ¢'(0) =
e?™ with o Diophantine. Let A be the Siegel disc around z = 0. If A has compact closure
in C and g|x is injective then g(z) has a critical point in OA.

In fact, the set of Diophantine numbers could be replaced by the set H of Herman
numbers, where D C H C B, as shown in [Yoc02].
Finally, we state a result which is a combination of Theorems 1 and 2 in [Rem08§].

Definition 14.19. We define the class B as the class of entire functions with a bounded
set of singular values.

Theorem 14.20 ((Rempe)). Let f € B with S(f) C 9(f), where S(f) denotes the set of
singular values of f. If A is a Siegel disc of f(z) which is unbounded, then S(f)NOA # (.

14.4 Topological results

To prove Theorem we need to extend a result of Rogers in [Jr.92] to a larger class of
functions, namely functions of finite order with no wandering domains.
The result we need follows some preliminary definitions.

Definition 14.21. A continuum is a compact connected non-void metric space.

Definition 14.22. A pair (g,A) is a local Siegel disc if g is conformally conjugate to an
irrational rotation on A and g extends continuously to A.

Definition 14.23. We say a bounded local Siegel disc ( f|5 ,A) is irreducible if the bound-
ary of A separates the centre of the disc from oo, but no proper closed subset of the boundary
of A has this property.

Theorem 14.24. Suppose A is a Siegel disc of a function f in the class B, and OA is a
decomposable continuum. Then OA separates C into exactly two complementary domains.

For the proof of this theorem we will need the following ingredients which will be only
used in this proof. The topological results can be found in any standard reference on
algebraic topology.
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Theorem 14.25. If (A, fp) is a bounded irreducible local Siegel disc, then the following are
equivalent:

e OA is a decomposable continuum,
e cach pair of impressions is disjoint, and

e the inverse of the map ¢ : D — A extends continuously to a map ¥ : 9 A — S such
that for each n € S1, the fibre W=1(n) is the impression 1(n).

Proof. See [Jr.92).
O

Theorem 14.26 ((Vietoris-Begle)). Let X andY be compact metric spaces and f : X =Y
continuous and surjective and suppose that the fibres are acyclic, i.e.

H(f ' (y)=00<r<n-1, VYyev,
where H" denotes the r-th reduced co-homology group. Then, the induced homomorphism
froHN(Y) = H'(X)
18 an isomorphism for r <n — 1 and is a surjection for r = n.

Theorem 14.27 ((Alexander’s duality)). Let X be a compact sub-space of the Fuclidean
space E of dimension n, and Y its complement in E. Then,

Hy(X)= H"H(Y)
where H,, H* stands for Cech reduced homology and reduced co-homology respectively.
Remark 14.28. The case E = S?, X = S (or HY(X) = Z) is Jordan’s Curve Theorem.

Definition 14.29. If X is a compact subset of C, then the three following conditions are
equivalent:

o X is cellular,
e X is a continuum that does not separate C,
e H'(X)=0=H'(X),
where H" (X)) stands for reduced Cech co-homology and H"(X) for Cech co-homology.

Definition 14.30. We say a map f : X — Y is cellular if each fibre f~1(y) is a cellular
set.

Remark 14.31. Recall that H'(X) = H'(X).

Remark 14.32. By definition and in view of the Vietoris-Begle Theorem, cellular maps
induce isomorphisms between first reduced co-homology groups.
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Proof of Theorem [11.24) We first show that any Siegel disc A for f € B is a bounded
irreducible local Siegel disc. Recall that we define the escaping set of a function f: C — C
as:

I(f) ={z| f"(z) = 00 as n — oo}.

Clearly (f|A,A) is a local Siegel disc. It is also bounded by assumption. The only thing
left to prove is it is irreducible. If X is a proper closed subset of A and if x is a point of
OA\ X, then there is a small disc B containing x and missing X. Since z € 9A, the disc
B contains a point of A. As z € A C 7(f), the disc B contains a point y € I(f). Now,
Theorem 3.1.1 in [Rot05] states that for f € B the set I(f) U {oo} is arc-connected, and
thus y can be arc-connected to oo through points in I(f). It follows that the centre of the
Siegel disc and infinity are in the same complementary domain of C\X.

Clearly W(n) for n € S' is a continuum, which is called the impression of 1 and denoted
Imp(n). Furthermore, Imp(n) does not separate C. Indeed, if U is a bounded complementary
domain of Imp(n), then either f*(U)NU = @ for all n or there are intersection points.
Clearly f"(U)NU = 0, as if f*(U)NU # 0 for some n, then f*(0U) N OU # B, but this
implies Imp(n) = F"(Imp(n)) = Imp(n + nf) and as JA is a decomposable continuum,
each pair of impressions is disjoint by Theorem and this intersection must be empty.
Hence, f"(U)NU = ( for all n € N which implies U is a wandering domain, and for
functions in B it is known there are no wandering domains (see [EL92]).

Therefore Imp(n) is a cellular set and thus VU is a cellular map. The Vietoris-Begle the-
orem implies that the induced homomorphism ¥* : H'(S') — H'(AA) is an isomorphism
(see Remark [14.32). Then H'(9A) = Z and by Alexander’s duality A separates C into
exactly two complementary domains (see Remark .

O
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Chapter 15

The (entire transcendental) family

fa

In this chapter we describe the dynamical plane of the family of entire transcendental maps

fa(2) = Aa(e”/*(z+1—a) —1+a),

for different values of @ € C*, and for A = > with @ being a fixed irrational Brjuno

number (unless otherwise specified). For these values of A, in view of Theorem there
exists an invariant Siegel disc around z = 0, for any value of a € C*.

We start by showing that this family contains all possible entire transcendental maps
with the properties we require.

Theorem 15.1. Let g(z) be an entire transcendental function having the following proper-
ties

1. finite order,

2. one asymptotic value v, with exactly one finite pre-image p of v,

3. a fized point (normalised to be at 0) of multiplier A € C,

4. a simple critical point (normalised to be at z = —1) and no other critical points.

Then g(z) = fa(z) for some a € C with v = Aa(a — 1) and p = a — 1. Moreover no two
members of this family are conformally conjugate.

Proof. As g(z) — v = 0 has one solution at z = p, we can write:
9(2) = (z—p)"e") + o,

where, by Hadamard’s factorisation theorem (Theorem |[14.13]), A(z) must be a polynomial,
as ¢g(z) has finite order. The derivative of this function is

g'(z) = "Dz —p)"Hm+ (2 = P (2)),

173



CHAPTER 15. THE (ENTIRE TRANSCENDENTAL) FAMILY Fy

whose zeros are the solutions of z—p = 0 (if m > 1) and the solutions of m+(z—p)h/(z) =
But as the critical point must be simple and unique, m = 1 and deg h'(z) = 0. Therefore

9(2) = (z — p)e®* P + v,

and from the expression for the critical points,
1
a=——7.
p+1
Moreover from the fact that g(0) = 0 we can deduce that v = pe?, and from condition
i.e. ¢'(0) = \, we obtain ¢” = \(1 + p). All together yields

9(z) = Az = p)(1 + p)e/ )+ 2p(1 + p).
Writing a = p + 1 we arrive to
9(z) = Ma(z —a+1)e¥* + ha(a — 1) = fo(2),

as we wanted.
Finally, if f,(z) and fu/(z) are conformally conjugate, the conjugacy must fix 0,-1 and
oo and therefore is the identity map.
O]

15.1 Dynamical planes

For any parameter value a € C*, the Fatou set always contains the Siegel disc A, and all
its pre-images. Moreover, one of the singular orbits must be accumulating on the boundary
of A,. The other singular orbit may then either eventually fall in A,, or accumulate in
0A,, or have some independent behaviour. In the first case we say that the singular value
is captured by the Siegel disc. More precisely we define the capture parameters as

C={aeC*f}(-1) € A, for some n >1 or
i (va) € A, for some n > 0}

Naturally C splits into two sets C' = C°UC"Y depending on whether the captured orbit is the
critical orbit (C°) or the orbit of the asymptotic value (C¥). We will follow this convention,
superscript ¢ for critical and superscript v for asymptotic, throughout this part.

In the second case, that is, when the free singular value has an independent behaviour,
it may happen that it is attracted to an attracting periodic orbit. We define the semi-
hyperbolic parameters H as

H = {a € C*|f, has an attracting periodic orbit}.

Again this set splits into two sets, H = H°U H" depending on whether the basin contains
the critical point or the asymptotic value.

Notice that these four sets C¢, C¥, H¢, HY are pairwise disjoint, since a singular value
must always belong to the Julia set, as its orbit has to accumulate on the boundary of the
Siegel disc.
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In the following sections we will describe in detail these regions of parameter space, but
let us first show some numerical experiments. For all figures we have chosen 6 = 1+2‘@, the
golden mean number.

Figure m (in the Introduction) shows the parameter plane, where the left side is made
with a simple escaping algorithm. The component containing a = 1 is the main capture
component for which v, itself belongs to the Siegel disc. On the right side we see the same
parameters, drawn with a different algorithm. Also in Figure [13.1} we can partially see the
sets HY and Hj (and infinitely many others), where the sub-indices denote the period of
the attracting orbit.

In Figure (left) we can see the dynamical plane for a chosen in one of the semi-
hyperbolic components of Figure where the Siegel disc and the attracting orbit and
corresponding basin are shown in different colours.

Figure (right) shows the dynamical plane of fi(z) = Aze?, the semi-standard map.
In this case the asymptotic value v; = 0 is actually the centre of the Siegel disc. It is still an
open question whether, for some exotic rotation number, this Siegel disc can be unbounded.
For bounded type rotation numbers, as the one in the figure, the boundary is a quasi-circle
and contains the critical point [Gey01].

Figure left side, shows a close-up view of the parameter region around a = 0, and
in the right side, we can see a closer view of a random spot, in particular a region in H¢,
that is, parameters for which the critical orbit is attracted to a cycle.

One of these dynamical planes is shown in Figure Observe that the orbit of the
asymptotic value is now accumulating on A, and we may have unbounded Siegel discs.

Finally Figure shows some components of C, where the orbit of the asymptotic
value is captured by the Siegel disc.

We start by considering large values of a € C*. By expanding f,(z) into a power
series it is easy to check that as a — oo the function approaches the quadratic polynomial
Az(1 + z/2). It is therefore not surprising that we have the following theorem, which we
shall prove at the end of this section.

Theorem 15.2. There exists M > 0 such that the entire transcendental family fo(z) is
polynomial-like of degree two for |a| > M. Moreover, the Siegel disc A, (and in fact, the full
small filled Julia set) is contained in a disc of radius R where R is a constant independent

of a.
1+v5

Figureﬂ shows the dynamical plane for a = 15+ 15i, A = 2371 where we clearly
see the Julia set of the quadratic polynomial Az(1 + z/2), shown on the right side.

An immediate consequence of Theorem above follows from Theorem [14.17] This
is Part @ of Theorem A in the Introduction.

Corollary 15.3. For |a] > M, and 0 of constant type the boundary of A, is a quasi-circle
that contains the critical point.

In fact we will prove in Section (Proposition that the same occurs in many
other situations like, for example, when the asymptotic value lies itself inside the Siegel
disc or when it is attracted to an attracting periodic orbit. See Figures (Left) and

In fact we believe that this family provides examples of Siegel discs with an asymptotic
value on the boundary, but such that the boundary is a quasi-circle containing also the
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£
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Figure 15.1: Left: Julia set for a parameter in a semi-hyperbolic component (for the
asymptotic value). Details: a = (—0.62099,0.0100973), upper left: (—4,3), lower right:
(2,—3). In light grey we see the attracting basin of the attracting cycle, and in white the
Siegel disc and its pre-images. Right: Julia set of the semi-standard map, corresponding
to fi(z) = Aze®. Upper left: (—3,3), lower right: (3,—3). The boundary of the Siegel
disc around 0 is shown, together with some of the invariant curves. The Fatou set consists
exclusively of the Siegel disc and its pre-images.

critical point. A parameter value with this property could be given by ag ~ 1.544913893 +
0.32322773i € OCY, A = 2 (5
critical point coincide.

The opposite case, that is, the Siegel disc being unbounded and its boundary non-locally
connected also takes place for certain values of the parameter a, as we show in the following
theorem, which covers parts |E[) and [c) of Theorem A.

(see Figure |15.6) where the asymptotic value and the

Theorem 15.4. Let 6 be Diophantindl, then:
a) If fI'(—1) — oo then A, is unbounded and v, € A,
b) if a € HCUC® either A, is unbounded or 0A, is an indecomposable continuum.

Proof. The proof of the first part is a slight modification of Herman’s proof for the expo-
nential map (see [Her85]). The difference is given by the fact that the asymptotic value of
fa(z) is not an omitted value, and by the existence of a second singular value. For both
parts we need the following definitions. Suppose that A := A, is bounded and let A;
denote the bounded components of C\OA. Let A, be the unbounded component. Since

'Diophantine numbers can actually be replaced by the larger class of irrational numbers 3 (see [Yoc02],

[PM97])
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R,
(0

4

Figure 15.2: Left: “Crab”-like structure corresponding to escaping critical orbits (dark
grey). Upper left: (—0.6,0.6), lower right: (0.6, —0.6). In light grey we see parameters for
which the orbit of v, escapes. Right: Baby Mandelbrot set from a close-up in the “crab
like” structure. Upper left: (—0.336933,0.1128), lower right: (—0.322933,0.08828).

A and A; are simply connected, then A= C\A is compact and simply connected. By
the Maximum Modulus Principle and Montel’s theorem, { fi'|5, }nen form a normal family
and hence A; is a Fatou component. We also have that 0A = A, although this does not
imply a priori that A; = () (see Wada lakes and similar examples [Rog98]).

Proof of Part @) Now suppose the critical orbit is unbounded. Then ¢ € J(f,), but
AN J(f,) is bounded and invariant. Hence ¢ ¢ A.

We claim that there exists U a simply connected neighbourhood of A such that U
contains no singular values. Indeed, suppose that the asymptotic value v, belongs to A.
Since v, € J(f), then v, € OA. But A is bounded, and f|,, is surjective, hence the only
finite pre-image of v,, namely a — 1, also belongs to JA. This means that v, is not acting
as an asymptotic value but as a regular point, since f(z) is a local homeomorphism from
a—1tov,.

Hence there are no singular values in U. It follows that

fly1wy iU = U

is a covering and f~! : A — A extends to a continuous map h(z) from A to A. Since
hf = fh =1d, it follows that f|,, is injective. As this mapping is always surjective, it is a
homeomorphism. We now apply Herman’s main theorem in [Her85| (see Theorem [14.18) to
conclude that A must have a critical point, which contradicts our assumptions. It follows
that A is unbounded. Finally Theorem implies that v, € 0A,.
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Figure 15.3: A close up of Figure Right. A quadratic Siegel disc in parameter space,
corresponding to a capture zone for the asymptotic value. Upper left: (7.477,4.098), Lower
right: (7.777,3.798).

Proof of part[)[). The work was done already when proving Theorem Since f, has 2
singular values, it belongs to the Eremenko-Lyubich class B. Hence, if we assume that A,
is bounded, it follows from Theorem [14.24] that OA,, is either an indecomposable continuum
or DA, separates C in exactly two complementary domains. This would imply that A=A
and by hypothesis —1 ¢ A. The same arguments as in Part @ concludes the proof. O

Remark 15.5. In part@) it is not strictly necessary that the critical orbit tends to infinity.
In fact we only use that the critical point is in J(f,) and some element of its orbit belongs
to Ao
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iy

Figure 15.4: Left: Julia set for a parameter in a semi-hyperbolic component for the critical
value. By Theorem [15.4] this Siegel disc is unbounded. Details: a = (—0.330897,0.101867),
upper left: (—1.5,1.5)., lower right: [3, —3]. Right: Close-up of a basin of attraction of the
attracting periodic orbit. Upper left: (—1.1,0.12), lower right: (—0.85,—0.13).

' ¥

Figure 15.5: Left: Julia set corresponding to a polynomial-like mapping. Details: a =
(15, —15), upper left: (—4,3), lower right: (2,—3). Right: Julia set corresponding to the
related polynomial. Upper left: (—4,3), lower right: (—2,3)
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Figure 15.6: Julia set for the parameter a ~ 1.544913893 + 0.32322773¢. The parameter is
chosen so that the critical point and the asymptotic value are at the same point, hence both
singular orbits accumulate on the boundary. Upper left: (—1.5,1.5), lower right: (3, —3).

15.2 Large values of |a]: Proof of theorem [15.2]

Let D :={w € C||w| < R}, v = 0D, g(z) = Az(z/2 + 1). If we are able to find some R and
S such that

l9(2) —w|zey =5,
weD

F(2) = 9()].e, < 5,

then we will have proved that D C f(D) and deg f = degg = 2 by Rouché’s theorem.
Indeed, given w € D f(z) —w = 0 has the same number of solutions as ¢g(z) —w = 0, which
is exactly 2 counted according with multiplicity. Clearly,

l9(2) = wl 26y 2 19(2)].ey — [Wluep = (R*/2—R) - R.
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Figure 15.7: Point in a capture component for the critical value, so that the Siegel disc
is either unbounded or an indecomposable continuum. Details: a = (—0.33258,0.10324),
upper left: (—1.5,1.5), lower right: (=3, —3).

Figure 15.8: Sketch of inequalities
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Define S := R?/2 — 2 R. Since we want S > R > 0, we require that R > 4. Now expand
exp(z/a) as a power series and let |a| = b > R. Then

3 2 0 _j

z z z
) = ool = o + 57 —aleF =03 55 <
R® R2 R} _, n R?
L 2 /oy _ T R/by Y.
< ot o+ (B0 = Z (14 (14 ) R)

This last expression can be bounded by g—;(l +4R) as b > R. Now we would like to find
some R such that for b > R, }22—;(1 +4R) < S. It follows that

R+ 4R?

b
R_4 -7

and this function of R has a local minimum at R ~ 8.12311. We then conclude that given

R = 8.12311 b must be larger than 65.9848.
This way the triple (f,, D(0, R), f(D(0, R))) is polynomial-like of degree two for |a| > 66.

Remark 15.6. Numerical experiments suggest that |a| > 10 would be enough.
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Chapter 16

Semi-hyperbolic components:
Proof of Theorem B

In this chapter we deal with the set of parameters a such that the free singular value is
attracted to a periodic orbit. We denote this set by H and it naturally splits into the
pairwise disjoint subsets

H) = {a € C|0"(v,) is attracted to a periodic orbit of period p}
H,={a€ C|O"(—1) is attracted to a periodic orbit of period p}.

where p > 1. We will call these sets semi-hyperbolic components.

It is immediate from the definition that semi-hyperbolic components are open. Also
connecting with the definition in the previous section we have H® = Up>1H; and HY =
Uple; .

As a first observation note that, by Theorem every connected component of H,, for
every p > 1 is bounded. Indeed, for large values of a the function f,(z) is polynomial-like
and hence the critical orbit cannot be converging to any periodic cycle, which partially
proves Theorem B, Part @) We shall see that, opposite to this fact, all components of
Hj are unbounded. We start by showing that no semi-hyperbolic component in Hy can
surround a = 0, by showing the existence of continuous curves of parameter values, leading
to a = 0, for which the critical orbit tends to co. These curves can be observed numerically
in Figure in the previous section.

Proposition 16.1. If v is a closed curve contained in a component W of H¢ U C°, then
ind(y,0) = 0.

Proof. We shall show that there exists a continuous curve a(t) such that Jat t)(—l) 0
for all ¢t. It then follows that a(t) would intersect any curve vy surrounding a = 0. But
if v C H°U C*°, this is impossible. For a # 0 we conjugate f, by u = z/a and obtain
the family gq(u) = A(e"(au+ 1 —a) — 14 a). Observe that go(u) = A(e* — 1). The idea
of the proof is the following. As a approaches 0, the dynamics of g, converge to those of
go- In particular we find continuous invariant curves {I'j(t),k € Z}ic(0,00) (Devaney hairs

or dynamic rays) such that ReI'¢(t) 2% o0 and if z € I'4(t) then Regy(z) — oo. These
invariant curves move continuously with respect to the parameter a, and they change less
and less as a approaches 0, since g, converges uniformly to gg.
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On the other hand, the critical point of g, is now located at ¢, = —1/a. Hence, when
a runs along a half circle around 0, say n; = {te'®, 7/2 < a < 37/2}, ¢, runs along a half
circle with positive real part, of modulus |¢,| = 1/t.

a(t) ~ r{

Figure 16.1: Right: Parameter plane Left: Dynamical plane of g4(z).

If ¢ is small enough, this circle must intersect, say, I'j in at least one point. This

means that there exists at least one a(t) € n; such that ar) (Ca(r) "% ~0). Using standard
arguments (see for example [Fag95]) it is easy to see that we can choose a(t) in a continuous

way so that a(t) 29, Undoing the change of variables, the conclusion follows.
O

Remark 16.2. [t is worth noting that for functions in class i%, that is, bounded singular
set with finite order (f, belongs to this class), all periodic dynamic rays land, and landing
points are either repelling or parabolic periodic points (see [Denil)]).

We would like to show now that all semi-hyperbolic components are simply connected.
We first prove a preliminary lemma.

Lemma 16.3. Let U C H, with U compact. Then there is a constant C > 0 such that
for all a € U the elements of the attracting hyperbolic orbit, zj(a), satisfy |zj(a)| < C,

j=1...,p.
Proof. If this is not the case, then for some 1 < j < p, zj(a) = 00 as a = a9 € OU with

a € U. But as long as a € U, zj(a) is well defined, and its multiplier bounded (by 1).
Therefore,

p p
L1172 @) = TT e @/e)|zi(a) + 1] < 1.
j=1 j=1

Now, we claim that z;j(a) + 1 does not converge to 0 for any 1 < j < p as a goes to ao.
Indeed, if this was the case, z;j(a) would converge to -1, which has a dense orbit around the
Siegel disc, but as the period of the periodic orbit is fixed, this contradicts the assumption.
Hence [[7_, [zj(a) + 1| — oo and necessarily [[}_, le?i(@)/a| — 0 as a goes to ag. This
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implies that at least one of these elements goes to 0, say |e* (a)/ ? — 0. But this means
that zj11(a) = Aap(ag — 1) = v, as a = ag. Now the first p — 1 iterates of the orbit of vg,
by fa, are finite. Since f, is continuous with respect to a in U, these elements cannot be
the limit of a periodic orbit, with one of its points going to infinity. In particular we would
have f27'(zj11(a)) = zj(a) = f2 " (va,) which contradicts the assumption.

O

With these preliminaries, the proof of simple connectedness is standard (see [BR84] or
[BDH™'99]).

Proposition 16.4. (Theorem B, Part@) For all p > 1 every connected component W of
Hy or Hy is simply connected.

Proof. Let v C W a simple curve bounding a domain D. We will show that D C W. Let
gn(a) = fa¥(va) (resp. fo¥(—1)). We claim that {g,}nen is a family of entire functions
for a € D. Indeed, f,(vq) has no essential singularity at @ = 0 (resp. f,(—1) has no
essential singularity as 0 ¢ D), neither do f'(fa(va)), n > 1 (resp. f2(fa(=1)), n > 1) as
the denominator of the exponential term simplifies.

By definition W is an open set, therefore there is a neighbourhood v C U C W. By
Lemma |zj(a)] < C, j=1,...,p and it follows that {g,(a)}nen is uniformly bounded
in U, since it must converge to one point of the attracting cycle as n goes to co. So by
Montel’s theorem and the Maximum Modulus Principle, this family is normal, and it has
a sub-sequence convergent in D. If we denote by G(a) the limit function, G(a) is analytic
and the mapping H(a) = f§(G(a)) — G(a) is also analytic. By definition of H,, H(a) is
identically zero in U, and by analytic continuation it is also identically zero in D. Therefore
G(a) = z(a) is a periodic point of period p.

Now let x(a) be the multiplier of this periodic point of period p. This multiplier is an
analytic function which satisfies |x(a)| < 1 in U, and by the Maximum Modulus Principle
the same holds in D. Hence D C H (resp. D C Hp).

O

The following lemma shows that the asymptotic value itself can not be part of an
attracting orbit.

Lemma 16.5. There are neither a nor p such that fP(v,) = vq and the cycle is attracting.

Proof. It cannot be a super-attracting cycle since such orbit must contain the critical point
and its forward orbit, but the critical orbit is accumulating on the boundary of the Siegel
disc and hence its orbit cannot be periodic.

It cannot be attracting either, as the attracting basin must contain a singular value
different from the attracting periodic point itself, and this could only be the critical point.
But, as before, the critical point cannot be there. The conclusion then follows.

O

We can now show that all components in H; are unbounded, which is part of Part |ED of
Theorem B. The proof is also analogous to the exponential case (see [BR84] or [BDH'99)).

Theorem 16.6. Every connected component W of H is unbounded for p > 1.
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Proof. From Lemma above, the attracting periodic orbit z(a) of Proposition
above is not only analytic in W but as limsup|x(a)| < 1 for a € W, z(a) has only algebraic
singularities at b € OW. These singularities are in fact points where x(b) = 1 by the implicit
function theorem. This entails that the boundary of W is comprised of arcs of curves such
that |x(a)| = 1.

The multiplier in W is never 0 by Lemma thus if W is bounded, it is a compact
simply-connected domain bounded by arcs |x(a)| = 1. Now Ox (W) C x(OW) C {x]|x| = 1}
but by the minimum principle this implies 0 € x (W) against assumption.

O

To end this section we show the existence of the largest semi-hyperbolic component, the
one containing a segment [r, 00) for r large, which is Theorem B, Part .

Theorem 16.7. The parameter plane of fu(z) has a semi-hyperbolic component HY of
period 1 which is unbounded and contains an infinite segment.

Proof. The idea of the proof is to show that for a = r > 0 large enough there is a region R
in dynamical plane such that m C R. By Schwartz’s lemma it follows that R contains an
attracting fixed point. By Theorem the orbit of v, must converge to it. Not to break
the flow of exposition, the detailed estimates of this proof can be found in the Appendix.

O

Remark 16.8. The proof can be adapted to the case A = +i showing that H} contains an
infinite segment in iR. Observe that this case is not in the assumptions of this part since
z = 0 would be a parabolic point.

16.1 Parametrisation of H): Proof of Theorem B, Part @

In this section we will parametrise connected components W C H, by means of quasi-
conformal surgery. In particular we will prove that the multiplier map x : W — D* is a
universal covering map by constructing a local inverse of y. The proof is standard.

Theorem 16.9. Let W C H, be a connected component of Hy and D* be the punctured
disc. Then x : W — D* is the universal covering map.

Proof. For simplicity we will consider W C HY in the proof. Take ay € W, and observe
that fJ'(v,) converges to z(a) as n goes to oo, where z(a) is an attracting fixed point of
multiplier pg < 1. By Koénigs theorem there is a holomorphic change of variables

Yag 1 Ugg = D

conjugating fa,(2) to mp,(2) = poz where Uy, is a neighbourhood of z(ag).
Now choose an open, simply connected neighbourhood Q2 of pg, such that 2 C D*, and
for p € Q consider the map

Yp: Apy Ap
P s porgi(CHBlogr).

where A, denotes the standard straight annulus A, = {z|r < |2| < 1} and
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_ log|p| _argp — arg o
log |pol’ log | po

This mapping verifies 1,(mp,(2)) = my(¥,(2)) = p,(z). With this equation we can

extend 1, to mp(Ap),mf)(Ap),... and then to the whole disc D by setting (0) = 0.

k
p

Therefore, the mapping 1, maps the annuli m
{=llp"*1] < [2] < o}
This mapping has bounded dilatation, as its Beltrami coefficient is

(A,) homeomorphically onto the annuli

a+if — 16%C

Moo = TiB+ 1

Now define ¥, = 1,4, which is a function conjugating f,, quasiconformally to pz in D.

Let 0, = W7 (09) be the pull-back by ¥, of the standard complex structure o¢ in D.
We extend this complex structure over Uy, to f,"(Us,) pulling back by fy,, and prolong it
to C by setting the standard complex structure on those points whose orbit never falls in
Uqy- This complex structure has bounded dilatation, as it has the same dilatation as v,,.
Observe that the resulting complex structure is the standard complex structure around 0,
because no pre-image of U,, can intersect the Siegel disc.

Now apply the Measurable Riemann Mapping Theorem (with dependence upon pa-
rameters, in particular with respect to p) so we have a quasiconformal integrating map h,
(which is conformal where the structure was the standard one) so that hyo0 = 0,. Then
the mapping g, = ho fo h~1 is holomorphic as shown in the following diagram:

Yfap!
((C7 Up’) - ((Cv Up’)

\th/ ihpl

9yt

(C, 0'0) —— ((C, 00)

Moreover, the map p + h,(2) is holomorphic for any given z € C since the almost complex
structure o, depends holomorphically on p. We normalise the solution given by the Mea-
surable Riemann Mapping Theorem requiring that -1, 0 and oo are mapped to themselves.
This guarantees that g,(z) satisfies the following properties:

® g,(2) has 0 as a fixed point with rotation number A, so it has a Siegel disc around it,

(2)
e g,(z) has only one critical point, at -1 which is a simple critical point,
¢ g,(2) has an essential singularity at oo,

(2)

® g,(2) has only one asymptotic value with one finite pre-image.

Moreover g,(z) has finite order by Theorem [14.3} Then Theorem implies that g,(z) =
fv(2) for some b € C*. Now let’s summarise what we have done.

Given p in @ C D* we have a b(p) € W C HY such that fy,(2) has a periodic point
with multiplier p. We claim that the dependence of b(p) with respect to p is holomorphic.
Indeed, recall that v, has one finite pre-image, a — 1. Hence h,(a — 1) = b(p) — 1 which
implies a holomorphic dependence on p.
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We have then constructed a holomorphic local inverse for the multiplier. As a conse-
quence, x : H — D* is a covering map and as W is simply connected by Proposition [16.4]
and unbounded by Theorem X is the universal covering map.

O

16.2 Parametrisation of H;: Proof of Theorem B, Part @

Let W be a connected component of Hy which is bounded and simply connected by Theorem
The proof of the following proposition is analogous to the case of the quadratic family
but we sketch it for completeness.

Proposition 16.10. The multiplier x : W — D is a conformal isomorphism.

Proof. Let W* = W\x~1(0). Using the same surgery construction of the previous section
we see that there exists a holomorphic local inverse of x around any point p = x(z(a)) € D*,
a € W*. It then follows that x is a branched covering, ramified at most over one point.
This shows that x~1(0) consists of at most one point by Hurwitz’s formula.

To show that the degree of x is exactly one, we may perform a different surgery con-
struction to obtain a local inverse around p = 0. This surgery uses an auxiliary family of
Blaschke products. For details see [BE14] or [Dou&7]. O
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Capture components: Proof of
Theorem C

A different scenario for the dynamical plane is the situation where one of the singular
orbits is eventually captured by the Siegel disc. The parameters for which this occurs are
called capture parameters and, as it was the case with semi-hyperbolic parameters, they
are naturally classified into two disjoint sets depending whether it is the critical or the
asymptotic orbit the one which eventually falls in A,. More precisely, for each p > 0 we

define
c=culJc
p=>0 p=>0

where

Cy ={a € C|f2(va) € Ay, p > 0 minimal},
C5 = {a € C|fP(~1) € Aq, p > 0 minimal},

Observe that the asymptotic value may belong itself to A, since it has a finite pre-image,
but the critical point cannot. Hence Cf is empty.

We now show that being a capture parameter is an open condition. The argument is
standard, but we first need to estimate the minimum size of the Siegel disc in terms of the
parameter a. We do so in the following lemma.

Lemma 17.1. For all ag # 0 exists a neighbourhood V' of ay such that fq(2) is univalent
in D(0, R).

Proof. The existence of a Siegel disc around z = 0 implies that there is a radius R’ such
that fu,(2) is univalent in D(0, R'). By continuity of the family f,(z) with respect to the
parameter a, there are R > 0, > 0 such that f,(z) is univalent in D(0, R) for all a in the
set {a| |a — ap| < €}.

O

Corollary 17.2. For all ag # 0 exists a neighbourhood ay € V' such that A, contains a
disc of radius

<
4R
where C' is a constant that only depends on 6 and R only depends on ag.

189



CHAPTER 17. CAPTURE COMPONENTS: PROOF OF THEOREM C

Proof. For any value of a the maps f,(z) and fu(z) = %)\a(eRz/“(Rz +1—a)—1+4a) are
affine conjugate through h(z) = R - z. For |a — ag| < ¢, fa(2) is univalent on D, thus we
can apply Theorem to deduce that the conformal capacity &, of the Siegel disc A, is
bounded from below by a constant C' = C'(f). Undoing the change of variables we obtain

Rk =Fkq > C(0)
and therefore, by Koebe’s 1/4 Theorem, A, contains a disc of radius 04%)- O
Theorem 17.3 ((Theorem C, Part E[)) Let a € Cy (resp. a € Cf) for some p > 0 (resp.
p > 1) which is minimal. Then there exists 6 > 0 such that D(a,d) C Cp (resp. Cy)

Proof. Let b = f¥(v,) € A, (resp. b= f(—1) € A,). Assume b # 0, (the case b = 0 is
easier and will be done afterwards). Define the annulus A as the region comprised between
h

O(b) and 0A, as shown in Figure
A

Figure 17.1: The annulus A.

Define v as the restriction of the linearising coordinates conjugating f,(z) to the rotation
Rp in A,, taking A to the straight annulus A(1,¢), where ¢ is determined by the modulus
of A. Also define a quasiconformal mapping ¢ : A(1,¢) — A(1,€2) conjugating the rotation
Ry to itself. Let ¢ be the composition ¢ o 1.

Let 1 be the f, invariant Beltrami form defined as the pull-back pu = ¢*ug in A and
spread this structure to U, f;"(A) by the dynamics of f,(z). Finally define u = o in
C\ U, f7™(A). Observe that p = po in a neighbourhood of 0. Also ¢ has bounded
dilatation, say k < 1, which is also the dilatation of u.

Now let py = t- p be a family of Beltrami forms with ¢ € (0, 1/k). These new Beltrami
forms are integrable, since |pullc = t||u|| < £k = 1. Thus by the Measurable Riemann
Mapping Theorem we get an integrating map ¢ fixing 0,-1 and oo, such that ¢jug = .
Let f*=dvo fao ¢y,

(C, ) L2 (C, e)

Lk

(C, 10) - = = (C, o)

Since py is fy-invariant, it follows that f!(z) preserves the standard complex structure
and hence it is holomorphic by Weyl’s lemma.
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Notice also that by Theorem in Section [14] f!(z) has finite order. Furthermore by
the properties of the integrating map and topological considerations, it has an essential
singularity at oo, a fixed point 0 with multiplier A and a simple critical point in -1. Finally,
it has one asymptotic value ¢;(a) with one finite pre-image, ¢¢(a — 1). Hence by Theorem
fH(2) = faw(z) for some a(t). Now we want to prove that a(t) is analytic. First
observe that for any fixed z € C, the almost complex structure p; is analytic with respect
to t. Hence, by the MRMT, it follows that t — ¢;(z) is analytic with respect to t. Now,
a—1 is the finite pre-image of vy, so ¢r(a—1) = a(t)—1, and this implies a(t) = 14+¢¢(a—1),
which implies that a(t) is also analytic.

It follows that a(t) is either open or constant. But fq) = f, and fi are different
mappings since the annuli ¢p(A) = A and ¢1(A) have different moduli. Then a(t) is open
and therefore {a(t),t € D(0,1/k)} is an open neighbourhood of a which belongs to Cy
(resp. Cp).

If f5 (vay) =0 (resp. fa,(—1) =0), by Lemma and Corollary there exists an
e > 0 such that for all a close to ag, Ay, D D(0,¢). Hence a small perturbation of f,, will
still capture the orbit of v,, (resp. -1) as we wanted.

O

The theorem above shows that capture parameters form an open set. We call the
connected components of this set, capture components, which may be asymptotic or critical
depending on whether it is the asymptotic or the critical orbit which falls into A,.

As in the case of semi-hyperbolic components, capture components are simply con-
nected. Before showing that, we also need to prove that no critical capture component may
surround a = 0. We just state this fact, since the proof is a reproduction of the proof of
Proposition above.

Proposition 17.4. Let v be a closed curve in W C C". Then ind(v,0) = 0.

Proposition 17.5. (Theorem C, Pcmf@) All connected components W of CV or C¢ are
simply connected.

Proof. Let W be a connected component of C¥ or C¢ and v C W a simple closed curve. Let
D be the bounded component of C\7y. Let U be a neighbourhood of 7 such that U C W.
Then, for all a € U, fI'(v,) (resp. fI'(—1)) belongs to A, for n > ng, and even more it
remains on an invariant curve. It follows that G} (a) = fi'(vg) (resp. G&(a) = fi(—1)) is
bounded in U for all n > ng.

Since G¥(a) is holomorphic in all of C (resp. in C*), we have that G%(a) (resp. G¢(a))
is holomorphic and bounded on D, and hence it is a normal family in D. By analytic con-
tinuation the partial limit functions must coincide, so there are no bifurcation parameters
in D. Hence D C W.

O

As it was the case with semi-hyperbolic components, it follows from Theorem that
all critical capture components must be bounded, since for |a| large, the critical orbit must
accumulate on 0A,. This proves Part |d)) if Theorem C. Among all asymptotic capture
components, there is one that stands out in all computer drawings, precisely the main
component in Cj. That is, the set of parameters for which v, itself belongs to the Siegel
disc.
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We first observe that this component must also be bounded. Indeed, if v, € A, then its
finite pre-image a — 1 must also be contained in the Siegel disc. But for |a| large enough,
the disc is contained in D(0, R), with R independent of a (see Theorem [15.2)). Clearly C§
has a unique component, since v, = 0 only for ¢« = 0 or @ = 1. This proves Part E[) of
Theorem C.

The “centre” of C{ is a = 1, or the map f,(z) = Aze®, for which the asymptotic value
v1 = 0 is the centre of the Siegel disc. This map is quite well-known, as it is, in many
aspects, the transcendental analogue of the quadratic family. It is known, for example that
if 0 is of constant type then 0A, is a quasi-circle and contains the critical point. This
type of properties can be extended to the whole component C{j as shown by the following
proposition.

Proposition 17.6. (Proposition E, Part@) If 0 is of constant type then for every a € C§
the boundary of the Siegel disc is a quasi-circle that contains the critical point.

Proof. For a =1, fi(z) = Aze® and we know that 0A, is a quasi-circle that contains the
critical point (see [Gey01]). Define ¢, = f{*(—1), denote by O,(—1) the orbit of -1 by f,(2)
and

H : {cptn>0 x Cf C
(o a) —=[fi(=1)
Then this mapping is a holomorphic motion, as it verifies
o H(cp, 1) =cy,
e it is injective for every a, as if v, € C{, then O,(—1) must accumulate on 0A,. Hence
fr(=1) # f*(—1) for all n # m.

e It is holomorphic with respect to a for all ¢,, an obvious assertion as long as 0 ¢ CJ
which is always true.

Now by the second A-lemma (Lemma in Section [14)), it extends quasiconformally to
the closure of {¢;, }nen, which contains 0A,. It follows that for all a € C{, the boundary
of A, satisfies 0A, = H,(0A,) with H, quasiconformal, and hence 04, is a quasi-circle.
Since —1 € 9A1, we have that —1 € 0A,.

O

We shall see in the next section that this same argument can be generalised to other
regions of parameter space.
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Chapter 18

Julia stability

The maps in our family are of finite type, hence f,,(z) is J-stable if both sequences
{f2(=1)}nez and {f?(va)}nez are normal for a in a neighbourhood of ag (see [McM94]
or [EL92]).

We define the critical and asymptotic stable components as

8¢ ={a € C|G5,(a) = fJ}(—1) is normal in a neighbourhood of a},

8" ={a € C|G,,(a) = fI'(vq) is normal in a neighbourhood of a},

a

respectively. Accordingly we define critical and asymptotic unstable components U¢, UY
as their complements, respectively. These stable components are by definition open, its
complements closed. With this notation the set of J-stable parameters is then § = 8N 8".

Capture parameters and semi-hyperbolic parameters clearly belong to 8¢ or §¥. Next,
we show that, because of the persistent Siegel disc, they actually belong to both sets.

Proposition 18.1. H%Y, C*" C 8

Proof. Suppose, say, that ag € H". The orbit of v,, tends to an attracting cycle, and hence
ag € 8. In fact, since HY is open, we have that a € 8V for all a in a neighbourhood U
of ag. For all these values of a, the critical orbit is forced to accumulate on 0A,, hence
{f(—=1) }nen avoids, for example, all points in A,. It follows that {f2(—1)}nen is also
normal on U and therefore ag € 8°. The three remaining cases are analogous.

O

Any other component of 8§ not in H or C will be called a queer component, in analogy to
the terminology used for the Mandelbrot set. We denote by @ the set of queer components,
sothat = HUCUQ.

At this point we want to return to the proof of Proposition [I7.6] where we showed that,
for parameters inside C§, the boundary of the Siegel disc was moving holomorphically with
the parameter. In fact, this is a general fact for parameters in any non-queer component of
the J-stable set.

Proposition 18.2. Let W be a non-queer component of 8 = 8N 8%, and ag € W. Then
there exists a function H : W x 0A,, = 0A, which is a holomorphic motion of 0A,,.
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Proof. Since W is not queer, we have that W C H U C. Let s, denote the singular value
whose orbits accumulates on dA, for a € W, so that s, € {—1,v,}. Let s = fI(s,), and
denote the orbit of s, by O4(sg). Then the function

H : 04y(8g0) x W ——C

(say » a)—=sq
is a holomorphic motion, since O4(s,) must be infinite for all n, and f;'(s,) is holomorphic
on a, because 0 ¢ W. By the second A-lemma, H extends to the closure of O (s4,) which
contains 9Ag.

O

Combined with the fact that f,(z) is a polynomial-like map of degree 2 for |a| > R (see
Theorem [15.2)) we have the following immediate corollary.

Corollary 18.3. (Proposition E, Part[)[) Let W C HYUC" be a component intersecting
{|z| > R} where R is given by Theorem (in particular this is satisfied by any component
of HV). Then,

a) if 0 is of constant type, for all a € W, the boundary 0A, is a quasi-circle containing the
critical point.

b) Depending on 6 € R\Q, other possibilities may occur: 0A, might be a quasi-circle not
containing the critical point, or a €™, n € N Jordan curve not being a quasi-circle con-
taining the critical point, or a €™, n € N Jordan curve not containing the critical point
and not being a quasi-circle. In general, any possibility realised by a quadratic polyno-
mial for some rotation number and which persists under quasiconformal conjugacy, is
realised for some f, = ™ a(e*/*(z + 1 —a) +a —1).

Remark 18.4. In general, for any W C H* U C" we only need one parameter ag € W for
which one of such properties is satisfied, to have it for all a € W.
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Chapter 19

Approximating sets of instability

In this chapter we will prove Theorem F and related results, hence proving a parameter
plane analogue of a result by Fatou and Brolin. The chapter is divided in 5 sections. In
Section we will see two specific examples from the family of quadratic polynomials with
the purpose of motivating and illustrating our results. In Section we will introduce
the notation used in the rest of the chapter. In Section we will prove the main result
in a general setting. In Section we will prove additional results extending the main
theorem.

19.1 Two examples for the quadratic family

We will illustrate the main result for the quadratic family, to give a concrete example where
the construction is clearer than in the general setting.

19.1.1 Centres of hyperbolic components
Let P.(z) = 2% + ¢ and let M denote the Mandelbrot set, that is, the set

M= {ce C|P}(z) » oo},

or equivalently, the set of parameters for which the filled Julia set of P.(z) is connected.
The boundary of M, denoted by OM, is exactly the set of parameters for which P, is
not J-stable. It can also be characterised as

oM = {c € C|{gn(c) := P*(0) }nen is not normal in any neighborhood of c}, (19.1)

which is also known as the bifurcation locus of the quadratic family.

Recall that we call an open set in the parameter plane of P. a hyperbolic component if
all parameters in it have an attracting cycle. This definition generalises for all families with
one singular value. In the Mandelbrot set, each hyperbolic component has a distinguished
point called the centre, which is the unique parameter for which the critical point is itself
periodic, and hence superattracting. Recall that

OM = {centres of hyperbolic components}’.
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This property is the idea for an algorithm suggested by Christian Henriksen, which produces
very accurate pictures of OM. We want to find points arbitrarily close to M, characterised
as in .

It is easy to see that P.(z) has two different branches of the inverse function, except at
the critical point w = 0, for every ¢ € C. Moreover, these two branches are analytic with
respect to ¢ and we can denote them by ¢, (c)t and ¢, (c)” as functions depending on c.

Define the sets

Cp ={ce C|P!0) =0 for nin N},

C= G Ch,
n=0

which is the set of centres of hyperbolic components. Observe that the critical point 0 is
in C, since P§(0) = 0.

Theorem 19.1. With OM and C as above,
oM c C.

Proof. We prove that OM C C by contradiction. Assume there is a d € OM and a neigh-
borhood d € U such that U N C' = (). This implies P?*(0) # 0 for all ¢ € U and all n € N.
Shrink this neighborhood as needed so that 0 ¢ U. We can do this because 0 ¢ OM. Now
consider an auxiliary family of functions defined as

Pr(0) — ¢y (¢)

which is well-defined for ¢ € U because 0 ¢ U and the two branches of the inverse ¢ and
¢, are well defined. This family avoids 0 and oo, as P*(0) can not be equal to a pre-image
of 0 for ¢ € U, because U NC = (. Since 0 ¢ U, this family also avoids 1 because the
branches ()™ and ¢g(c)~ are different. Now by Montel’s normality theorem G (c) is

normal in U as it avoids 3 points and then gy (c) is also normal, contradicting the fact that
d € OM.

, celU,neN,

O]

Observe that in the proof the role of the critical point could be played by an arbitrary
analytic function w(c) as long as we defined the set of centres C), accordingly:

Cn = {c e C|P"(w(c)) = 0 for n in N},

(
a-)a.
n=0
19.1.2 Misiurewicz points in the quadratic family

Remember that a parameter ¢ € C is called a Misiurewicz point (or Misiurewicz parameter)
if the critical point of P.(z) is strictly pre-periodic.
It is well known that (see [DH™84])

OM = {Misiurewicz points},
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and with slight variations in the construction of the previous section, we can prove a more
general result implying this.
Define the following set of (k, ¢)-Misiurewicz points

Misy,, = {c € C| P*(Pk(0)) = P4(0) for some n > 0},

for a fixed choice of k > 2, k € Nand 1 < q < k, ¢ € N. The set Misy, is the set of
parameters ¢ € C such that the critical point is pre-periodic of pre-period ¢ and period
n + k for any n € N. We can simplify the notation used here and write w(c) = P*(0) and

B(c) = P2(0),
Misyq = {c € C| P (w(c)) = B(c) for some n > O}.
As in the previous section, we have two different branches for the inverse function. These

two branches are different in C, except when ¢ = 0 and thus the branches coincide in the
following set

K= {c € C|P.(0) = ﬁ(c)}.

Observe that this set is either discrete or the whole plane, since this is the set of zeros of
an analytic function. Now the result is the following.

Theorem 19.2. With OM, Misy , and K as above,

OM C Mis, \ K = Mis,.

Proof. We will prove this result by contradiction. Let d € 0M and consider a neighborhood
d € U such that U N Misg, = 0 and shrink it such that U N K = (). This implies that
P(w(c)) # B(c) for all c € U and any n € N.

As before, we have two branches of the inverse function depending on ¢, for the point

z = B(c), written as gp?;(c) (¢). These two branches are different in U, since P.(0) # S(c) in

U (also, 8(c) #0), as U N K = ). As in the proof of Theorem we can now construct
an auxiliary family of functions avoiding 3 points in U, meaning g¢,(c) is normal in U in
contradiction of our assumption, proving

OM = Misy, 4 C Misiurewicz parameters.
O

Observe that this setting is a generalisation of the setting in Section [19.1.1] since the
sets we are studying now depend on two analytic functions, w(c) and 5(c).
The main result of this chapter is a generalisation of these examples.

19.2 Definitions

In this section we will give a general framework, valid for general families of functions based
on the construction for the Mandelbrot set we have illustrated with centres of hyperbolic
components and Misiurewicz points.
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Consider a one-parameter family of entire functions of degree at least 2 depending
analytically on the parameter ¢, f. : C — C with a discrete set of singular (critical and
asymptotic) values.

Definition 19.3. Given f.(z) as above and w(c) an analytic function we define the sequence
of functions {gn}nen as

{0 = r2twten]

neN

Observe that in Section [19.1.1|w(c) = 0, in Section [19.1.2(w(c) = P¥(0) for some k € N.

Definition 19.4. We define the bifurcation set associated to w(c)
B =Bue) = {c € C|{gn(c)tnen is not normal in any neighborhood of c}

This set has dynamical relevance for specific choices of w(c). For example, B is the
bifurcation locus if w(c) is the unique singular value of f., as it was the case in Section

19.1.1| (or a pre-image of the singular value, as in Section [19.1.2)). For other choices, B may
be empty. We will omit the dependence of the set B and of the sequence {gy}nen on the

choices of w or f.

Definition 19.5. We denote by vj(c), j = 1,---,N, the set of analytic functions with
respect to ¢ € C which correspond to the singular values (asymptotic or critical) of f.

Remark 19.6. The functions vj(c) are not necessarily analytic functions in the whole plane
C, in general. A simple example would be f.(z) = cz?+e‘z+sinc. See [Eré06] for a general
result on analyticity of asymptotic values with respect to parameters.

Definition 19.7. Given B(c) an analytic function and g,(c) defined above, we define the
set of n-centres as

Cp = {c € C|gn(c) = B(c), with minimal n € N}

and the set of centres as
o0
C={]Cn
n=1

These “centres” correspond to centres of hyperbolic components in Section [19.1.1] and
to (k, q)-Misiurewicz points in Section |19.1.2

Definition 19.8. We define the period of a point ¢, € C as the minimal p, such that
JPr(w(en)) = Blen)-

We now define the set of parameters for which the inverse function of f. does not exist
(or fails to have different branches.) These sets have to be excluded from our results.
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Definition 19.9. Given ((c) an analytic function and vj(c) as above, we define the j-th
critical set as

K; = {cGC]vj(c):B(c)}, j=12,....N
and the set

K=|]JK;.

=

1

J
Let K. be an e-neighbourhood of K.

The function f.(z) has (at least) two different and well-defined branches of the inverse
function in a neighborhood of 5(c) for ¢ € C\K.

These three sets follow the construction in Sections[19.1.1land [19.1.2] for the Mandelbrot
set. Observe that Kj is the set of zeros of an analytic function and thus it is discrete for
each j. Although all these sets depend on w(c) and S(c), we will omit this dependence for
the sake of a clearer notation.

19.3 First theorem

This is the main result, proving that we can approximate B by some set C' which is numer-
ically approximable.

Theorem 19.10. Let f. be a one-parameter family of entire functions of degree at least 2
depending analytically on the parameter c. If vj(c), 1 < j < N denoting the singular and
asymptotic values of f. as functions of c are analytic for all j and all c € C, then

B\ K. CC.

In other words, the set of not mormality is contained in the limit set of the zeros of
{fM(w(c)) — B(c) tnen, except at a neighborhood of K.

Proof. We will prove this result by contradiction. Assume there is some ¢y € B\(B N K;)
such that there is a neighborhood ¢y € U, UN K. = () and such that UNC = (. This implies
gnt1(c) # B(c) for all ¢ € U and all n € N, which gets expanded into f.(f"(w(c))) # B(c)
and thus f7(w(c)) ¢ {f-1(B(c))}. Let ¢ (c) be two branches of the inverse function such
that fc(¢§(0)(0)) = B(c). These two branches exist and are different since U N K. = 0.
Consider the following auxiliary family:

B f(w(e)) — (P;(c)@)
@O = @) — gy’ T "N

This family avoids both 0 and infinity, because f(w(c)) # gog,c(c) (c) for ¢ € U. It avoids
1, as it would imply gozjf(c) (c) = gog(c)(c) and this condition holds only for ¢ € K but
dist(U, K) > ¢. Thus Gp(c) is a normal family in U and hence gy, (c) is also a normal family

in U, yielding a contradiction.
O]
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.

Figure 19.1: Upper left: (-2.2,1.6), lower right: (1,-1.6). Left shows ¢ € C such that
P(0) = 25, right shows ¢ € C such that P*(0) = ¢ — c.

This theorem clearly covers Theorems[19.1.1 and [19.2] in addition to extending to other
uni-parametric families like f, studied in the previous chapters.

The techniques used in the proof can be extended to dynamical planes (in a sense,
by exchanging z and ¢ and then fixing ¢). More concretely, let f be an entire function of
degree at least 2, let w(z) and 3(z) be two arbitrary analytic functions and denote by v;(2),
j=1,---,N the set of singular values of f. Assume v;(z) are analytic with respect to z
and define the sequence {g,(z) = f”(w(z))}neN and the sets

B = {z € C|{gn(#) }nen is not normal in any neighborhood of z}
C = U {z € C| gn(2) = B(z) with minimal n},

n>1

N

K =J{z € Cly(z) = B(2)},
j=1

K. = U,czgD(z,6), e>0.

Observe that for w(z) = z, the set denoted B above is the Julia set of f. Clearly we

can prove an equivalent result to Theorem [19.10] but about dynamical planes.

Theorem 19.11. Let f be an entire function of degree at least 2. If vj(z), 1 < j < N

denoting the singular and asymptotic values of f as functions of z are analytic for all j and
all z € C, then o
B\ K. CC.

In other words, the set of not mormality is contained in the limit set of the zeros of
{f"(w(2)) = B(2) }nen, except at a neighborhood of K .
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Proof. The proof is totally equivalent to the proof of Theorem [19.10
O

This is just a generalisation of a classical result by Fatou and Brolin regarding Julia
sets.

Corollary 19.12. Every point in the Julia set of a function f satisfying the conditions of
Theorem [19.11] and with the notation as above is a limit point of pre-images of almost any
point in C.

19.4 Reverse inclusion

We have previously proved that B\ K. C C’. In this section we want to show the reverse
inclusion, C" C B, which proves B = C’. This will be done in less generality than Section
but the result will include several interesting cases. Observe that this result is trivial
when C' C B, as is the case with Misiurewicz points in Section In this section we
will use the same objects that we used in the previous section.

Definition 19.13. Let f. be a family of analytic functions. We will say f. has a persistent
Fatou component A, if for any c € C:

e A. is a Fatou component,

o There exists a(c) € Ae and r > ro > 0, with ro independent of ¢ such that the disc
D(a(c),r) C Ae.

Let B(c) be a function such that §(c) € D(a(c),r) for all ¢ € C and w(c) an arbitrary
analytic function.

Definition 19.14. We say c is a B-capture point of order p for specific choices of 5(c) and
w(e), if f2(w(c) = B(e) and fE(w(c)) # Bc) for all 0 < k < p.

This setting includes persistent Fatou components of any type (attracting basins, parabolic
components, Siegel disks...)

Proposition 19.15. If f. has a persistent Fatou component A. and B(c) € D(a(c),r/2)
for all c € C, then B =C".

Proof. Let {c,}nen be a sequence of points ¢, € C' with limit point ¢ and let p,, be the order
of the point ¢,. We claim that the sequence {p, }nen is an unbounded sequence. Indeed, if
pn < PVYn € N, all points in {c, }neny would be zeros of gi(c) — f(c) for some 1 < k < P,
where gr(c) = f¥(w(c)). But the zeros of an analytic function form a discrete set, and a

finite number of discrete sets cannot have accumulation points in the plane.
Let

G, ={c e C|gn(c) = f(w(c)) lands in D(«a(c),r), for some n > 0},
G ={ceC|gn(c) = fI'(w(c)) lands in the Fatou component A., for some n > 0}

Any point ¢y € G, /3 has an open neighborhood U C G,/ C G. Indeed, by definition
of G, /2, there is some minimal n such that g,(co) = f (w(co)) € D(a,7/2). Since gy is
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continuous with respect to ¢ and g,(co) € D(«,r/2), there is an open neighborhood ¢y € U
such that g, : U — D(a,r/2).

Therefore ¢, is in an open component D, C G, and lim,, ¢, € G,.j5 or lim,, ¢, € 9G,. /5.
If we denote the limit point as ¢, then ¢ € W/? C G, C G, thus there is some minimal P

such that gp(c) € A, and we can find an open neighborhood D of ¢ such that gp(c) € A,
for all ¢ € C. But in any neighborhood of ¢ we have open neighborhoods D,, associated
with points ¢, with increasing minimal order p,, which is a contradiction with the fact that

in D the minimal order was P.
O

This proposition includes the family f, with the function 3(a) = va) studied in the
previous chapters since it has a persistent and non-vanishing Siegel disc (see Corollary([17.2)).
Another interesting case is motivated by the components studied in Chapter

Definition 19.16. Assume v(c) is a critical point of a family f. under the assumptions of
Theorem [19.10. We define the hyperbolic components of f. for the critical point v(c) as

Hy ={c e C| f(v(c)) converges to a periodic orbit}.

Let (c) = w(c) = v(c). In this case, the set C = U,C), is the set of centres of
hyperbolic components (for the critical point v(c)), in other words, parameters where f.(z)
has a superattracting periodic orbit of period n and v(c) is part of the cycle.

We restrict the case of hyperbolic components to critical values because hyperbolic com-
ponents associated to asymptotic values do not necessarily have centres, as is the case in
the family of functions studied in the preceding chapters (see Lemma .

Proposition 19.17. If 3(c) = w(c) = v(c) then B = C".

Proof. Let {c,}nen be a sequence of points in C' with limit point ¢. We claim that the
sequence of periods {p,}nen of the points in the sequence {c,}nen form an unbounded
sequence. Indeed, let P be a bound for the sequence {p,},en. The points ¢, with period
pn, are zeros of hy, (¢) = f&"(v(c)) —v(c), which is an analytic function. The set Z,,, of zeros
of hy, is thus a discrete se therefore the set U;)J:O Zp is also discrete, in contradiction
with the fact that ¢ is an accumulation point.

By the implicit function theorem, there is a neighborhood of ¢,, D, and an analytic
function & such that fg(”c) (&(c)) = &(c) for all ¢ € Dy,. In other words, there is a neighborhood
of ¢, formed by p,-periodic orbits. These orbits are necessarily attracting, since the implicit
function theorem fails when the orbit is indifferent.

This implies that the limit point ¢ is either in I, or in 0H,. If ¢ € H,, there is an open
neighborhood of ¢ with periodic orbits of constant period, but in any neighborhood of ¢ we
have open sets D,, with minimal period p,,, which is a contradiction.

If ¢ € 0K, the family is not normal and ¢ € B.

O

This proposition includes centres of hyperbolic components in many cases, for these
specific choices of § and w. A particular case for the family f, is shown in Figure [19.2

YUnless fP(v(c)) = v(c) for all ¢ € C, which implies v(c) is always a periodic point of period pn.
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In

Figure 19.2: Close up around the unit circle of the parameter plane of the family f,.

red and purple we can see exponential hairs for the asymptotic and critical values. In blue,

centres of semi

centres of capture

)

hyperbolic components for the critical value, H., in black

components for the asymptotic value, C.
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Appendix A

Proof of Theorem [16.7
numerical bounds

and

We may suppose A # +i since § # +1/2. Let A = A\j +i)2, 0 = Sign (A1) and p = Sign (A2).

We define:

Figure A.1: Sketch of the construction in Thm. for the case A1, Ay > 0.

C1:={os+ti||t|] <y}
Cy : = {ot +ipy|t > s}
Cy: = {ot —ipylt > s}

with y > 0, s > 0, see Figure for a sketch of this curves. Let R be the region bounded
by C1, Ca, C3. Recall that v, = A(a? — a) is the asymptotic value. Note that we will
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consider a real, furthermore following Figure we will set ¢ := —ob with b > 0, as
hinted by numerical experiments. Defined this way, the curves that are closer to v, are Cy
and Cy. We choose y and s in such a way that d(v,,C1) = d(v,,Cs), as in Figure
More precisely,

d(va, C12) = [M| (B2 + 0b) — s = |Xo|(B* + 0b) — y

and hence
y = (JA1] + | A2]) (b* + ob) — s.

To ease notation, define L = (|A1| 4 |A\2]). We would like some conditions over s assuring
that if b > b*, d(ve, f(OR)) < d(vg,OR), as this would imply f(R) C R and thus the
existence of an attracting fixed point. We write fo(2) = v4 + ga(2) Where go(2) = a- Ae?/®-
(z+1—a). Then

d(va, f(OR)) = d(0, ga(OR)) = |ga(OR)|.

Therefore we need to find values such that the following three inequalities hold

19a(C1)| < [A1] (b + ob) — s, (A.1)
19a(Co)| < |A1| (B + ob) — s, (A.2)
19a(C3)| < | M| (b° + ob) — . (A.3)

For (A.1) to hold the following inequality needs to be satisfied

?
b-e=*/0\/((os + ob+ 1) + £2) < |\y| (B + ob) — 5.

Observe that

b-e /" (os+ob+1)2+12<b-e /" (|o(s+b) + 1| +y) =
b (s+b4+o+y) =
=b-e /" (b+ o+ L(* + b)),

so we define the following function
h(s) =b-e /" (b+ 0 + L + ob)) — | M| (b + ob) + s,

and we will find an argument which makes it negative. We need to find s such that
h(s) <0 and 0 < s < |A1|(b? + ob)|. Tt is easy to check that h(s) has a local minimum at
s* :=blog (b+ o + L(b*> + ob)) and furthermore

h(s*) = b+ blog (b+ o + L(b* + b)) — [A1] (b* + o),

which is negative for some b* big enough (in Appendix |[A| we will give some estimates on
how big this b* must be as a function of A\). This s* is again in our target interval, for a
big enough b (note that if h(s*) < 0 then s* < [A\1](b? + ab)|).

From now on, let s = s*, and check if holds, where we will put s = s* at the end
of the calculations.

?
b-e (ot +0b+1)+42) < [\ (b +ob) — .
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As we have done before, expand

b-e (ot +ob+1)+y2) <b-e/* (|ot +ob+1|+y) =
b (t+b4o+y) =
=b.e b, (t+b+a+L(b2+0b) —s*).
It is easy to check that b-e %" (b+ o +y) is a decreasing function in ¢, and b - e~*/¢
has a local maximum at ¢t = b and is a decreasing function for ¢ > b. Then, we can bound

both terms by setting ¢ = s*, as s* > b whenever b + o + L(b?> + ob) is bigger than e, but
this inequality holds if all other conditions are fulfilled. Now we must only check if

|)\1|(b2—|—ab)—s*gb-e_s*/b-(s*+b+0|—|—L(b2+0b)—s*) =
b+o+L(b*+0b)

bto+L(2+ob)

which is the same inequality we have for h(s), thus it is also satisfied. Inequality is
equivalent to , hence the result follows.

Now we give numerical bounds for how big b must be in Theorem We will consider
only the general case A1 # 0, as the other is equivalent.

Consider the inequality

blog (b+ o + L(b* + ob)) < —b+ |A1] (b° + ob)

If this inequality holds and b + o + L(b? + ob) > 0, we have the required estimates to
guarantee that all required inequalities in Theorem [16.7] hold. The second inequality is
clearly trivial, as it holds when b > 1. Now, we must find a suitable b for the first.

Simplifying a b factor and taking exponentials in both sides, we must check which b
verify

b+ o+ L(b? + ob) < e~ HNloglhlb, (A.4)
We can get a lower bound of e*:

‘)\1‘21)2 N ‘)\1‘353

M > 1 b+ ;

And this way if

A 20% A ]P0?
b+U+L(b2+O_b)S€—1+|/\1‘U (1+)\1‘b+| 1£ +| 1(|3 )’
then is also true (A.4). Now we must check when a degree 3 polynomial with negative
dominant term has negative values. This will be true as long as b > 0 is greater than
the root with bigger modulus. It is well-known (see [HM97]) that a monic polynomial
2"+ Z?’_l ;2" has its roots in a disc of radius max(1, Z?_l |ai|), so every b > 1 and bigger
than

6 M |2
m. (’L_€U|>\1—1’;’| +11 _60|>\1|—1‘)\1|b+L0b| Flbto— 1,)
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satisfies our claims.
Finer estimates for b depending on A can be obtained with a more careful splitting of A
space, for instance

(AN € S} = [\ € [Tr/4, 7/4]} U LA € [r/4, 37 /4]} U {\ € [3/4, 57 /4])
U {)\ € [57’(’/4,77’[‘/4]} = B; UByU B3 U By.

The proof can be adapted with very minor changes to this partition, although the exposition
and calculations are more cumbersome.
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