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Chapter 1

Introduction

My research is based on non-local elliptic semilinear equations in conformal geom-
etry. The fractional curvature is defined from the conformal fractional Laplacian and it is
a non-local version of some of the classical local curvatures such as the scalar curvature, the
fourth-order Q-curvature or the mean curvature. This new notion of non-local curvature
has good conformal properties that allow to treat classical problems from a more general
convexity point of view. Note that the fractional curvature in my research is different from
the one defined by Caffarelli, Roquejoffre and Savin in [35].

In particular, I have worked on the fractional singular Yamabe problem and related
issues. This problem arises in conformal geometry when we try to find a conformal metric
to a given one having constant fractional curvature and prescribed singularities. The precise
problem I considered in my thesis was to find solutions for the fractional Yamabe problem
in R", n > 2,

n+2vy

(—A)'w = ¢, ywn=27 for v € (0,1),

with prescribed isolated singularities: first, I just considered radial solutions when there is
an isolated singularity and, later, the problem of removing a finite number of points.

I started my research focusing on the geometric interpretation of the problem for an
isolated singularity [62]. This study is based on an extension problem for the compu-
tation of the conformal fractional Laplacian. This is a Dirichlet-to-Neumann problem for
a degenerate elliptic, but local, equation, which gives an example of a boundary reaction
problem where the nonlinearity is of power type with the critical Sobolev exponent.

Later, I treated the problem as an integro-differential equation, facing two main diffi-
culties: the lack of compactness and the fact that we are dealing with a non-local ODE
[61]. Our study is carried out using variational methods and it proves the existence
of Delaunay-type solutions for the problem. These are radially symmetric metrics with
constant fractional curvature.

Finally, I applied some gluing methods together with a Lyapunov reduction to
construct solutions for the singular fractional Yamabe problem when the singular set consists
of a given finite number of points [11].

At the moment, I am working on the fractional Caffarelli-Kohn-Nirenberg inequality,



which is an interpolation between the Hardy and Sobolev fractional inequalities. In partic-
ular, I am looking at the radial symmetry or symmetry breaking of the minimizers.

A future research plan is underlined in Section 1.6.

I have collaborated with Weiwei Ao (University of British Columbia), Maria del Mar
Gonzélez (Universitat Politecnica de Catalunya, Universidad Auténoma de Madrid), Manuel
del Pino (Universidad de Santiago, Chile) and Juncheng Wei (University of British Columbia).

This thesis consists of nine chapters. First, we give is a brief introduction and summary
of the thesis. Next, provide some background, notation and known results. Later, we show
the main results, i.e, Chapters 3, 4, 5 and 6. After this, we introduce the research plan to
come. The thesis also has two appendixes with useful computations. Below I present an
introduction for each one of the main chapters:

1.1 Background

First, in Chapter 2 we will provide some background, notation and known results.

The problem of finding radial solutions for the fractional Yamabe problem in R", n >
2+, with an isolated singularity at the origin is equivalent to looking for positive, radially
symmetric solutions to the semilinear equation

(—Agn)"w = w2 in R\ {0}, (1.1.1)

where ¢, - is any positive constant and v € (0,1). In geometric terms, given the Euclidean
metric |dz|? on R™, we are looking for a conformal metric

L 2
gw = wr=27|dz|*, w >0,

with positive constant fractional curvature Q5" = ¢, , which is radially symmetric and has
a prescribed singularity at the origin.

Caffarelli, Jin, Sire and Xiong in [33] characterized the asymptotic behavior of all non-
negative solutions to (1.1.1), thus we know that we should look for solutions of the form

n—

w(r) = r*%v(r) on R™\ {0}, (1.1.2)

for some function 0 < ¢; < v < ¢9.

The main difficulty here is to compute the fractional Laplacian in radial coordinates.
The fractional Laplacian on R" is defined as the pseudo-differential operator with Fourier
symbol |¢|?7; or, equivalently for v € (0,1) and u € L™ NC? as integro-differential operator

w(@) —w(y)

(=AY w(z) = kAP V. S

d 1.1.3
o o= Y, (1.1.3)

where P.V. denotes the principal value, and the constant x, , > 0. Caffarelli and Silvestre
introduced in [36] a different way to compute the fractional Laplacian in R™ for v € (0,1):
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let w be any smooth function defined on R™ and consider the extension W : R" x Ry — R
solution to the following (local) degenerate elliptic equation:

div(y' ™' VW) =0, zeR", ye Ry, (1.1.4)
W(z,0) =w(z), =eR" o
Then, .
(—A)w = —d, yl_i)r(r)l+ y' Ho,W (1.1.5)

for a constant J,Y > 0.

This construction was generalized to the curved setting by Chang and Gonzélez in [413]:
on a general Riemannian manifold (M™, g), the fractional curvature @ is defined from the
conformal fractional Laplacian Py, and it is a nonlocal version of the scalar curvature (which
corresponds to the local case v = 1). The conformal fractional Laplacian is constructed
from the scattering theory on the conformal infinity M™ of a conformally compact Einstein
manifold (X"t ¢g%) and it is a (non-local) pseudo-differential operator of order 2. Its
principal symbol is the same as the one for the fractional Laplacian, but it presents some
curvature terms. In the Euclidean case, these curvature terms equal zero and thus the
conformal fractional Laplacian reduces to the standard fractional Laplacian.

Let v € (0,1) and (X"*!, g") be a conformally compact Einstein manifold with confor-
mal infinity (M", [g]). The conformal fractional Laplacian PJ on the conformal infinity can
be computed as a Dirichlet-to-Neumann operator for a generalized extension problem in
the spirit of (1.1.4)-(1.1.5). In the particular cases v = 1 or v = 2 we recover the classical
conformal Laplacian and the fourth order Paneitz operator, respectively.

The main property of P is its conformal invariance; indeed, for a conformal change of

4

metric g,, = wn—27 g, we have that
_n+2y
PI*(f) =w 2 PJ(fw), forall fsmooth,
which, in particular when f = 1, reduces to the fractional curvature equation

n+2vy

PI(w) = QJ w27,

This is a very natural generalization of the classical Yamabe equation.

1.2 Non-local ODEs — Geometric interpretation [62]

After establishing the necessary preliminaries in the previous section, it is possible now to
introduce the main results in Chapter 3 using the natural geometric interpretation of the
problem (1.1.1) and the extension formulation. This work constitutes the first article of my
thesis [62].

The main idea is to perform a conformal change in order to find an equivalent, but
more tractable, problem. We look for radial solutions for (1.1.1), i.e. in R™\ {0}, using the

3



extension (1.1.4)-(1.1.5) for a suitable metric g. After writing the Euclidean metric in polar
coordinates we can use the Emder-Fowler change of variable » = e~ to get

dz|? = dr? + r?ggn—1 = e 2 [dt* 4+ ggn1] = e go.

This conformal change allows to formulate this equivalent problem: let the extension man-
ifold be X"*! = (0,2) x R x S"~! with the metric given by

- ) 2\2 2\ 2
G=dp?+ (1 n %) dt? + (1 - %) Gent, (1.2.1)
and the conformal infinity M = R x S"~! with the cylindrical metric given by
90 = gl = dt* + gga-1,

for p € (0,2) and t € S'(L). Recalling (1.1.2), we can write any conformal change of metric
on M as . .
Go 1= wn=27 |dz|? = v gg. (1.2.2)

Using go as background metric on M, and writing the conformal change of metric in terms of
v as (1.2.2), to find radial (in the variable |z|) positive solutions for (1.1.1) with an isolated
singularity at the origin is equivalent to looking for positive solutions v = v(t) to

n42~y

PY(v) = cppvn2 on R x st (1.2.3)

with 0 < ¢1 < v < ¢9; we hope to find those that are periodic in ¢, i.e, v(t + L) = v(t).
These are known as Delaunay solutions for the fractional curvature, and can be found by
solving a fractional order ODE.

The first result in Chapter 3, which is valid for all v € (0, %), is a definition of the
conformal fractional Laplacian PJ° on the cylinder using the Fourier symbol for the opera-
tor. Any function on R x S"~! may be decomposed as Y, vi(t)Eg, where {E} is a basis
of eigenfunctions associated to the eigenvalues {ux} of Agn-1, repeated according to mul-
tiplicity. Since the operator Py° diagonalizes under such eigenspace decomposition, if P,f
denotes the projection of the operator P{° over each eigenspace (Ey), then for v € (0,%),
taking the Fourier transform in ¢,

2
271 2__
Pk(v) = ©F(€) 5, where ©F(¢) = 22 5

2

(R _1)2_

which is simplified in the case of radial solutions.
Next, we explore how much of the standard ODE study for the scalar curvature (see the
lecture notes [159]) can be generalized in our setting. Rewriting the extension (1.1.4)-(1.1.5)

4



for the new metric (1.2.1), we obtain for v € (0, 1) that (1.2.3) is equivalent to the following
boundary-reaction PDE

—divg(p*V3V) + E(p)V =0 in (X", ),

~ . n+2vy
—dy ;1)1—% p?0,V = cpHvn=2r on {p =0},

where E(p) is a lower order term and V is a solution of (1.2.4) only depending on ¢t and p.

We have analyzed (1.2.4) in the spirit of a “phase portrait” for a standard second order
ODE. In particular, we have studied the linearized problem around the equilibrium point
v1 = 1, which corresponds to the cylindrical metric. We explicitly find periodic solutions
with period

Ly = (1.2.5)
where A, is unique and positive. In addition,

lim L] = 2=,
y—1 n—2

so we recover the classical case for the scalar curvature v = 1.
Finally, we were able to find a Hamiltonian quantity preserved along the trajectories of
(1.2.4). Indeed, the Hamiltonian

2 2n
()= 3 [ o {0 @0 =)0, = ealp)V?} dp+ Coon 5,
is constant with respect to t. Here e;(p), i = 1,2,3, denote polynomial expressions and
Ch,~ is a constant.
Summarizing, in Chapter 3 we provide the geometric setting, the “phase portrait”-type
study and the linear study for the construction of “Delaunay” solutions of (1.1.1). The
existence of such solutions is proved in the following.

1.3 ODEs for Integro-differential equations — Variational -
approach [61]
In Chapter 4, which corresponds with a second article of my thesis [(1], we considered the

same problem (1.1.1), but this time it was treated as an integro-differential equation, i.e.,
as an equation of the type Zw = f(w) where Zw has the general form

ZLw(x) =P.V. A (w(z) —w(y))K(z,y) dy,
and K represents a singular kernel. Our problem (1.1.1) becomes an integro-differential
equation using the definition for the fractional Laplacian given in (1.1.3).

5



In the classical case v = 1, equation (1.1.1) reduces to a standard second order ODE.
However, in the fractional case, (1.1.1) becomes a fractional order ODE, so classical methods
cannot be directly applied here. As we did in the previous Section 1.2, we reformulate the
problem for v using the relation between w and v given in (1.1.2); but here, instead of using
the boundary reaction problem (1.2.4) we work directly with the nonlocal operator. The
main idea is to use the Emden-Fowler change of variable » = e in the singular integral
(1.1.3). This yields that equation (1.1.1) can be written as

n+2y
L =cp v 27, v >0, (1.3.1)

which is a semilinear equation with critical exponent in dimension n and .Z, is the nonlocal
operator defined by

o0

Lo(t) = /@nﬁP.V./ (v(t) —v(1))K(t — T) dT + cn~o(t),
—0o0

for K a singular kernel which can be precisely computed in terms of hypergeometric func-
tions. The behaviour of K near the origin is the same as the kernel of the fractional
Laplacian (—A)” in R and near infinity it presents an exponential decay. This kind of
kernels corresponds to tempered stable process in probability.

If we just take into account periodic functions v(t + L) = wv(¢), solutions for problem
(1.3.1) may be found by minimizing the following functional:

Ky S () = 0(7))2KL(t = 7) dtdT + ey [ 0(t)2dE

2n
(Jy vym=>1dt) "5
where Ky, := ZjeZ K(t—1—jL) is a periodic singular kernel. We prove that, for n > 242+,
a minimizer always exists and, if ¢(L) denotes the minimum value for the functional, ¢(L) is
attained by a nonconstant minimizer v;, when L > L], and when L < L, ¢(L) is attained
by the constant only; here L] is the minimal period given in (1.2.5).

We call these solutions “Delaunay”-type manifolds of constant fractional curvature be-
cause they can be understood as a generalization of the well known Delaunay surfaces of
constant mean curvature. Moreover, these manifolds converge to cylinders when the period
L tends to the minimal period L], and to spheres when L tends to infinity.

Fr(v) =

)

1.4 Gluing methods for the fractional singular Yamabe prob-
lem [11]

Finally, in Chapter 5 I present the third article of my thesis [11], where we considered the
problem of finding solutions for the fractional Yamabe problem in R™, n > 2+, for v € (0, 1),
with isolated singularities at a prescribed finite number of points. This is, to find positive
solutions for the equation

ni2y
{ (—Arn)Tw = ¢y wn=27 in R™\X, (1.4.1)

w — 400 as x — 2,

6



where 3 = {pla o apk}
In the previous work, we showed the existence of “Delaunay”-type solutions for (1.1.1),
i.e, solutions of the form

wr,(r) = r*n_TerL(— logr) on R™\ {0},

for some smooth function vy that is periodic in the variable ¢t = —logr, for any period
L> L.

In this Chapter 5 we are able to use the gluing method for the non-local problem (1.4.1).
This work generalizes the result given by Mazzeo and Pacard ([111]) or Schoen ([155]) for
the classical case (i.e, for the scalar curvature), but using similar methods to the ones
developed by Malchiodi in [132]. Apart from the obvious difficulty of passing from a local
problem to a non-local one, which is handled by careful estimates of the non-local terms,
the main obstacle we find is the lack of a second order ODE for radial solutions. Thus
we use Delaunay solutions but not directly as a model for an isolated singularity; instead,
we construct a bubble tower at each singular point. (Note that by bubble we denote the
“unique” solution for problem (1.4.1) when ¥ = @).

This allows to construct a suitable approximate solution with an infinite number of
parameters to be chosen. Note that the linearization at this approximate solution is not
injective due to the presence of a kernel, so we use a Lyapunov-Schimdt reduction procedure.
It is well known that one single bubble is non-degenerate and the kernel for the linearized
operator can be explicitly characterized. However, for our problem, we perturb each bubble
in the bubble tower separately. Of course, this perturbation will not be independent from
one bubble to another; we find an infinite dimensional Toda-type system of compatibility
conditions that allows to solve the original problem from the perturbed one.

1.5 Work in progress: Fractional Caffarelli-Kohn-Nirenberg
inequality

At this moment I am working on the generalization of the classical Caffarelli-Kohn-Nirenberg
inequality [34] to the fractional case v € (0,1). In the classical case, the existence or non ex-
istence of extremal solutions and their properties have extensively been studied since 1984,
and in some particular cases, even before. The starting point is the p = 2-case, that reads
as follows: foralla < 8 < a+1and a # ”772, in space dimension n > 2, it holds that

wet o\ v
</n de) S (AZ,,B) /Rn de, Vue Da,ﬁ;

where 2* = #76—&)’ Do = {|z|7Pu € L (R"), |z|~*|Vu| € L}(R™)} and ( Zﬁ)_l
denotes the optimal constant. This inequality represents an interpolation between the usual
Sobolev inequality (o« = 0,5 = 0) and the Hardy inequality (o = 0,8 = 1) or weighted
Hardy inequality (8 = a + 1).

Among the existing results in this direction, we should point out that, even though
it was expected that all the minimizers were radially symmetric, Catrina and Wang in

7



[12] discovered that symmetry for minimizers can be broken. Felli and Schneider in [37]
highlighted the symmetry-breaking phenomenon when they found non-radial minimizers for
a small perturbation of the problem. They conjectured that the symmetry region and the
non-symmetry region are separated by a curve called the Felli-Schneider curve. This fact
was proven, in many cases, in a series of papers by Dolbeault, Esteban, del Pino, Filippas,
Loss, Tarantello and Tertikas (see the survey [65]).

So far, I have focused my research on the case p = 2, for which I conjecture the following;:
for all functions u regular enough,

: (/ W > //RN o dy e (15.1)

where A is a positive constant independent of u and 2% =

a%%andﬁ<a<5+'y.

We found no reference (in particular, no proof) of this inequality in the literature. We
expect to have a full proof of it soon — recall that both the Hardy and the Sobolev inequality
have fractional versions. Assuming the inequality to hold, I have established that extremal
functions for (1.5.1) must be radially symmetric if 0 < oo < © 27 and f < a < fB+7; and
I am working on the symmetry breaking case. Inspired by | } I expect to cover the case
a < 0 and to find some region where radial symmetry of the optimizers is broken.

Later on, I expect to find the optimal symmetry range of the parameters using flows

methods as Dolbeault, Esteban and Loss did for the classical case in [70]-[71].

#;M, whenever n > 2,

1.6 Research plan

In some future works, I plan to consider the following problems:

e On the one hand, I would like to generalize the Caffarelli-Kohn-Nirenberg inequal-
ity to the fractional setting without the parameter restrictions I am considering at
present, using the recently developed flow method. First, I plan to follow the steps of
[70], where Dolbeault, Esteban and Loss solved the conjecture for the optimal symme-
try range of the parameters. Since rearrangement inequalities, reflection methods or
moving plane cannot be applied in some regions, it was not enough to study only the
optimizers in the radial class. The key idea in their work was to rewrite the inequality
in terms of a new variable p = v™" and assume that v satisfies a fast diffusion equa-
tion. This idea of exhibiting a nonlinear fast diffusion flow under a monotone action
(non linear carré du champ method) allows to use the fast diffusion flow to drive the
functional towards its optimal value. Good notes for this work are written in [71].

Later on, I would like to complete this work by generalizing to the fractional setting
all the symmetry and symmetry breaking results for the most general Caffarelli-Kohn-
Nirenbeg inequality,

el ull. < Clllal®wul[3, lletull7,*,
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that holds under suitable parameter conditions. The starting point is the recent work
of Dolbeault, Muratori and Nazaret in [75].

On the other hand, it would be interesting to study how much of the results given in
Chapters 3,4 and 5 ([62]-[61]-[11]) can be generalized for v > 1, in particular vy € (1, 2).
One of the difficulties here is the lack of a general maximum principle. To deal with
this issue, the idea is to follow the work of Gursky and Malchiodi in [104], where they
proved that the Paneitz operator (P») satisfies a strong maximum principle under the
extra hypothesis of nonnegative scalar curvature (y = 1).






Chapter 2

Background

2.1 Preliminaries

2.1.1 Introduction to Riemannian Geometry

First of all, we introduce some basic notions in Riemannian Geometry. We will follow the
notation and definitions given in the books by Aubin [16, 15]. Note that we are using the
Einstein summation convention.

A connection on a differentiable manifold M is a mapping D (called the covariant
derivative) of T'(M) x I'(M) into T'(M) which has the following properties:

If X € Tp(M), then D(X,Y) (denoted by Dxy) is in Tp(M).

For any P € M the restriction of D to Tp(M) x I'(M) is bilinear.

If f is a differentiable function, then D(fY) = X(f)Y + fDY.

If X and Y belong to I'(M), X is of class C" and Y of class C"*1, then DY is in I'(M)

and is of class C",

where T'(M) denotes the vector space of vector fields on M. A Riemannian metric is
a twice-covariant tensor field g such that at each point P € M, gy is a positive definite
bilinear symmetric form.

In a Riemannian manifold we can also define the torsion tensor: It is a (1,2)—tensor
which depends on the connection D in the following way T'(X,Y) = DxY — Dy X — [X,Y]

The Riemannian connection is the unique connection with vanishing torsion tensor,
for which the covariant derivative of the metric tensor is zero (Vg = 0).

In the following, M will always be an oriented Riemannian manifold of dimension n
unless otherwise stated. Since the Riemannian connection has no torsion we can define the
Christoffel symbols in a local coordinate system as

1
Iy = 5[0igu; + 990 — Orgijlg™,
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where gkl are, by definition, the components of the inverse matrix of the matrix (gi;);-
A volume form on M, given in an oriented coordinate system {z'} is

dvoly := /|gldz' A ... A dx™,

where the d2’ are the 1—forms forming the dual basis to the basis vectors 9; := % and A
is the wedge product. We denote by |g| the determinant of the metric tensor g;;. Given a
2—tensor E we define its contraction or trace as:

tT’(EZ'j) = Z gijEij.
/L'7j

The curvature of a connection D is a 2—form with values in Hom(T',T") defined by
(X,Y) — Riem(X,Y) =DxDy — DyDx — D[X7y].

For the definition we suppose that the vector fields are at least C2.
The curvature tensor is the 4—covariant tensor Riem(X,Y, Z,T) = g|Riem(X,Y)T, Z];
its components are Riem;;y = gimRiem%l. It has the properties:

e Riem;jp = —Riem;ji,
o Riem;jp = Riemyy;;.

According to the expression of the components of the curvature tensor and considering a
normal coordinate system around P,

Ri@mfkij(P) = (aiFé‘k)P - (‘%‘Fik)P-
The sectional curvature of a 2—dimensional subspace of T (M) defined by vectors X
and Y, where X is orthonormal to Y (i.e.,, g(X,X) =1, g(Y,Y) =1, g(X,Y) =0), is
o(X,Y) = Riem(X,Y, X,Y).

If X, Y are not orthonormal, the definition is

Riem(X,Y, X,Y)
9(X, X)g(Y,Y) — (9(X,Y))*
We can obtain, by contraction, the so called Ricci tensor, whose components are

Ricfj = Riemfkj = Riemikljglk. (2.1.1)

o(X,Y) =

(The Ricci tensor is symmetric).
The contraction of the Ricci tensor is called the scalar curvature.

— Pind ]
R, = chijg”.
A conformal map is a transformation which preserves angles. Given two metrics g and ¢
on M, they are conformally related if § = fg with f > 0.

4
Note that we will usually write the conformal change as g,, = w®=2 g, where w is a C* and
strictly positive function on M; and we will denote [g] the class of all metrics conformal to
g.
Once we know the previous definitions we can introduce the Laplace-Beltrami and the
conformal Laplacian operators.

12



2.1.2 Laplacian operators on manifolds and the Yamabe problem

The divergence of a vector field X (div X) on a Riemannian manifold (M™", g) is defined as
the scalar function with the property

(div X)volg := Lwoly,

where £ is the Lie derivative along the vector field X. In local coordinates we obtain

1 .
divX = ——0; M.
N (Vg1 X")

Additionally, the gradient of a scalar function f is the vector field grad f that may be
defined through the inner product < -,- > on the manifold, as

< grad f(z), v, >=df (x)(vy),

for all vectors v, € T, M; where df is the exterior derivative of the function f. So in local
coordinates, we have

(grad)'f =0'f = gij(?jf.
We will denote it by V f. We also write
< Vw,Vv >y=VwViw and |Vf|2=V'V,f.
The Laplace-Beltrami operator on a manifold M is defined as:

Ay f =div grad f.

Combining the definitions of the gradient and divergence, we can give an explicit formula,
in local coordinates, for the Laplace-Beltrami operator Ag:

L
Vgl

The conformal Laplacian operator on (M", g) is defined as

Agf = 9(\/1919" 9; f).

Ly=—-Ay+cpRy, where ¢, = 4((7:;21)), (2.1.2)

The conformal Laplacian is a conformally covariant operator, this is:

4
Proposition 2.1.1. Given g, g two conformally related metrics with § = wn—2g, w > 0,
then the operator Ly satisfies

—(n+2)

Lj(p) = w =2 Lg(wep),

for every ¢ € C>°(M). In the case ¢ = 1 we obtain the classical scalar curvature equation:

n+2

Ly(w) = cnRzwn=2. (2.1.3)

13



Proof. We will only present the proof of (2.1.3). If we denote f‘ik and Fék the Christoffel
symbols corresponding to g and g, respectively; and we write here the conformal change as
G = el g, we obtain that

= 1 o O9mi  OGmk  Ogix, 1 O9mi =~ Ogmk  Ogik
Fl _ Fl __—xlm mi mk _ i L im mi mk 3
ik ik =99 ( oxk Ozt 8xm) 29 ( ozk Ozt 63:7”)

:}e_fglm(aefgmz‘ 9! gmr 8€f9ik) 1 lm<agmi Ogmi 89ik)

2 oxk ozt oxm 29 VoK ozt Oxm
1
=59"" O fgmi + i gk — Om S gir)-

Using (2.1.1),

- ) n—2 1 n—2 n—2_,
chij — chij = 5 ViVif+ §Agfgjk + Tkavjf - Tv IV sk

Thus if we use § = ef g and we contract by ¢*7, we obtain

2)(n— 1)
4

Roel — Ry = (n—1)A,f — "= VEfV,f.

Substituting the change f = % log w, we find that

n+2
—Agw + cpRyw = ¢, Rgwn=2.

Recalling the definition of the conformal Laplacian (2.1.2) we have proved the result. [

The Yamabe problem.
A very good reference for the classical Yamabe problem is the survey [122]. The problem
proposed by Yamabe is: given a compact Riemannian manifold (M™, g) of dimension n > 3,
find a new metric g,, conformal to g with constant scalar curvature. Let R, be the scalar
curvature of (M™",g).

Because of Proposition 2.1.1 we obtain that the Yamabe problem (with a conformal
metric) is equivalent to proving that the equation

n+2

— Aqw + ¢, Ryw = Ry, wn=2, (2.1.4)

with Ry, constant, has a C°°solution; and that this solution is strictly positive.
Yamabe’s original idea was to use the variational method, by minimizing the functional

Tu] = S (IVw|2 + cnng2)2dvolg. (2.15)
(Jar [w]?* dvolg) =

The Euler-Lagrange equation for functional (2.1.5) is precisely (2.1.4) with R, constant.
Here 2* = % denotes the critical exponent for Sobolev embedding.

14



Definition 2.1.2. Given a manifold (M, g) we define the Yamabe constant as:
AMM) := XM, g) = inf{J[w]; w is positive smooth on (M,g)}. (2.1.6)

Remark 2.1.3. The sign of A\(M) is equal to the sign of Ry, (which is constant).

We can restrict to non-negative solutions because if w € W12 then |w| € W'? and
|V|w|| = |Vw| almost everywhere, so J(w) = J(Jw|). Positivity is a consequence of the
maximum principle. Regularity follows from elliptic theory, so it is enough to take the
infimum in W12,

Yamabe problem on the sphere (model case)
The analysis of the Yamabe equation (2.1.4) depends on the case of the sphere S™ with its
standard metric gsn. So we are going to describe the solution to the Yamabe problem on
S™ and prove that the infimum of the Yamabe functional (2.1.5) in this case is realized by
the standard metric on the sphere. We will also show the relation with the sharp form of
the Sobolev inequality in R™ .

We call o the stereographic projection (a conformal diffeomorphism) defined by

o:8"—{P}—>R", (2.1.7)

(21, ey 20, &) = (21, ... 20),

where P = (0,...,0,1) is the north pole on S ¢ R"*!,

2—J
(1-¢)

, je{l,..n}

and (z,§) € S\ {P}.
We will denote |dz|? the Euclidean metric on R” and p = o~!. Under o, gs» corresponds

to
4

P = E e

Moreover using the stereographic projection we can write down all the conformal diffeomor-

phisms of the sphere, which are generated by the rotations and maps of the form o~ !7,0

or 0_15MO', where 7, 0, are, respectively, translation by v € R" and dilation by u > 0:

Op = T
Under dilations, the spherical metric on R", (p*gsn), is transformed into
(n—2)
* ok ﬁ 2 1% 2
6,0 gsn = 4wy " |dx|”, where wy,(z) = e . (2.1.8)

15



Theorem 2.1.4. (Obata, [1/9]). If g is a metric on S™ that is conformal to the standard
metric gs» and has constant scalar curvature, then up to a constant factor, g is obtained
from gsn by a conformal diffeomorphism of the sphere.

In this way, the Yamabe functional (2.1.5) on (S™, gs») is minimized by constant mul-
tiplies of gs» and its images under conformal diffeomorphisms. These are the only metrics
conformal to the standard one on S™ that have constant scalar curvature.

This theorem is closely related to the Sobolev inequality in R™,

- <o [ VuPdz, we W), (2.19)
Rn

Since the infimum of the Yamabe functional on the sphere is conformally invariant, stereo-
graphic projection converts the Yamabe problem on S" to an equivalent on R".

More precisely, for w € C*°(S™), let wp denote the weighted push-forward function on
R” defined by wo = wyp*w with wi(z) = (|z|> + 1)3~/2 the conformal factor. Then we

have
4

* 4 ) 2
p*(wn=2gsn) = 4wl ?|dx|”.

Because of the conformal invariance, J(R") = J(S™). Recalling the definition of J from
(2.1.5), since Rjgy2 = 0, we have

2
d
AR = nf - Je [Vwolde
upeC>=(R") ([pn [wol? dx)?/?

Because of density we can restrict to smooth compactly supported functions:

IVewl3
weCE R [|w||3.

AR™) =

Using the Sobolev inequality (2.1.9), A(S™) > 0. Therefore, it is equivalent identifying
A(S™) and the associated extremal functions to identifying the best constant and extremal
functions for the Sobolev inequality.

Theorem 2.1.5. Sharp Sobolev inequality in the sphere.
The n—dimensional Sobolev constant o, is equal to §-, where

A = A(S") = J(gsn) = n(n — 1)vol(S™)*/™.
Thus the sharp form of the Sobolev inequality on R™ is:

Jwl- < 3 [ [VePda.
R

Equality is attained only by constant multiples and translates of the functions w,, defined by
(2.1.8).
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Lemma 2.1.6. If M is any compact Riemannian manifold of dimension n > 3, then
AM) < A(S™).

With all these ingredients, one can give a solution for the Yamabe problem. Here we
just present the main theorems:

Theorem 2.1.7. (Yamabe, Trudinger and Aubin (1976).) The Yamabe problem can be
solved for any compact manifold M such that A\(M) < A(S").

This theorem shifts the focus of the proof from analysis to understanding the geometric
meaning of the invariant A(M). The idea of the proof to show that A\(M) < A(S") is to find
a test function ¢ with J(¢) < A(S™). Then,

Theorem 2.1.8. [122] If M is any compact Riemannian manifold of dimension n > 3,
then
A(M) < A(S™); (2.1.10)

unless M is already conformal to the sphere S™.
This theorem was proved in several steps:

e Aubin (1976)[13]: He proved that if M has dimension n > 6 and it is not locally
conformally flat then (2.1.10) holds.

e Schoen (1984)[157]: Who finally proved that if M has dimension 3,4, or 5, or M is
locally conformally flat, then (2.1.10) holds, unless M is already conformal to the
sphere S™. Note that his proof uses the positive mass theorem.

2.2 Conformal fractional Laplacian and fractional (),-curvature

2.2.1 Fractional Laplacian in R".

We can cite as references, the surveys in [169] and [64], and the book [120].
Let v € (0,1) and w € L® N C? in R, the fractional Laplacian in R" is given by

w(z+y) —w(zr)

— Y —
( A) ’LU(.’E) - KNJYP'V' R" ‘y|(n+2,y) Y,

where P.V. denotes the principal value, that is defined as

) w(x +y) —w(x)

hg% (n+27) dy,
€ R\ Be Y

and the constant s, - is given by

r(5+7)
T -

n
Kpy=m 2277
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Vuw(z)y
[y +2y

This it is a good definition because \y|_("+2“f) is integrable at oo and |’ B,

g2 is odd). Moreover using Taylor’s expansion at the origin, we have that

ly[™

= 0 (since

jwe +y) —wz) — Vole) -y _ [D*w]r=
’y|n+2~y - |y|n+27—2’

where the right hand side is integrable. Then, we obtain that the integral is convergent,
and thus, near zero (2.2.1) can be expressed without the need of P.V as

(—AYw(z) = /n wiz ty) 1;2?27— V@) y 4, (2.2.1)

Fourier symbols and fractional Laplacian
The fractional Laplacian on R™ is defined through Fourier transform as

(“A)Yw = [¢27D, Yy eR.

Note that we use the Fourier transform defined by

o) = (2m) ™2 / w(z)e 7 da.

n

Fractional Laplacian as solution of a degenerate elliptic equation in the extension
We have seen two different ways to define fractional Laplacian, now we are going to introduce
another one [30].

Let w : R™ — R be a function such that [, % < o0,and let x € R" and y € Ry.
We consider the extension W : R x RT™ — R that satisfies the following partial differential
equation:

W(z,0) = w(z), ze€R",

2.2.2
AIW—F%Wy—i—Wyy:O, z€R", yeR. (222)

Then, on the one hand, the second equation in 2.2.2 can be written in divergence form as
div(y*VW) = 0.

On the other hand, solutions for this differential equation are critical points for the following
functional:

J(W) = /RWH VW |?y® dady.

+

Definition 2.2.1. Let v € (0,1), we define the fractional Laplacian on R™ as
(—A)'w = —d,, lim y®d,W
y—0t

where a =1 — 27y and
__227T(y)

=) (2.2.3)
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We will prove that this construction of the fractional Laplacian is equivalent to the two
previous definitions. If we take Fourier transform with respect to x in the system (2.2.2),
we obtain

W(E,0) =w(§), € € R,

. a ) . (2.2.4
_‘g‘zw(& y) + ;Wy(&y) + Wyy(fa y) :07 5 eR Y > 0. )
Fixed &, we can call ¢(y) = W (€,y) and we get
9 a
_|£| Y+ ;% +¢yy = 0.
Then we know that the solution of (2.2.4) is given by
W(g,y) = w(€)o(€ly). (2:2.5)
where ¢ is the solution of the following system:
a
—¢(y) + gayfﬁ(y) +9yyd(y) =0,
$(0) =1, (2.2.6)
lim ¢(y) = 0.
Yy—00

Applying the following Lemma 2.2.2 we obtain that the solution of (2.2.6) can be written
as ¢(y) =y (c1l,(y) + c2K,(y)); and imposing lim,_, ¢(y) = 0 we obtain ¢; = 0. If we
impose ¢(0) = 1, we get that the constant co must be equal to I'~1 ()27,

Differentiating (2.2.5) with respect to y we get

a,W = w(€)¢' (|€]y)I€].

Letting y tend to zero, after the change of variable z = ||y, we obtain
lim 4“9, W = @(&)[¢] lim ¢'(|€]y)y* = @ (€)[¢* lim ¢/ (2)2" = cad|é[*,
y—0 y—0 z—0
where ¢ = lim,_,¢ ¢'(2)2* = colim,_,0 27 K'(2)2% = —J;l. This shows (2.2.1).
Lemma 2.2.2. [/] The solution of the ODE
a
ayy¢+ gﬁygﬁ—qb: 0

may be written as ¢(y) = y'Y(y), for a = 1 — 2, where 1p solves the well known Bessel
equation

y* " + g — (y* + %)y = 0. (2.2.7)
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In addition, (2.2.7) has two linearly independent solutions, I, K., which are the modified
Bessel functions; their asymptotic behavior is given precisely by

1 Y\ y? y!
I’y(y)’“m(§> <1+4(7+1)+32(7+1)(’Y+2)+'”)’
I(

.
oo~ () (1w )

2
o ~ 2 4
+37(3) <”4<fyy+1>+32<v+gi><v+2>+”'>’

fory — 0%, v &€ 7Z. And when y — +o0,

L(y) ~ J%ey (1 _ 4y —1 i (4" - (49> - 9) _ ) ’

8y 2!(8y)?
T 4 =1 (4 - 1)(4y* - 9)

The Poisson Kernel
Finally we would like to obtain an explicit formula for the solution of (2.2.2). The proof
may be found in [30].

Given v € (0,1), let a =1 — 2 € (—1,1). The function

yQW yl—a
K%(x7y):: Ckua 2 PN ::Cluv
(lz]* + [y[?) (

(2.2.8)

n+l—a
2

2| + y?)
is a solution of

div(y*VK,) =0 in R,

K., = do on OR"M =R",

where d is the delta distribution at the origin, and C,  is a positive constant depending
only on n and v which is chosen such that, for all y > 0,

Ky(z,y) do=1.
R

Proposition 2.2.3. [71] For w € C.(R™), the solution of problem (2.2.2) is given by the
Poisson formula

W(z,y) = | Ky(x—=&y)f(E)ds,

R

where ICy is the Poisson Kernel for the problem, that is given in (2.2.8).
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2.2.2 Geometric setting

The conformal fractional Laplacian Py is constructed from scattering theory on the confor-
mal infinity (M™, g) of a conformally compact Einstein manifold (X"! g*) as a generalized
Dirichlet-to-Neumann operator for the eigenvalue problem

A U—-s(n—s)U=0inX, s=75+7,

and it is a (non-local) pseudo-differential operator of order 2. The fractional curvature,
which is a generalization of the scalar curvature, is constructed from the conformal fractional

Laplacian [102, 43]. This is natural from the point of view of the AdS/CFT correspondence
in Physics ([, ]). The mathematical definition was given by Graham-Zworski [102]
and Mazzeo-Melrose [138]. These were originally based on the work of Newmann, Penrose
and Lebrun [121] on four-dimentional gravitational Physics, in the spirit of Maldacena’s

AdS/CFT correspondence [133].

We give here some necessary definitions to introduce the concept of conformally compact
Einstein and asymptotically hyperbolic manifolds. Let X"*! be a smooth manifold of
dimension n + 1 with smooth boundary 0.X = M". A defining function for the boundary
M"™ in X"+ is a function p on X"+ which satisfies:

p>0in X,
p=0on M,
dp #0on M.

A Riemannian metric g* on X"*! is conformally compact if (X"*!, g) is a compact
Riemannian manifold with boundary M" for a defining function p and

g=rg".

Any conformally compact manifold (X"*1, g*) carries a well-defined conformal structure

[g] on the boundary M™; where each g is the restriction of g = p?g™ for a defining function p.

We call (M™, [g]) the conformal infinity of the conformally compact manifold (X" g*).
4

We usually write these conformal changes on M as g, = w»—2vg, for a positive smooth
function w. Near the conformal infinity, given a defining function p, we have the following
asymptotically expansion of the Riemannian tensor

. +
Riem?y, = —|dpl3(g;95 — giiah) + O(p°), (2.2.9)

in a coordinate system on (0,¢) x M"™ € X"*L,
A Riemannian metric g7 is called asymptotically hyperbolic if there exists a defining
function p such that
|Vp|§ =1on 0X.

Remark 2.2.4. From (2.2.9) one sees that for a conformally compact manifold, if it is asymp-
totically hyperbolic, then the sectional curvature goes to —1 at infinity.
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Lemma 2.2.5. [100] Given a conformally compact, asymptotically hyperbolic manifold
(X" g% and a representative g in [g] on the conformal infinity M™, there is a unique
defining function p such that, on M x (0,¢) in X, g* has the normal form

9" =p"(dp* + gp), (2.2.10)
where g, 1s a family on M of metrics depending on the defining function and satisfying
golv = g.

An Einstein metric is a metric for which the Ricci tensor and the metric tensor are
proportional:
Ricl] = fgi;, (2.2.11)

for some f smooth on X. Note that for an Einstein metric, R+ = (n +1)f.

Lemma 2.2.6. [/5] Under condition (2.2.11), the function f must be constant, when
n > 2, so, in particular, an Einstein metric has constant scalar curvature Ry+ = —n(n+1).

Thus we may give the definition:

Definition 2.2.7. A conformally compact manifold (X", g%) is called conformally com-

pact Finstein manifold if the metric satisfies Ricg+ = —ng™.

Note that a conformally compact Einstein manifold must be asymptotically hyperbolic.
Let us give some examples of conformally compact Einstein manifolds:

i. [20, | Hyperbolic space. We describe the Upper half space model for the hyper-

bolic space as
H = {z = (z,y);2 €R", y € Ry},

The metric in these coordinates is
gt =y (|da]® + dy?),

and the volume element is
dvoly+ = y~ "D dxdy.

The conformal infinity is R"U{co} where R is interpreted as the hyperplane {y = 0},
and the metric here is precisely the Euclidean one:

9=4%9" ly=0 = |dx|*.
The Laplace Beltrami operator is given by

Ay = y*(Az + 0yy) — (n — 1)y, (2.2.12)

The hyperbolic space can also be represented with the Poincaré Ball model. In this
way H"*! is realized as a set

B! = {x e R""/|z| < 1}.
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ii.

We take x as a global coordinate and define a metric:
& =41 —|z>)2(da? + ... + d:ng_l).
Here the volume element is

dvol z = " (1 — |22~V de das...day g1 .

We call S” = {z € R*""};|z| = 1}, which represents the conformal infinity 9,,B"*!,
where the metric is the standard for S™.

Comparing with H"*!, we see that whereas the J,H" ™! = R™ U {co} has a “distin-
guished” point at co, this does not happen in ball model because the boundary at
infinity O, H"*! is the one point of compactification of R”.

Remark 2.2.8. The relation between both models is given by:
G:B" — H*

(CCl,.fUQ, ceey %(1 - |$’2))
(1+[z]? = 221)

G(x) =
and the inverse map,
Gl H"t! — Bt
(217227 "'aznvz721+1 + ||Z/||2 - %)

G (z) =
B = O e + 21

where 2/ = (21, ..., zn).

A generalized hyperbolic manifold. A different realization for hyperbolic space
may be given as R x R?, with the metric

g = ((1 + R%)dt? + et R29S2> . (2.2.13)
If for = € R3 we use the change of variables
1- 2
|z| = 4 — sinhlog =,
P

and also,




we can observe that (RxR3, g7) is a conformally compact Einstein manifold, expressed
in the normal form (2.2.10):

P\’ P\’
gt =p2 (dp2 + <1 - 4) gsz + <1 + 4> dt2> .

Thus the conformal infinity is (R x S2, go), where go := dt?> + gs2. If now take the
quotient in our manifolds with the group generated by the translations, we obtain a
generalized hyperbolic manifold:

X1 =s(L) x R3,
with conformal infinity
M3 =sY(L) x $%,
and the same metrics g and go.
iii. Anti de Sitter space. We will explain it in detail in Section 2.3. This example
is important because it gives two different examples of conformally compact Einstein
manifolds with the same conformal infinity. This model is well known in cosmology

since they provide the simplest background for the study of thermodynamically stable
black holes (see [172, 105], for instance, or the survey paper [15]).

The standard examples of static Riemannian AdS-type black holes solutions are man-
ifolds M = N"~2 x R? where N"~2 is compact and the given metric has the following
form gy = Vtdr? +Vd#? + r’gy, where gy is any Einstein metric and V is a func-
tion that will be described later in the particular case we are going to study. Some
examples of these Ads-type black holes are [9, 10]:

e AdS-S?-black holes: M = R? x S*~1,

e AdS toral black holes: M = R? x T"!. (Note T"~! represents the (n — 1)-torus).

2.2.3 Conformal fractional Laplacian

First, we look at the spectrum of the Laplacian on hyperbolic space:

n

Lemma 2.2.9. [56] The spectrum of —Agn+1 is equal to [(%)?,00).

Proof. Let us prove here that the spectrum of —Agn+1 is contained in [(n/2)?, 00). Using
(2.2.12),

—Agn (y°) = s(n — s)y”.
The claim follows from Theorem 2.2.10 with ¢ = y%. O

Theorem 2.2.10. [56] Suppose that H is elliptic on L?(2) and that there is a positive
continuous function ¢ in Wiﬁ(ﬂ) and a potential V in L} (), such that

loc

Ho>Vo.
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Then the quadratic form inequality

is valid on C°(Q).
We can read about the spectrum of the Laplacian of a general asymptotically hyperbolic
metric in [135, , 138]. Tt can be described as

o(=Ag+) = [(n/2)%, 00) U opp(—Ag+), where opp(=Ag+) C (0, (n/2)%).

We note that o,,(—A,) is the pure point spectrum, i.e, the set of L?-eigenvalues, and it is
finite; and [(n/2)?, 00) is the continuous spectrum.

More refined statements follow from the main result of [13%], which is the existence of
the meromorphic continuation of the resolvent

R(s) = (—Ag+ —s(n — )7L
Here X\ = s(n — s) is symmetric with respect to Re(s) = 5. We will choose s € (5,n) and

denote s = § 4 for v € (0, §).

lambda

o ‘ S ———

n/2 11\ S

Figure 2.1: Representation of A(s).

Let (X, g7) be a conformally compact Einstein manifold with conformal infinity (M, [g]).
As we can check in Graham-Zworski and Mazzeo-Melrose [102, 138], given w € C*°(M) and
s € C, if s(n — s) does not belong to the pure point spectrum of —A/+ then there exists a
unique solution of the form

U=Wp" > +Wip*, W, Wi €C®(X), Wm0 =w. (2.2.14)
for the scattering problem
—AytU—s(n—s)U=0in X. (2.2.15)

The same is true for a more general asymptotically hyperbolic manifold, but there may be
other additional poles.
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Definition 2.2.11. Taking a representative g of the conformal infinity (M™,[g]) we can
define a family of meromorphic pseudo-differential operators S(s), called scattering oper-
ators as

S(S)'LU = Wl‘M- (2.2.16)

It is defined for Re(s) > 4. As it is explained in the next theorem, the values s =

5 +k; k=0,1,2... are simple poles of finite rank (they are known as trivial poles). It is
possible that S(s) has another poles, but we will assume here that our value of s is not
one of these exceptional values. We will also assume, for technical reasons that the first
eigenvalue for —A+ is greater than %2 — (s — %)2

Theorem 2.2.12. [102] Let (X, g") be a conformally compact Einstein manifold with con-
formal infinity (M, [g]). Suppose that k € N and k < § if n is even, and that (%)2 —k?
is not an L?>—eigenvalue of —A4. If S(s) is the scattering operator of (X,g"), and PY the
conformally invariant operators on M constructed in [101], then S(s) has a simple pole at
s=4+kand

cpPY = —Ress:ﬁS(s), e = (=1)F2%% Nk — 1)L,
where Ress—s,5(s) denotes the residue at so of the meromorphic family of operators S(s).
Consequently these are local operators which satisfy
P! = (=Ay)" + Lo.t.
In particular, P{ = (—A,)¥ if g is flat.

e If k =1 we have the conformal Laplacian

n—2

Piq = —Ag + ng.

e If k = 2, the Paneitz operator
9 2 . n—4
P = (=8g)" + 8(anRy + buRicg)d + —— Q5.

Note that up to constant (1 is the classical scalar curvature and @) is the so called
Q-curvature.
It is also possible define conformally covariant fractional powers of Laplacian in the case

v ¢N.

Definition 2.2.13. For s = § +v;7 € (0,5),7 € N, we define the conformally covariant
fractional powers of the Laplacian on (M™,g) as

n
Plg*,g)=d,S (5 + v) Py =22 (2.2.17)
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As a pseudodifferential operator, its principal symbol is the same as the one of the
fractional Laplacian (—A,)7, so it has order 2v. Note also that P,[g",g] is a self-adjoint
operator on M (see: [102]), and it is non-local.

In the rest of the thesis we will use the simplified notation:

Py =Pyg",q].

Proposition 2.2.14. These operators satisfy an important conformal property

_ n+2y
P ¢ =w 2 PY(we), Yo € C(M), (2.2.18)

where .

Ju ‘= wn=27g.
Proof. Given g on M as in Lemma 2.2.5, there exists p such that g™ = % and gp|nm = g.

4 ~2 _

Given g, = wn—2vg on M, there exist p such that g7 = d’)ﬁ# and gs|p = gw. From the
proof in [100] one gets that

0 2

L (2.2.19)

Plim

So we can find a solution U for the eigenvalue problem (2.2.15) in the following way:
U= Fpnfs +F1ps — Fﬁnfs +F1/38.

And using (2.2.19) and s = § + v, up to lower order terms,

~ n+2vy

F=Fw and Fy = Flw»—2v.

Restricting these equalities to M one gets F' lp=0 = f and ﬁ‘w|p:0 = f, which means
~ ~ ~ ~ n42y ~ _ nt2y
f = fw™t. Morever Fi|,—o = f1 and Fyw—2"|,—0 = f1, which means f; = fiw™ »27.

_ Because the definition of Scattering operator we can assert that S(s)f = f1 and S(s) f=
f1, and applying the definition of conformally covariant fractional powers of fractional Lapla-
cian (2.2.17) we get

n+2~y

P (fw) = PO (f) = fid, = frw w5 d, = PI(fluw w5,

Taking f = ¢w we get the desired result. O
Definition 2.2.15. We define the fractional order curvature as:
Q5 = PJ(1).

Note that this fractional curvature is a nonlocal version of the scalar curvature (which
corresponds to the local case v = 1). Note also that Q9 is different to the one defined by
Caffarelli, Roquejoffre and Savin in [35], which is a non local version of the mean curvature
(see also the review [170]), and it has also received a lot of attention recently..
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Remark 2.2.16. Using the previous definition we can express the conformal property (2.2.18)

as e
PY(w) = wn-21 QI (2.2.20)

The conformal fractional Laplacian on Euclidean spaces.

In the case of M = R"™ and X = R?fl with coordinates x € R™ and y > 0, with the
2 2
hyperbolic metric g = gy = dy;;# (where |dz|? is the Euclidean metric on R™) the
construction of the scattering operator is precisely the Caffareli-Silvestre extension problem
for the fractional Laplacian when v € (0,1). We remark that in this case g = dy? + |dz|? is

the flat metric in ]RT};H.

Theorem 2.2.17. [/5] Given v € (0,1), for a smooth function w : R™ — R, there ezists
an unique solution V=V (z,y) : R™ x [0, +00) — R to the following extension problem

&y+§%V+%ﬂ%ﬂ;xewﬂyem+mL

(2.2.21)
V(z,0) =w(x), zeR",
where a = 1 — 2. Moreover, U = y"*V is a solution of the eigenvalue problem
—Ag, U —s(n—s)U=0, in H" L,
for s =5+, and
Pl = —d, lim (40, V) = (~A.)(w), (2.2.22)
where d., is defined in (2.2.3).
Proof. Given w fixed, we know that the solution U of the scattering problem
— AgU — s(n — s)U = 0 in H"!, (2.2.23)
can be written as
U=y" W+ y’Wy, (2.2.24)
where W and W1 satisfy:
Wy=0 = w and W (z,y) = w(x) + wa(x)y* + o(y?), (2.2.95)

and S(s)w = wy for w1 = Wily—o and Wi (z,y) = wi(x) + @2(2)y? + o(y?).

If we recall the definition of conformal Laplacian (2.1.2) and use that in the hyperbolic
space we have Ry, = —n(n + 1) (because it is an Einstein manifold), we have that

n?—1
4

We use the conformal property of the conformal Laplacian given in Proposition 2.1.1 for
the change of metric g = 3%gy (where g is the Euclidean metric), getting

7A9]HI = Lgy +

n—1
2

Lgy¢ = ynTHLﬁ(y_iqb)-

28



But we know that Ly = —Ag = —A,; — 0yy. So we can do the change of variable
U=y, (2.2.26)

sustitute s = § 4+, and use all the previous equivalences in (2.2.23) to get
ALV + 0,V + 20,V = 0.
Y

For the second part, we only need to realize that with the definition of wy given in (2.2.25),
the following equivalence holds

P7|d$|2w =d,S(s)w = dywi.

If we substitute the expansion (2.2.24) in the change of variable (2.2.26) we obtain V =
W 4 y?*~"W;. And we can compute

. a T a 25—n
ilg%)y (%V—ilg(l)y Oy(W 4+ y=*7"W7)
2

— lim y°0) [w(e) + wa(a)y? + o(y?) + 4™ (wr(a) + Ba(w)y? + o(y)]

= (25 —n)w; = 2vyw;.

Therefore wy; = % lim,_,0 y*0, V', and so that

dx|? _dv :
P’\yﬂ?\ w_%?}%yaay‘/’

as desired. O

The conformal fractional Laplacian on the sphere.
In this section we look at the sphere S™ with the round metric gs», understood as the con-
formal infinity of the Poincaré ball model for hyperbolic space H"*!. Note that hyperbolic
space is the simplest example of a Poincaré-Einstein manifold, and the model for the general
development.

On S™ one explicitly knows ([25], see also the lecture notes [20], for instance) that the
conformal fractional Laplacian (or intertwining operator) has the explicit expression

I'(Ajjp+7+3) 132
P = . Ay =/ —Agn + (217, 2.2.27
v I‘(Al/2—7+%) 1/2 \/ S (2) ( )

for all v € (0,n/2). From here one easily calculates that the fractional curvature of the
sphere is a positive constant

I'(5+7)
I'(z-)
Formula (2.2.27) may be easily derived from the scattering problem (2.2.14)-(2.2.15). A
proof can be found in the book [19], which also makes the link to the representation theory

Q%" = PE" (1) = (2.2.28)
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community. Note, however, a different factor of 2, which is always an issue when passing
from representation theory to geometry. For convenience of the reader not familiar with
this subject we provide a direct proof below [95].

Consider the Poincaré metric for hyperbolic space H"*!, written in normal form (2.2.10)

as
2
gt =7 (dp*+ (1= §)’gsn ).

for p € (0,2]. Remark that p = 2 corresponds to the origin of the Poincaré ball and thus
the apparent singularity is just a consequence of the expression for the metric in polar-like
coordinates.

Calculating the Laplace-Beltrami operator with respect to g™ we obtain, recalling that
s = 5 +, that the eigenvalue equation (2.2.15) is equivalent to the following:

P (1-8) "o, [ (1-5) U]+ 2 (1-5) “AwU + (5 -+?)u=o.
(2.2.29)
We will show that the operator P{*" diagonalizes in the spherical harmonic decomposition
for S™. With some abuse of notation, let ux = k(k+mn—1), k = 0,1,2,... be the eigen-
values of —Agn, repeated according to multiplicity, and {Ex} be the corresponding basis of
eigenfunctions. The projection of (2.2.29) onto each eigenspace (Fj) yields

n n -
ot (1 . %) 9, [p—”“ (1 . %) apUk] 2 (1 - %) 1k Up + (— S ) Uy, = 0.
This is a hypergeometric ODE with general solution

Uk(p) = c1p2 p1(p) + c2p? T pa(p), 1,02 € R, (2.2.30)

for

—n—p3B+1 _
e1(p) == (p* —4) = 2F1< 6+17 BH -7 1=7, 4)

2 —n—p3B+1

pa(p) == (p* —4)" 2 2F1< =B ZBHL 4y 1+, 4>

where we have defined
(n— 1)+ dpu,

and oF7 is the usual Hypergeometric function (see Appendix 7).

In order to calculate the conformal fractional Laplacian, first one needs to obtain an
asymptotic expansion of the form (2.2.14) for W, W smooth up to X. Since U must be
smooth at the central point p = 2, one should choose the constants ci,co such that in
(2.2.30) the singularities of ¢1 and ¢y at p = 2 cancel out. This is,

12577 o ( =L 2 41—y, 1) + 6231751y ( T ) =0
(2.2.31)
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In order to simplify this expression, recall the property (7.0.7) of the Hypergeometric func-
tion given in Lemma 7.0.1 in the Apendix. After some calculation, (2.2.31) yields

2 _ o LG+ +5)T(=)

a1 T(3-v+5)r()

Next, looking at the definition of the conformal fractional Laplacian from (2.2.17), and
noting that both ¢1, @2 are smooth at p = 0, we conclude from (2.2.32) that

(2.2.32)

T(3+v+9%)

wg .
r(3—7+3)

Cc2
PO g0k = dy P =

This concludes the proof of (2.2.27) when 7 € (0,n/2) is not an integer.

From another point of view, on R™ with the Euclidean metric, the fractional Laplacian
for v € (0,1) can be computed as the principal value of the integral

(—A) w(z) = C(n,’y)/ w(z) —w(§)

Rn W dg. (2.2.33)

Our next objective is to give an analogous expression for P{*" in terms of a singular integral
operator, using stereographic projection (given in (2.1.7)) in expression (2.2.33):

Proposition 2.2.1. (see [95]) Let v € (0,1). Given w(z) in C*°(S™), it holds

P¥E w(z) = /n [w(z) —w({)] Ky(z,¢) d + Ap yu(2),

where the kernel K, is given by

1— 2 vHn/2 sy ¢ y+n/2 1
_ o97+n/2 n+1 n+1
K= (122) 0 (1582) serge

and the (positive) constant

The conformal fractional Laplacian on conformally compact Einstein manifolds.
Now we are going to study the same extension problem (2.2.21) as before but in any con-
formally compact Einstein manifold (X"*! g*).

Theorem 2.2.18. [/5] Let (X,g%) be any conformally compact Einstein manifold with
conformal infinity (M, [g]). For any defining function p of M satisfying (2.2.10) in X, the
problem

—Ay+U—s(n—s)U=01in (X,g"),
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with Dirichlet condition w, is equivalent to

(2.2.34)
W =w on M.

{ —div(p®VW) + E(p)W =0 in (X,7),
where

g=p’g", W=p""U, s:g+% a=1-2y.

and the derivatives in (2.2.34) are taken respect to the metric g. The lower order term is
given by

a a 1 —924a n—1 a
E(p) = —Ag(p2)p2 + <72 - 4> pE+ 1 e (2.2.35)
If we write it in the metric g© we have
E(p) ="3=2 [Ry — {n(n+1) + R+ } p~%] p" (2.2.36)

Moreover we have the following formula for the calculation of the conformal fractional Lapla-
cian

Pw = ~d lim p"0, W, (2.2.37)
where d., is defined in (2.2.3).

The proof is analogous to the one given in Theorem 2.2.17 for the Euclidean case, we
only have to take into account that we are working with an Einstein manifold provided with
a metric gT, for which

1
Ag - app + §w8p + Agp,

where § = p?g™ and ¢ := 9,(logdet(g,)). The second term on the right hand side is the
one that generates the lower order term E(p).

Remark 2.2.19. For a conformally compact Einstein metric given in normal form as (2.2.10)

_ 1 .
E(p) = WWH _ ”TC‘Rgpa, in M x (0,0). (2.2.38)

Remark 2.2.20. We recall how to compute the Q9 curvature. We set w = 1, and we find
the solution W for the extension problem (2.2.34). Then,

QY = —d, ii—% pro,W.

Now we are going to choose a suitable defining function p*, in order to transform
the problem (2.2.10) into one of pure divergence form. We follow the study in [13].
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Lemma 2.2.21. Let (X,g") be a conformally compact Einstein manifold with conformal
infinity (M,[g]). Fized a metric g on M, and assuming that p is a defining function, we
can assert that for each v € (0,1), there exists another (positive) defining function p* on
X, satisfying p* = p + O(p>?™1) and such that for the term E defined in (2.2.35) we have

E(p*) = 0.
Moreover, the metric g* = (p*)%g* satisfies 9*|p=0 = g and has asymptotic expansion
9" = (dp*)*[L+ O((p")*")] + g[L + O((p")*")]-

Theorem 2.2.22. Let v € (0,1) fized, and f any smooth function on M. If under the
hypothesis and the special defining function p* constructed in the Lemma 2.2.21, W solves
the following extension problem

—le((p*)GVW) =01n (X7 g*)v
W =w on M.

(where the derivatives are taken with respect to the metric g* = (p*)?g™); then

Piw = —d, pl*iglo(p*)aap*w + wQ. (2.2.39)

2.2.4 Fractional Yamabe problem [97]

From now and on, we fix v € (0, 1). The Fractional Yamabe problem is: given a conformally
compact Einstein manifold (X", ) of dimension n > 2y with conformal infinity (M, [g]),
4

to find a new metric conformal to g, g,, = wn=27 g (where w is a strictly positive C* function
on M) with constant fractional curvature Q3".

Since we impose that the metric g,, has constant fractional curvature, the conformal
property (2.2.20) is equivalent to assert that there exists a constant ¢ on M such that

n42~y

PI(w) = cwn=27, w >0, (2.2.40)

which thanks to Theorem 2.2.18 is equivalent to the existence of a strictly positive C*
solution for extension problem:

—div(p*VW) 4+ E(p)W =0 in (X, g),

S w2y (2.2.41)
—d 11_I>I(l)p 0,W = cwn=27 where W|y = w.
p

Remark 2.2.23. Using the special defining function (2.2.21) the fractional Yamabe problem
(2.2.41) can be written as

— div((p")*VIW) = 0 in (X, g°),
~ n+42
—dy lim (p*)*0p: W +wQY = cwnt;y where Wy = w.
p*—0

Indeed, we only need to use the equation for the Yamabe problem (2.2.40) and the expression
of PY with p* from (2.2.39).
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The fractional Yamabe problem can be seen as a generalization of Escobar’s problem
[79, 78, 80, ]: this is to find a conformal metric to the given one on a manifold X"+!
with constant mean curvature on the boundary M"™ = 9X"*! or equivalently to find a
solution for

—Agu + %Rgu =0 in (X”“,g),
bl (2.2.42)
dyu + %HU =cunr-1 on M".
In the particular case v = 1/2, the fractional Yamabe problem and this one are equivalent
modulo some lower order terms. The main different between them is that in the first one,
we are allowed to take a conformal metric in X”*!, while in the second problem we are
restricted to conformal metrics on the boundary M™.
For the fractional Yamabe problem one may use the variational method as in the classical
case v = 1. We define the y—Yamabe functional as
[y Q3 dvol
v @5 dvoly
I’Y [g] = n—2y °
(Jar dvolg) =

Now we can ask about the existence of the minimizer of I, among metrics in the class

[g]-

Remark 2.2.24. We will use the notation 2* = ni’;v.

Definition 2.2.25. We define the v— Yamabe constant as
Ay(M, [g]) = inf{ZLy[R]; h € [g]},

(2.2.43)

which is an invariant of the conformal class [g] when g% is fized.

4
Taking the conformal metric g,, = wn=27g we ca define the previous functional as a

functional on w by:

Joy wPYw dvol,,
(Jur Wi dvolg)ninh

Indeed, using the conformal property (2.2.20) we have:

Iv[w] =

o [im Q% dvoly, = [in wl_%Pgw dvolg, = [}, wPjw dvoly,.

* U dvoly, ) 5" = (Jara W dvoly) =

The functional I,[g] also can be represented as a functional in the extension:

dy [yunr (P VW + E(p)W?) duolg
- n—=2y ’

Jogn (W55 dvoly)™5

W] (2.2.44)

where d, is defined in (2.2.3). Indeed if we take the equation (2.2.34), multiply it by W,
integrate over X" and apply divergence theorem we get the equality

/ W (p*VW) dvol,, :/ (P*IVW|? + E(p)W?) dvolj.
M Xn+l
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Using that w = W|yy, the definition of Py given in (2.2.37) and (2.2.34) we get

S wPfgw dvolg [y wPYw dvoly
- _2n_ n—2~
(fypn Wr=27 dvoly) =
cZ Lo W (y*0, W) dvol dw [xnir (Y[ VW|? + E(y)W?) dvol
(fype W55 dvoly)™S (fype W5 dvoly) 5
= L,[W].

Iy[w] =

—2y

(Jysn w=E dvol g

Note that the infimum of I,[V] among V € Wh2(X, p%) with TV = w is attained at W
satisfying (2.2.34).
This equivalence tells us that

Ay (M, [g]) = inf{L,[W,g); W € W"(X, p")}.

Remark 2.2.26. If we use the special defining function defined in Lemma 2.2.21, the func-
tional (2.2.43) can be represented as

d v Jxens1 (P |VW]2dvol —l—anw Q%dvol
(fasn W5 dvol 0

LIW] =

Before giving an example of manifold where the fractional Yamabe problem is solved,
we will note here that, as in the classical case, the sign of \,(M) is the same that the
sign of the Qz, where g is the metric which solves the fractional Yamabe problem. Indeed,
this results follows from Theorem 4.2 and Corollary 4.3 in [97]. We summarize below both
results:

Lemma 2.2.27. Let (X"t g4) be an asymptotically hyperbolic manifold with conformal
infinity (M™, g). For each v € (0,1), under the assumption of zero mean curvature when
v € (1/2,1), we have three mutually exclusive possibilities:

1. The first eigenvalue of Py is positive, the v-Yamabe constant \(M) is positive, and
M admits a metric g in [g] that has pointwise positive fractional scalar curvature QY.

2. The first eigenvalue of Py is negative, the v-Yamabe constant Ay (M) is negative, and
M admits a metric g in [g] that has pointwise negative fractional scalar curvature Q¥

3. The first eigenvalue of Py is zero, the v-Yamabe constant (M) is zero, and M
admits a metric g in [g] that has vanishing fractional scalar curvature QY.

We consider here the fractional Yamabe problem on S" (equivalently on R™). We
give some results regarding the trace Sobolev inequality on R™ and its relation with S™.
This reminds the model example for the classical case given in Section 2.1.2
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Theorem 2.2.28. [12/, 5/, /5] Let w € W¥AR"), v € (0,1), a =1 -2y, and W €
WL2(RYH y@) with trace TW = w. Then

||w||iz*(Rn) < S(n,7) /R"“ Y| VW |? dz dy,

+

where, being gsn the standard metric of S™,

_ d
S(n,v) = s

Moreover the equality holds if and only if

2
wy(r) =c <,u> ; v € R",

|z — zo|? + p?

force R, p>0 and zg € R fized.

We remark that if we look at the fractional Yamabe problem in R™ without singularities,
all the entire solutions for

n+2~y . n
(=A)"w = ¢y w2 in R",  w >0,

have been completely classified by Jin, Li and Xiong [111] and Chen, Li and Ou [13], for
instance. In particular, they must be the standard “bubbles” given in (2.2.28).

Suppose that (X"! ¢gT) is an asymptotically hyperbolic manifold with a geodesic defin-
ing function p and set g = p?¢g™. Let (M™, [g]) be its conformal infinity. One can show that
([97, 39]) the fractional Yamabe constant satisfies

—00 < Ay (M, [g]) < M(S™, [gsr]).
Theorem 2.2.2 ([97]). In the setting above, if
Ay (M, [g]) < Ay(S™, [gsn]), (2.2.45)

then the y-Yamabe problem is solvable for v € (0,1).

Therefore, it suffices to find a suitable test function in the functional (2.2.44) that attains
this strict inequality. For this, one needs to find suitable conformal normal coordinates on
M by conformal change, and then deal with the corresponding extension metric. Hence one
needs to make some assumptions on the behavior of the asymptotically hyperbolic manifold
gt . The underlying idea here is to have g™ as close as possible as a Poincaré-Einstein
manifold. The first one of these assumptions is

Ry+ +n(n+1) =o0(p®) as p—0,

which looks very reasonable in the light of (2.2.36). In particular, under this condition one
has that

E(p) = ”jlan““Rgp“ +o0(p*) as p—0.
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(compare to (2.2.38)). Another consequence of this expression is that the 1/2-Yamabe
problem coincides to the prescribing constant mean curvature problem (2.2.42), up to a
small error. In general one needs a higher order of vanishing for g% (see [115] for the
precise statements), which is automatically true if g* is Poincaré-Einstein and not just
asymptotically hyperbolic.

Definition 2.2.29. We say that a manifold has a non-umbilic point, when there exists any
point such that in its neighbourhood the manifold is not as a piece of a sphere.

The first attempt to prove (2.2.45) was [97] in the non-umbilic case, where the authors
use a bubble as a test function. The umbilic, non-locally conformally flat case in high
dimensions was considered in [99]. Finally, Kim, Musso and Wei [115] have provided the

latest development, covering all the cases that do not need a positive mass theorem for the
conformal fractional Laplacian. Their test function is not a “bubble” but instead it has
a more complicated geometry. Summarizing, some hypothesis under which the fractional
Yamabe problem for v € (0,1) is solvable (in addition to those on gt above) are:

e n>2 ~€(0,1/2), M has a point of negative mean curvature.

e n>4,ve(0,1), M is not umbilic.

e n >4+ 2v, M is umbilic but not locally conformally flat.

e M is locally conformally flat or n = 2, and the fractional positive mass theorem holds.

However, we see from this last point that to cover all the cases one still needs to develop a
positive mass theorem for the Green’s function of the conformal fractional Laplacian, which
is at this time a puzzling open question.

Finally, one may look at the lack of compactness phenomenon. In general, Palais-Smale
sequences can be decomposed into the solution of the limit equation plus a finite number
of bubbles. Moreover, the multi-bubbles are non-interfering even though the operator is
non-local (see, for instance, [84, , , D).

2.3 Non uniqueness issues

2.3.1 Two different extensions for the same conformal infinity

As we mentioned in Section 2.2, the Swarzchild-Anti-de-Sitter space is an interesting ex-
ample because it gives two different examples of conformally compact Einstein manifolds
with the same conformal infinity. It is not known yet if the scattering operator for both
extensions coincide [55], Important references for this section are [105, 151] and the lectures
given by Graham in “Mini-courses and Conference on Nonlinear Elliptic Equations” (May
13-18, 2013, Rutgers University and May 20-22, 2013, Courant Institute).
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Motivation from physics (informal)

Definition 2.3.1. Anti-de Sitter space is the submanifold described by one of the sheets
of the hyperboloid of two sheets x3 + x3 + 3 — 2% = —a?, with the pseudometric given by

ds* = dx? + dad + dx} — dzd, and where o is a nonzero constant with dimensions of length

(the radius of curvature). It is related with the cosmological constant by o = A3,

Remark 2.3.2. The hyperboloid of one sheet 22 + 13 -l—l‘% — :c% = o? is called de Sitter space.

The Lorentzian metric of the covering space of anti-de Sitter space can be written in
the static form
JAdS = —Vdr? +vlar? + 7'29§2,

where V =1+ Z—z and b = (%3)1/2. A positive definite metric may be attained using Wick’s
rotation ¢ = ¢7.
JAdS+ = Vdt? + VvV tdr? + T2ggz. (2.3.1)

This metric (2.3.1) reminds the hyperbolic metric given in (2.2.13)
More generally, we are going to consider of the Schwarzchild-anti-de Sitter metric, which
has the form of (2.3.1), for

2m r2
V=1—— 4+ —.
m§r+62

In this expression we have used the following notation:

e m > 0 is the mass of the black hole.

1
e m, is a constant called “Planck mass” and given by m, = G~ 2, where G is the
gravitational constant
2m r _
m2r + b2

e 7}, is the positive root of 1 — 0 (because the metric must be positive).

r € [rp, +00).
t € SY(L), L to be chosen.
(0,9) € S

Rigorous definition

We restrict to the case the case b = 1, m, = 1 to simplify the computations. Then the
AdS-Schwarzchild is defined as the 4—manifold

(R* x §%, g1), (2.3.2)
where
g7y =Vdtr + V7 ldr? +r?gss. (2.3.3)
for 5
V=1+r2— Tm (2.3.4)
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Definition 2.3.3. We call 1}, the positive root for 1 + r2 — 27’” =0, sor € [rp,+00),
t € SY(L) and (0,¢) € S%.

Even though the metric g seems singular at 75, we will prove that this is not the case
if we make the t variable periodic.
Since we would like dp? = V~1(r) dr?, we define

p: (rn, 00) — (0,00),

p(?“)—/r:V;-

Taylor’s expansion around the point rp, yields
V(r) ~V'(rp)(r —rp). (2.3.5)
We call V) = V'(r,) and substituting (2.3.5) in the definition of p we obtain

p /T(Vfi)"’l(r - Th)%l = (Vé)%lZ(r —7h)2.

Th

N

Isolating r — 7, we obtain
[’ I
r—rp, = —4hp2 + ...

And using this approximation in (2.3.5), the metric (2.3.3) can be written as

VI 2
g =dp* + WAk Z) PPt + 17 gse,

where for periodicity we must impose 0 < V%t < 27, which is 0 <t < 27L, for

L=-2. (2.3.6)

Remark 2.3.4. The manifold (2.3.2)-(2.3.3) is conformally compact Einstein. Indeed, let
s = L and using the definition of V(r) from (2.3.4) we obtain

1 1
Viry=14 = -2 ~—
(r) —1—82 ms

5> when s — 0 (and therefore r — c0).
s

Using dr = —t—g” yields
1
g =V ) dr? + V(r)dt* +r? gg2 ~ 8—2[d32 + dt? + ggo).
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Uniqueness

We would like to find two different conformally compact Einstein manifolds with the same
conformal infinity. We have seen that for each m, g is a conformally compact Einstein
metric with conformal infinity (r = co) given by S!(L) x S? with the metric

go = V_lgfl\,«:oo = dt* + Js2.
Now we are going to observe how this radius L depends on m (or equivalently, the relation
between L and 7p,).

The definition of r;, (given in Definition 2.3.3) yields V (r,) = 0, or equivalently r3+r), = 2m.
Then, V'(r,) = 2r, + 2772” =3r, + i, and using the definition of L from (2.3.6) we have
h

27"h

L=—"—. 2.3.7
37“,% +1 ( )

Proposition 2.3.5. Depending of the value of L there exist one, two or zero values of m
such that g has as conformal infinity S'(L) x S2:

o If L < Ly there exist two different masses my and mo with the same L(m;); and thus
they give same conformal infinity.

e If L = Ly there exist only one mass m and which gives us L(m).
o If L > Ly there does not exist any mass which gives us L(m).

Proof. Calculate from (2.3.7)

—2(3r7 — 1)
L(ry) = — 50—
(ra) 3r2 +1
So the unique critical point for L(ry) is rp, = %, and Lo = L(rp,) = % Moreover,
—24Th
L = ———- <0.
(ra) (3r7 +1)2

We can conclude that rp, is a maximum for L(r) and so for each 0 < L < % there are
two different masses mi, meo which share the same L, as desired ]

Because the previous statement, for the same conformal infinity S'(L) x §? when 0 <

L < %, there are two non-isometric AdS-Schwarzschild spaces with metrics g;, and g;f,, on

R? x S2. In this way we have proved the non-uniqueness for conformally compact Einstein
metrics on the topologically same 4-manifold.
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Figure 2.2: Representation of L(r)

2.3.2 Uniqueness of solutions for the fractional Yamabe problem

Classical Case

For an introduction to the Yamabe problem, see Section 2.1.2. We may see that depending
on the sign of the minimizer of the classical Yamabe constant A(M) given in (2.1.6), it
holds:

i. If A(M) = 0 we have uniqueness of solutions (up to multiplicative constant).
ii. If A(M) < 0 we also get uniqueness in the solution (up to constant).

iii. However, we have possible non uniqueness of solutions if A(M) > 0. It will be ex-
plained in the next Section 2.4.

Fractional case
As in the classical case, the uniqueness of solution for the fractional Yamabe problem
(explained in Section 2.2.4) also depends on the sign of fractional Yamabe constant A, (M).
Indeed, recalling that the sign of A, (M) is equal to the sign of the constant Qz, where g is
the y—Yamabe metric as we can check in Lemma 2.2.27, we have
i. If \y(M) < 0 : Given (X"*1, ") with conformal infinity (M, g), suppose that g =
4y 4

5
w7 g is a solution with Q4! = u1. We also suppose that go = wy "¢ is a solution

with @%* = po. Then,

4 4 —4 4
go = w2"72”g = 102"72W w1"72” g1 = wnr=2gq, (2.3.8)

and, using g; as a background metric, the conformal factor w is solution of

—div((p*)*V4 W) =0 in (X, g1),
n+2y

—c% lim (p*)*0p W 4+ wpy = pown=2v on M.
p*—0

We are under the hypothesis p1, 2 < 0, so, up to constant, we can assume p; =
o = < 0. If we take a look at the system, the first equation is an elliptic one, so
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the maximum (and minimun) of W is attained at the boundary. So we can consider
P € M the point where W reaches the maximum value, and Q € M the point where
it reaches the minimum value:

e At P, the function W is maximum so that the outward normal derivative in this
point must be nonnegative, and negative if we take the derivative in the direccion
of O,

n+2y

—p(wn=2 —w)(P) = d, lim (p*)?0,«W <0,
p*—0

which under the assuption p < 0 implies w(P) < 1.
e At @, the function W is minimum so that
n+42~vy

~(WHE —w)(@Q) = &, lim (5")°9, W 20,

which under the assuption p < 0 implies w(@) > 1.
Since minw > 1 and maxw < 1, we must have w = 1, as desired.

ii. If A\y(M) = 0 we also have uniqueness of solutions (up to constant).

_4
n—22y

Given (X"! g%) with conformal infinity (M,g), suppose that g1 = w; g is a
4

solution with Q' = ;. We also suppose that go = wg ~>” g is a solution with QJ* = us.

Equality (2.3.8) holds again, and for the w appearing there, there exists a unique W
such that Wy, = w and

—div((p*)*Vg W) =0in X,
—d, pl*lglo(p )40+ W (2,0) =0 on M,

since we are under the assumption g3 = p = 0. Using that W = W(p*), then
w = W] is constant, as desired.

iii. However, we have possible non uniqueness of solutions if A,(M) > 0. This is one of
our main contributions and it will be explained in the next Chapter 3.

Example:

We will provide here an example of non uniqueness for the Yamabe metric in the classical
case: M = SY(L) x S"~! by Schoen [159)].

It follows from a straightforward computation that the non uniqueness for the problem of
finding a conformal metric with constant scalar curvature for M; = R x S"~! with the
metric gg = dt? + ggn—1 is equivalent to finding solutions with an isolated singularity in
My = R™\ {0}, with the Euclidean metric in polar coordinates |dz|> = dr? + r?ggn-1.
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Indeed, we just need to notice that both manifolds are conformally related, in fact, using

the Emden-Fowler change of variable » = e~!, we have

dz|*> = dr? + r’ggn-1 = e 2 (dt* + e P ggn-1) = e ' gp.

Thus, having a metric conformal to |dz|? with constant curvature and an isolated singularity
is equivalent to having a metric conformal to gg with constant curvature and smooth. This
conformal metric is of the form
4 4
§i=wr2|dz|* = vi-zgy

where v and w are related by

w(@) = [2] "7 v(a).
We will look for radially symmetric solutions, so the example reduces to solving and ODE.
We will give more details about the non uniqueness example, when we consider the Yamabe
problem in the Euclidean space with isolated singularities. For the classical case, this is
written in the next Section 2.4, for the fractional case, this construction is new and it is
written in Chapter 3.

2.4 Isolated singularities

In this section we are going to start considering the Yamabe problem in R", n > 3 with an
isolated singularity at the origin. We will focus here on the classical case v = 1, following
the study in [159, ]. The fractional case will be studied in the Chapter 3, since it is one
of the main results in this thesis.

We consider the Yamabe problem

—Aw = cnvlw%g, w > 0, (2.4.1)

with an isolated singularity at the origin. Here the constant is given by ¢, 1 = ”T_Q.

equation for the metric g,,. It is well known ([37]) that positive solutions of equation (2.4.1)
in R™\{0} must be radially symmetric and, if the singularity at the origin is not removable,
then the solution must behave as
w(x) = ]a:\_nTizv(a:), (2.4.2)
where 0 < v <¢; <v < ¢y < 0.
First, we will give two explicit solutions for (2.4.1).

e Indeed, for the constant solution v; we just need to use polar coordinates to compute

-1
sz@rrw—l—n

1
8,41} "‘ ﬁASQ .
r

Then, we can easily check that the only solution w; = vr~ "7 with v being a constant
function is v = v1 = 1. This is the cylindrical metric.
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e For the non constant solution, we recall that the spherical metric is

4

= |z, 2.4.3
9 (1 + ‘l‘|2)2| | ( )
which represents the so called bubble from (2.1.8). After the Emden Fowler change

of variable r = e™?, we can observe that, in the new variable, the conformal factor in
(2.4.3) is
4 n—2
4 _n=2y _n=2
Woo = | ————= =€ 2 "Vs, Wwhere vy(t) = (cosht)” 2,
& ((1+|x!2)2> o oo(t) = ( )

up to multiplicative constant.

Now we will look for all the radial solutions with an isolated singularity at the origin.

Thus we take again
n—2

w(r)=r""2 v(r).
Substituting r = e*

a function v = v(t):

our equation (2.4.1) reduces to a standard second order ODE for

’I’L—2)2 n+2

— g 2Ry = DRy s, (2.4.4)

First we draw the phase portrait, transforming the equation in a first order system. We
call o(t) = Oyv(t) and we get the Hamiltonian system

X(v,0) = (D(t), —% (v%rg — v)) :

There exist two critical points for this system: Vy = (vp,0) = (0,0) and V; = (v1,0) =
(1,0). Now we linearize at each critical point,

0 1
J(o,0) = @22 |
4

which has eigenvalues A = :I:("Q;Z). Therefore, (vg,0) is an saddle point.

e At Vj, the Jacobian is

o At V7,
0 1
I0,0) = < —(n—2) 0 )
with eigenvalues A = £1/—(n — 2), and therefore, the point (v, 0) is a center.

This equation it is easily integrated and the analysis of its phase portrait gives that all the
bounded solutions must be periodic.
More precisely, the Hamiltonian
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Figure 2.3: Representation of the phase portrait.

_9)2 _ _2n_
Hy (v,0) 1= 302+ 28 (20 - Lo?) (2.4.5)
is preserved along trajectories. Thus looking at its level sets we conclude that there exists

a family of periodic solutions {vr} of periods L € (L}, 00). Here

L=~ (2.4.6)

n—2

is the minimal period and it can be calculated from the linearization at the equilibrium
solution v; = 1. These {vr} are known as the Fowler ([39]) or Delaunay solutions for the
scalar curvature.

The metric g1 is not a complete metric on R x S"~1. But taking the metric in S'(L) x
S"=1, when L > L}, given by g, = vﬁ(dt2 + ggn—1) for v = v(t) any solution of the ODE;
we find a complete metric with constant scalar curvature that is different from the standard
one.

2.5 The general singular fractional Yamabe problem

Before going further in the study of the isolated singularities case we will provide here a
summary of the known results for the general singular fractional Yamabe problem (see also
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[110]). From the analysis point of view, one wishes to understand the semilinear problem

(~A)"w = cwi=E in R\ A

W= e ’ (2.5.1)
w(z) — oo as x — A,

where A is a closed set of Hausdorff dimension 0 < £ < n and ¢ € R. The first difficulty
one encounters is precisely how to define the fractional Laplacian (—A)Y on Q := R™\ A
since it is a non-local operator. Nevertheless, this is better understood from the conformal
geometry point of view.

In order to put (2.5.1) into a broader context, let us give a brief review of the classical
singular Yamabe problem (y = 1). Let (M,g) be a compact n-dimensional Riemannian
manifold, n > 3, and A C M is any closed set as above. We are concerned with the existence
and geometric properties of complete (non-compact) metrics of the form g, = wﬁg with

constant scalar curvature. This corresponds to solving the partial differential equation
(recall (2.1.4))

“Aw+ =2 R w= "2 RuwiE >0
g -1 'l I(n-1) ; ;

where Ry, = R is constant and with a boundary condition that w — oo sufficiently quickly
at A so that g,, is complete. It is known that solutions with R < 0 exist quite generally if A
is large in a capacitary sense ([130, |), whereas for R > 0 existence is only known when
A is a smooth submanifold (possibly with boundary) of dimension k£ < (n—2)/2 ([139, 82]).

There are both analytic and geometric motivations for studying this problem. For
example, in the positive case (R > 0), solutions to this problem are actually weak solutions

across the singular set ([161]), so these results fit into the broader investigation of possible
singular sets of weak solutions of semilinear elliptic equations.
On the geometric side, a well-known theorem by Schoen and Yau ([161, |) states

that if (M, g) is a compact manifold with a locally conformally flat metric g of positive
scalar curvature, then the developing map D from the universal cover M to S™, which by
definition is conformal, is injective, and moreover, A := S\ D(M) has Hausdorff dimension
less than or equal to (n — 2)/2. Regarding the lifted metric § on M as a metric on Q,
this provides an interesting class of solutions of the singular Yamabe problem which are
periodic with respect to a Kleinian group, and for which the singular set A is typically
nonrectifiable. More generally, they also show that if gg» is the canonical metric on the
sphere and if g = wﬁ gsn is a complete metric with positive scalar curvature and bounded
Ricci curvature on a domain §2 = S™ \ A, then

dimA < (n—2)/2.

Going back to the non-local case, although it is not at all clear how to define Pg and
QY on a general complete (non-compact) manifold (€2, g), in the paper [96] the authors
give a reasonable definition when 2 is an open dense set in a compact manifold M and the
metric g is conformally related to a smooth metric g on M. Namely, one can define them by
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demanding that the conformal property (2.2.18) holds (as usual, we assume that a Poincaré-
Einstein filling (X, ¢") has been fixed). Note, however, that this is not as simple as it first
appears since, because of the nonlocal character of Psh, we must extend w as a distribution
on all of M. There is no difficulty in using the relationship (2.2.18) to define Pvg ¢ when
¢ € C5°(2). From here one can use an abstract functional analytic argument to extend
Pg to act on any ¢ € LQ(Q,dvg). Indeed, it is straightforward to check that the operator
P,;E’ defined in this way is essentially self-adjoint on LQ(Q,dvg) when v is real. However,
observe that Pg = (=A;)7 + K, where K is a pseudo-differential operator of order 2y — 1.
Furthermore, (—Aj,)7 is self-adjoint. Since K is a lower order symmetric perturbation, then
Pg is also essentially self-adjoint.

Another interesting development is [103], where they give a sharp spectral characteriza-
tion of conformally compact Einstein manifolds with conformal infinity of positive Yamabe
type.

The singular fractional Yamabe problem on (M, [g]) is then formulated as
P TEin M\ A
{ Jw = cwn=27 in M\ A, (2.5.2)

w(z) =00 asz — A,

for ¢ = Qz constant. A separate, but also very interesting issue, is whether ¢ > 0 implies
that the conformal factor w is actually a weak solution of (2.5.2) on all of M.

The first result in [96] partially generalizes Schoen-Yau’s theorem:
4

Theorem 2.5.1 ([96]). Suppose that (M™,g) is compact and g,, = w»=27g is a complete
metric on = M \ A, where A is a smooth k-dimensional submanifold in M. Assume fur-
thermore that w is polyhomogeneous along A with leading exponent —n/2+-. If v € (0, %),
and if QY > 0 everywhere for any choice of asymptotically Poincaré-Einstein extension
(X,g") then n, k and ~ are restricted by the inequality

F<Z—§+g>/F<Z—§—g>>o. (2.5.3)

This inequality holds in particular when

n — 2y
2 ?

k< (2.5.4)
and in this case then there is a unique distributional extension of w on all of M which is
still a solution of (2.5.2) on all of M.

Remark that w is called polyhomogeneous along A if in terms of any cylindrical coor-
dinate system (r,6,y) in a tubular neighborhood of A, where r and 6 are polar coordinates
in disks in the normal bundle and ¥ is a local coordinate along A, w admits an asymptotic
expansion w ~ Y a;x(y, 0)r#i (log r)*, where u; is a sequence of complex numbers with real
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part tending to infinity, for each j, a;i is nonzero for only finitely many nonnegative integers
k, and such that every coefficient a;, € C*°.

As we have noted, inequality (2.5.3) is satisfied whenever k£ < (n — 2v)/2, and in fact
is equivalent to this simpler inequality when v = 1. When v = 2, i.e. for the standard
@ —curvature, this result is already known: [14] shows that complete metrics with Q2 > 0
and positive scalar curvature must have singular set with dimension less than (n — 4)/2,
which again agrees with (2.5.3).

Of course, the main open question is to remove the smoothness assumption on the sin-
gular set A. Recent results of [175] show that, under a positive scalar curvature assumption,
if @, > 0 for v € (1,2), then (2.5.4) holds for any A.

We also remark that a dimension estimate of the type (2.5.3) implies some topological
restrictions on M: on the homotopy ([162], chapter VI), on the cohomology ([118]), or even
classification results in the low dimensional case ([108]).

Finally, one can also obtain existence of solutions when ~ is sufficiently near 1 and A is
smooth by perturbation theory:

Theorem 2.5.2 ([96]). Let (M™,g) be compact with nonnegative Yamabe constant and A
a k-dimensional submanifold with k£ < %(n — 2). Then there exists an ¢ > 0 such that if
v € (1 —¢,1+ ¢€), there exists a solution to the fractional singular Yamabe problem (2.5.2)
with ¢ > 0 which is complete on M \ A.

2.6 Integro-differential operators

Linear integro-differential operators are generators of Levy processes. According to the
Levy-Kintchine formula, they have the general form

Lu(z) = tr (A(:U)D2u) —|—b(x)-Vu+c(a:)u—|—d(x)+/ (u(x +y) —u(zr) —y - Vu(x)xs, (y)) dus(y),

n

where A(z) is nonnegative matrix and p, is non negative measure satisfying

min(y*, 1) dp, < 400.
Rn

In most of the cases, the nonnegative measure p, is assumed to be absolutely continuous,
and thus, p.(y) = K(z,y) dy, where K will denote the kernel.

Since we are interested here in purely integro-differential operators we will neglect the
local part of the operator and we will study operators with the general form

Lu(e) = [ (ule +5) = u(e) = - Vula)xae)®) K(z.y) dv

Note that if the kernel is symmetric the previous expression becomes
Lu(e) = [ (ula+3) + (e~ y) - 2u(2) K(w,9) dy.
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The model example for these operators is the fractional Laplacian expressed as in (2.2.1);
this operator corresponds to a stable process. We will consider this kind of operators but
also these corresponding to a tempered stable process. An example of these kernels is the
one defined in Chapter 4 in (4.2.6).

For more details about integro-differential operators see, for instance, some of these
references [114],[155],[18],[165],[163].
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Chapter 3

Isolated singularities for a
semilinear equation for the
fractional Laplacian arising in
conformal geometry

In this chapter, we introduce the study of isolated singularities for a semilinear equation
involving the fractional Laplacian. In conformal geometry, it is equivalent to the study of
singular metrics with constant fractional curvature. Our main ideas are: first, to set the
problem into a natural geometric framework, and second, to perform some kind of phase
portrait study for this non-local ODE.

3.1 Introduction and statement of results

We consider the problem of finding radial solutions for the fractional Yamabe problem in
R™ n > 2v, with an isolated singularity at the origin. This means to look for positive,
radially symmetric solutions of

(“A)w = w2 in R™\ {0}, (3.1.1)

where ¢, 4 is any positive constant that, without loss of generality, will be normalized as in
Proposition 3.1.1. Unless we state the contrary, v € (0,%5). In geometric terms, given the
Euclidean metric |dz|? on R, we are looking for a conformal metric

4
gw = w2 |dz|?, w >0, (3.1.2)

with positive constant fractional curvature Q9" = ¢, -, that is radially symmetric and has
a prescribed singularity at the origin.

Because of the well known extension theorem for the fractional Laplacian [36, 10, 43]
we can assert that equation (3.1.1) for the case v € (0,1) is equivalent to the boundary
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reaction problem
—div(y*VW) =0 in R,
W =w on R™\ {0},

(3.1.3)
301 a o2y n
—dy %11}"%1/ OyW = cpwn=27 on R™ \ {0},
where a = 1 — 2y and the constant d, is defined in Chapter 2 in (2.2.3). We note that it
is possible to write W = K, %, w, where IC, is the Poisson kernel (2.2.8) for this extension
problem.

It is known that wi(r) = T_L;W, r = |z|, together with Wy = K, %, w1, is an explicit
solution for (3.1.3); this fact will be proved in Proposition 3.1.1 and as a consequence we
will obtain the normalization of the constant ¢, . Therefore, wy is the model solution for
isolated singularities, and it corresponds to the cylindrical metric.

In the recent paper [33] Caffarelli, Jin, Sire and Xiong characterize all the nonnegative
solutions to (3.1.3). Indeed, let W be any nonnegative solution of (3.1.3) in R’ and
suppose that the origin is not a removable singularity. Then, we must have that

W =W(r,y) and O,W(r,y) <0 VO0<r<oo.

In addition, they also provide its asymptotic behavior. More precisely, if w = W(-,0)
denotes the trace of W, then near the origin one must have that

n—22y n—22y
ar 2 <w(r) <cor 2 (3.1.4)

where c1, ¢y are positive constants.

We remark that if the singularity at the origin is removable, all the entire solutions for
(3.1.3) have been completely classified by Jin, Li and Xiong [111] and Chen, Li and Ou [18],
for instance. In particular, they must be the standard “bubbles”

n—=2y

A 2
=c| 5 A R™. q.
w(z) =c <)\2 P $0|> , 6 A>0, zg € (3.1.5)

In this chapter we initiate the study of positive radial solutions for (3.1.1). It is clear
from the above that we should look for solutions of the form

n—=2y

w(r)=r""2 wv(r) on R"\ {0}, (3.1.6)

for some function 0 < ¢; < v < ¢o. In the classical case v = 1, equation (3.1.1) reduces to
a standard second order ODE (2.4.4). However, in the fractional case, (3.1.1) becomes a
fractional order ODE, so classical methods cannot be directly applied here.

The objective of this chapter is two-fold: first, to use the natural interpretation of
problem (3.1.1) in conformal geometry in order to obtain information about isolated sin-
gularities for the operator (—Agn)? from the scattering theory definition. And second, to
take a dynamical system approach to explore how much of the standard ODE study can be
generalized to the PDE (3.1.3).
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Before we consider the conformal geometry approach, let us give the necessary back-
ground. We present now the natural coordinates for studying isolated singularities of (3.1.1).
Let M = R™\{0} and use the Emden-Fowler change of variable r = e~, t € R; with some
abuse of the notation, we write v = v(t). Then, in radial coordinates, M may be identified
with the manifold R x S*!, for which the Euclidean metric is written as

dz|? = dr? + r?ggn-1 = e 2 [dt* 4 ggn-1] = e gp. (3.1.7)
Since the metrics |dz|? and go are conformally related, we prefer to use go, the cylindrical
metric, as a background metric and thus any conformal change (3.1.2) may be rewritten as
4 9 4
go = w2 |dz|” = v go,

where we have used relation (3.1.6). Looking at the conformal transformation property for
P{ given in (2.2.18) and relation (3.1.6) again, it is clear that

n+42~y n—22y n+42~y
2

2 ’U):T 2 (—A)'Yu), (3.1.8)

Py (v)=r Plydx‘Q(r_

and thus the original problem (3.1.1) is equivalent to the following one: fixed gy as a
4

background metric on R x S*~!, find a conformal metric g, = v"-27 gy of positive constant

fractional curvature @9, i.e., find a positive smooth solution v for

n+42~y

P (v) = epvn=? on R x smL (3.1.9)

4
Proposition 3.1.1. The fractional curvature of the cylindrical metric g,, = w127 |dx|?

for the conformal change
n—2y

wi(x) =lz|” 2, (3.1.10)

18 the constant

S SCTCEDAY
"”‘27<r<< —w)) 0

Proof. The value is calculated using the conformal property (2.2.20), as follows:

NI Do —
[SIRAININ]

+2 +2
0 = g~ PP () = w0y T (< A) (w1) = ey

&
The last equality follows from the calculation of the fractional Laplacian of a power function;

it can be found in [96, 153]. O

The point of view of this chapter is to consider problem (3.1.9) instead of (3.1.1), since
it allows for a simpler analysis. In our first theorem we compute the principal symbol of
the operator P on R x S"~! using the spherical harmonic decomposition for S*—1. With
some abuse of notation, let uxy = —k(k+n —2), k =0,1,2,... be the eigenvalues of Agn-1,
repeated according to multiplicity. Then any function on R x S*! may be decomposed
as >, vi(t)E), where {Ey} is a basis of eigenfunctions. We show that the operator P°
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diagonalizes under such eigenspace decomposition, and moreover, it is possible to calculate
the Fourier symbol of each projection. Let

ey = L[ ety
a(¢) = \/%/R () dt (3.1.11)

be our normalization for the one-dimensional Fourier transform.

Theorem 3.1.2. Fizy € (0, %) and let Pf be the projection of the operator Py° over each
eigenspace (Ey). Then

PE(op) = ©(€) .,
and this Fourier symbol is given by
F (

(5-1)2—pu, )
1 2 €
I (2 — % + -+ 21)

Since we are mainly interested in radial solutions v = v(t), in many computations we
will just need to consider the symbol for the first eigenspace k = 0 (that corresponds to the
constant eigenfunctions):

2
+

N[
R

(5—=1)2—uy, .
AT )

o) = 22

- (3.1.12)

(242§ ?
(7 +3+310)

036 =2 ———— .
’Wz—§+§ﬂ

Now we look at the question of finding smooth solutions v = v(t), 0 < ¢; < v < ¢g, for
equation (3.1.9), and we expect to have periodic solutions. The local case v = 1, presented
in the previous Chapter 2 in Section 2.4, provides some motivation for this statement and,
in the next Chapter 4 we will construct such periodic solutions from the variational point
of view. These will be called “Delaunay” solutions for the fractional curvature. Here we
look at the geometrical interpretation of such solutions and provide a dynamical system
approach for the problem.

Delaunay solutions are, originally, rotationally symmetric surfaces with constant mean
curvature and they have been known for a long time ([63, 77]). In addition, let ¥ € R3 be
a noncompact embedded constant mean curvature surfaces with k£ ends. It is known that
any of such ends must be asymptotic to one of the Delaunay surfaces ([118, ]), which
is very similar to what happens in the constant scalar curvature setting (see, for instance
[112]), where any positive solution of the constant scalar curvature equation (1.3.1) must
be asymptotic to a precise deformation of one Delaunay.

Let us comment here that, as we explained in Chapter 2 when we introduced Escobar’s
problem (2.2.42), the v = 1/2 case is very related to the constant mean curvature problem.
However, there is a further restriction since in the present chapter we consider only rota-
tionally symmetric metrics on the boundary and thus, not allowing full generality for the
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original constant mean curvature problem.

Going back to (2.4.4), we would like to understand how much of this picture is preserved
in the non-local case, so we look for radial solutions of equation (3.1.1), which becomes a
fractional order ODE. On the one hand, we formulate the problem through the extension
(3.1.3). This point of view has the advantage that the new equation is local (and degenerate
elliptic) but, on the other hand, it is a PDE with a non-linear boundary condition. Note
that because we will be using the extension from Theorem 2.2.18 for the calculation of the
fractional Laplacian, we need to restrict ourselves to v € (0, 1) at this stage.

The first difficulty we encounter with our approach is how to write the original extension
equation (3.1.3) in a natural way after the change of variables r = e~t. Looking at the
construction of the fractional Laplacian from the scattering equation (2.2.15) on hyperbolic
space (X", g7) = (H"™, g;f...1) given in Chapter 2, we need to find a parametrization
of hyperbolic space in such a way that its conformal infinity M™ = {p = 0} is precisely
(R x S"1 gg). The precise metric on the extension is g* = g/p? for

g=dp*+ (14 2) a?+ (1= ) go, (3.1.13)

where p € (0,2) and ¢ € R. The motivation for this change of metric will be made clear in
Section 3.2.

Rewriting the equations in this new metric, our original equation (3.1.3), written in
terms of the change (3.1.6), is equivalent to the extension problem

—divg(p*VgV) + E(p)V =0 in (X" 9),
V=von{p=0}, (3.1.14)
~ n+42vy
—d~ lim p* = n=2y =

o i p0pV = enpvr=21 on {p =0},
where the expression for the lower order term F(p) will be given in (3.4.2). We look for
solutions V' to (3.1.14) that only depend on p and t, and that are bounded between two
positive constants.

We show first that equation (3.1.14) exhibits a Hamiltonian quantity that generalizes
(2.4.5):

Theorem 3.1.3. Fix v € (0,1). Let V be a solution of (3.1.14) only depending on t and
p. Then the Hamiltonian quantity

1

2 2n
()= 3 [ o {a) @) =)0 = ca@)V?} dp+ €™, (3115)

18 constant with respect to t. Here we write

)
ea(p) = =4t (1 - ;)ni (n -2+ n%) , (3.1.16)
1



and the constant is given by
n— 2y chy
2n CZ’Y '

Crry = (3.1.17)

Hamiltonian quantities for fractional problems have been recently developed in the set-
ting of one-dimensional solutions for fractional semilinear equations (—A)Yw + f(w) = 0.
The first reference we find a conserved Hamiltonian quantity for this type of non-local
equations is the paper by Cabré and Sold-Morales [32] for the particular case v = 1/2. The
general case v € (0,1) was carried out by Cabré and Sire in [31]. On the one hand, in these
two papers [31, 32], the authors impose a nonlinearity coming from a double-well potential
and look for layers (i.e., solutions that are monotone and have prescribed limits at infinity),
and they are able to write a Hamiltonian quantity that is preserved. In addition, if one
considers the same problem but on hyperbolic space, one finds that the geometry at infinity

plays a role and the analogous Hamiltonian is only monotone (see [95]).
On the other hand, if, instead, one looks for radial solutions for semilinear equations,
then Cabré and Sire in [31] and Frank, Lenzman and Silvestre in [90] have developed a

monotonicity formula for the associated Hamiltonian. In the setting of radial solutions with
an isolated singularity for the fractional Yamabe problem, our Theorem 3.1.3 states that,
if one uses the metric (3.1.13) to rewrite the problem, then the associated Hamiltonian
(3.1.15) is constant along trajectories.

If one insists on performing an ODE-type study for the PDE problem (3.1.14), a pos-
sibility is to look for some kind of phase portrait of the boundary values (at p = 0), while
keeping in mind that the equation is defined on the whole extension. From this point of
view, one can prove the existence of two critical points: the constant solutions vy = 0 and
v1 = 1. Moreover, there exists an explicit homoclinic solution v, whose precise expression
will be given in (3.5.1); it corresponds to the n-sphere (3.1.5).

The next step is to linearize the equation. As we will observe in Section 3.6, the classical
Hardy inequality, rewritten in terms of the background metric gy, decides the stability of
the explicit solutions vg, v1 and vs. Stability issues for semilinear fractional Laplacian
equations have received a lot of attention recently. Some references are: [28] for the half-
Laplacian, [151] for extremal solutions with exponential nonlinearity, [$3] for semilinear
equations with Hardy potential. In the particular case of the fractional Lane-Emden equa-
tion, stability was considered in [59, &6], for v € (0,1) and [35] for v € (1,2). We believe
that our methods, although still at their initial stage, would provide tools for a unified
approach for all vy € (0, %)

Finally, we consider the linearization of equation (3.1.9) around the equilibrium v; = 1:

P9y ="27, on RxS*!
Y n—2y )

and look at the projection over each eigenspace (Eyx), k =0,1,...,

Py, = %vk. (3.1.18)
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Although we will not provide a complete calculation of the spectrum, we can say the fol-
lowing:

Theorem 3.1.4. For the projection k = 0, equation (3.1.18) has periodic solutions v(t)
with period L = 2r_ where Ay is the unique positive solution of (3.6.3). In addition,

Vs

lim L = L,
y—1

so we recover the classical case (2.4.6).

Remark 3.1.5. We also give some motivation to show that the projection on the k-eigenspace
of (3.1.18) does not have periodic solutions if k = 1,2, .. ..

Theorem 3.1.4 gives the existence of periodic radial solutions for the linear problem.
In addition, the existence of a conserved Hamiltonian hints that the original non-linear
problem has periodic solutions too. Based on the results presented here, we will show in
Chapter 4 that for every period L > L], there exists a non trivial periodic solution vy,
(called Delaunay solution) for the non-nonlinear problem (3.1.9).

The construction of Delaunay solutions allows for many further studies. For instance, as
a consequence of their construction one obtains the non-uniqueness of the solutions for the
fractional Yamabe problem in the positive curvature case, since it gives different conformal
metrics on S'(L) x S*~! that have constant fractional curvature. This is well known in the
scalar curvature case as we explained in the previous Chapter 2 in Section 2.3. In addition,
this gives some motivation to define a total fractional scalar curvature functional, which
maximizes the standard fractional Yamabe quotient ([97]) across conformal classes. We
hope to return to this problem elsewhere.

From another point of view, Delaunay solutions can be used in gluing problems. Clas-
sical references are, for instance, [110, | for the scalar curvature, and [111, | for the
construction of constant mean curvature surfaces with Delaunay ends. In Chapter 5 we
use Delaunay solutions to construct metrics of constant fractional curvature with isolated
singularities at a prescribed number of points.

Recently it has been introduced a related notion of nonlocal mean curvature H., for
the boundary of a set in R™ (see [35, 170]). Finding Delaunay-type surfaces with constant
nonlocal mean curvature has just been accomplished in [29]. For related nonlocal equations
with periodic solutions see also [57, 30].

Other non-local problems that present periodic solutions can be found in [7, &, 6, ].

We finally comment that the negative fractional curvature case has not been explored
yet, except for the works [16, 47]. They consider singular solutions for the problem (—A)Yw+
|w|P~tw = 0 in a domain © with zero Dirichlet condition on d€2. This setting is very differ-
ent from the positive curvature case because the maximum principle is valid here. We also
cite the work [152], where they consider singular solutions of AW = 0 in a domain Q with
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a nonlinear Neumann boundary condition 9,W = f(z, W) — W on 9.

This chapter will be structured as follows: in Section 3.2 we will give a geometric
interpretation of the problem. Next, in Section 3.3 we will analyze the scattering equation
to give a proof for theorem (3.1.2). That is, we will compute the Fourier symbol for the
conformal fractional Laplacian. In Section 3.4 we face the problem from an ODE-type point
of view. This kind of study over the extension problem (3.1.14) gives us two equilibria and
the existence of a Hamiltonian quantity conserved along the trajectories. Moreover we will
find in Section 3.5 an explicit homoclinic solution, which corresponds to the n—sphere.
Finally, in Section 3.6 we will perform a linear analysis close to the constant solution which
corresponds to the n-cylinder.

3.2 Geometric setting

We give now the natural geometric interpretation of problem (3.1.1) and the extension for-
mulation (3.1.3). Thanks to Theorem 2.2.17 given in the previous Chapter 2, the initial
extension problem (3.1.3) can be transformed into the scattering equation (2.2.15) in hy-

2 2
M. Our point of view

perbolic space, denoted by X; = H**!, with the metric g+ =
is to use the metric gg from (3.1.7) as the representative of the conformal infinity R™ \ {0},
instead of the Euclidean one |dz|?. Let us introduce some notation now. The conformal
infinity (with an isolated singularity) is M; = R™\{0}, which in polar coordinates can be
represented as M; = Rt x S"~! and |dz|? = dr? + r2ggn—1, or using the change of variable

r = e~ !, the Euclidean metric may be written as
|dz|* = e 72 [dt? + ggn-1] =: e 2 go. (3.2.1)
Thus we need to rewrite the hyperbolic metric in a different normal form

do* + g9, .
t= Tp with  gp[p—0 = go, (3.2.2)

for a suitable defining function p. We consider now several models for hyperbolic space,
identified with the Riemannian version of AdS space-time. Inspired by cosmology studies,
as we explained in Chapter 2, when we provide the example of the Anti-de Sitter space in
Section 2.2.2 and also in Section 2.3.1, we write the hyperbolic metric as

gt = do? + cosh? o dt? + sinh? o ggn-1, (3.2.3)

where t € R, o € (0,00) # € S"~1. Using the change of variable R = sinh o,

1
+ _ 2 2 2 2
6" = T AR+ (1 RO de? 4 RPggnr,

This metric can be written in the normal form (3.2.2) as

2 2
gt =p2 [dpQ + (1 + %) dt® + (1 - ’11—2) gSn—1:| , (3.2.4)
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for p € (0,2), t € R, # € S"~ . Here we have used the relations

2\ 2
p=2¢7 and 1+ R*= <425 ) (3.2.5)
Let g = p%gT be a compactification of g*. Note that the apparent singularity at p = 2 in
the metric (3.2.4) is just a consequence of the polar coordinate parametrization and thus
the metric is smooth across this point.

We define now X3 = (0,2) x S'(L) x S*~1, with coordinates p € (0,2), t € SY(L), 0 €
S~ and the same metric given by (3.2.4). The conformal infinity {p = 0} is My =
SY(L) x S»~1, with the metric given by go = dt? + ggn-1.

Note that (X1,g..1) is a covering of (X2,¢"). Indeed, X3 is the quotient Xy =
H"+1/7 ~ R™ x S'(L) with Z the group generated by the translations, if we make the
t variable periodic. As a consequence, also (M, |dz|?) is a covering of (Ma, go) after the
conformal change (3.2.1).

Summarizing, we denote X = (0,2) x R x S* ! and M = R x S"~! and recall that the
metric g = p?gt is given by

- 2 2\2 o 22 - 2
g=dp +<1—|—%> dt —|—<1—%) gsn—1, and go = g|ly = dt* + ggn-1. (3.2.6)

Equality (3.2.1) shows that the metrics |dz|? and gy are conformally related and therefore
using (3.1.6), we can write any conformal change of metric on M as

4 2 4
Gy = wr=27 |dx|* = vn=27 gp. (3.2.7)

Our aim is to to find radial (in the variable |x|), positive solutions for (3.1.3) with an isolated
singularity at the origin. Using go as background metric on M, and writing the conformal
change of metric in terms of v as (3.2.7), this is equivalent to look for positive solutions
v =2(t) to (3.1.9) with 0 < ¢; < v < ¢g, and we hope to find those that are periodic in .

Finally, we check that the background metric gg given in (3.2.6) has constant fractional
curvature Q° = ¢, . This is true because of the definition of ¢, given in Proposition
3.1.1, and the conformal equivalence given in (3.2.1). Thus, by construction, the trivial
change v1 =1 is a solution to (3.1.9).

3.3 The conformal fractional Laplacian on R x S"~!.

In this section we present the proof of Theorem 3.1.2, i.e, the calculation of the Fourier
symbol for the conformal fractional Laplacian on R x S"~!. This computation is based on
the analysis of the scattering equation given in (2.2.15)-(2.2.14) for the extension metric
(3.2.4). We recall that the scattering operator is defined as

PIw = S(s)w = W1|,=o, (3.3.1)
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and s = 5 + 7.

We also remark that the proof of formula (3.1.12) is inspired in the calculation of the
Fourier symbol for the conformal fractional Laplacian on the sphere S™ as we explained
in Section 2.2.3. The method in both cases is, using spherical harmonics, to reduce the
scattering equation (2.2.15) to an ODE that can be explicitly solved. Note that this idea of
studying the scattering problem on certain Lorentzian models has been long used in Physics
papers, but in general it is very hard to obtain explicit expressions for the solution and the
majority of the existing results are numeric (see, for example, [55]).

For the calculations below it is better to use the hyperbolic metric given in the coor-
dinates (3.2.3). Then the conformal infinity corresponds to the value {¢ = +oo0}. The
scattering equation (2.2.15) can be written in terms of the variables o € (0,00), t € R and
6 c S as

BrolU + Q(0)9yU + cosh™2(0) U + sinh™2(0) Agn 1 U + (% - 72) U=0, (3.3.2)

where U = U(o,t,0), and
d5(cosh o sinh™ ! o)

cosh osinh® 1o

Qo) =

After the change of variable
z = tanh(o), (3.3.3)
equation (3.3.2) reads:
(1—2%)2%0..U + (= —2)(1— 220U + (1 — 220U

+ (& —1) AgnU + (%2—72) U=0.

(3.3.4)

We compute the projection of equation (3.3.4) over each eigenspace of Agn-1. Given k € N,
let Ug(z,t) be the projection of U over the eigenspace (Ej) associated to the eigenvalue
ur = —k(k +n — 2). Each Uy, satisfies the following equation:
2
2

(1 - 22)0..Up + (%2 — 2) 0.U + 0uUx + px U + 23Uy, = 0. (3.3.5)

Taking the Fourier transform (3.1.11) in the variable ¢ we obtain

2

—~ —~ n-_ .2 —~
(1-22)0..U05 + (%52 = 2) 0.Up + |pns + 4 — €| Uy = 0. (3.3.6)

Fixed k and &, we know that .
Uk = @i () (2), (3:3.7)

where ¢ := wi(z) is the solution of the following ODE problem:

n?2 o
(1—?%Mw+0§*<d@¢+(% ) —e)@:a

has the expansion (2.2.14) with w = 1 near the conformal infinity z = 1, (3.3-8)

@ is regular at z = 0.
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This ODE has only regular singular points z. The first equation in (3.3.8) can be explicitly
solved,

_n n_y2_
“a e VETDT R (g, b6 2?)
-2 J(B_1)2— L5
z 2 (2 V= 2F1(a7b; C;)Z2)

LE]

_ _ 22
plz) =A== (3.3.9)

2

+B(1 - 2%)1"

9

for any real constants A, B, where

oaz?—i—%—i— (7_21)2_%—&-1%,
o c=1+/(5—1)"— py,

camaj- VI
ebo et VT e

e =1 /(1) i,

and oF; denotes the standard hypergeometric function introduced in Lemma 7.0.1 (Ap-
pendix 7). Note that we can write § instead of |€] in the arguments of the hypergeometric

functions because a = b, & = b and property (7.0.6) given in the same Lemma 7.0.1.
The regularity at the origin z = 0 implies B = 0 in (3.3.9). Moreover, property (7.0.5)
from Lemma 7.0.1 in the Appendix 7 makes it possible to rewrite ¢ as

n n_ _
AV (T e oF1(a,bja+b—c+1;1 - 2%)

FB(1+2)iT3(1— )it 2T (3=1=mw JFilc—a,c—bje—a—b+1;1—2%)],
(3.3.10)

where

(3.3.11)




The constant coefficient A will be fixed from the second statement in (3.3.8). From the
definition of the scattering operator in (3.3.1), ¢ must have the asymptotic expansion near
p=20

0(p) = p" (1 + ...) + p*(SF(s)1 +...), (3.3.12)

where S¥(s) is the projection of the scattering operator S(s) over the eigenspace (Ej).
We now use the changes of variable (3.3.3) and (3.2.5), obtaining
4 — p? 1,

= =1—2p®f--. 3.3.13
17, 50+ ( )

z = tanh(o)
Therefore, substituting (3.3.13) into (3.3.10) we can express ¢ as a function on p as follows
o(p) ~ A [ozp%_7 oF1(a,b;a+b—c+1;p%)
+ Bp%JW oFi(c—a,c—bjc—a—b+ 1;p2)} , asp—0.

Using property (7.0.1) from Lemma 7.0.1 in the Appendix 7, we have that near the conformal
infinity,

olp)~ Alap?= + Bp3*+7 + .. ] . (3.3.14)
Comparing (3.3.14) with the expansion of ¢ given in (3.3.12), we have
A=at, (3.3.15)

and
Sk(s) = Bat. (3.3.16)

Recalling the definition of the conformal fractional Laplacian given in (2.2.17), and taking
into account (3.3.7), we can assert that the Fourier symbol @5(5 ) for the projection Pff of
the conformal fractional Laplacian Py° satisfies

ok(¢) = FF((_VV)) 22VSH(s).

From here we can calculate the value of this symbol and obtain (3.1.12); just take (3.3.16)
into account and property (7.0.8) from Lemma 7.0.2. This completes the proof of Theorem
3.1.2.

Remark 3.3.1. When v = m, an integer, we recover the principal symbol for the GJMS
operators P7. Indeed, from Theorem 3.1.2 we have that for any dimension n > 2m, the
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Fourier symbol of P is given by

VAR (2 _1)2 —Hk

I(+2+ + 5i))|
ok (&) = zzm‘ (3+7% — 1)2 51)[?
9 L) T E .

B R L

_gom H ( m—j)—m+1+1/ (5 —1)2+k(k+n—1)]> N §2>
- 4 4

= q’(m, n’ k?é? 527 et £2m_1) + €2m7

where we have used the property (7.0.9) of the Gamma function given in Lemma 7.0.2.
Note that U is a polynomial function on £ of degree less than 2m.
For instance, for the classical case m =1,

_9\2
@?(5)252_’_(”42) — Mk, k:O717"'?
so we recover the usual conformal Laplacian P{° given, in Fourier decomposition, by
Pf(v):quL{Mf,uk] k=0,1,....

Note that P} is precisely the operator appearing in (2.4.4) for radial functions v = v(t).

This proof also allows us to explicitly calculate the special defining function p* from
Theorem 2.2.21:

Corolary 3.3.2. We have

n_ 2
x\n—s __ . —1 4p 277 n Y n v.n (4=p®
(P)"" =« (4+p2) 2k <4_2v4_2727 1702 )

where a is the constant from (3.3.11). As a consequence, p* € (0, p§) where we have defined

(p§)" =",
Proof. From the proof of Theorem 2.2.21, which corresponds to Lemma 4.5 in [13], we know
that

* 0y ——
p* = (o) "= (2),
where ¢ is the solution of (3.3.8). Thus from formula (3.3.9) for B = 0 and the relation

between z and p from (3.3.13) we arrive at the desired conclusion. The behavior when p — 2
can be calculated directly from (3.3.9) and, as a consequence, (p§)"~* = p(0) =a~1. O

We end this section with a remark on the classical fractional Hardy inequality. On
Euclidean space (R", |dz|?), it is well known that, for all w € C§°(R™) and v € (0, %),

wp A
n | Lo e < [ R de

_ / (—A)Rwf? do = / w(—A)w da.

(3.3.17)
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Moreover, the constant ¢y is sharp (although it is not achieved) and its value is given by

CH = Cnyy,

which is the constant in Proposition 3.1.1. This is not a coincidence, since the functions that
are used in the proof of the sharpness statement are suitable approximations of (3.1.10).
This constant was first calculated in [106], but there have been many references [173, 21, 92],
for instance.

A natural geometric context for the fractional Hardy inequality is obtained by taking
go as a background metric, and using the changes (3.1.6) and (3.1.7). Indeed, using the
conformal relation given by expression (3.1.8), we conclude that (3.3.17) is equivalent to
the following:

cnﬁ/ v? dvoly, < / v(PY°v) dvoly,, (3.3.18)
RxSn—1 RxSrn—1

for every v € Cg°(R x S*~1).

3.4 ODE-type analysis

In this section we fix v € (0,1). As we have explained, the fractional Yamabe problem with
an isolated singularity at the origin is equivalent to the extension problem (3.1.3). We look
for radial solutions of the form (3.1.6). Based on our previous study, it is equivalent to
consider solutions V' = V(t, p) of the extension problem (3.1.14), for the metric (3.1.13). In
this section we perform an ODE-type analysis for the PDE problem (3.1.14).

Firstly we calculate

Qivg(p"V5V) = 3" — =g/ [310;V)
i \/m (3.4.1)
:Tlp)ap (pae(p)apV) + (l+p£)2 BttV + (1_;7&)2 ASn—l V,
4 4

where

Using the expression given in (2.2.35),

2
E(,O) _ n—i-‘rapa n_22+nZ —.

(1) (-9)

Remark 3.4.1. Let V' be the (unique) solution of (3.1.14). If v does not depend on the
spherical variable # € S*~!, then V does not either. Analogously, if v is independent on

t and 0, then V is just a function of p. The proof is a straightforward computation using
that the variables in (3.4.1) are separated.

(3.4.2)
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As a consequence of the previous remark, it is natural to look for solutions V' of (3.1.14)
that only depend on p and t, i.e. solutions of

a

1 a p _
———0, (p"(e(p)0,V) — maﬂ‘/ + E(p)V =0 for pe (0,2),t e R,

e(p) >
V =v on {p=0}, (3.4.3)
—d,, lim p®d,V = cn,q,vztgz on {p =0}.

p—0

Now we take the special defining function p* given in Theorem 2.2.21, whose explicit ex-
pression is given in Corollary 3.3.2. Then we can rewrite the original problem (3.1.14) in
g*, defined on the extension X* = {p € (0, p}),t € R,0 € S*"1}, as

_divg*((p*)avg*v) = 0 il’l (X*ag*)a
V=v on{p" =0}, (3.4.4)

7 n+2
~th pl*iglo(p*)aaﬂ*v t v = anv’“{g on {p* = 0},

*\2
where g* = (pr) g, for p* = p*(p).

Note that Proposition 3.1.1 calculates the value Q¥° = ¢, . The advantage of (3.4.4)
over the original (3.1.14) is that it is a pure divergence elliptic problem and has nicer
analytical properties.

Next, if we look for radial solutions (that depend only on ¢ and p*), then the extension
problem (3.4.4) reduces to:

1 #)a
0 (0 (00 + Lo =0 tor te R € 0,00)

3.4.5
v="V on {p* =0}, ( )

n+2~y

_diy(p*)aap*v + cTL,'YU — cn’,yvn—Q-y on {p* — 0},

where

o\ 2
e(p) = () ep).
Summarizing, we will concentrate in problems (3.4.3) and (3.4.5). In some sense (3.4.5)
is closer to the local equation (2.4.4) and shares many of its properties. For instance, it

has two critical points: vg = 0 and v; = 1, since these are the only constant solutions of
n+2~y
the boundary condition v = v»-2v on p* = 0. Moreover, by uniqueness of the solution and

Remark 3.4.1, the only critical points in the extension are simply Vo =0 and V; = 1.

Remark 3.4.2. The calculation of the critical points vg = 0 and v; = 1 also holds for any
v E (0, g), since the corresponding extension problem shares many similarities with (3.4.5)

(c.f. [43, 40, 174]).

The linearization at V4 = 1 will be considered in Section 3.6.
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3.4.1 A conserved Hamiltonian

Here we give the proof of Theorem 3.1.3. The idea comes from [31], where they consider layer
solutions for semilinear equations with fractional Laplacian and a double-well potential.
Multiply the first equation in (3.4.3) by e(p)d;V, and integrate with respect to p € (0,2),
obtaining

2 2 2
/ 9y (p"e(p)9pV) 3tVdp/ pael(p)attVBtVdp+/ pe2(p)VOLV dp =0,
0 0 0

where we have defined e, e1, ey as in (3.1.16). We realize that 0y Vo,V = %@((&V)Q) and

Vo, v = %@(VZ), thus integrating by parts in the first term above we get

2
/0 p"e(p)9,V i,V dp + (p°e(p)9pV V) | p=0
2 2
— 0 (%/ pPei(p)(:V)? dp) + 0 <§/ pea(p)V? dp) = 0.
0 0

Here we have used the regularity of V at p = 2. Again we note that 9,V 0,V = %(%((8,,1/)2)
and using the boundary condition, i.e., the third equation in (3.4.3), we have

30 < /0 2 pre(p)(9,V)? dp> - 30, ( /0 2 plei(p)(V)? dp>

) (3.4.6)
1 a 2 _ Cny IE
+ 50 (/ plea(p)V dp> = = lyn=27v Q.
0 dry

Define

2n

G(v) = Cpyvn—27,
where the constant is defined in (3.1.17). In this way, we have from (3.4.6) that

2
éat/o {p"e(p)(9,V)? = p®e1(p)(8:V)? + pea(p)V?} dp — 8:(G(v)) = 0.
So we can conclude that the Hamiltonian
2
~H(0)= 4 [0 {e)OV) — )@ + ealp)V?) dp = G,

is constant respect to ¢. This concludes the proof of Theorem 3.1.3.

Remark 3.4.3. One can rewrite the Hamiltonian in terms of the defining function p*. For
this, we may follow similar computations as above but starting with equation (3.4.5). In-
deed, let V be a solution of (3.4.4), then the new Hamiltonian quantity

* Cn, n— —2n_ Po *\a * * *
H (1) o= 20 (10 E — 0% + / (0) {1 (D) (V)2 — & (0)(0,-V)?} dp” (3.4.7)
Y

66



is constant respect to t. Here

«\ 2 . N\ 2
)= (%) €)= (%) el
This quantity H is the natural generalization of (2.4.5).

Now we observe that in the local case, the Hamiltonian (2.4.5) is a convex function in
the domain we are interested, thus its level sets are well defined closed trajectories around
the equilibrium v; = 1. We would like to have the analogous result for the Hamiltonian
quantity HJ from (3.4.7). This is a very interesting open question that we conjecture to be
true. In any case, the second variation for H7 near this equilibrium is:

d2
| _

Cn 7 s\a (p*)2 *
H Vit eV) =2 4] /O (028 {e1(p)(BV)? = e(p) (- V)2 } dp".

3.5 The homoclinic solution

For this section we will take v € (0, %), since it does not depend on the extension problem

(3.1.3). It is clear that the standard bubble (3.1.5) is a solution of equation (3.1.1) that has
a removable singularity at the origin. Note that, because of our choice of the constant ¢, -,
we need to normalize it by a positive multiplicative constant. We prove here that, on the
boundary phase portrait, the equilibrium v; = 1 stays always bounded by this homoclinic
solution at the boundary. More precisely:

Proposition 3.5.1. The positive function

_n—2y

_ n—2y . F(% - 7) 4
= = — 1 = . .1
Voo(t) = C(cosht)” =2,  with C <C7w o2+ 7) > v1, (3.5.1)

is a smooth solution of the fractional Yamabe problem (3.1.9). The value of ¢y is given in
Proposition 5.1.1.

Proof. The canonical metric on the sphere, rescaled by a constant, maybe written as
4 n—2~y 4
gc = Cn=27gsn = [C(cosht)™ 2 |n=27 gp.
We choose C such that the fractional curvature of the standard sphere is normalized to
Q3° = cny- (3.5.2)
Now we use the conformal property (2.2.20) for the operator P¥":
gsn 2 H9c
P (C) = O Q9°. (3.5.3)

One checks that the fractional curvature is homogeneous of order « under rescaling of the
metric. Indeed, because of (3.5.3) and the linearity of the operator P,
_(n42y)

n+2 4
QI° = CT - PE(C) = C e TP (1) = O 5 QU (3.5.4)
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Comparing equalities (3.5.2) and (3.5.4), together with the value of the curvature on the
standard sphere (2.2.28) given in the previous Chapter 2, we find the precise value of C' as
claimed in (3.5.1).

Next, let us check that the value of the constant C' is larger than one. Because of
Proposition 3.1.1 we have to test that

2
02y PG +7)\ TG —) <1
L(3(5 -7)) TG +7)
Using the property (7.0.10) of the Gamma function, given in Lemma 7.0.2, we only need to
verify that

Xy o LBGEMTGG -9+
’ L(3(3 =55 +7) +3)
Thanks to Lemma 3.5.2 below, it is enough to see that
X(n,1)=1-2<1 Vn,

which holds trivially. O
Lemma 3.5.2. The function X (n,v) defined as follows

L(3(5 +)) (5 =) +3)

X(n,7) = —2\2 v 22 7)o
P(3(5 =M TG +9) +3)

is (strictly) increasing in n, and decreasing in 7.

Proof. If we denote 1(z) the Digamma function from Lemma 7.0.2, we can use the expansion
(7.0.11) to study the growth of the function X (n,~) with respect to n and . First,

2 (log X(n, 1)) = 4 (65 + D) +(G =3+ 5~ 9~ D -9 +F+1)

on

and
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3.6 Linear analysis

Let us say a few words about stability. Let v, be a solution of (3.1.9). The corresponding

linearized equation is
4y

90, n+2vy  n—2v
PW V= Cnypogy Us U

We say that v, is a stable solution of (3.1.9) if

Ay
/ v(PYv) dvolg, — Cnvf:;z / vl 0% dvoly, >0, forall veCP(M).  (3.6.1)
M M

We observe here that the equilibrium v; = 1 is not a stable solution for (3.1.9) just by com-
paring the constant appearing in (3.6.1) and in the Hardy inequality (3.3.18). In addition,
one easily checks that the equilibrium solution vy = 0 is stable.

But it is more interesting to look at the explicit solution v, given in (3.5.1). It follows
from the Hardy inequality (3.3.18) that this explicit solution is not stable. The kernel of
the linearization at v is calculated in [58], where they show that, although non-trivial, is
non-degenerate, i.e., is generated by translations and dilations of the standard bubble.

Let us look more closely at the spectrum of the operator P{°. It is well known that P{°
is self-adjoint ([102]), and then we can compute its first eigenvalue through the Rayleigh
quotient. Thus we minimize

- Jo vPY°v dvoly,
vec}g%(M) J3y v? dvoly,

)

where M = R x S"~!. We can apply Theorem 4.2 and Corollary 4.3 in [97] (or the Hardy
inequality (3.3.18)) to conclude that P{° is positive-definite. Moreover, the first eigenspace
is of dimension one.

Now we consider the linear analysis around the equilibrium solution v; = 1. In order
to motivate our results, let us explain what happens in the local case v = 1, explained in
the previous Chapter 2 in Section 2.4, for the linearization (see [110, , |). In these
papers the authors actually characterize the spectrum for the linearization of the equation

g0, _ (n—=2)% nt2
PPy = —F"vn-2,

given by (after projection over each eigenspace (Ey), k =0,1,...)

-0 —[n—2+ pklv=0.

Note that this equation has periodic solutions only for k& = 0, of period L} = % for
A = n — 2. Thus we recover (2.4.6). For the rest of k = 1,..., the corresponding

Ne=n—2+p, <0, so we do not get periodic solutions.
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The linearization of equation (3.1.9) around the equilibrium v; = 1 is given by

P9y = ¢, , 422y (3.6.2)

Here we will calculate the period of solutions for this linearized problem (for the projection
k = 0), as stated in Theorem 3.1.4, by the method of separation of variables. We also
conjecture that there are not periodic solutions for the linearized problem (3.1.18) for the
rest of £k =1, ..., as it happens in the classical clase.
Therefore, we consider the projection of equation (3.3.2) over each eigenspace (E}),
k=0,1,.... Let
Uk(Z, t) = T(t)Z(Z)’

be a solution of (3.3.5). Then

"y e nc _ A2 1"
- ZQ)ZZ((Z)) +(5 ) 2((2’)) it _1:;(553) =

for a constant A* := A¥(y) € R. We are only interested in the case A > 0, which is the

one that leads to periodic solutions in the variable ¢. The period would be calculated from
k. 2
L™ = 5
Note that the equation for Z(z) is simply (3.3.6) with &2 replaced by A*. From the
discussion in Section 3.3, in particular (3.3.10), (3.3.15) and (3.3.16) we have that

Pl oF1(a,b;a+b—c+1;1 — 22)

n _n__ n_ —
(1—2)Z+%z1 2oV (@D oFi(c—a,c—bjc—a—b+1;1—2?%),

where

n

P v/
_ 0 l (2 RV
a=—5+35+ 5 + 15

n

7 —1)?—pk k
_ a1, VG A
b=—g5+35+ 5 15,

(F-D*-mk 5%
r(3+3+ 25— 42k

K= .
(ﬁ71)2,
ro)|r -3+ 2%

We use the change of variable (3.3.13) to analyze the asymptotic behavior of Z near the
conformal infinity p =0

Z~p2 T 4 kp2tT,
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From the definition of the scattering operator (2.2.14), (2.2.16), and the definition of the
conformal fractional Laplacian we have that

r3+3+25—+

Pl =2

Imposing the boundary condition (3.6.2) and the value of ¢, 4 given in (3.1.1), the unknown
A¥ must be a solution of

F(I+W+M+Mi)2
2 T3 2 2 2:n+2ﬂf(% (g+7))]z (3.6.3)
v g e B e IR )
Note that for the canonical projection k = 0, equality (3.6.3) simplifies to
’F(%+%+@i)‘2_n+27\1“(§(g+7))]2 (3.6.4)
-3 TIIGE-DI :

This equation (3.6.4) lets us recover the value of A\° for the classical case v = 1. Indeed,
using property (7.0.9) we get A\ = n — 2 and we recover (2.4.6).

Going back to equation (3.6.3) we can assert that the value of A¥ can not be zero and it
is unique for each k. Indeed if A = 0 we get a contradiction, and if A > 0 we may proceed

as follows. Define
Ig(qwﬁ?)lz
F(B) = [ (ak:rﬁnl)l
nt2y [T(5(5+7)) _
AC(5(5 )]

2

where
n 2 n 2
1 \/(2*1) —HE ~ 1 (2*1) ~HE VE
ak:?*’%"—f’ ak:i—%_"f and fB:T'

Note that equation (3.6.3) is written as F(3) = 1, for some > 0. We derive this expression
with respect to 3,

(log F(B)) = 23[¢(ay + Bi) — ¢(o + Bi)].
Here & represents the imaginary part of a complex number and ¢ (z) the Digamma function
from Lemma 7.0.2. We can use the expansion (7.0.11) to arrive at

> v6<2m+1+ (%_1)2_#k>

7 2 2 9
m=0 1 V&2 2
i, v:s 7 - 20—

+[(2m+1+\/M)5]2
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for some positive constant c¢. Therefore F'(3) is an strictly increasing function of S3.
Next, note that

lim F(B) =
L (B) = +oo,

for all £k =0,1,.... This follows easily writing

B (. + i~ 3)
B (o +Bi,2+1)

n+ 2y
n — 2y

F(B) =
and the asymptotic behavior for the Beta function (7.0.12) from Lemma 7.0.2.

Now we look at the projection &k = 0. One immediately calculates

n— 2y
n + 2y

F(0) = <1,
so there exists (and it is unique) a solution A’ = A\%(y) > 0 for the equation F(3) = 1.
From the proof one also gets that

lim \(y) = n — 2.
y—1

This concludes the proof of Theorem 3.1.4.

We believe that, as in the classical case F(f) = 1 does not have any positive solution
for k = 1,2,.... This is a well supported conjecture that only depends on making more
rigorous some numerical analysis. In order to motivate this conjecture, let us try to show
that fr > 1 for Kk =1,2,..., where we have defined

0 = 2IM@PPG (5 -0))f
= - 1 5 — Jk-
(n+29)|T(@n) 12T (5 (5 +7))]

Using the same ideas as above, one checks that fj is an increasing function of k, and it is
enough to show that

(n=2)PG+3+DTE-D n-2

0l
2 2
(n+2n) |t -2+25)rE+3° nt2y

fi=

X(n,v) " >1,

where X (n,~) is defined in Lemma 3.5.2. We have numerically observed that f; = fi(7)
is an increasing function in «y. Since for v = 0 we already have that f1(0) = 1, we would
conclude that fr > f1 > 1, as desired.
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Chapter 4

Delaunay-type singular solutions
for the fractional Yamabe problem

Here we construct Delaunay-type solutions for the fractional Yamabe problem with an

isolated singularity
n+2
(—A)"w = ¢ppwn—27,w > 0 in R™\{0}.
We follow a variational approach, in which the key is the computation of the fractional
Laplacian in polar coordinates.

4.1 Introduction and statement of the main result

As in the previous Chapter 3, we also consider here the problem of finding radial solutions
for the fractional Yamabe problem in R™ with an isolated singularity at the origin (3.1.1).
Fix v € (0,1) and n > 2. We reformulate the problem into a variational one for the the
periodic function v. The main difficulty is to compute the fractional Laplacian in polar
coordinates.

Our approach does not use the extension problem (3.1.3). Instead we work directly with
the nonlocal operator, after suitable Emden-Fowler transformation. For v € (0,1) we know
that the fractional Laplacian can be defined as a singular kernel as

(—AYw() = kppy. [ 2= wlzty)

dy,

R |y |2
where P.V. denotes the principal value, and the constant x, ~ (see [120]) is given by
0o T(Z4ry
Kngy =T 2 27 F((%f'y)) v-

After some more changes of variable, equation (3.1.1) will be written as
L= cnﬁvﬁ,v >0, (4.1.1)
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where

_ nt2y
B T n—2y

is the critical exponent in dimension n and .7, is the linear operator defined by
Lo(t) = nnﬁP.V./ (v(t) —v(r))K(t —7)dr + cpyv(1),

for K a singular kernel which is precisely written in (4.2.6). The behaviour of K near the
origin is the same as the kernel of the fractional Laplacian (—A)” in R and near infinity it
presents an exponential decay. This kind of kernels corresponds to tempered stable process
and they have been studied in [113] and [165], for instance.

If we take into account just periodic functions v(t 4+ L) = v(t), the operator %, can be
rewritten as

20 _mmpv/ VKLt —7) dr + en0(t), (4.1.2)

where K7, is a periodic singular kernel that will be defined in (4.2.12). For periodic solutions,
problem (4.1.1) is equivalent to finding a minimizer for the functional

Fy(0) = P JE o(T))PKp(t — 1) dtdT + copy fi 0 th
(Jy v(ty+1at) 7

Note that a minimizer always exists as we can check in Lemma 4.4.1. The minimum value
for the functional will be denoted by ¢(L).

Our main result is the following:

Theorem 4.1.1. Let n > 2 + 2v. There is a unique L] > 0 such that ¢(L) is attained by a
nonconstant minimizer when L > L] and when L < L}, ¢(L) is attained by the constant
only.

In the previous Chapter 3 we studied this fractional problem (3.1.1) from two different
points of view. We carried out an ODE-type study and explain the geometrical interpre-
tation of the problem. In addition, we gave some results towards the description of some
kind of generalized phase portrait. For instance, we proved the existence of periodic radial
solutions for the linearized equation around the equilibrium v; = 1, with period L{. For the
original non-linear problem we showed the existence of a Hamiltonian quantity conserved
along trajectories, which suggests that the non-linear problem has periodic solutions too,
for every period larger than this minimal period L. Theorem 4.1.1 proves this conjecture.

The construction of Delaunay solutions allows for many further studies. For instance,
as a consequence of our construction one obtains the non-uniqueness of the solutions for the
fractional Yamabe equation in the positive curvature case, since it gives different conformal
metrics on S'(L) x S*~! that have constant fractional curvature; as we announced in Section
2.3.2 in Chapter 2. This is well known in the scalar curvature case v = 1, which is explained
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in Section 2.4 in Chapter 2. In addition, this fact gives some examples for the calculation
of the total fractional scalar curvature functional, which maximizes the standard fractional
Yamabe quotient across conformal classes.

From another point of view, Delaunay solutions can be used in gluing problems. Clas-
sical references are, for instance, [110, ] for the scalar curvature, and [111, | for the
construction of constant mean curvature surfaces with Delaunay ends. In the non-local
case, we use Delaunay-type singularities to deal with the problem of constructing metrics of
constant fractional curvature with prescribed isolated singularities (see Chapter 5 for more
details).

This chapter will be structured as follows: in Section 2 we will introduce the problem.
In particular we will recall some known results for the classical case and we will present the
formulation of the problem through some properties of the singular kernel. In Section 3 we
will show some technical results that we will need in the last Section; where we will use the
variational method to prove the main result in this chapter, this is, Theorem 4.1.1.

4.2 Set up of the problem

4.2.1 Formulation of the problem.
We now consider the singular Yamabe problem
(=A)w = cpw®  in R\{0}, w >0 (4.2.1)

for v € (0,1), n > 2v, 8 the critical exponent given by

=i
and
(=A)"w(z) = knyP.V. . w($)|;|:i(; ) Y,
where P.V. denotes the principal value, and the constant , , (see [120]) is given by

I n—i—’y
by =7 227 r(u ))’V

Because of (3.1.4) we only consider radially symmetric solutions of the form

> o(|a]),

where v is some function 0 < ¢; < v < ¢o. In radial coordinates (r = |z|,0 € S*~! and
s =|y|l,o € S"71), we can express the fractional Laplacian as

w(z) = |z

_n— 27

sT7 w(s)

(r) - -1
(—A)u = kp, PV/ / —~s"dods.
! sl |r2 + 52 — 2rs(f, o) 5




Inspired by the computations by Ferrari and Verbitsky in [88], we write s = r§, so the radial
function v can be expressed as

o(r) = (1— 5 "2 o) + 5 2 o(r)
Thus the equation (4.2.1) for v becomes
5 1—n=2v _ _
K~y P.V. / / (v(r) U(Ii))dadE + Av = ¢, 40P (1), (4.2.2)
1 [1+ 52— 2500, 0)] "5

where
n—2y

1 _ sn—1
= anPV/ / i ’ )S 2y dods.
sn=1 |1+ 52 —25(0,0)| 2

Remark 4.2.1. The constant A is strictly positive. Indeed, from (4.2.2) we have

A=cpy>0,

since ¢, is normalized such that v; = 1 is a solution for the singular Yamabe problem (see
Proposition 3.1.1 in the previous Chapter 3).

Finally we do the Emden-Fowler changes of variable r = ¢’ and s = €” in (4.2.2) to
obtain
Lo = cpyv?, (4.2.3)

where the operator .7, is defined as
oo
L = kn,P.V. / (v(t) —v(1))K(t — T) dT + cp v, (4.2.4)
for a function v = v(t) and the kernel K is given by

2
,"J;iﬁg

do.

K(&) = 2”*22”/ ! do —/ <
sn-1 | cosh(€) — (6, o)| "2 sn-1 (1+ e~2 — 2e6(0,0)) "2

(4.2.5)

Remark 4.2.2. K is rotationally invariant in the variable 6, thus we drop the dependence
on 6 in the argument of K. Indeed if we identify e; = (1,0,...,0) with a fixed point in
S"! via the usual embedding S"~! < R"™ and we define

2
_LQ“fg

do,

e
J(6) ::/ =
sn=1 |1+ =26 — 2e=6(0, o) | "5

it is easy to check that J(6) = J(e1). The proof is trivial using equality (4.2.5) and the
change of variable & = R' o, where R is any rotation such that R(e;) = 6.
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The kernel also can be written using spherical coordinates as

0 : n—2
_n42y sin
K(§) =cpe™ 2 75/ Lo iy doy
0 (14+e 2 —2e$cosgy) 2

_nx2y [T (singp)"2
= n2 2 n+t2y d 3
| (cosh(€) — cos(n))

where ¢ is the angle between 6 and o, and ¢, is a positive dimensional constant that only
depends on the integral in the rest of the spherical coordinates.

(4.2.6)

Remark 4.2.3. The expression (4.2.6) implies that K(§) is an even function. Moreover,
since ¢1 € (0,7) and cosh(z) > 1, Vx € R, K is strictly positive.

In the next paragraphs we will find a more explicit formula for K that will help us
calculate its asymptotic behavior.

Lemma 4.2.4. The kernel K can be expressed in terms of a hypergeometric function as

2—n+2
K(€) = cn(sinh €)™ (cosh €)™ 2 oF (%2 — b8 — b+ L,a— b+ 1; (sech £)2),

(4.2.7)
n n—1
where ¢,, = 5n2*‘+227 %, and 9F7 is the hypergeometric function defined in Lemma
2

7.0.1 in the Appedix 7.

Proof. Because of the parity of the kernel K it is enough to study its behavior for £ > 0.
Using property (7.0.2) given in Lemma 7.0.1 in the Appendix 7, we can assert that, if £ > 0,

_ ﬁF(nT_l) —nd2ve

K(§) = e Fi(a,byc;e”
(5) Cn F(%) € 2 1(@, ;G € )7
where
a:#, b=1+7v, c=73. (4.2.8)
An important observation is that
a—b+1=c,
which, from property (7.0.3) in Lemma 7.0.1 in the Appendix 7, yields (4.2.7). O

Lemma 4.2.5. The asymptotic expansion of the kernel K is given by
o K(&§) ~ g7 if [¢] = 0,
n+2vy
o K(€) ~e T if ] = 0.

Proof. Note that K is an even function. Using property (7.0.7) to estimate expression
(4.2.7) for K (&), we obtain that, for |£| small enough,

K(€) ~ |sinh e 172 ~ g 172, (4.2.9)
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Moreover, this expression (4.2.7), the behaviour of the hyperbolic secant function at
infinity and the hypergeometric function property (7.0.1) given in Lemma 7.0.1 in the
Appendix 7 show the exponential decay of the kernel at infinity:

2— n+2'y

n+2vy

K(&) ~ cu(sinh &) 1727 (cosh &) ~ ce €172 (4.2.10)

where c is a positive constant. O

Remark 4.2.6. The asymptotic behaviour of this kernel near the origin and near infinity
given in Lemma 4.2.5 correspond to a tempered stable process.

We recall here that, as we have seen in the previous Chapter 3, the problem (3.1.14)
can be rewritten on the extension X* = M x (0, py), as

—divg-((p")' 7V V) = 0 in (X7, %),

V =v on{p" =0}, (4.2.11)
~ pl*igo(p*)lﬂwap*v Tyt = Cnﬁvﬂ on {p" = 0},
where ¢g* = (p; 2)2 g. We look for radially symmetric solutions v = wv(t), V. = V(¢,p) of

(4.2.11). For such solutions we have that .Z, is the Dirichlet-to-Neumann operator for this
problem, i.e.,

() = ~d phgo( PV enu.

4.2.2 Periodic solutions

We are looking for periodic solutions of (4.2.3). Assume that v(t + L) = v(¢): in this case
equation (4.2.3) becomes

2
<z, v—/@nfyPV/ KL(t—T)dT—FCnA/’U—Cn’yUﬁ whereﬁ:n—'—z’}/,
n— 2y
and
L(t—7) ZK t—71—jL), (4.2.12)
JEZ

for K the kernel given in (4.2.6). Note that the argument in the integral above has a finite
number of poles, but K7, is still well defined.

Lemma 4.2.7. The periodic kernel K7, satisfies the following inequality:

L L
LKL<L (t—7)><KL1(t—7'), VL > L1 > 0. (4.2.13)
1 1
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Proof. By evenness we just need to show that the function K () is decreasing for & > 0.
By (4.2.7), up to positive constant,

n+2'y

EK(€) =¢(sinh €)1~ (cosh¢)”

. ) (4.2.14)
2F1(“+ 5 —b+1;a—b+1;(sech§)”),
where a, b, ¢ are given in (4.2.8).
Observe that
oFy (9 — 0,9 — b+ 1;a — b+ 1; (sech &)%) > 0, (4.2.15)
and
@4l _p>0, a—b+1l=c>0,
since n > 2 + 27. Property (7.0.4) yields that (4.2.15) is decreasing. Indeed,
d at+l a 2
& 2P (% —b, & —b+1;a— b+ 1;(sech§)?)]
at1
— ol b)c(Q —otl) (sech &)? tanh ¢
P (S b+ 1,2 —b+2;a—b+2;(sech€)?) <0
Thus we just need to show that the function £(sinh f)*lfh(cosh{)% 2 in (4.2.14) is

decreasing in £. In fact by writing

2— n+2'\/ 5

£(sinh €)7172(cosh €) = Smhg(tanhf)_v(sinhg)_v(coshf)z%,

we have that £K(§) is a product of positive decreasing functions.
Finally, inequality (4.2.13) follows from the definition of K (§) given in (4.2.12):

L L = L L = ,
L—IKL (Ll(t7)> =) L—lK <L1(tTJL1 > < Y K(t—1—jLy) =K, (t—7).

j=—o0 j=—o0

O]

4.3 Technical results

4.3.1 Functional Spaces

Definition 4.3.1. We shall work with the following function space

H/ ={v:R—R; v(t+L)=uv(t) and

/ / QKL(t—T)det+/OLU(t)2dt<+oo}
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with the norm given by

[ollzry = (/ dt+/ / IPKL(t—7) dtdr>1/2.

Note that we will denote

WP ={v:R—-R, Ut+L —U()and
P lo) —o(n)P
HUHLp 0,L) |t—7‘|1+W’ dtdr < oo},

with the norm given by

L"U |p 1/p
e (Y A=

which is equivalent to the norm

1/p
||UHW£*7P = <||U|| P(0,1) +/ / T)IPK(t —7) dtd7> ,

for the kernel K given in (4.2.6).

Now we are going to introduce some fractional inequalities, continuity and compactness
results whose proofs for an extension domain can be found in [64]. Here we are working
with periodic functions, which avoids the technicalities of extension domains but the same
proofs as in [64] are valid.

Proposition 4.3.2. (Fractional Sobolev inequalities.) (Theorems 6.7 and 6.10, [641]) Let

€ (0,1), p € [1,400) such that yp < 1 and p* = an/p. Then there exists a positive

constant C' = C(p,~) such that, for any v € W]"”, we have

[ollLago,y < Cllvllwy»,

for any ¢ € [1,p*); ie., the space W}* is continuously embedded in L9(0, L) for any ¢ €
[1,p%).

Proposition 4.3.3. (Compact embeddings) (Theorem 7.1 and Corollary 7.2 in [61].) Let
v € (0,1) and p € [1,400), ¢ € [1,p], and J be a bounded subset of LP(0,L). Suppose

\f(z) = fFy)lP
sup/ / - dx dy < +o0.
feg Jo,r) Jo,) \37 - ‘ ﬂp

Then J is pre-compact in L(0, L). Moreover, if yp < 1, then J is pre-compact in L9(0, L),
for all g € [1,p*).
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Remark 4.3.4. If v = 1/2, we have the compact embedding

Wé/m cc LY0,L), for g€ (1,00).

1/2,2

Indeed, a consequence of Proposition 4.3.2 is W Wg’Q, W~y < 1/2, thus Proposition

4.3.3 provides
w,/*? cwi? cc L9(0,L), Ve (1, t3),y <1/2.

We conclude by letting v — 1/2.

Proposition 4.3.5. (Holder fractional regularity.) (Theorem 8.2 in [64].) Let p € [1,+00),
v € (0,1) such that yp > 1. Then there exists C' > 0, depending on v and p, such that

1/p
oleneon <€ (ol + [ [ SOHEE dvar

for any L-periodic function v € LP(0, L), with a = v — 1/p.
Note that with the equi-continuity given in Proposition 4.3.5 we can apply Arzela-Ascoli
to show the compactness
W? cc L9(0, L) Vg € (1,00) with y > 1/2.
Remark 4.3.6. We have the compact embedding
HJ] cc L0, L), ¥y € (0,1),

where
g€ (l,15:) ify <5 and ¢>1ify> 3. (4.3.1)

Indeed, Proposition 4.3.3, Remark 4.3.4 and Proposition 4.3.5 with provide Wz’Q CcC
L9(0,L) for all v € (0,1) and ¢ as in (4.3.1). But from the definition of K given in
(4.2.12) and the positivity of the function K, we have the following inequality between
norms

[Vl < lvllay-

Proposz'tion 4.3.7. (Poincare’s fractional inequality.) Let v € H] with zero average (i.e.
fo =0), then there exists ¢ > 0 such that

() —v(r))*
101172 (0.1, <c/ / \t—7|1+27 dt dr. (4.3.2)

Proof. Inspired on the proof of the classical Poincare’s inequality given in Theorem 7.16
in [156], we prove (4.3.2). By contradiction assume that, Vj > 1, there exists v; € H]
satisfying

vj 7))
lvillZ20.z) >J/ / Jt_ﬂljm dt dr. (4.3.3)



On the one hand, we normalize v; in L?(0,L) by w; :=
Because of (4.3.3) it follows that

(w;(t) —w,(r )) 1
/ / ’t — 7‘|1+2'Y dt dr < 3 S 1, (434)

that is, {w;} is bounded in the H z norm. By the compactness from Remark 4.3.6, we obtain
a subsequence {w;} that converges strongly in L?(0, L), i.e, there exists w € L?(0, L) such
that w; — w in L%*(0, L). Thus,

o200y 0 ||wj||L2(0,L) =1

= [ ; =1.
Hw”L2(0,L) jggonJHH(o,L)

On the other hand, also by the compactness given in Remark 4.3.6, we have weak semicon-
vergence in H}. Thus the following inequality follows

bt (w(t) —w(n))? L (w; (t) — w;(7))°
A /O' W dtdr < llgloglf/ / |t — T’1+2’7 dtdr.

Thanks to (4.3.4), this gives

Lol (w(t) — w(r))?
/0 /(] MdthZO

that is, w must be constant and, since it has zero average, it has to be the zero function. [

4.3.2 Maximum principles

Proposition 4.3.8. (Strong maximum principle). Let v € HZ’Q N C%(R) with v > 0 be a
solution of
L= f(v), inR,

where f satisfies f(v) > 0 if v > 0. Then v > 0 or v = 0.
Proof. Since v > 0, we have that
L= f(v) >0. (4.3.5)

Suppose that there exists a point ¢y € R with v(tg) = 0, then
+o00
Lyw(ty) = Iﬁnﬂ,P.V/ (v(to) — v(1)) K (to — 7) dT + ¢y 5 v(t0)

—00

+00
= mnﬁP.V/ (—v(r)K(to —1)dr <0
satisfies (4.3.5) only in the case v = 0. O
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4.3.3 Regularity

In the following Proposition 4.3.9 we concentrate on the local regularity, using the equivalent
characterization for .2, as a Dirichlet-to-Neumann operator for problem (4.2.11). First, we
fix some notation that we will use here. Let 0 < R < p{j, we denote

B, ={(t,p*) € R? : p" > 0,|(t,p")| < R},
I'% = {(t,0) € OR? : |t| < R}.

Proposition 4.3.9. Fix v < 1/2 and let V = V (¢, p*) be a solution of the extension problem

—divg-((p")' 77V V) = 0 in (Byg, g"),

5o w1 4.3.6
—dy lim (p 20,V + v = cnpv” on 9. ( )
p*—0
If
2
/ [o[1=27 dt =: { < o0,
R
then for each p > 1, there exists a constant C}, = C'(p, () > 0 such that
v <C 1 1/p % 1\1/p
sup |[V'| +sup [v| < G, (Rn+1+a) | HLP(B;R) + (Rn) HUHLP(FgR) :
B}, Iy
Proof. This L*> bound is proven for linear right hand side in Theorem 2.3.1 in [81]. A
generalization for the nonlinear subcritical case is given in Theorem 3.4 in [97]. Here we
can follow the same proof as in [97] because we have reduced our problem to one-dimensional
problem for ¢t € R and thus, 3 = Zﬁz is a subcritical exponent. O

The following two propositions could be also proved using the extension problem (4.3.6).
However, they can be phrased in terms of a general convolution kernel, as we explain here.
Thus we fix K : R — [0,00) a measurable kernel satisfying:

a) v < K(t)]t]pr% <vltaeteRwith|t| <1,
b) K(t) < M[t|™™ " a.e. t € R with [¢t| > 1,
for some v € (0,1), v € (0,1), n > 0, M > 1. Consider the functional defined in (4.2.4) by
+oo
(L0)(t) = ki PV / (0(t) — o(T)E(t — ) dr + cnv,
for v € LP(R). We study the regularity of solutions to
Ly =f. (4.3.7)
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Proposition 4.3.10. Let f € L? for some ¢ > n and v solution of (4.3.7) in Br(zg), then
there exist constants ¢ > 0 and « € (0,1) which depend on n, v, M, n, v, ¢ and A, and
remain positive as v — 1, such that for any R € (0,1),

[o(t) = v(7)| < eft — 71" (R™*[|v]| oo + || f]le) -

Proof. Since our kernel corresponds to a tempered stable process, this regularity was given
by Kassmann in his article [113] (see Theorem 1.1 and Extension 5). We could also follow
the same steps as for Theorem 5.1 in [165] since Lemma 4.1 and Remark 4.3 in this paper
[165] hold for our K (note the expansion in Lemma 4.2.5). O

Proposition 4.3.11. Let o € (0,1). Assume f € C*(R), and let v € L*(R) be a solution of
(4.3.7) in R™. Then there exists ¢ > 0 depending on n, «,y such that

[vllgarar < c(fvllee + I fllex) -

Proof. Under our assumptions, on the one hand, Dong and Kim proved in Theorem 1.2

from [76] that (—A)Yv € C* and moreover the following estimate holds:
[(=A)"vllca < c([|vflca + | fllca) - (4.3.8)
On the other hand, Silvestre in Proposition 2.8 in [166], showed that

o If @ +2v < 1, then v € C®T? and

[vllcataymy < e(llvllze + [[(=A)v]lca). (4.3.9)

o If 42y > 1, then v € CH*+27~1 and

[ollerater-1g) < cll|v]lze + [[(=A)70]lca).- (4.3.10)

Thus, combining (4.3.8) with (4.3.9) and (4.3.10) we have the claimed regularity. O

Remark 4.3.12. The previous Propositions 4.3.9, 4.3.10, 4.3.11 imply that for v < 1/2 any
v € LA solution of equation (4.2.3) satisfies v € C°. A standard argument yields the
same conclusion for v = 1/2 too. Finally, if v > 1/2 Proposition 4.3.5 automatically implies
that any function v € H] also satisfies v € C*.

4.3.4 Subcritical case.

Note that the following Lemma 4.3.13 has been studied by different authors if N > 2v, even

for 1 <p< %33 (see [19, 48, ]), but here we need this result also for 2y > N since

we have reduced our problem to dimension N = 1 for any v € (0,1). We will use it for
_ nt2y

p= n—2vy"
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Lemma 4.3.13. Let w be solution for
(A w=wP, 0<w<1, p>1, (N—-2vy)p<N. (4.3.11)
Then w = 0.
Proof. Let n be a smooth function. In fact we may choose
n=1+|z[)™™, where m =N + 2. (4.3.12)

Then multiplying (4.3.11) by the test function 7, integrating over RV and using integration
by parts in the right hand side of (4.3.11) we obtain the following inequality

Jowrnae| = | (vt [ i)

- /RN <(w(x)771/ P())n(w) =P /RN Wdy> dz
< /RN wP(z)n(x) dx 1/p </RN ‘(n(m)—l/P(_A)’Yn(:L‘))p/(p—l)‘ d$> (r—1)/p
(4.3.13)

We just need to compute the second term in the right hand side. Firstly we can check that
it is bounded. Since

1 __pP_

1(@) (A (@) < (14 o) N (1 ()T < (14 fa 7OV,
(4.3.14)
we have

[ @) A (@) do < o
RN

Note that for inequality (4.3.14) we have used the definition of the test function given in
(4.3.12) and the following bound

[(=A)"] < e(1+ =)~ N+ for & large enough; (4.3.15)
which is proven at the end of the proof of this Lemma. Now we chose
nr(x) = n(x/R).

Performing a similar analysis to that of (4.3.13), we obtain

/RN wP(z)nr(z) < /]RN R /}RN Wdy

Then, by scaling,

p/(p—1)

(z)~1/ =1 dr.

p/(p—1)
dz.

2py

[ wrw) s er¥ 5 [ o
/<R RN
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Note that N — 2p + < 0 by hypothesis. Then, letting R tend to infinity, we obtain

/ wP(z)dr — 0 as R — 4o0.
|[z|<R

Therefore, we have w = 0.

In order to conclude we just need to check inequality (4.3.15) before. It follows from
standard potential analysis. In fact, for |z| > 1 we have that

oyl =[pv. [ DI ) < 5]+ 1l + 5+ 5

where these integrals can be bounded as follows: for the first integral we use that |z — y]| is
small enough to check that

PV, / n(z) —n(y) dy| =
|

|| =

/ n(x) —n(y) —n'(z)|z — y| dy
lz—y|<1

z—y|<1 |.T _y|N+2'y |x _y|N+27
()| — y?
< dy < .
= Jomyiar e —yN Y A )N

For the second one, we have that |z — y| < Iz\ , then, we can use that
() = n()| < 1 ©)lle =yl < C1L+|a)~ V22 Vjz —y),

and bound the integral as follows

n(x) —n(y)
O Vo sk (4]
/1<|:ch<m |x - y|N+2'Y

<C‘l’|1 27(1+’$|) (N/242v-1) <

|I2| =

¢
(1 [z))N 27

since x is large enough and |z| ~ |y|, indeed |y| > |z| — |z — y| > %‘ and |y| < 3|z|.
The third one is directly bounded,

n(z) — n(y) 2N+
13| = vy W < v (n(x) —n(y)) dy
%<|mfy|<2|:p\ |x - y|N+2’Y |m|N+27 %<|xfy\<2\:v|
2N+27 C C
< vz )il - [ 1) dy| < - ,
|z [N+27 2l < |p—y|<2z] [2[NF2r (1 A [z )N+

using that |z| is large enough.
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For the fourth and last one, we use that |y| > |z — y| — |z| > |z|, then

n(z) —ny) / 1 Covio)
I = T I Nio~ d < 7(1 1 ~
. |/~’E—y|>2lr| <|f’3 —y| N2 y<0© lz—y|>2|z| |z — y|N+2 y | (1+|zf)

. ©
= (L a2

O
4.4 Proof of Theorem 4.1.1
4.4.1 Variational Formulation
We consider the following minimization problem
L)= inf FL(v), 4.4.1
on) = _nt Fi (1.41)
where
iy Jy o () = 0(r)* K (t — ) dt dr + coy [ 0(t)* dt
Fr(v) = 7 — . (4.4.2)
(Jo v(®)s*idt)m

Our first lemma shows that

Lemma 4.4.1. For any L > 0, ¢(L) is achieved by a positive function vy, € C* which solves

L
XVLU = Kin’fyP.V/O (v(t) = v(1))KL(t = 7)dT + cpyv = 0P, where 8= % (4.4.3)
Proof. Considering that the value of multiplicative constants does not affect this proof, we

may assume that ¢, , =1 and &y, = 1. Since ¢(L) is invariant by rescaling we can assume
that

L
/ e = 1; (4.4.4)
0

thus Zp[v] = Hv||§{z . First note that if ¢(L) is achieved by a function vy, then this function

solves (4.4.3) because this is the Euler-Lagrange equation for the functional (4.4.2).

By construction, the functional .%7,(v) is non-negative and therefore it is bounded from
below, so the infimum is finite. Next we show that a minimizer exists. Let {v;} be a
minimizing sequence normalized to satisfy (4.4.4), such that .7 (v;) < ¢(L) + 1. Because
of Remark 4.3.6, for all v € (0,1) we have the compact embedding of H} in L9, with
q € (1, ﬁ) if v < % and ¢ > 1if v > % S0, in particular, for ¢ = 8 4+ 1. Moreover, there

exists vy, € H] such that v; — vg. This implies

[orll gy < T inf [jog [ ;- (4.4.5)
J

87



Since {v;} is a minimizing sequence, lim inf ||v]-||HZ = ¢(L), and (4.4.5) implies that we have
a minimizer vy, € H}. The compact embedding assures that convergence is strong in LA+
ie.,

L =lim f[ojl g2 = flozllgss-

Now we apply Remark 4.3.12 to obtain vy, € C*°.
Finally we observe that the minimizer v;, € H] must be positive. If vj is not non-
negative we take w = |vz| € H] and the following inequality holds

y[,(lU) S j\L(’UL), (4.4.6)

obtaining a contradiction. Indeed if sign(v(t)) = sign(v(7)), equality holds in (4.4.6) and if
sign(v(t)) # sign(v(r)), (4.4.6) is also true because

(w(t) — w(r))? = (vr(t) +vr(r))* < max{(vL(t))*, (v (7))*}
< (r O] + oz (1))? = (vr(t) — vr (7))

Once we have the non-negativity of the minimizer, since ||v||;s = 1, the maximum principle
given in Proposition 4.3.8 applied to equation (4.4.3) assures that vy > 0. Therefore we
conclude the proof of the Lemma 4.4.1. O

We now introduce the weak formulation of the problem. We will say that v € H] is
weak solution of (4.4.3) if it satisfies

L
(LE0,6) = nn / PO)e(t) dt, Vo€ HY (4.4.7)
0
where (, ) is defined by
fin L L L
<ZWLU’ @) = T"YP.V. / / (v(t) —v(7))(P(t) — (1)) Kr(t — 7)dt dr + cpy / v(t)o(t) dt.
o Jo 0
4.4.2 Proof of Theorem 4.1.1:
At this moment it is unclear if the minimizer vy, for (4.4.2) is the constant solution. Let
B-1
(L) = cpy LA

be the energy of the constant solution. The next key lemma provides a criteria:

Lemma 4.4.2. Assume that ¢(L;) is attained by a nonconstant function vy,. Then ¢(L) <
c¢*(L) for all L > L.

Proof. Let vy, be the minimizer for L;, then vy, is the solution to
L h B
gw ! (UL1) = Kn,’Y/O (UL1 (t) — VL, (T))KLI (t - T)dT t CnplL, = CnAVp, -
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By assumption vy, # 1. Now let

Ly Ly
t= ft and v(t) =g, <Lt> ,
which is an L—periodic function. By definition it is clear that

“n"/fo fo (v(t) —v(7))*KL(t _T)dth"’Cnvfo 2(f) dt

c(L) <
f vPtL(E) dE) BT 71
B <L>1_B§1 By ot S (o, (8) = v, (7)) B KL (£ (= 1) dtdr + cnpy [3 03, (1) dt
" (o of T () dry e
L L L
. (LL>1—B?H gy Jo b fo  (on, (8) — v, (7 )) (Kp,(t— TZ) dtdr + cnpy [ 07, (E) dt
1

(Jy v (1) dtye
<(£) T < (£) ey -cw.

The second inequality above follows from Lemma 4.2.7.
Thus we conclude that ¢(L) < ¢*(L) for all L > L; and hence ¢(L) is attained by a
nonconstant minimizer. 0

Lemma 4.4.3. If the period L is small enough, then ¢(L) is attained by the constant only.

Proof. First, we claim that, for L < 1, the minimizer vy, is uniformly bounded. This follows
from a standard Gidas-Spruck type blow-up argument. In fact, suppose not, we may assume
that there exist sequences {L;}, {vr,} and {t;} with t; € [0, L;] such that

max vr,(t) = maxwvr,(t) = v, (t;) = M; — +oo.
0<t<L; teR

Note that vy, satisfies (4.4.3). Now rescale
t=et(t—t;), o,(t)=e€ "vp,(el),

where

With this change of variable, (4.4.3) reads
ney [ (0,0 = S (Pl = D)7 + 000, (0) = € e, D)
R

Because of (4.2.9)

/Rei(ﬁLi (E) — v, (%))K(El(f_ 7~')) dT ~ i Md%

6?7 R |t_7~.|1+2'y

1

(—A)og,.

-
€ Kny

89



Therefore vy, satisfies
(—A)Tp, + € 0L, () = enq )y () + 0(1) as i — oo.

Remark 4.3.12 assures that all the derivatives of vy, are equi-continuous functions, thus we
can apply Ascoli-Arzeld theorem to find ve, € C* such that U, — ve as ¢ — 400 and
which satisfies

(=A) v = ey in R.

Note that v is positive. By the result given in Lemma 4.3.13 we derive that v, = 0, which
contradicts with the assumption that v, (0) = 1.
Secondly, we use Poincare’s inequality given in (4.3.2) to show that vy, = Constant. In
fact we observe that ¢ = agf satisfies
-1
Lo — vy o =0, (4.4.8)

where .,S,”VL is defined as in (4.1.2). The weak formulation for the problem from (4.4.7), the
fact that vy, is bounded and equation (4.4.8) give

/ / KL(t—T)dth<C/ ¢°.

Rescaling t = Lt, ¢ = #(Lt) and using (4.2.9), since L is small enough, we obtain that

// "5| |1+2)dtd <CL2”Y/ P

By Poincare’s inequality (4.3.2) (since ¢ has average zero) there exists Cy > 0 for which

Co/ // ﬁ%_ﬂm) dtds <(JL27/ o

for L small. 0

which yields that

Lemma 4.4.4. If the period L is large enough, then
c(L) < " (L), (4.4.9)
and therefore, we have a non constant positive solution for (4.1.1).

Proof. Let
et 2
b(t) := <) , (4.4.10)



which is a ground state solution for (4.1.1). This follows because the “bubble”

n—22y

w(a:):(1> . (4.4.11)

|z]2 +1

is a solution of (3.1.1) that is regular at the origin. Note that b(t) > 0 and b(+o0) = 0.
Now we take a cut-off function 7, which is identically 1 in the ball of radius L/4 and
null outside the ball of radius L/2. We define a new function

vr(t) = b(t)nL(t).

We will denote or,(t) € H] the L—periodic extension of v,. The definitions of ¢(L) and K7,
given in (4.4.1) and (4.2.12) respectively, give us the following equality:

o(L)= inf “n,wfo fR v(s +7) (7'))2 ()d5d7'+cnvfo 2dt

L 4.
iy S50 fa0(s +7) = v(7))2K (s )dsdr+cmf 12 ot dt
= 1n ,
vEHz,v;‘éO fL[/j2 B+1 dt)

where s := ¢t — 7 and we have used the L—periodicity of any v € H]. We use ¥y, as a test
function in the functional (4.4.12). Taking the limit L — oo,

L/2 ~ ~ 25 L/2 - 2
Kn, vp(s+71)—0 dsdT—Fcn, o up () dt
i o) < 1 "2 (0 + ) — )R LS )

L—oo L—oo fL£32 {,L 6—1—1 dt) ,8+1
_ Fngy Jz Jr(B( (7))2K (t — 7') dth + Cnpy J D(t )% dt o
f b(t)P+1 dt) A+t

since the “bubble” (4.4.11) has finite energy. Let us check that all the integrals above
are unlformly bounded in order to use the Dominated Convergence Theorem. First, both

integrals f /27 o7 (t) dt and fL/2 501 (t) dt are uniformly bounded since b(t) ~ e~ "M,
Finally, recalhng that b(t),nr € LOO and the behaviour of the kernel (4.2.10),

L2
/ /(@L(S—I-T) — o (7))2K (s) dsdr = I + I,

L2 JrR

where
L/2

I N/ / (G(s +7) — (7)) 2
L/2 JR\[—¢,¢]

nt2y [L/2 L/2 n+2y
N/ e~153 / o (s + 1) drds +/ or(r)? dT/ e T ds < o0
R\[—¢,€] —L/2 L/2 R\[—¢,€]

L/2 - L2
Izw/ / (Orls+7 1+2 —o(7) deTN/ / 7)2|s|' 7% dsdr < .
L/2J—e ’S‘ 7 L/2J—e
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In this second integral, we have used the Taylor expansion of vy,.

B—1
On the other hand, ¢*(L) = ¢, ,L#*T — 400 as L — +o0. This proves (4.4.9).
O

Remark 4.4.5. When L — oo, the minimizer v, for the functional given in (4.4.2) satisfies
that
V[, — Uso = D,

where b(t) is defined as in (4.4.10) up to multiplicative constant. The proof of this fact will
be postponed to the next Chapter 5.

Let v be a L-periodic solution of equation (4.1.1), i.e.,
L
knyP.V. / (v(t) — v(T))Kr(t — 7)dT + cnqv(t) = coqo(t)P. (4.4.13)
0
The linearization of this equation around the constant solution v; =1 is:
L
/inﬁ/ (v(t) —v(1))KL(t —7)dT — cpy(B — 1)v(t) = 0. (4.4.14)
0
We consider the eigenvalue problem for this linearized operator:
L
/i,w/ (v(t) = (1)) KL(t — 7) dT — cn (B — 1)v(t) = orv(t). (4.4.15)
0

Lemma 4.4.6. There exists Eg > 0 such that
6 <0if L > L], o6r>0if L <L), and 0gy = 0.

Proof. Following the computations in the previous Chapter 3 we get that the first eigenvalue
01, is given by the implicit expression

2
PG50 it @)
1 (n
2\2

= +4r.
2 — 2
rE-z+29) "2 GEGE-)
Here ) is univocally related with the period by L = % 07, is a strictly decreasing function
of L. We now define INfg as the period corresponding to the zero eigenvalue. O

We are now ready to conclude the proof of Theorem 4.1.1. Let
Ly =sup{L | ¢(l) = ¢*(1) for | € (0, L)}. (4.4.16)

By Lemma 4.4.3 we see that L} > 0. By Lemma 4.4.4, also L} < +occ. Then we are left to
check that if L = L] we just have the constant solution.

Proposition 4.4.7. If L = f)g the unique solution for (4.4.13) is the constant solution v; = 1.
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Proof. Let v > 0 and v;1 =1 be ig—periodic solutions of (4.4.13). We define
w=uv-—1. (4.4.17)

On the one hand, using the weak formulation for the problem (4.4.13) given in (4.4.7), we
have

N L L
(Lh0,6) = (P20, 0) + cnn / o(B)(E) dt = cnr / POt dt, Ve H), (44.18)
0 0
where we have defined
3 L L
(Zh0.6) = Ry PV. /0 /0 (w(t) = v())(6(t) — S() KL(t — 7) di dr.

Thus, in particular for v = w + 1, equation (4.4.18) reads

L

) L
(ZE (W), 6) + enn /0 (w(t) + 1)(t) dt = cn /0 (w(t) + 1)Po(t) dt, Vo e H],

which, interchanging ¢ and w in the first term, is equivalent to

~ L
(ZL(),w) + enry / (w(®) + 1)~ (w(t) + 1) o) dt =0, VoeH].  (4419)
0
On the other hand, if ¢; denotes the first eigenfunction for the linearized problem around

v = 1, given in (4.4.15), for the period f/g (i.e. the corresponding to the zero eigenvalue
J iy = 0), the following holds

L

~ L
(P01, ) + an / o1(D)(t) dt = e / oLty dt, Vo e HY.
0 0

Now we choose the test function here to be ¢ = w, the function defined in (4.4.17), and the
equality above becomes

=1, _ _ L
(L p1,w) = (B 1)cnﬁ/0 e1(t)w(t) dt. (4.4.20)

Coming back to equation (4.4.19) for the test function ¢ = 1, then we have
~ L
(Zhon.u) +eny [ (w0 +1) = w®) +1)7) @r(t)de =0
which using equality (4.4.20) reads
L
/ (Bu(t) + 1 - (w(t) + 1) ga(t)dt = 0. (4.4.21)
0

The positivity of the first eigenfunction ¢ and the convexity of the function f(w) = fw(t)+
1 — (w(t) 4+ 1)? assure that the only possible solution for (4.4.21) is w = 0. O
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Let v € H] and Ey, Er, be the energy functionals for the non-linear and the linear

problems (4.4.13) and (4.4.14) defined by
L L
/0 o2(t) — 3 /0 (e d,

(4.4.22)

KL(t—T)

and

7 (1) = “M/ / 2K L(t— 1) drd —C"”(ﬁ—l)/OLvQ(t)dt, (4.4.93)

respectively. The variational formulation of the first eigenvalue d;, (Rayleygh quotient) for
(4.4.23) implies the following Poincaré inequality

L L
nm/ / N2 K (t—7) dr dt—cp (B~ 1)/O v2(t)dt25L/0 v (t)dt, Yve Hj.

In particular, if ¢ denotes, as before, the first eigenfunction for the linearized problem
around v = 1 at the period L], we have the equality

Ly L] Ly
/0 /0 (o1(t) — p1(1)P K g (t = 7) dr dt — ey (8 — 1) /0 Aty dt =0, (4.4.24)

Proposition 4.4.8. The period L] defined in (4.4.16) coincides with the period L given by
the zero eigenvalue in equation (4.4.15).

Proof. First, because of the definition of L] given in (4.4.16) we can easily check that
L] > LJ. Indeed, Proposition 4.4.7 asserts that ¢(L]) = ¢*(LJ) and Lemma 4.4.2 assures
that this is not possible if L] > Lg.

We now are going to check the opposite inequality. We have defined f)g as the period
where the constant solution v; = 1 loses stability. This is, if we define

L) =L +e (4.4.25)

with € > 0, we have instability for the constant solution and thus ¢(LY) < ¢*(LJ). To prove
this, we compute the energy (4.4.22) for the function 1+ ¢y, where o > 0 small enough
and ¢y € HZ”‘ We have

Epy(l+o¢ry) =Ey(1)

LY LY
+ 02 ks /0 R S L

Ll
—eny(B-1) [ 6752 dt]

0
+ h.o.t.
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Therefore, if we find ¢ such that

LY pL? LY
K]n,'y/ / (bra(t) — b2 (7‘))2KLQ (t—T7)drdt —cny(B—1) qﬁ%z (t)dt <0, (4.4.26)
o Jo 0
the instability of vy € H), is proved. Let ¢7(t) = gol(é—%t), where ; is the first eigen-
function defined in (4.4.24). Under the changes of variable ¢ = %t and T = %T, equality

0 0

(4.4.24) and Lemma 4.2.7 imply (4.4.26). Here we have also used that § = Ztgz > 1, and
LY > L (4.4.25).

The definition of L] (4.4.16) and Lemma 4.4.2 imply L] < LJ + e. Taking limit as ¢
goes to zero we have the claimed equality L] = LJ. O

This completes the proof of Theorem 4.1.1. O
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Chapter 5

A gluing approach for the
fractional Yamabe problem with
isolated singularities

In this chapter, we construct solutions for the fractional Yamabe problem that are singular at
a prescribed number of isolated points. This seems to be the first time that a gluing method
is successfully applied to a non-local problem. The main step is an infinite-dimensional
Lyapunov-Schmidt reduction method, that reduces the problem to an (infinite dimensional)
Toda type system.

5.1 Introduction

We consider the problem of finding solutions for the fractional Yamabe problem in R”,
n > 2v for v € (0,1) with isolated singularities at a prescribed finite number of points.
This is, to find positive solutions for the equation

{ (=Agn)"u = cpu’ in R\, (5.1.1)

U — 400 asxr — X,

where ¥ = {p1,--- ,px} and
n + 2y

n — 2y

8=

is the critical exponent in dimension n. Remark that we are using the notation ¢ to denote
the power nonlinearity |¢|#~1¢, but this does not constitute any abuse of notation since any
solution must be positive thanks to the maximum principle. ¢, > 0 is a normalization
constant and can be chosen arbitrarily.

Instead, one could look at the singular version. Here the sign of @), is related to the
size of the singular set ¥.. For instance, when ¥ is a smooth submanifold, [96] shows that
the positivity of fractional curvature imposes some geometric and topological restrictions,
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while [175] considers very general singular sets in the case v € (1,2), with the additional
assumption of positive fractional curvature. See also [109] for some capacitary arguments
on the local behavior of singularities.

But all these results give necessary conditions for the existence of such metrics. On the
contrary, the question of sufficiency is expected to have only partial answers, requiring that
3} has a very particular structure. Here we initiate the study of this issue, looking at the
singular Yamabe problem with prescribed isolated singularities at the points {p1,...,px}.

Thus our main theorem is:

Theorem 5.1.1. Fized any configuration ¥ = {p1,--- ,px} of k different points in R™,
there exists a smooth, positive solution to (5.1.1).

As a corollary, we also obtain existence of conformal metrics on the unit sphere S™ of
constant fractional curvature with a finite number of isolated singularities. Note that our
results will imply that this metric is complete.

We know from the previous chapters that a non-removable isolated singularities for the
problem

{ (=Arn)Tu =% in R"\{0}, (5.1.2)

u—+o0o as r —0, u>0,

must satisfy the asymptotic behavior

n—2y _n—2y
ar- 2 <wu(z)<cr 2, r—0,

where cj, ¢o are positive constants and r = |x| (see [33] for more details).

In Chapter 3, we considered the geometric interpretation of (5.1.2) which provides the
equivalence of this problem with the fractional Yamabe problem in a cylinder and moti-
vates the change (5.1.3) below. In Chapter 4, using a variational approach, we showed the
existence of “Delaunay”-type solutions for (5.1.2), i.e, solutions of the form

n—2
up(r) =r""2 wvy(—logr) on R™\ {0}, (5.1.3)
for some smooth function vy, that is periodic in the variable ¢t = —logr, for any period
L > Lg. Ly is known as the minimal period and has been completely characterized.

Delaunay-type of solutions are useful in gluing problems, since they model isolated
singularities: we cite, for instance, [111, , ] for the construction of constant mean
curvature surfaces with Delaunay ends, or [140, 113] for solutions to (5.1.1) in the local
case v = 1. However, these classical constructions exploit the local nature of the problem
and, above all, the fact that (5.1.2) reduces to a standard second ODE in the radial case.
There the space of solutions of this ODE can be explicitly written in terms of two given
parameters, which is not the case for a non-local equation.

Here we are able to use the gluing method for the non-local problem (5.1.1). This seems
to be the first time where this construction is successfully applied in a non-local setting. The
first difficulty is obvious: one needs to make sure that the errors created by the cut-and-glue
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procedure are not propagated by the non-locality of the problem but, instead, they can be
handled through careful estimates.

Nevertheless, the main obstacle we find is the lack of a standard ODE for the calculation
of model radial solutions with an isolated singularity, as one does in the classical cases. As
we have mentioned this is the starting point of [110] or [111]. Thus, even though a Delaunay
solution is our basic model for an isolated singularity, we construct bubble towers at each
singular point that consist of perturbed half-Delaunay solutions (also known as half-Dancer
solutions).

Our source of inspiration for this approach is [132], where the author constructs new
entire solutions for a semilinear equation with subcritical exponent, different from the spike
solutions that were known for a long time. Malchiodi’s new solutions do not tend to zero
at infinity, but decay to zero away from three half lines; the method is to construct a half
Dancer solution along each half-line.

The idea of gluing bubble towers allows to construct a suitable approximate solution
for (5.1.1) with an infinite number of parameters to be chosen. Note that the linearization
at this approximate solution is not injective due to the presence of an infinite dimensional
kernel, so we use a Lyapunov-Schimdt reduction procedure. It is well known that one single
bubble is non-degenerate [58], and the kernel can be explicitly characterized. However, for
our problem we perturb each bubble in the bubble tower separately; we find an infinite
dimensional system of compatibility conditions, of Toda type, that allows to solve the
original problem from the perturbed one.

These compatibility conditions do not impose any restrictions on the location of the
singularity points pi,...,pg, but only on the Delaunay parameter (the neck size) at each
point. We also remark that the first compatibility condition is analogous to that of the local
case 7 = 1 of [140], this is due to the strong influence of the underlying geometry, while
the rest of the configuration depends on the Toda type system. On the other hand, in the
local setting a similar procedure to remove the resonances of the linearized problem was
considered in [12] and the references therein. However, in their case the Toda type system
is finite dimensional.

We remark here that in all our results we do not use the well known extension problem
for the fractional Laplacian [36]. Instead we are inspired to the previous Chapter 4 to
rewrite the fractional Laplacian in radial coordinates in terms of a new integro-differential
operator in the variable ¢t. In any case, if we write our problem in the extension, at least
for the linear theory, it provides an example of an edge boundary value problem of the type
considered in [136, 145].

There are still many open problems. For instance, to find radially symmetric solutions
for the fourth order Q)-curvature equation. Here the difficulty is the lack of maximum
principle, which one may be able to handle using [10]. We hope to return to this problem
elsewhere.

The next natural question is to look at problem (5.5.7) when the singular set ¥ has
larger Hausdorff dimension N. In this case, in order to have a solution one needs to impose
some necessary conditions (see [96, 175]). The existence of singular solutions with larger
Hausdorff dimension singular set will be studied separately.
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The chapter will be structured as follows: in Section 5.2 we recall some results about
Delaunay solutions for (5.1.2) from the previous Chapter 4, while in Section 5.3 we use
those as models to construct a suitable approximate solution for our problem. Sections 5.4
and 5.5 are of technical nature. Finally, the proof of Theorem 5.1.1 is contained in Section
5.6.

5.2 Delaunay-type solutions

In this section we recall some results explained in the previous Chapters 3 and 4 on the
Delaunay solutions of

(—=Agn)"u = cpu® in R™\{0}. (5.2.1)
We may reduce (5.2.1) by writing

_n—2y

u(z) =r"2 v(=loglz|)

and using t = — log|z|.
There are two distinguished solutions to (5.2.1):

i. The cylinder, which is v(t) = C, that corresponds to the singular solution u(z) =

_n—2y
Cr

ii. The standard sphere (also known as “bubble”)

n—2y

v(t) = (cosh(t —tg))” 2

for any ty € R, which is regular at the origin.

Moreover, it is well-known that all the smooth solutions to problem (5.1.1) are of the form

n—2y

w(@) = (m;_%p)

For the standard bubble solution we have the following non-degeneracy result (Theorem 1

in [58]):

Lemma 5.2.1. The solution w(z) = (ﬁ)

of (5.1.1) is non-degenerate in the sense
that all bounded solutions of equation

(=A)Tp — cnﬂﬁwﬁflw =0 m R"
are linear combinations of the functions

n — 2y

w4z -Vw, and Oyw, 1 <i<n.
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Note that we normalize the constant ¢, in (5.2.1) such that the standard bubble is a
solution. The exact value of the constants may be found in Chapter 3 but in this chapter
this is not important.

In the previous Chapter 4, we considered the existence of solutions v(t) which are pe-
riodic in ¢. Using the change of variable ¢ = —log |z|, the equation (5.2.1) can be written
as

Lyv= cnﬁvﬁ, teR, v>0, (5.2.2)

where L, is the linear operator defined by
+00
Ly = Ky P.V. / (v(t) —v(m))K(t — 7)dT + cp Hv(t)

for K a singular kernel given in (4.2.7) and

n o D(%+7)
=g 292V 12
S YTy

The asymptotic behaviour for K is given the previous Chapter 4 in Lemma 4.2.5. Since we
are looking for periodic solutions of (5.2.2), we assume that v(t + L) = v(t); in this case,
equation (5.2.2) becomes

E,%(v) =cpvP, v >0,

where
L

E,?( ) = KnP.V. / (v(t) —v(7))Kp(t — T)dT + cp AV

Nyl

for the singular kernel

L(t—7) ZKt—T—jL)
JEZ

We are going to consider the problem

[ﬁ(v)zcn,wvﬁ in (-%,%),
Vb v o

For this we shall work with the norm given by
[0l = / / (1)) KL(t—T)det—i—/ v2dt) ,
L/2 L/2 —L/2

and the following functional space

H] = {v : (—%,

Proposition 5.2.2. Consider problem (5.2.3). Then for L large there exists a unique
positive solution vy, in HZ with the following properties

Ny

) =R ; o/ (~5) = o/(5) = 0 and [lvll g2 < oo} .
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(a) vp is even in t;
(b) vr =3 ez v(t — L) + 1, where ”wLHH’% — 0 as L — oo,

where
n—2y
2

v(t) := (cosht)” =2

corresponds to the standard bubble solution.
More precisely, for v € (0,1), and for L large we have the following Holder estimates

on Pr:
) - (=L (14¢)
lLllezvra—rjaL2 < Ce™ 1

for some a € (0,1), and & > 0 independent of L large.

As an immediate consequence of Proposition 5.2.2 we obtain periodic solutions for the
original equation (5.2.2):

Corolary 5.2.3. For L large there exists a unique positive solution vy, of (5.2.2) with the
following properties

(a) vr, is periodic and even in t;
(b) vp =3 ez v(t — jL) + 1, where |Yrl gy — 0 as L — oo in (=L/2,L/2).

More precisely, for v € (0,1), and for L large we have the following Holder estimates on

Yr:

(n—2v)L
L]l c2via < Ce™ T (14€)

for some o € (0,1), and & > 0 independent of L.

Proof of Proposition 5.2.2. We denote the function

o0

vo.L(t) = Y vt), (5.2.4)
j=—00
where v;(t) = v(t — jL) = (cosh(t — jL))_L;W. By symmetry, this function satisfies the
boundary condition at ¢ = i%. We consider next the functional

Koo [LI2 L2
Fu(v) :Aj/ / (w(t) — v(r)2K L (t — 7) drdt

—r/2J)-L/2
L/2 L/2
+C"’”// v dt — S // WP+t
2 Jopp B+1/ 1

in the space
ve H), H)}={veH], v(t)=uv(-t)}.
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Solutions of equation (5.2.3) are critical points of F,. Moreover, we have
L Lz B
Fr(vo,n)e] = (L5 (vo,L), ) — Cn,'y/L/ Vo.p dt = (S(vo,L), ¢)
—L/2
for every test function ¢, where (, ) is defined by

_ L2 L/2
(£- (w0 ), @) =21 PV, / / olt) — v(r)(p(t) — () Kt — 7) didr
L/2J—-L/2

L2
+ Cn vy /_L/2 UO,L@(t) dt

and
S(vo,L) == LY (vo,L) — Cnﬂvg,L‘

Therefore, using Holder’s inequality, we easily get
IFL > < ClIS(vo,z) |l 2,

where C is independent of L large. Hence, we need to estimate the L? norm of S (vo,r) in
(—=L/2,L/2). Recalling (5.2.4) and the definition of v;, we have

Swor) =cns[ D vf = (> v)’] in(-L/2,L/2).

j=—o00 J=—00
For t > 0, since v_; < vj, by symmetry, for L large,
|S(vo.1)| < Cv 12113 —I-Zv
J#0 J#0
As a consequence, we have

L/2 L/2 L/2
/ S( UOL dt < C/ Uj)2 Jr/ (va)Z

—L/2 L/2 ];Ao —L/2 20

In order to estimate the first term, we divide the domain into two subsets, {|t| < aL} and

(n— 2 )L
{|t] > O‘L} for v € (0,1). In these two sets we have the estimates ), ,qv; < Ce™ (2

(n—2~)L .
and > 20 Vi < Ce™ 1 , respectively, by the exponential decay of vg. Hence one easily

finds

L/2 . . s
[ RO o < cem e g g R
—L/2 70

(n—2y)L 2’Y>L

=Ce™ 2=2) 4 Ce” (= (1)

n—2~y
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and

L/2 .
/ (32t < cem T

—L/2 0

In conclusion, we have

1S (vo,L)llL2(~L/2,0/2) < Co- 2L (14g)
for some & > 0 independent of L large.

Next we claim that the operator F}(vg 1) is invertible in the space H)(—L/2,L/2).
This follows from the non-degeneracy of the standard bubble and the fact that we are
working in the subspace of even functions in ¢. This allows us to solve the problem via
local inversion. In fact, we write vz, = vg 1, + ¢ and we have F] (vo,r, + 1) = 0 if and only if
e Hl(—L/2,L/2) satisfies

P = —(Fr(vo,0)"[F1(vo.L) + N(¥)],

where N(¢) = cp~[(vor + )P — ’UgL - ngzlw] is superlinear in 1. We can apply the
contraction mapping theorem, obtaining a solution ¢ which satisfies

_(n=29)L
Il < CIFL (0.0l < ClIS(o.0)llpe < Cem 070,

For v € (0,1), by the regularity estimates given in Chapter 4 and summarized in Remark
4.3.12 in the same chapter (see also [01]), it follows that v is smooth and we have the
following estimate:

(n—2~)L
[l e2rea < Cema (1F8),

The maximum principle (Proposition 4.3.8) of Chapter 4 concludes the proof of the propo-
sition.

O]

Remark 5.2.4. Since the equation for v is translational invariant, if v(¢) is a solution of
(5.2.2), then v(t — tp) is also a solution. In the following, we will use the periodic solution
vr, with period L which attains its minimum at the points t = jL, j € Z. By Corollary
5.2.3, this periodic solution can be expressed as a perturbation of a bubble tower (or Dancer

solution)
(e 9]

vr(t) = > v(t—5—jL) + L),

n—2vy)L

(
where ||9g | cziea < Ce™ 1 1+ for some € > 0 independent of L. For the rest of the
chapter we write
ti=%+jL, jeL,
and

2y

vj(t) :=v(t —t;) = cosh(t — tj)_n%, teR.
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Now we consider only half a bubble tower; this is needed in order to have fast decay far
from the singularity (¢t — —o0). We define

oo
o(t) =) v(t—%—jL) +vr(t),
§=0
then one has the following asymptotic behaviour of vy :

. (n—2~)L
4

5L(0) = e (1+o(1)),

(this is the neck size). And for t < 0, i.e. |z| > 1, using the fact that v is exponential
decaying,

n—2y n—2~y (n—2+)L

or(t) = vo(t)(1 4+ o(1)) = (cosh(t — é))fT(l +o(1)=1z|” 2 e 7 (140(1)),

—2v

. . ~ — n ~ .
and the corresponding solution @y, = |x|” 2 0y, satisfies

(n—2v)L

o = |z|" e (14 0(1)). (5.2.5)

. n—2

() = o] "3

5.3 Construction of the approximate solutions

We now proceed to define a family of approximate solutions to the problem using the
Delaunay solutions from the previous section. We know that the Delaunay solution with
period L has the form of a bubble tower, i.e,

n—2 © .
ur(@) = o5 (Y o~ loglal = & — jL) + wi(~log|a]))
. T (5.3.1)
=5 (7Aj )i + 61 (x)
. A2 + |z)? ’
j=—00 J
where Lo .
N=e 2 F and ¢p(x) = |z|7 2 4 (—log|z|), (5.3.2)

for 17, the perturbation function constructed in Corollary 5.2.3.

As we have mentioned, one of the main ideas is that, although we would like the ap-
proximate solution to have Delaunay-type singularities around each point of ¥, it should
have a fast decay once we are away from X in order to glue to the background manifold R".
To this end, we will only take half a Delaunay solution (this is, only values j = 0,1,...).

In addition, we would like to introduce some perturbation parameters R € R, a € R",
since each standard bubble has n + 1 free parameters which correspond to scaling and
translations. This is done for each bubble in the bubble tower independently, thus we will
have an infinite dimensional set of perturbations.
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Keeping both aspects in mind, let us give the precise construction of our approximate
solution @. First, one can always assume that all the balls B(p;,2) are disjoint, since we
may dilate the problem by some factor £ > 0 that will change the set ¥ into k¥ and a
function u defined in R™\¥ into /ﬂ_n;ﬁu(z/n) defined in R"\kX.

Let x be a cut-off function such that

1, if 2| < 3,
x(x)=14¢ 0, if |z| > 1,
x €[0,1], if 3 <lz| <1,

and set y;(z) = x(z - pi).
Given L > 0 large enough, we will fix

E:(L17"' 7Lk)

to be the Delaunay parameters, which also are related to the neck sizes of each Delaunay
solution. They will be chosen (large enough) in the proof. They will satisfy the following

conditions:
|L; — L| < C.
More precisely, they will be related by the following:
n— (n—=29)L,
B B e S U (5.3.3)

Also, for i = 1,...,k, 7 = 0,1,..., set aé € R™ and R; = Ri(1+r§) € R to be the
perturbation parameters. Define the approximate solution @ as

a(w) = Y [ 3 [lo —pi—afl =% v(~ logla — pi — af| = & — jL; +log )]
=1 j5=0
+xi(@)lw = ;7 i~ log [ — pi| + log )|
=L X (g ) T @t m)

j=0

Mw EM?T

[Zw + xi(z) i x_pz)]

where we have set

=1

)\’L RZ (1+2])L
Next we will explain in detail the perturbatlon parameters qz,a RZ First fix a set
of positive numbers q17 e ,qk, and let ag ,R“b be determined by the following balancing
conditions:

_AQZ‘L RiY R b) pi,’*(n—?y), i=1,...,k, (5.3.5)

1#£1
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and

2,b
%’ A3 i 4 b pi b ,
= (R’ R" ) , 1=1,...,k, (5.3.6)
(A ; pir — pi|"T22 b
i\b ()L b b o
where \j” = R"’e 2, and the L; are defined from the ¢;, i = 1, ..., k and the constants

Ag,As > 0, A3 < 0 are defined in Appendix 8.

Remark 5.3.1. Tt has been shown in Remark 3 of [140] that for ¢ := (¢},... ,q,’;) in the
positive octant, there exists a solution R*® to equation (5.3.5). Once R is chosen, then
we can use equation (5.3.6) to determine ag’b.

Although the meaning of these compatibility conditions will become clear in the next
sections, we have just seen that they are the analogous to those of [1410] for the local case.
The idea is that, at the base level, perturbations should be very close to those for a single
bubble. This also shows, in particular, that although our problem is non-local, very near
the singularity it presents a local behavior due to the strong influence of the underlying
geometry.

However, for the rest of the parameters a Rl 1=1,...k,5=0,1,..., we will have to
solve an infinite dimensional system of equatlons First let R’,q; be 2k parameters which
satisfy

IR =R <C, |g—q)|<C. (5.3.7)
] (1+25)L
and let A0 = Rie= 2 *
i,0 )
Set also d6 given by (;.?0)2 = ag be k parameters satisfying
0
jay —ag’| < C, (5.3.8)
A1 agb
where a;° = EVars
Last we define the parameters R;, a] by
a’
L A I BV I o
R = R'(1+73), (A§)2—a§—a6+a§, i=1,...,k, j=0,...,00, (5.3.9)
where r;», EL;- satisfy
ri| < Ce™™h, Jal] < CeTTh, (5.3.10)

for some 7 > 0, where t;- = (% +j)L;. The exact value of the parameters will be determined
in Section 5.6.

Let us give some explanation about the choice of parameters. Given the k(n + 2)
balancing parameters ¢7, R*", a ’ satisfying the balancing conditions (5.3.5)-(5.3.6), we first
choose k(n + 2) initial perturbatlon parameters ¢;, R, do which are close to the balancing
parameters, i.e (5.3.7)-(5.3.8). After that, we introduce inﬁnitely many other perturbation
parameters aj, ; which are exponential decaying in t e. (5.3.9)-(5.3.10).
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We will prove next some quantitative estimates on the function @, and in particular
on its behaviour near the singular points. Before that, we need to introduce the function
spaces we will work with.

Definition 5.3.2. We set the weighted norm

lulleg, ., = [Idist (2, 2) " ullea(s, () + 2] ullce @\ By (5))-

[
Y1

In other words, to check if u is an element of some CY, ., it is sufficient to check that u
is bounded by a constant times |z — p;|”* and has its ¢-th order partial derivatives bounded
by a constant times |z — p;|"*~* for £ < « near each singular point p;. Away from the
singular set X, u is bounded by |z[?2 and has its ¢-th order partial derivatives bounded by
a constant times |z|2~¢ for £ < a (note that here we are implicitly assuming that 0 € ¥, in

order to simplify the notation).

First, we define Z;l to be the (normalized) approximate kernels

. o . . 9. 9 .
3,0 i g7 Jil Ja,i Jd J J’ ) )
87’j 8%,; oz

Without loss of generality, assume in the following that p; = 0. For [ = 0 we will
repeatedly use the following estimates

Zi|<C |:cr"32”yv;ly, 2l <1, 5.3.11
1Z5ol < —(n=27) (i) 2 >1 (5.3.11)
] (A) 2, fzl =1
In addition, for [ = 1,...,n, we have
. 1 2 . n—2y .
i1 = (n—2v)(v) +nf2“/|x—a; —pi| 2 1(m—a§- — i), (5.3.12)
where we have used the obvious notation wé = |z —p; — a§|_n;27 v; Then one has the

following orthogonality conditions (recentering at p; = 0):

/n (w‘;")ﬂ_IZ;lZ;/’l/ dzx

n—2v+2 n_o~ N=2y+2

4 _ 2 2 n— n—syrs
_ Méz,z// 72 (0)° Y| 75T (o) D Ja| w0 da+o(1)
n Rn

4(n — 2v)? 2 ==
:(nnﬂgl,l,/ |x|_n(vj)'8+n—22’y(Uj/)1+n—22’7 dz + o(1)

n— 2
_ A=) nzy) (G +o(1) e

—294+2 |44 i
n 2’Y+ ‘t;—t;,|.

(5.3.13)
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Similar estimates also hold true for [ = 0. Indeed,

/ (w;)ﬂ_lZ;OZj’:,’O dr = (1+ 0(1))/ |z — pi\_"v?_lvgvg-, dx
" " (5.3.14)
n_2w|ti'_ti/‘

=Co(l+o(l))e = 75

for some Cy > 0.

From now on, we choose —"%27 <m < min{—”f” + 2v,0}. Define also

Jall =l goree

o Al = [[Rlee
min{yy,— 5L +7},—(n—27) min{vyq

—PSBY o) oy (nt )
and denote by C, and C, the corresponding weighted Holder spaces. Here 7 (small enough)
is given in the definition of the perturbation parameters (5.3.9)-(5.3.10). Remark that, to
simplify the notation, many times we will ignore the small 7 perturbation and just the
weight near the singular set as dist (z, X)~", dist (z, £)~ (=27 respectively.

Our main result in this section is the following proposition:

Proposition 5.3.3. Suppose the parameters satisfy (5.3.7)-(5.3.10), and let u be as in
(5.3.4). Then for L large enough, there exists a function ¢ and a sequence {c;l} which
satisfies the following properties:

: (5.3.15)

‘ ' i=1 j=0 =0
fRn¢(w;)5_1Z§7ldx:0 fori=1,---,k, j=0,---,00, [ =0,---,n.
Moreover, one has
(n—2v)L
p]ls < Ce™ a (F8), (5.3.16)

for some —71_2& <m < min{—”_z27 + 27,0} and £ > 0 independent of L large.

The proof is technically involved, so we prove some preliminary lemmas. We first show
a result involving the auxiliary linear equation

k oo n
(=A)'¢—enn ST 1g =R+ DN (w2,
i=1 j=0 I=0

fanS(w;)B_lZ;ld:c:O fori=1,---,k, j=0,---,00, [ =0,--,n.

(5.3.17)

Lemma 5.3.4. Suppose the parameters satisfy (5.3.7)-(5.3.10). Then there exists a weight
vi satisfying —"52 < v < min{—"2Y + 2,0} such that, given h with ||h]w < oo,
equation (5.3.17) has a unique solution ¢ in the space Cx. Moreover, there erists a constant

C independent of L such that

6]« < Cllh]sx- (5.3.18)
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Note that Fredholm properties for the problem (5.3.17) in weighted spaces have been
shown in [130, |, since it is an example of an edge boundary value problem when we
look at the usual extension formulation for the fractional Laplacian from [36]. However,
in Lemma 5.3.4 we show, in addition, that the estimates are independent of the choice of
Delaunay parameters (L, ..., Lg).

We will postpone the proof of this lemma, instead we will show first some quantitative
estimates on the function u and in particular its behaviour near the singular set ¥ and at
infinity.

Lemma 5.3.5. Let S(@) = (—A)u—cp,u”. Then if the parameters satisfy (5.3.7)-(5.3.10),
we have the following estimate on S(u):

1S (@) s < Ce™ 722040 (5.3.19)

for some & > 0 independent of L large.

Proof. As usual, for simplicity, we prove the estimates in (5.3.19) for the L® norm, namely,
we prove the following estimates:

15(@) ()] < Ol — py|min{yn = 5247} =29~ =22 (140, (5.3.20)
near each singular point p; and
1S(@) ()| < Cla| "= ), (5.3.21)

for dist (z,%) > 1

First we show the estimates for the particular case that all the parameters ag, 7‘2- are zero.
Let @y be the approximate solution from (5.3.4) in this case. Without loss of generality,
assume p; = 0 and we consider in the region dist (z,%) > 1. In this region, y; = 0 for all 7,
one has

o0

k k oo
S(itg) = (=A) g — el = (— Zzw;lﬂ@@ CMZZ

k
Cn;y Zw Z J)B] + (—A)W(Z Xi¢i) =: 11 + Is.

(2] i=1

First, using the fact that

[ ~ ()7 [ =),
and recalling the relation between L and L; from (5.3.3) we have

(n+2~)L
4

I < O™ o ~02)7 < e T a0,

For I, recall that by Corollary 5.2.3

_n=2y _n—2 %
¢i = |z — pil 27¢i:\x—pi‘ 2w0<e (1+E))

9
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we have for |z| large,

Xi(#)¢i (%) — xi(y)di(y) —Xi(y)Pi(y)
—A)(xi¢:)(x) = P.V. dy = P.V. oo
(AP (uon(a) = Pv. [ MU X e
— |x|—(n+2v)0(e—%(l+§)).
Thus one has for dist (z,X) > 1,
1S ()| < C,x|f(n+27)e*7(”fw(1+£)‘
Next, we consider the region % < |z — p;| < 1. In this case, it is easy to check that

1S ()] < Ce— "FE0+0),

Last we consider the region |z| < % In this region we have x1 =1 and x; = 0 for i # 1,
SO
-1

o0
o =ur, — (L= x))d1+ Y [ D wi+xidi | — > wj.

i#£l \j=0 =0
Hence
o) . 5 .
S(ii0) = (=) s, — enqy (D w) + 61 +0(e” "))+ 0T
j=0
(n—2v) (n—27)
= —cun [(uz, + O(™ )P ] ] O TR

1 _(n=29)L

(n—2~)L
< Cu[zl e 1+ 0(6_%(1-’_5))

> B—1  (n— n—
< Clel™( 32 wi-logla) e 4 O )

j=—o00

o
B=1 _(n—2yr (n—29)L
SC!le_Qﬂx\ﬂl(g Uj(—log]x])) 6_%—%0(@_%(1%))
j=—o0

(n—2v)L
< Clan2e 1 (149

)

where for the last inequality we have used (5.3.24) below in the region |z| < 3. We have
also denoted

v;(t) ::v(t—%—le), for t=—1log|z|.

In any case, for t = —log|z| < %, we have
o0
_(n=2v)Ly
Y wvi(=logla)) <Cex , [a| <C, (5.3.22)
j=—00
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and for ¢t > %, we have

@l <Ced, S vj(~logla]) < C. (5.3.23)

j==o0

Combining the above two estimates, we have for v, < 0,
(0.9}

2|77 ( Z vj(—log|x]))ﬁfl < Ce ¢, (5.3.24)

j==o00

So for |z| < %, one has

1S ()| < O|x’71—2we—7("f”L(1+§)‘
Thus we get estimates (5.3.20) and (5.3.21) in this particular case.

Now we consider the case of a general configuration r;-, az-. First we differentiate S(up)
with respect to these parameters. Since the variation is linear in the displacements of the
parameters, we vary the parameter of one point at one time. Varying 77, we obtain

d ow' _ ot . L owt
_S(t1g) = (=AY —2 — ¢, BEE T L = By [(w)P — @l T =L,
or (o) = (=4) ort Cn By ort Beny [ (w)) u ]87";.

From the estimate on ¢; and the condition on 7“;'-, we have the following estimates:
For dist (z,%) > 1,

i
J < C(S—Wm—(n—?v))ﬁ—le—("ZQW)L(2j+1)|x,—(n—2v)

< o]+ T 14 o

Y

for a suitable choice of ¢ > 0. Next, when |z —p;| <1 for 7 # 1, for instance, similar to the
estimates (5.3.22) and (5.3.23), one has

; ow' 0 . ‘

[(w))?~" ~ agil]aig <Clz— Pi|_27(z vj(—log |z — pi|))5—1e—#(2j+l)
rt

J =0

_9y _(m=29)L )
< Clz—pi" 2 1+, atj,

112



while for |z —py| < 1,if |t — ¢4 < & it is true that

. awl . . (n—2v)L
1 B _ _(n=2yL
()~ — a5 < Ol [ wf+ e
j I
n _ _ (n—2~)L
< Cfl=|” E va Lo + |x\7271)? le= 1 ]
1]
- —nlt—t;] —(@y=mlt—t}] ,— 22 |t}
< C[|$| 2 e 7 Ze ile 2 l

[
+ |x’71727|x’71e—2vlt—t§|ef<"7#]

< Cﬂx\—n?v el |w”¥1—2’yefa'tﬂe_w(l+é)

9

if we choose 0 < 7 < 2v. On the other hand, if |t — ¢!| < % for some [ # j, one has

. ow’ . o’
i\8—1 _ =B8-1 J < AVERS St
(23) o g =T 5

< Cla| ™2 0y

_n+2y 4t i _m=29 g 4 4
SC’$| 2 e nlt tj|e77|t t3|€ 3 ‘t t]‘e 29|t tl|

_nt2y _4i _(n=29)L
< Clz|~ "7 e nlt=t5 === (1+€)7

ifn < "}27 which is chosen small enough. Combining the above two estimates yields, for

|z <1,

. 8 l . n n— n—
()" =215 2] < Claf "5 et PHHEOH0 g mem SE A
rt
J

Moreover, recalling (5.3.9), one can get that for dist (x,%) > 1,

7 .
[(wh)P~ — _671]78% | < O]~ 420 = T (148 =0ty

j UO . Y
or;
and for dist (z, %) <1,
. ow'
— —B—1
()™t =g )5
J

< Cldist (z, X)~ "7 dist (2, )7 + dist (, £)1 2]~ TH (049

< Cdist (z, X)min{ =524} =2y = CE (149

for some —naﬁ < 1 < min{0, —”327 + 27} and 7 small enough.
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Similar estimates hold for 652 S(u). We conclude from the above that
3,1

k oo n i
. ow' . . ow’
S@) §j§j§j\[<w;>ﬂ—1—u€ |2+ ()P~ — g 1]81 a
=1 j=0 =1

- Oz~ 42 =204 | if qist (2, 5) > 1
T\ Cdist (2, £)ymintn IS =2 o~ CEEAH) it dist (2, 3) < 1

Thus we have

1S(@)]Jun < Ce™ 04O,

as desired.

Proof of Lemma 5.3.4. The proof relies on a standard finite-dimensional Lyapunov-
Schmidt reduction.

Step 1: Preliminary calculations. Multiply equation (5.3.17) by Z]Zi y and integrate over
R™; we have

/n[(—A)wﬁ — en BTG 2L do = /Rn hZypdz +> cé-’l/ (wh)?=1 2, 28 da.

irj,l R?
(5.3.25)

By the orthogonality condition satisfied by ¢, we have that the left hand side of (5.3.25)
is

/ 1(-Aye- Cnny BT\ ZE ) d = e B /R n[(w;l’,)ﬁ—l — @ pZi , da

:[/ _|_Z/ -|—/ ]::Il+12+13.
B(py,1) i B(pi,1) ™\ UleB(Piyl)

Without loss of generality, assume that / = 1 and p; = 0. First we consider the case I’ = 0.
Recalling the estimates for Z;i o from (5.3.11),

(5.3.26)

Il / [(w )ﬂ 1 _'8 ]¢Z -/ l/ d.’,U < HQZ)H / w / -1 ﬂﬁ_l} |:U‘71Z]Z:;’l/ dl‘
< |||l / = A Y wide < 06l / —(m+s tvf,—l S wpdt (5.3.27)

J#3’ J#5’
7)t;/

e/ I

9
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and notice that v; > —”_227. Next,

I = Z/ (i)~ —aP ezl ), da
B(p;,1)

i#1
<Ol Y [ 1) = 2 e i e
i#1 B(pi,1
i\ = 2’y i
<Clol Y [ om0 (e e
’L;«él pl: ]

< CH¢H* ()\j’) ”_227 e_(n+’yl—2fy)é

< Cligll« e%tj/_n;;wL_%lLe_(’Yl-‘rn_zm)ti,

< Ol e "4 o~ HFE,

and
I3 = / [(wh)?P~t — Pzl ) da
R™/U; B(pi,1) ’
< C||¢||*/ m—(n—%)|x|—(n+zv)()\;‘,’,)";2” e L da
n\Ul (pi;1)

< O||g ]|, ety =B T

< Clgl, e~ BTEOFO T,
where we have used —"521 < < =251 2+,

On the other hand, for I = 1,--- ,n, recalling from (5.3.12) that Z;; y = Oz —

Y12 . . .
(v;-/) +"*27), then one can get similar estimates as above. In conclusion, one has

bi

n—2y )tl

/n[(—A)w — en BTG 2Ly da < Cllg|le= “TE Qe Ot =8,

for every I’ = 0,...,n, which gives a good control of the left hand side of (5.3.25).
Now, for the first term in the right hand side of (5.3.25),

4 _ ’Y) i
hZjdx < C il [z~ =2 gy
Rr R™\U; B(p:)
n— (n—=2v) 4i n—2 i
+/ |lle & = po e = pl e 2 e T T da
B(p,s

n—2y 44
+> / Vs | = 27”2

£
< CHhH —(n+= );/'
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The next step is to isolate the term ci ¢ in (5.3.25), by inverting the matrix

W (wh)P 1ZZ ZZ, ,dx. For this, recall the orthogonality estimates from (5.3.13)-(5.3.14),
R N

Wthh yleld for all 1=0,.

/ (w})ﬂ_lZ;,lZ}J/ dx = Cody  and A (w;-)'g_lZ;JZ;/’l/ dr =0(e 2 ol tﬂ'") if j # 4/,
plus a tiny error. Then using Lemma A.6 in [132] for the inversion of a Toepliz-type operator,
one has from (5.3.25) that

n—27y\i
|C < Cle” 1+§)||¢>||* + || «x]e — (22
+CZ[6_ 47) (1+8) H¢||* + HhH**]e, ;27(1+0(1))|tj7tj/|e—(»71+n722’7)t§./
J'#]
_( ’Y)L(1+£) —('y1+n72”)tiv
<Cle 1611« + 1Allsle Ll

From the estimates for Z]i.l from (5.3.11)-(5.3.12) and the previous bound for cé.l one can
check that in Bi(p;),

oy
n+2y _n+2 Vlt’—t;\

| (wh)PLZE | < Clely| - o —pi| =7 F e
7 _ (n—29)L
<Oz —pi e 1 |G|, + (|2l

o o meoni
P L G A ]

(n—2v)

L P41
< Clz — pi"2[e” W]l + [| ]| ss]e 15!

for some o > 0.
For z € R™\ U; B1(p;), one has

ety (wi) 1 71| < cw‘.)"’f”|:c|—<“+2”>|c§-,l

(n—29)L
1

< Cla|~2)[e 4Ol + (1]l sle™

Combining the above two estimates yields
1D )2 ||, < Cle” EEEO g, |[R)])- (5.3.28)

Step 2: A priori estimates. We are going to prove the a priori estimate (5.3.18) by a
contradiction argument. First let us recall the problem we are going to consider:

(_A)7¢ - Cn,76a5_1¢ = B?

o o - (5.3.29)
p(w;)” "2 de =0, i=1,....k, j=0,1,..., 1=0,...,n,

where have we denoted h :=h + Y c;'.’l( ) A

%1, and which satisfies, by (5.3.28), that

1Rl < C(I1llex + 0(1)I6]14)
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We are going to prove that -
[« < C||h]sx, (5.3.30)

for where (5.3.18) follows immediately.
Assume that there exist sequences {L( )} with L(n) — 00, {7“Z (n), ;’(n)}, {nm}, {czgn)}
and the corresponding solution {¢(} such that

IR e =0, 6], = 1. (5.3.31)

In the following we will drop the index n if needed. First by the Green’s representation
formula for the first equation in (5.3.29) we have

o(x) = /n(cn L@ o 4+ 1) (y)G(a,y) dy =: I) + I, (5.3.32)

where G is the Green’s function for the fractional Laplacian (—A)?, given by ([30])
G(z,y) = Cla —y|~" 7.

First we consider the region {dist (z, %) > 1}. Here, for I,

I :/Rn h(y)G(z,y) dy

S woren ™
{dist (y,2)<1}  J{1<dist (y,5)< 21}
+f +f ]M@ﬂ%@@
el cdist (g.2)<2laly  J{dist (5,2)>2lal}
= Io1 + Ioo + Io3 + Io4,
one has
1 - _ - —(n—
bi< [ g Wl dy < Ol 2,
{dist (y,)<1} [T — Y|
1 _
I < / 7n72’y||h||**‘y|—(n+2’7) dy
{1<dist (y,2)< 2y [T — ¥l
< O e~ y|~ "2 dy < C|| R ]|,
{1<dist (y,2)<%}
1 7 —(n
b </ e ey [T dy
%<dist (y,2) <2z ‘.%' - y‘

< IIEII**IZEI_("””/ dy < C|h| =27,

5 _
{a—y|<22ly |2

1 - _(n T —(n—
= / oo (11| L) (29 dy < C[B| | =72,
{dist (y,£)>2lz]} [T — Y|

y|n72'y
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Putting all together, B
Iy < C|[hss|a| =27, (5.3.33)

Next for Iy,

I = [/ +/ ] Cn,'yﬁaﬂil(b G(z,y)dy =: I11 + L12.
{dist (y,2)<1} {dist (y,£)>1}

Ty~ (2 (recall (5.2.5)), then

Since for dist (y, £) > 1 it holds that & = O(e™ 1
1y < 0 ol G, y) dy
dist (y,2)>1}

and similar to the estimate above we get that
Lz < o(1) @]l =727,

Moreover,

k: oo
med | v = il (3 )P llely — pil e — 5~ dy
{ly—pi|<1}

=0

o0
< C6]llel” “27/‘ ly— "> i)y
ly—pi| <1} ;

ngt
S
~—
T
=
QU
~

<mwumn2”4 e (=21 (

< Cem =203 |, |z~ (2.

I < o(1)[gll|z| =2 (5.3.34)
Summarizing, from (5.3.33) and (5.3.34) we obtain that, for dist (z,¥) > 1,

sup {Iw!” 2o(@)} < C(IAllsx +o)[0]l«) =0 as L — oo,
dist (z,X)>
by our initial hypothesis (5.3.31). Moreover, because of the same reason, we know that
there exists p; such that

sup {|z —pi| M ¢(z)|} > 3. (5.3.35)
|lz—pi|<1

The next step is to consider the region {|z — p;| < 1}. In order to simplify the notation,
we assume that p; = 0, |z| < 1. Again, we use Green’s representation formula (5.3.32), and
we estimate both integrals I1, Is. On the one hand,

[/ o[ v
(=1 J{yl<Zy  JlElcy<oqey  J{2lzi<lyl<1}

=: Ioy + Iop + I3 + 124,

G(z,y)hdy
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where

1 _ - _
y|=1 B
1 - _
Iy < /{y|<'““'} Wllhll**lyhl 2 dy
2

_ 1 B _
<Ol [ T o dy < Cllal™,
{lyl<'5} ¥

1 -
I3 < ——— ||| s ’Yl—2'yd
23 = /{§<|y|<2x|} |z — y|n—27 12| ] Y

< O flaslaf /

———————dy < C| ||z
x — -2 - ’
{lo—y| <2y [ =y~

1 = _
0% e T W

< O / Y122 dy < O|[F]|uefa
{2]z|<|y|<2}

Thus one has B
I < C| | z] ™.

On the other hand, for I,

{ly|>1} {lyl<1}

Similar to the estimates for h,

_ _ 1 C(n—
I SC/ e My s I8l (=29 dy < o(1) |||« |2| .
{dist (3,2)>1} |z —y

The final step is to estimate I12. For this we consider ¢ in the region A; := , /)\;. +1)\§ <
lz| < ,/AéAé_l, and define a scaled function ¢;(Z) = (A;)_qub()\;i) defined in the region
flj = % — (0,00) as n — 0o. Then 95]- will satisfy the following equation

1
14|z

[ sy gz, 00) =

~ 2y ~ . _ .
(~A)6; = earB(7)  (LH+0(D)d; = (AP A(NE) in A

Since |h| < C||ﬁ||**|)\§a~c|71_27 as n — 00, ¢; — ¢ in any compact set £ <|% < Rfor R
large enough (to be determined later), where é is a solution of the following equation

(_A)’Y(E - cn,vﬂwﬁilﬁgj = 07

dwP1Z dx = 0,
R”
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where w is the standard bubble solution and Z;, [ =0, - -+ ,n, are the corresponding kernels
mentioned in Lemma 5.2.1. By the non-degeneracy of the bubble, one has ¢ = 0,i.e. ¢; — 0
in £ < |Z| < R. If we consider the original ¢, this is equivalent to that [z]™¢(z) — 0 in

i » : . .
Ui{# < lz[ < RAj} as n — oo. Using this result, we now consider [y

Iy = / Cn,wﬂﬂﬁ_léf) G(z,y)dy
{lyl<1}

< Z [ “‘/ N , ] "¢ G(z,y) dy =: Tiz + T2
Scul<mriy  Jg

ly|<INU; {3 <|lz|<X; R}

n2'y

Recalling (5.3.4), we have that in {|y| <1}, u = |y|~ 2 (0.:2v%)(1+ o(1)). Then in the

JOJ
,2)
2

region {|y| < 1}\ U; {# < lz| < )\;-R}, one has > v;- < Ce~ R which can be small
enough choosing R large enough but independent of n. Using this estimate we can assert
that

B _ 1
Do < 0 [ ol e

dy < Ce 2B|z.
lyl<1 |

In addition, by the previous argument we know that [z|™7¢(z) — 0in Uj{Z < |z[ < RA}},
and one has

N O
—7121<CZ/ [yl — i dy

7 <ly|<RA}} |z —y|"—27
W 2y < o1)fe
< o1 / ————dy < o(1)|x|".
<1y [z =y

Combining all the above estimates yields that in the set {|z| < 1} we must have |z| ™" ¢(x) =
o(1) as n — oo, which is a contradiction to (5.3.35). This completes the proof of the a priori
estimate (5.3.30), as desired.

Step 3: Existence and uniqueness. Consider the space

H= {u € H7(R™), / w(wh)P1Zl de =0 for all z’,j,l}.

n

Notice that the problem (5.3.17) in ¢ gets rewritten as
¢+ K(¢p) =hin H, (5.3.36)

where h is defined by duality and K : H — H is a linear compact operator. Using Fredholm’s
alternative, showing that equation (5.3.36) has a unique solution for each h is equivalent to
showing that the equation has a unique solution for A = 0, which in turn follows from the
previous a priori estimate. This concludes the proof of Lemma 5.3.4.
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O
Proof of Proposition 5.3.3. The proof relies on the contraction mapping in the above
weighted norms. We set

S(a) = (=A) @ — ¢ a”,
and also define the linear operator
IL’((Z)) = (_A)’ycb - cn,wﬁﬂﬁil(ﬁ-
We have that @ + ¢, ¢ € C, solves equation (5.3.15) if and only if ¢ satisfies

¢ =G(9) (5.3.37)

where

Here we have defined
N(¢) := (u+¢)° —a’ — "¢,

Also, by L ™!, we are denoting the linear operator which, according to Lemma 5.3.4, asso-
ciates with h € C,, the function ¢ € C, solving (5.3.17).

We find a solution for (5.3.37) by a standard contraction mapping argument. First by
the definition of G, one has

1G (@)« < C (IS @)l + [N () ls) -

Fixing a large C7 > 0, we define the set

(n—

_(n=29)L iNB—1 rri .o
Boy = {8 €C. 19l < Cre™ 0049, | 9(wf)* ™2 dw = 0,4, i}

Note that o2 o .
_ B_ B piB-l,l < uP~%¢%, if |u| > 39,
@0 o - gato < c{ 5y I

Now, let ¢ € B¢, . By our construction, we have that if dist (z,X) < 1,
IN(9)] < C(@” 26" + ¢°)
k
<O llelza’ 2w — pi ™ + |6)1 | — pil ]
i=1
n—2y

k
<CY [I6le = pi™ 2 = i 1 9l = pi 2 - gyl
i=1

k
<O (1912 + l1912] lz — pil ™,

i=1
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and for dist (z,%) > 1
IN(9)] < C[||<z>uzaﬂ*2\xr2<"*2w + u¢uﬁwxrﬁ<”*2m
< Cla|~ [ (B-2572 g2 4 ||g12).

Combining the above two estimates, one has

(ﬂ (n— 2'y

[N (@)l < Cle™ 1811 + 161171 < o(1) 1]

Now we consider two functions ¢1, ¢2 € Bc,, it is easy to see that for L large,

IN(¢1) = N(d2)]lsx < o(1)]|d1 = 2

Therefore, by the above estimates for N(¢) and (5.3.19), G is a contraction mapping in
Bc,, thus it has a fixed point in this set. This completes the proof of the Proposition. []

5.4 Estimates on the coefficients cé.l

In this section we prove some estimates related to the coefficients c;l obtained in the last

section, first in the special case of the configuration (r}, aé-) = (0,0) and then for a general
configuration of parameters satisfying (5.3.7)-(5.3.10). These are studied in subsections
5.4.1 and 5.4.2 respectively. Later on, in the next section, we study also the derivative with
respect to a variation of the parameters.

5.4.1 Estimates on the ¢}, for (a},7}) = (0,0)

In this subsection, we prove the decay of c ; When the parameters (a’ aj, J) (0,0). We de-
note 4y to be the approximate solution and qS the perturbation function found in Proposition
5.3.3 for this particular case. Define the numbers ﬁ;l as

3, = / (=AY (@0 + ) = eun (0 + 6)°) 2], da

Then we have the following estimates on B;l

Lemma 5.4.1. Given {R'} satisfying (5.3.7) and let g be the function defined in (5.3.4)

for the parameters (r7, J) (0,0). Let ¢ and (c;l) be given in Proposition 5.3.5. Then the

coefficients BZ y satisfy

—. o . n—2y _(n—2y)L
B00 = = Cnnti [AZ Z |pir — pi| " (RIRT) Cqr —aqie > (1+0(1))
i

+O(e —W(H&))
i’ — Di i 1 _n=2 _(n=29)L
B =Cnnd {Asz o7 — }‘n_llwg(RR )2 grgie 2l 4 O(em e (149)

i
forl=1,--- 'n
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For j > 1, we have

Biy = O(e™ "2 (00t
3, = O(e_(nfgm(l*f)e*(lw)t;)v

where Aa > 0, A3 < 0 are two constants independent of L and o = min{vy; + ”_TQV, ”_T%}

independent of L large.
Proof. With some manipulation and the orthogonality condition satisfied by ¢, we find that
B;z = B;',l,l + B;,I,Q + /B;‘,l,Sa
for
Biua= [ (A 10 - o (w0)12], d,
iz = [ Lol@)Zjde = =08 [ (@)™ = (@)1 Zjo do
10 = —eno [ [0+ 0)° = ()" — Bluo)* 0123,
where we have defined Lo(¢) = (—A)Y¢ — ¢, B(10)" ¢

Step 1: Estimate for BJZ Lo and BJZ 13- By the estimates in the proof of Lemma 5.3.4 and the
bounds satisfied by ¢, one has

Bl < e 080

In addition,
—7;',1,3 = /Rn N(¢) gll dx

:/ +Z/ —|—/ = J1+ Jo+ Js.
B(pi,1) B(py,1) R™\U; B(p;,1)

il i
We estimate this expression term by term. For [ = 0, one has
n= [ Nezyaze [ el pfretzd
B(p;,1) 7 B(p:,1) 7

67— —2
smw&/ & — P e — T ) de
Di,

(n—2v)L S —2 —2 i
< G~ P14 o~ min{2n + 252, 252 )e)
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recalling (5.3.16). Similarly,

Jy = Z/B

6y—n .
pdz < Cllo|? Z/ lz — py |2 |z — pyr| 2 G dx

i'#£i (pirs 1) ’#l B(py,1)
< Cllp|2 (AT < Cem EHEAHO R

and

J3:/ N(¢)Z}, dx
R™\U; B(ps,1)

< C|lg)? / 2|22 7 dy
R™\U; B(ps,1)

< C|¢||3/ |$|_2(n_27)6_(5_2)w|x|—(n—27)(/3—2)()\§)";27|x’—(n—27) da
n\U B(p,,l
< Ce~ UTFHEOH9 15

Combining the above estimates, we have for [ = 0,

3t 2% (n—2y)L P
850,21 + 18503l < Ce™ HEE () (A

For l =1,---,n, by the estimate for ¢ given in (5.3.16) and the bounds for the term I;
from (5.3.26) in Section 5.3 one obtains a similar estimate as above. But this is not enough
for our analysis; one needs to be more precise. In order to do this, first recall the definition
of ug from (5.3.4),

k
g =Y U(la
i=1

where U; are radial functions in |z — p;].
Near each singular point p;, we can decompose

o = Ui(|lz — pi|) + Di + O\ |z — pi)),

where D; depends on p; — py for i # i. And similarly, we can decompose S(ug) into two
parts,

S(uo) = E(lz — pil) + &1 (),

where £ is radial function in |z — p;| and can be controlled by Ce™
_(n=2y)L
4

R4 | 2,

the second term can be controlled by Ce 1+§)|x — pi| =21 We now proceed as

follows. Let ¢; = ¢;(|x — ps|) be the solution to

(—A)p; — Cn,'yﬁ[Ui + Dz] ‘PZXz =&(|lx — pil)xi + Z ¢, olw ﬁ 1Z;07
7=0

/ (W) Zl gpide =0 for j =0, ,00.
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Note that the existence of such a ¢; can be proved similarly to the arguments in Section
5.3. Moreover, as in (5.3.16) one has

lill. < Ce= 7220+

Then we decompose ¢ = Zle piXx; + ¢. In this case, since we have cancelled the radial
part in the error near each singular point p; by ¢;, then the extra error will have an extra
factor |z — p;| and ¢ will satisfy

(n—

_ =TT | _ p I+ in B(p;, 1),
[PISCY  eomrgig) oy |
. 2 ’1" (n—2v) in Rn\ U; B(pi’ 1)

Therefore, by the above decomposition of ¢ into radial and nonradial parts one deduces
I / Lo(¢)Z4dz
= [l = Pz da

— [ (@ Dy = @ Zpda [ (@) = U DY 2o de

n

Similar to the estimate of I; in the proof of Lemma 5.3.4, recalling the asymptotic behaviour
of ¢ near p;, we can get that the first term can be controlled by

D

in a ball B(p;, 1) (see (5.3.27) and notice the extra factor )\;) For the second term,

/ [(0)" " = (U; + Dy)P 1 Z} 16 da
B(p;,1) ,

_2_

(n=27) 1+
I R s S
B(pi,l) 3!

n—2vy)L -1 2
Sce—(gw)(l%)/ |m|v1—2v+lvf R d
B(phl)
. n—2vy)L n—2 i
< ONem OO -+ 15,

Combining the above two estimates,

n—2y

/ Lo(¢) ;l d;p:@(}\ée_%(us)e—(vw 5 )tj.)‘
B(pi,1)

Next, the asymptotic behaviour of Z;J at infinity, given by

21 = (A;'.)";Q”H‘x,—(n—%ﬂ) if |z —pi| > 1,
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yields that

Z/ Lo(¢)Z;, d:v+/ Lo(¢)Z, dz < C)\é.e—W(Hf)e—(vﬁ
(pz’ 1) R™\U /B(pl/ 1)

i'#i VB

n—Q’Y)ti_
J .

Using similar argument, we obtain an analogous estimate for B; 13- Thusforl=1,--- n,
. . . 7(n—2'y)L _ n—2y i
‘/3;,7l72| + \5§,1,3| < C’)\;-e FHEE ) (T )tj’
which completes the proof of Step 1.
Step 2: Estimate for BJZ“ Denote by E := S(ug) = (—A)7ap — cnﬂﬂg. We compute
Biaa :/ EZjdv = [/ +Z/ +/ ] d
Rn B(p;,1) i i B(p,s,1) R™\U, B(p;r,1)
=T+ Loju + I -
Recalling the estimate for E from (5.3.19) one has
Do < Cem 0RO 3T / 2 =P[R do < Ce RO S
il B(p,r,1)
and
Iy 0 < Ce~ 2049 / |2 (XY 2 |~ (0=2) gy
R”/Ui/B(pi/,l)
< Qe OO 1T
Forl=1,---,n, we know that \Z§l| = O(A;)Z;O , which yields easily that
(n—2v)L _ n—2 i
Lol + [Ty < Cem ™2 (48~
Next, for [ = 0,...,n, we consider Iy ;;: fixed 4, j, substitute the expression for @ from
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Z wh) + (=) — Ben (w1 + (—A)(1 = xi)i
_Cnﬁ/ Zw’+¢z+zw Z ;')5_[3(w;)5—1¢l]
e e
—Cn oy Z who+ g+ Y wi)? =D (wh? = > (wh)? — p(wh)P ]
il =0 il
+IL§-<;5¢ (=A)7(1 = xi) i
= —cnq [0 =) (i) = (Wl = B (i + Y wh + > wh)
§'=0 i'#4 i/ J'#i
wHP Y T wl + ) T wh)] 4+ Ligs + (—A) (1= xi)éi-
i’ #i J'#

Here ]L;- denotes the linearized operator around w; Looking at the equation that ¢; satisfies
and its bounds (see formula (5.3.2) and Corollary 5.2.3), we have in general the following
estimates:

On the one hand, for [ = 0, since Z]i',o is odd in the variable ¢* —t;, where we have defined
t' = —log |z — p;|, by the above expansion for F,

_ (n—=27) . on—
B <O [ (Dt + 3w e+ 005
p'm /%4 G145
ch(Ag)"z“/ 2] 27 (0l |dz+/ S ()L i s de
i' i B Bu jrtj
_n=2yp [0 _ne2yy iNA > iNB—1/, i\ i
<Ce i em 2 )P dt+ [ ()P Y vkt
0 0 —
J'#7
FO(em IO ()5
o
< Ce™ TIL= " Z/ ’;.,dt+ Z / (v;.)ﬂ—l(v;),v;-,dt.
/<2j j>2j+170
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Let us bound the two terms in this expression:

/fwzvﬂ—l@;)' >

J'<2j
_ it iNB—1(, i/ i
= Z 'U /dt+ ]) ('UJ) Z 'Uj/ dt
0 <2j i3 =
(t'=t—1t3)
f— / ]. ’Uﬁ_ll}/(t,) Z 'U;-/ dt/ +/ , L- Z 'U /dt

For the first integral, since v/(#') is odd in ¢' and 37,5, vji«, is an even function of ¢, this
integral is 0. In the meantime, thanks to the exponential decaying of v, the second integral

n+2vy 44
is bounded by e~ 2 5 , and we may conclude that

> iNB—1/, i\ i —nA2y4i
; (05)7 " (v3) Zvj,dth'e 2.

J'<2j

In addition,

Z/ % dt

§'>2j+1
) 1o . y o
< C’e_ 7 lte 11—t} < Cein - 'vLe_n 2t
In conclusion, one has
_ n—2y 2"/ i n+2y i
Il,j,O <Ce 1 Le 4 +e 2 ¢
On the other hand, for [ = 1,--- ,n, since Z¢, is odd in = — p;, and both w ; are even
9 I l p I
in x — p;, one has
o
L, <C Z(w;)ﬁ 1Z;7lw6 dx
B(pi,l) V£
_n—2y 1—‘,—% o n—2y
<C o —pi| =2 o, TN T da
B(p17 /752
_n—2y _ _ _n=2y 1+ 2
<Ce 1 / || 271}? Y|~ ij " dy
B

< Ce™ nvae_(Hn_?%)t;‘.
From the above two estimates, when 5 > 1,

) o R (1) ott p g — 0,
10 < e~ UL () o~ (Lho)ts 4p g — L.
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for some £, 0 > 0.

On the contrary, for j = 0 one has
_ n—2y . _ n—2y
Loo=0(e" 2 %), Loi=0R)e =2 7,

but can obtain more accurate estimates in this case. This is going to be the crucial step in
the proof of the Lemma since it gives the formula for the compatibility conditions.
First, if [ = 0,

1 ; -/ . (n—2v)L
To0 = =nqff | (W)™ (wi+ 3 ) Zopde+O(e™ > 119
R? Vi

(n—2v)
=:Tio+To0+ O(e” 2% L(1+£)).
In this case, by expression (8.0.1),

i B
TI,O = —Cny (‘ IOg )\l ’) )\z
| log AZI
and by formula (8.0.2) and the relation that Z(i),o = gl:? MR,
n—2 -
Too = —cun Y Aalps — pil 2D OBN) 2 [L+ O(N)?).
i #i
Combining the above two estimates yields
(n=2v)
100 = eun [F(L1) = Y Aslpir = i "2 9A) "2 | + (e (149)
%0
i i’y "2 —(n—2y)] - =20k
= i [0 = A2 Y @ (R'RY) " pi = [ =0+ 01))
i #i

+ O(e—W(HE)).
On the other hand, for [ =1, ---

(n— 2 (n—2~)L
Lot =—canB | (@)1 wi)Zigde + O™ 2 N,
R® )

. owt .
and recall that Z}, = —&)\?, by the estimate (8.0.3), one has

(n—2y)L 27)L
L0 = ey A3y Z | ‘flng (MoAG) 2 ] + O(e” (FON).
= lpv -
Then combining the estimates for ﬁ 11085195 BJ 1.3» We achieve the proof of the Lemma.
O

Remark 5.4.2. Fixed i, if we consider the approximate solution u with a =0, r = 0 for
j=0,---,00, then the same estimates for BJ’J in the above lemma hold.
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5.4.2 Estimates for general parameters

Next we study the coefficients c§ ; for a general configuration space satisfying (5.3.9) and
(5.3.10). Most of the estimates of the previous subsection will continue to hold, but we need
to be especially careful When con81der1ng BZ 11 First, from Remark 5.4.2, one can see that

only the perturbations of a* Wlll affect the numbers B 1> 1.e, we can get the same estimates

aj, ]) satisfying (5.3.9) and (5.3.10) if (a3, ]) (0,0). So
ﬁxmg i = I, we would like to study the estimates for BZ N when we vary the parameters

507
for le for general parameters (a’

a,r

5,15 First we have the following estimates:

Lemma 5.4.3. Suppose that the parameters R' satisfy (5.3.7). Let 65 be a vector in R™
and T‘J be a real number in R. We let X (t) be the configuration for which all the parameters
(a ;, ;) are fized to be (0,0) if j # J and where (aJ,RI) (tel, RI(1 +tr})). Assume that

leL] < C(AL)? and |rl] < Ce~™1. We also let vat = ’LURI(1+tT5)($ —tel). Then we have
the following:

e Ifi=1T#j,

;i\t() | 87} da
) 1g Z _
“é%[cnn (|log §|>} i] |+ O(e= T =1t ol =il g — ),
— Ogv
B 9 [c An\E g T tep
Tt Lm0y mmﬁ“w} MMH%%M
\ O()\} _ 22w)L(1+§)6—7t{]6—a|t§—t{,\) ifl=1,---.n

for some o > 0 independent of T and L.

o Ifi=1IJ=j=0,

a}t:() Rn S(Ut> gl dr

( . X
5] e s =2 bV log &
_%M*PQ\M—MM MQM@2W+HWgQ}—j%}

0 i’ — Di iyd
C"W)‘Uat[ 3Z|pz il 2v+2(/\ Ao )
n— 27

i >\z
+4o mln{ N )\}} m

] +O(/\667W(1+5)) ifl=1,---,n
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o Ifi=1IJ=j=1,

i TAVARL
at‘t:() Rn S(Ut) gl v

( )\’
. log
N Y _ (=291 i ,
—eny 3 g [Flllog ) —] + O F040e) g1 =
3] ]10g )\Jz \
- 0 )\ n—2y te
Cn, Aj AO Y - i)\

7 Ja frry! >\ Al |max{)\j,,)\J}|2]

—l—O(Aée‘%(Hf)e_”J) ifl=1,--- n.

Proof. Fix i = I. We first consider the case in which J # j. We have

; ow',, .
u - -1 St i
&L:o R~ S(ut) dm =ty [( Jﬂﬁ t_ utﬁ ] 5 Zil dz
= —Cp ’75/ Jt J I dx
iy5-1 i \6-1 —5—1 8w3,t i
+ o8 Rn[(wj) + (wh) T -  da

=: My + Ms.

From the proof of Appendix 8, more precisely, (8.0.1) for [ =0 and (8.0.5) for [ =1,...,n

one can find that

= —Cp 75/
)\'L
log =L
J

0 A\t AL
—akmFm%ﬁw A

K
5 o ;\
J

9 iNB—1r7i i
gdr = cnﬁﬁat/ (wj)ﬁ 1Zj,le,t dz

] if 1 =0,

0
ot

te
[Cn,'yA())‘ mln{ )\7, 5 )\z m}

for a constant Ag > 0. Moreover,

M= 08 [ (0] T T i T

_ { O(e M(l+f))€_Tt§6 ol =t for | = 0,

O(Nie™ T+ rth =i g 1.

which proves the assertion when J # j.
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Now we consider the case J = j, for which we have

—\ i 9 i\ i 0
%‘t:o RnS(ut)ijt’ldx: . 5S(Ut)Z<“d$+ o S(ut)athldx
—/n[(— )7 —cnﬁﬂ(wt]tﬁl Zw,—i-Zw + ¢r,] gn ]tld:):
§'#ET =
B(ﬁl)cn,y/ wjtﬂ 2 Zw/JrZw + ¢r, | tld:c
Rn /#J ’752

O()\?e_(n_?)L(Hé)e_th) 1> 1

{ O(e (W*SV)L@‘F&)@_T%) if =0,
J

From the equation satisfied by Z;;;, and taking derivative with respect to ¢, one can cancel
the terms containing ¢y, which yields

d _ . ) .
@‘tzo o S(ut)Z;,t,l dr = / —Cp, fy,B th B 1 Z U) o+ Zw atZ;’t’l dx
J'#T i
—B(B— )cn,»y/ wi h- ?[ Zw/+2w JtZ’tld:U
/#J /752
O(e= "2 (1+9) 78y i1 — 0,
+ ()\36 (n— 2’Y)L(1+§) 77't ) if 1 Z 17
0 ‘ . .
oy [ A B (3w Y
J3'#I V'
(n— 2V _ .
N O(e” (1+§)e T ) if 1 =0,
=: N1—|—N2+O()
Similar to the estimates before, one can get that for [ = 1,--- ,n, by estimate (8.0.5) in the
Appendix 8,

B 1ZztlZw,dx
J'#EJ

n—22y

; )\i'/ )\l 2 te; : (n—2v)L I
— A\ min{ I } L L oie "1 e,
J j%;J Ay | max{\,, A% }? J
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and from (8.0.3),

B I 1Z1“2w dx
i+
— [A3Z‘p |n 2’y+2 ()‘Z)‘l)
= /751 i/
O()\;e (n= 2’Y)L(1+£)€—Tt5) if J > 1.

_i_O(e,(n—;w)L(H&))} if J=0,

On the other hand, for [ = 0, by (8.0.1),

i,
5 log/\],.
B—1
[ B s X e = 3 R )
i'#T J'#i | log 3|
J

and using (8.0.2),

No= [ Bwy)? 125, wida
R e
A3 o — pal I ON) T 4 O ) i g =,
= /752

e = 27)L(1+§)e thoif g > 1.

Combining all the above estimates, the proof of the Lemma is completed.
O

From Lemma 5.4.1 and Lemma 5.4.3, we find the decay estimate for the B; ; for general
parameters a?,ré satisfying conditions (5.3.9) and (5.3.10):

Lemma 5.4.4. For the parameters (aé-,R;'-) satisfying (5.3.9) and (5.3.10), we have the
following estimates:

7 n—2y

. . ., =2 — _ (n—29)L
Bho = —Cunti| A2 Ipw =il TR = (1) T a]en (L4 o(1)
i 0

+O(e~ "),

i

Pir — Di)l i i\ B2 R} "5lah—a
ﬁOZ—CMAO[A?)Z\pﬂ_ e (RORo) = v +A°(Rz) TR

n72'yL
a3

(n—2v)
FOWN e ") for 1 > 1,
{ 0(6_7("727)L(1+§) oty 4 o~ T 1), 1=0,

(n—2v)L )

O()\Z _(n— 2’Y>L(1+£) 7crt] +)\z - ],1)7 1>1,

[
gl

where o is obtained in Lemma 5./.1.
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Proof. Using the notation in the previous subsection, we first estimate B;M. Using Lemma,
5.4.1 and Lemma 5.4.3, and integrating in ¢ from 0 to 1, varying the parameters (a, R) =
(0, R*) to (aj, Rj), and using the estimates satisfied by the parameters. The integration

yields
n o (BT
qi R6 qi

B6.01 = —Cnli [AQ Z lpir — pi| 2 (RERE) 2

i
T o >> + 0<e—*<”’5””<1+€>>,
7 i i’ RZ ai — a,i _n—2y
6071,1 Cn 7)\0 [Agg ’pz’ _pz|n 27-}-2 (R R ) 2 ql +AO<RZ> (()A )21QZ:| gic 2 L
+ O "FHEOH0) gy | > 1,

(n—=2%)L i (n—2+)L i
| ~CDIE (1) —oth | - L R
; { O(e i+e z e "-t) if 1 =0, for j > 1.

501 = O(A;e (n—2~)L 27) (1+8) —O'tj + )\l Me_Tt;_l) if 1 2 1’

Similarly to the estimates in subsection 5.4.1, 5;.’l’2 and 6;.’[73 can be bounded by

Cem 0+ 0ty
Chie™ "2 1+ =0t

B2l + 18515 <
Hence we get the desired bounds on ﬂ; I O

5.5 Derivatives of the coefficients BZZ with respect to the vari-
ation of {ajJ} and {rj’l}

Here study the derivatives of the coefficients ﬁ;l with respect to the parameters {ai } and
{r] 1} As in the previous remark, we only need to care about the perturbation of a], 7. Thus

we first con51der the derivatives of le with respect to a®,r% for the special configuration

(RN
space that a], ] = 0 for fixed 4. For this, we need to consider the variation of ¢ with respect
to these parameters.

5.5.1 Derivatives of BZZ for a], ; all equal to zero

In this section, we fix 7 and let u to be the approximate solution with a], 7 =10. Given ¢

as in Proposition 5.3.3 for the approximate solution u = uo, we introduce the operator
L= (—A) — o, 8@ 4+ )1 (5.5.1)
Denote by 510 = r], and{ 1= a pfori=1,-
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Lemma 5.5.1. For L large, let a? and ¢ be as above. Then we have the following estimates
9¢ y
ON #ot— MEAT P;

3{;}1
06 Ce= "0, —pil e fori=0,
352 SN o el - il S5 ofti—ti] for 1> 1, in B(p;, 1). (5.5.2)

Proof We first consider the case [ = 0. If we differentiate the first equation in Proposition
5.3.3 with respect to T , after some manipulation, we obtain that

T a¢ _ 7 acél'yl i —1 7
L(ar;i)_thZari (wi)? 12,
J'Li J
where
z 98 (a3) )81
— cn : A 5.
b= =g+ engla 40P - o ; e (5:53)

We now introduce two new norms:

160 = e = 1" ey + 3 = 20l
il i

n—2y

(B(pi’vl))

+ H |$|n—2'y¢ Hc2v+a(Rn\ui,B(pi/,l))

and
n+2’y tz t’L
[l = || | = pil 2 ! ‘¢HC2“/+D‘(B(171 ) T >l = pol® ¢HC?7+°‘(B(191~/71))
’761
+2
+ | |2 ’Y¢HC2’Y+‘)‘(R”\UZ-/B(pi/,1))’
where t' = —log |x — p;| and o > 0 is a small positive constant to be determined later.

Similarly to the proof of Lemma 5.3.4, if we work in the above weighted norm spaces,
one can check that given [|h| 4, < 400, the following problem is solvable:

Lv—h+chl 512;1,

J,l,z
Jgn 0( 1Zl yde =0, j=0,1,...,1=0,...,n,

and the solution v satisfies ||v||s, < C||hl«s, where C' only depends on o. We would like to
apply this estimate to (5.5.1), . This

can be recovered by adding Some corrections.
For this, the L2-product of i and (w )6 A 1 can be estimated as follows: differenti-

ating the second equation in Proposmon 5.3.3 with respect to rj, we obtain by the estimate
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satisfied by ¢ given in (5.3.16) that

a . _ . _ (n=29)L —oth
’/n ) 2 dw’ - ‘ S l(wy)? 25 ] d“" < Ce i g0,
J
(5.5.4)
for some o > 0 independent of L large.
Since for 7' # i, the orthogonality is satisfied, we set
. 96 s
=L A 5.5.9
(b a,r; 3,04 5,0 ( )

for some a] € R. We would like to choose the numbers o’ %1 80 that the new function ¢ will
satisfy the orthogonality condition. In order to have this, we need

0 "
(b ( )ﬁ 1ZZ/ N d{l/‘ —+ Z/ ]l B_IZJZ-/J/ d,CL‘ = 0

Rn 87“
From estimate (5.5.4), one has
. (n—2v)L Y
o] < Ce™ T (et (5.5.6)

Then ¢ will satisfy the following equation

~ A ~ aci‘l/ l/

L(¢)=h+ ) ajzf (w125,
G rj

Jian &( —122, pdr =0,

where 3 o
h=h+cpyp Z a},lZ},lKﬁ?)ﬁ_l — (@) + ¢)"71].

Jilsi
9¢

67”1 Y
J

In conclusion, to estimate qg and hence it suffices to estimate h. So we now bound h

term by term.
05 (a?)
8r§

Concerning , we have from the arguments in Section 5.3 that

755"

. o~ R4, (5.5.7)
87“;-

*k

From the estimates satisfied by ¢, the same estimate holds for the second term in (5.5.3)
if o <y + ”327. For the third term, it contains the symbol d;;/, so the estimate follows
by the bounds for C},l in the proof of Lemma 5.3.4. Moreover, from (5.5.6), one can get the
same estimate for the fourth term. In conclusion, one has

|, < Co— 722040,
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Hence by the above reasoning, ||¢|l., < Ce~ P49 | Formulas (5.5.5) and (5.5.6) yield
I3
or’

Finally, by the definition of || - ||+, norm, we obtain the first assertion in (5.5.2).

Cem 049,

Similarly, differentiating the first equation in Proposition 5.3.3 with respect to a§- and

Owt n—2 . 2
(;:f ~ %!SE —pil” 2 7(v})”—QWH, one can
J J
get that

‘ C =l g

— AZ )

which yields the second estimate in (5.5.2). O
09
EEy
the ideal case when there is only one point singularity at p = 0 and u = up, i.e., the exact
Delaunay solution from (5.3.1). By definition, uy, is a solution of (5.3.15) with ¢ = 0 and
vanishing right hand side. For j > 1, we assume that we are varying w; by a;,r;, and denote
the corresponding approximate solution by uy. We are still able to perform the reduction
in Proposition 5.3.3 to find a solution of the form @y, 4+ ¢ of the following equation

( A) (uL+¢)_Cn'y UL+¢ chlw ]la

. First of all, we consider

(5.5.8)
Jrn ggwflej,l dz = 0.

Note that an estimate similar to that of Lemma 5.5.1 will hold true for the corresponding
¢. But we also need to control the derivative of ¢;; with respect to the perturbations. In
order to do so, we first introduce some notation. Define

Biti= [ AP @0+ 6) — ens s+ 81230 da

We are interested in the derivatives of 8y with respect to {&;;} = {rj,a;1,--- ,a;,} for
[=0,--,n

Lemma 5.5.2. For L large, the following estimates hold:

or;
W10 _ ¢, P(L) + O~ "F2E 040,
or; ’
Do o, P(1) + 0= 5049),
or;
0870 _ 0(67%(1+£)6*0W*ti|) for|J —j] > 2.
or; 7 -
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And forl=1,...,n

dB; 1 n-29)L
afjl S >\ )\ max{v,i + O ),
zijll = Cn,’y)\J|:m1n{i\\ iJ M—I-O(/\lie =2k (1 1¢) e—olts—t; )}, if §# J,
In addition,
gZJl’ =0, ifl £ 1.

Here the deriatives are evaluated at aj,r; = 0.

Proof. Differentiating the expression for [;; with respect to r;, and recalling equation
(5.5.8) one has

B dp  0S(ur) / 077,
7871] = / |: ((%J) + arj i|ZJ dx + ch// v ’UJ - Z i ar r; d.%', (559)

/l l/

where we have defined
L=(—A) — ¢, Bub 1,

since&z()when uy, = ur,. We write

_9¢ 0 / _ ¢
L(=2)Zde= | Ly(Z5)=—d L—Ljy)(Z)=—d
/n (mj) g dx /Rn Jg( J,l)arj T+ n( J)( J,l)arj z

+ O(e= T ottty

-1 _1,09
=Cny 0 Rn[wg —U‘Z ]67]-
—O(e T+ gmalts 151,

Zjidx + O(e_w(l*{)e_‘ﬂw_tﬂ)

where L; = (—A)Y — cnﬁﬁwgfl.
Since uy, is the exact solution, the corresponding c;»; = 0. Thus for the last term in

(5.5.9) we have
oz
ZCJNZ/ w,, Z//l/ Jldx:().
or Ty

lll

In conclusion, one has

OBJJ o 0 _ ,MUJF&) —olty—t,]
or;  Or; Jgn S(ur)Zyydr +O(e” 2 e iy,

where we have used the fact that S(ur) =0 for uy = ur.
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Similarly, recalling the definition of Z;; = )\jgaﬂ, and the estimates for g—(zg_ from the
) Jil aj
previous paragraphs,

9By 0

_ efW(us)ewm—m)_
E)aj aCLj Rn

A
S(ﬂL)ZJJ dxr + O(TJ
J

Both variations above can be calculated from Lemma 5.4.3, with the obvious modifications
as we just have one singular point so there is no summation in 4. Thus one has

A
o log (n—24)L _
/67;]‘0 = Cnyy § : [ ,\i|)4 :\\J, ] +O(6_%(1+€)6_Ultrm)-
J YE3 Hog )\]J ‘

The first four conclusions in Lemma 5.5.2 follow by taking different values of J and from
the definition of A;.

Very similarly, for [ = 1,...,n, applying Lemma 5.4.3 we obtain

st _ (AL = g2k (1) oty 1]
8aj7l )\j
0 it A n=2 a;|
= in { 22 e Wl | g =
iy 7 daj, Z[mm{ YR Inax{)\Q,, }} ' I
+ J7 o amn a :
—Cp A A —— ; J Nj e i 7 :
I Dy [mm VDY max{Ag,Ag}] S

.. OBy . .
In addition, by the symmetry of the problem, we have 8’?’2 = 0 if [ # I'. This completes
J»

the proof of the Lemma.

O]

The reason we have studied the special configuration uj is that we will identify the

B¢ .
quantities £§-’l as the limits of the derivatives of §;; with respect to {;; as j — oo. We fix
7,0

a point p = p; and a Delaunay parameter L = L;. We denote ur,,, #; the pair that gives
the solution to (5.5.8). Before we state the result, we first need to compare the functions

8? and 22 for i fixed, as in the lemma below:
o€} 98,1

Lemma 5.5.3. Tuke ﬂ? and ¢ as in Lemma 5.5.1. For i firted and j > 1 we have the
following estimate:

Ce™ (n— 27 (1+§)e—at for 1 =0,
*o % — jW)L(Hg)e_ j forl>1.
J

O
H agl ag;i’ .

Proof. As before, we write down the equations satisfied by ¢ and ¢;,

() @+ 8) = enn ) + 0 = 3 (w21

.3,
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and

(—A)W(ﬂLi—l-(;gl) C,W(uL +¢z chl ﬁ 1Zz

We will differentiate both expressions with respect to 53-71; one has from the first equation
that

0w 9¢
Lo 1
o, 9,

¢
agz L ag?l)
o0 a 7/

—ZZ ¢ 85@ Vg +ZZ wy)* " 25y
i if

(—A)( ) — canB(a) + ¢)P~ 1(

Here, by the definition of the approximate 0 50 = (89;; .
7,1
Next, differentiating the second equation,
oury, 8@51 _ T\8—1 our, aﬁgz
—A)? L4 —c /BUL1+¢B U
(=4 (8£j,z 3€j,l) Bl # (551‘, 8{7,;)
> Oc 1
_ 35 i -1
- '/Z 5 (W) Z; + Z Ciim— ag Zj).
j'=—00 j=—00

To simplify this expression, recall that when %, = ur, is a exact solution, one has c;; =
0, ¢; = 0. So when evaluating at &;; = 0, this equation becomes

d¢i 5-1 0

_A mn .
( ) 85][ —C 7’7“[/1 8§j,l

ow; _1 0w = Ociiy, o
(=4 8§J Cn B, f;]z = 8§jz (w§)" Zj
) jl:—OO 9

Denote Lo = (—A)Y — ¢, ,3(?)? L. Taking the difference of the above two expressions we

9¢ _ 99 .
ok, 9

obtain an equation for
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70( op O )

35;,; - 951
O} 1\ 00
— =0 -1 _ ,B-1 J ~0\s—1 _  B-1 i
= Cn,’yﬂ[((uz + ¢) uLi )aé-;’l + ((uz) uLi )86‘]7l:|
_ _ 017 O
+ na Bl +0)° — )2
j?l
T Z Z 5 agz j gl 85?1 wyr 3t I wjr il
il i _]/_0 B j/:foo )
Ly, Owl _1, 99
— -0 -1 _ ,B-1 J ~0\s—1 _  B-1 i
= e8| (@ +6)° 7 — ) g, (@) —ul) o
_ 99
+ ennBl@ + )P — (@) 1]38
+ Z l Dz S dej (Wl Z 1
j 851 Js ! aé-‘],l J )
86 i l’ aC]/ 4 . / l’ . 1
+ Z/ / /+ Z ZZ/ X
Z og, ~ og ) A ; g,

Neglecting the terms in the last line, taking into account the estimates in Section 5.3, the

estimates for gf: in Lemma 5.5.1 and the estimates in Lemma 5.5.2, one can find that the
i
. _(n=29)L — .
right hand side of the above equation can be bounded by e~ 2 1+ in || - ||,
norm.
¢ _ 09

We first consider the case | = 0, i.e. £, = r . In this case, to have control on x,
4,0 or Brj

7
j
we can reason similarly as in Lemma 5.5.1. More precisely, we first set

~ 0 8Z
qb: ¢ ¢+ZO"Z’Z’Z’
]

] il

In order to get the orthogonality condition fRn gﬁ(w{,)ﬁ_lZiL dx = 0 for every I,J, L. we
need

Op 0o ne-1gl

lll

=

Differentiating the orthogonality condition of ¢ and ¢; w.r.t r;'-, in analogy with (5.5.4), we
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get

[ s - Sy zhaa] = X | [ 0= gl 24
R7 87‘j 8rj 7 n . ,

B e e G P R

=) 0 ifj £

where we have used the fact that ¢; = 0 for ur,. Therefore, from (5.5.10) we have the
following estimates:

(n=29)L —ott g . .
Ce 1 W0 iy = j/ =,
i! (n=2y)L —olti—ti,| ... . . .
‘O‘j’,l" S e e G P L T iy 3" # 7,
0if i #4.

(5.5.11)

Moreover, ¢ solves

in 8¢ 895,' i 7
Lﬂ? (¢) = L’l]? (W — 81"Z ) + ]L,a? (Z aj’,l'Zj/,l’)
41
fole} 8¢, i
:]L (81" 1"1, WBZa,l, —(w]) )Z’l’

lll

(n—2v)L g
By estimate (5.5.11), we know that the second term is bounded by e~ 7 (140t

in || - [|«s, norm. So the right hand side of the above equation can be controlled by

(n=2v)L _oth . . .. -
ema (et iy Il - ||%, norm, and thus, applying Proposition 5.3.3 to ¢,

H‘ZASH vy < Ce™ S (1+6) ,—ot}

Looking back at (5.5.5), from the estimates for O‘;’l we have

H 8@ < Ce~ A ot
A similar argument yields
H agbz R ]
=X
The proof of the Lemma, is completed. ]

From the previous lemma we can obtain estimates on derivatives of B;- ; wWith respect to
i
il
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Lemma 5.5.4. In the previous setting, we have the following estimates

L (14¢) oty =I5t ypy
- b

OByw _ 0By Ce .
C, M(l-‘rf) 7o't e~ olt ?—t;.,| ifl>1
€ <5

85;"71 afj,l

forj > 1.

Proof. Recall that by the definition of ﬁil and 3;,

= [ =AY (@0 4+ 6) — conal +9)°)2) do
Bia= [ (-0, + 6) - eus un, + 6712} do.
Differentiating the above equations w.r.t 5;71 and taking the difference, one has

3}

@(5/5/ = Bjrr)

9¢ aq_sl ) ~0\6—1 B-1 a¢l
= L; —NZ% dr — cpn 8 U, — Zz/ ,dx
L bt — g i de—ens [ (@7~ 52

_ 0w
—enyB | (ul = (@ + )P JZ%l,dx

o€
96
3y

RTL
—engB [ (@0 = @S 2 da

4 9
+C;'7l/n( J)ﬁ IZ-;laé'l ;/,l/ dz.

By oddness, one can first get that the term in the last line vanishes. Moreover, by the
estimates in Lemma 5.5.1 and 5.5.3, one can get that the first two lines can be controlled
by e‘w(lﬁ)e*”;e_a't;_t;/l when [ = 0 and %e‘w(“@e*ot;e_alt;_t;"| when [ > 1.

Thus one has

9 Ce_w(l‘%)e*”t;e_Ult;_t§/| if 1 =0,
—_— - 71 1 n— i |ttt f > 1.
85;.1(5 o= Biu)| < ge OB (1) ot ot | gy s g 7T 2
The proof is completed. O

5.5.2 Derivatives of the numbers BZ for the general parameters aj,rj

In this subsection, we consider the derivatives of the B;- ;s for the general parameters a;-, r§
satisfying (5.3.7)-(5.3.10). We write the counterpart of Lemmas 5.5.3 and 5.5.4, but we do
not prove them since the methods are quite similar. In the following, we assume that 7 < o.
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Lemma 5.5.5. Suppose aé,ré satisfy (5.3.7)-(5.3.10). For L large, let u and ¢ be as in

Proposition 5.3.3, then we have the following estimates for a?g? — ggil :
3l 5
_ (n—2~)L T} .
H dp 0 <C Ce 1 0™ i1 =,
_r _ (n—27)L i
06, Ol = 7| e 0T iz,

J

for 5 > 1 if we choose T < o.

Lemma 5.5.6. Suppose aé,r; satisfy (5.3.7) - (5.3.10). For L large, let u and ¢ be as in

Proposition 5.3.3, then we have the following estimates

_(=29)L —rtt —olti—ti,| .
0 (B Biryr) Ce T (148) o=t o Ol =t if 1 =0,
— (B — B yp)| < (n—2y)L i gl i ]
ggt, Vi TS g ek g oSy s g,

J

for 5 > 1 where £ > 0 is a positive constant independent of L large.

5.6 Proof of the main theorem

In this section we prove our main results. We keep the notation and assumptions in the
previous sections. Before we start, we define some notation:
~i

&l = (@b, ak,- ) = (bl )

Ti@) =TI, Ti() =T,

where
—1 1+e 2l 2L 0
i_| 0 —1 1+e 2l o2k 0
0 0 —1 14+e 2l —e2Li
and
-1 2 -1 0
Ti—| 0 -1 2 -1 0

For 7 > 0, let us also introduce the weighted norm and space

[(25) | = sup ez

J
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and
= {(@j,r}) @) + [(r5)]- < +o0}.

At first glance, these infinite dimensional matrices are not invertible, since they have
the trivial kernel (1, 1,--- )%, but they are indeed invertible in some suitable weighted norm,
which is given in the following:

Lemma 5.6.1. The operators T¢, T} have inverse, whose norm can be bounded by Ce™ 2,

Proof. Given (f;)i>1 with |(fj)j]- < oo, our goal is to solve T%(a%) = (fi);. Defining

oo l—j5—-1
i= 3 (X e
I=j+1 s=0

one can easily check that the solution @ satisfies the required conditions and that the

; J
operator is an inverse of T2 both from the left and from the right (here the index for f

starts from 1, while the index for a starts from 0). Moreover, one has

l—5-1

o] —Jj—
@l < Clfile Y- (> e i) DT < CemGitT )
I=j+1 s=0

which proves the result for Tg. The proof for the inverse for T has been given in Lemma
7.3 of [132].
The lemma is proved.

Recall that in Proposition 5.3.3 one has found a solution v = @ + ¢ for

(=A)'u — cpu® Z cj(w 1Z’
0,7,

The solvability of the original problem (5.1.1) is reduced to the following system of equations:

il = / [(—A)Tu — cnﬁu'g]Z;l dr =0,

foralli=1,---,k,j=0,---, 400, and [ =0, --- ,n
Using the above lemma and a perturbation argument, we can prove the following result:

Proposition 5.6.2. Given {R' a},q;} satisfying (5.3.7) and (5.3.8) with L sufficiently
large, if we choose T < min{§, o}, there exist (a});; and (r )Zj such that (5.3.10) holds true
wzthﬁ}yl—()for]21andalll—O . nz-l k.
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Proof. For | =0, consider

. 1 .' _ . .
Go = F(Li)[ 50— jZ',O] — T7(r")
and forl=1,--- ,n,
i ST i 7 i(xi
Gl = )\; [ Y j7l] - Td(a )7

where (¢, correspond to the numbers 3¢, for the approximate solution @, i.e., the solution
gl al i

when a;, r; are all zero.

One can easily see that ﬁ;l =0forj>1if

ai— | 2g | pa (5.6.1)
= ta N P l 0
and
i _Trfl{ B |+ Gé}_ (5.6.2)

Next we show that the terms on the right hand sides of (5.6.1)-(5.6.2) are contractions
in an appropriate sense. First, by Lemma 5.4.1, one has

(n—2v)L; i
i Ce 2z (4079 i1 =, .
1851 < (2L s for j > 1.
’ Chie =z (48774 if | > 1,

—2 _

We write the j—th component of [¢—= Ll( L= B)] — Ti@") as Gy + Gay,j, where

X\ ol g,
Lre™57 L 081, (H(al, 1)
o e 2 3, ’ _ qilsi i
GLZJ—/O [ )\} 5 A}(a,r)dt
and
Goyj = A" —Tia")
for




where 3;; is given before Lemma 5.5.2 and Zz;'- corresponds to the translation perturbation

of the j—th bubble in the Delaunay solution, see Lemma 5.5.2. Also observe that

Ts(a") = Ts(a").

Let us begin by estimating G, ;: using Lemma 5.5.4 for [ = 1,...,n, one finds
oo n—2yp aﬁz )
e 2 gl 8/8]'71 ) (n— %)ng — min{o,7}t*
<) X loal,  oal, @]+ Oe” )

7'=0

< Ce~ (n= 27)%52 —oti e —oltj—t; /\|az | + O( %5 — min{o, T}tl)
J’
< 0(6_7(7%227)[1667 min{a,f}t§->.

To estimate Gy ;, we apply Lemma 5.5.2 which gives
2Ny [y ~ —ti
(Gl < Cem 2 E o (fas_y |+ fafal) + >0 e a ).
J#i£L
Combining the above two estimates, one has for 7 < o,

(n

2)’L )Z
|Gill -z < CeTte ; €l 2z, +O(c ) forl=1,...,n

Similarly, for [ = 0, one can get that

(n 2’7) i

||GZ\|TL < Celem erZ”TL 4 O(e ),

Next, with some abuse of notation, equations (5.6.1) and (5.6.2) are equivalent to

_ ("7227)[/1' I3

. (n—=29)L; . i
8l = T;1[67L67+5||32H‘I_Li + O(e )] = Ga(az)
and . 1 L (n—2v)L,; . (n—2v)L,; .
v =T, e 2 S, + Oe” 28] = Ge(r),
where the terms on the right hand sides of the above two equations are estimated in || - || rz;
2
norm. We now consider the set
B={(& a;, j) |a%| L + [Ir?|| rzy L < Ce L}, (5.6.3)

For 7 < & small enough, it follows that (Ga, Gy) maps B into itself for L large. Furthermore,
it is a contraction mapping. So by fixed point theory, there exists a fixed point in set B.
Thus we have found d;, r§ such that ,B;l =0 for all j > 1, as desired.

O
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We are now in the position to prove our existence result.

Proof of Theorem 5.1.1. By Proposition 5.6.2, we are reduced to find R, df] and ¢; for
which £, = 0.
For j =0, from Lemma 5.4.4, one has that equation 5670 = 0 is reduced to

n— i i\ 2 Rj =
Boo = —ennti| A2 > Ipr = pil " (RRE) gy — (Rill) 2
/¢Z 0

4 O(e= 40y — g,

ale FHE 1+ o)

Recall that by the definition of R;, i,e., Ry = RY(1+r}), and the estimate for 7‘ (5.6.3),
then the above equation can be rewritten as

i il \ =2
A fpy = pil T TPURRT) T gy — g = o(1). (5.6.4)
i

On the other hand, the equations 56,1 =0forl=1,---,n are reduced to

= Cpnny [Ag Z |Pz |n 2V+2 (RZ Rz ) qir

al
+Ao(§i>

i gl n— (n—29)L
bt e o =010 o
0

By the definition of a , 1.e. a ()\Z )2 ¢ and EL;- = a} + dé, and the estimates satisfied by Ezg
(5.6.3), the above equatlon can be rewrltten as

Pir — Pi)l i i’
Agz |pz( i ) (R'R")" =" 52 " g + Apdbq; = o(1). (5.6.5)

Our last step is to choose suitable aj, R',q; such that equations (5.6. 4) and (5.6.5)
are solvable. Recalling the balancing conditions (5.3.5)-(5.3.6) satisfied by &l b , R b, the
solvability of (5.6.4)-(5.6.5) depends on the following invertibility property of the linearized
operator of the above equations around dé’b, Rib, qg’ :

Lemma 5.6.3. If we denote by

. . n—2y
F(R',q) = Az Z i = pil " RRT) T g — g,
il i

then the linearized operator of F around (Ri’b,qf) 1s invertible.
Proof. From the definition of F, one has the following expression for the linearized operator

, _ o2k k
Frigl(rio gy : R = RY,
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where

for

and

for

Fo = (dij)

n—2y

Qi =—1, i = Aslpi — pj| "I RPRIN) T i A,

Fri = (Rij)
n—2y 1 o L m—2
= P00 LS ORI,
i'i
n—2y 1 C(n— i b 1o by P2 .,
Ry = " g Aalpy = pil T RIRIN T i 4

From the balancing condition (5.3.5) we know that

f(Ri7b7qg) = 0

One can easily see that the matrix F,, is symmetric and has only one-dimensional kernel,
which is given by

Ker(F,) = Span{(¢%,--- ,¢})}.

The balancing condition (5.3.5) also implies that

Rl’b qb
=2y [ ]
2

]:Ri : :
REb qlli

Thus we conclude that the operator F Ribgv 1S SUrjective.

O]

From Lemma 5.6.3 and the balancing condition (5.3.5), one can easily find (R, ¢;) which
solves (5.6.4) by perturbing near (R’ ¢?). Looking at the second balancing condition

(5.3.6), once (R’,q;) are known, one can find @} around dé’b which solves (5.6.5).

In conclusion, we have chosen R?, g;, &6 such that (5.6.4)-(5.6.5) are solved, i.e. 56,1 =0.
The last step in our argument is to use the maximum principle (Proposition 4.3.8) in the
previous Chapter 4 to show that u > 0. This concludes the proof of the main Theorem.

O
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Chapter 6

Fractional
Caftarelli-Kohn-Nirenberg
inequality

6.1 Background

The Caffarelli-Kohn-Nirenberg inequality was introduced by Caffarelli, Kohn and Nirenberg
in 1984 (see [31]). The existence or non existence of extremal solutions and the properties
of these solutions have extensively studied since them. The classical inequality was stated
as follows: let p,q,r;a, B,0;a € R be fixed numbers satisfying

1 1 1
p7q217 'f'>07 Ogaglv 7+g77+§77+1>0; 7::0’0'_‘_(1_0’)57
p n q n r n

then, for all u € C§°(R"), there exists a constant C' such that

1-a
La

1+7:a<1+a_1)+(1—a)(1+5>
ron D n qg n

a—1 1 ~

o < CH|:L‘|°“|VuH|(zp H|x!5uH (6.1.1)

Izl

if and only if

and

1
0<a—-cifa>0, or a—oc<1lifa>0and -+
P n r o n

In 1986, Lin clarified under which necessary and sufficient conditions the previous inequality
holds (see: [120]).

If we restrict the study to the case p = 2, a = 1, the Caffarelli-Kohn-Nirenberg inequality
(6.1.1) establishes that for all @« < f§ < a+ 1 and a # ”T_Q, in space dimension n > 2, it
holds that

|

u > v n o \— VU|2
(/Rn [ P2 dx) < (A% /Rn ‘|x20‘ dr, YV u e Dyg (6.1.2)
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where

_ 2
2" = n72+27zﬁ7a)7

Do = {|z|Pu € L* (R"), |2|~*|Vu| € L*(R™)}

and ( Z 5)_1 denotes the optimal constant. This inequality represents an interpolation
between the usual Sobolev inequality (o = 0, 8 = 0) and the Hardy inequality (« = 0,5 = 1)
or weighted Hardy inequality (8 = « + 1). A strategy to find extremal solutions (or
minimizers) for inequality (6.1.2) is to look for solutions to the following Euler-Lagrange
equation:

2% —1
. _ U
— div(|z| ?*Vu) = Pk (6.1.3)
One could also consider the more general equation
by u2*—1
. _9 o
—div(|z|™**Vu) = ‘x|2(1+a)u+ BRk (6.1.4)

where —oo < A < (%)2

Some particular cases were studied before the general inequality (6.1.1) was published. For
example, the best constant and the minimizers for the Sobolev inequality (o = 0, 8 = 0)
were given by Talent in [168] and Aubin in [11]; or the particular case « =0, 0 < 8 < 1
was studied by Lieb in [124], where he found the best constant and explicit minimizers.

The inequality for the nonnegative range 0 < a < ”7_2 with @ < § < a + 1 has been
studied in different works (see [52]-[128]-[129]-[171]) and the symmetry of the minimizers in
this region has been studied in depth.

The negative region for o, which is more delicate because the symmetrization methods
were not applicable, was studied in [12], where Catrina and Wang provided results for the
best constant, the existence (or nonexistence) of minimizers and their symmetry properties.

The symmetry of extremal functions for inequality (6.1.2) for whole range —oco < a <
"772 was considered by Lin and Wang in [127], where they proved using moving plane
method that all non-radial extremal functions are axially symmetric with respect to a line
passing through the origin. Some years later, Costa gave in [53] a new and short proof
for inequality (6.1.2) in some particular cases; this proof was based on some definitions of
weighted Sobolev spaces and their embbeding into the weighted L2-spaces. Bouchez and
Willen also gave in [24] a simpler proof for the result of Lin and Wang; their proof relies on
the use of polarizations.

The fact that symmetry for minimizers can be broken was discovered by Catrina and
Wang in [11]-[42]. In [87] Felli and Schneider highlighted the symmetry-breaking phe-
nomenon when they found non-radial minimizers for a small perturbation of equation (6.1.4)
This work conjectures that the symmetry region and the non-symmetry region are separated
by a curve that we will call Felli-Schneider curve. (See also: [67] for numerical results or
[68] for a formal expansion). This fact was proven, in many cases, in a series of papers by

Dolbeault, Esteban, Filippas, Loss, del Pino, Tarantello and Tertikas. A good summary for
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all this work was done by Dolbeault and Esteban in [65]. Firstly, in collaboration with Es-
teban and Tarantello, they studied in [73] the symmetry breaking phenomena in two space
dimensions in a suitable sets of parameters by a blow up argument and an analysis of the
convergence to a solution of a Liouville equation; later, in collaboration also with Loss [72],
they proved some new results for the extremals of inequality (6.1.2) in any dimension larger
or equal than 2. In [60]-[71] they focused on the study of a logarithmic Hardy inequality.
Later, following a similar analysis to the one in [60], Dolbeault and Esteban studied in [60]
a more general inequality than (6.1.2): they kept the value of p =2 in (6.1.1) but they let
a € (0,1). They showed the positivity of the minimizers, but they could prove that the
infimum is attained only for a certain range of «.

In the particular case « = 8 , the problem was already studied by Musso and Wei in
[117]; where they provided, under different assumptions, nonradial solution to the C-K-N
equation (6.1.3) in dimension n > 5.

A similar problem to equation (6.1.3) (or (6.1.4)) has also been studied for a bounded
domain, where it becomes a boundary problem, as we can check, for instance, in the work by
Abdelaoui, Colorado and Peral in [3]-[2] for mixed Dirichlet-Neumann boundary conditions;
or the case of a general smooth bounded domain €2, which was considered by Ghoussoub
and Robert ([91]) when 0 € Q, and generalized by Chern and Lin ([50]) when 0 € 992.

More general cases than p = 2, i.e., for a general p € R, have been studied from 2002
to nowadays. For example, in [27], Byen and Wang with the symmetry property of the
extremal functions for the LP version of (6.1.1) for p > 1. The existence of extremals for
inequality (6.1.1) for a general p € (1,n) was studied by Musina in [1416]. The symmetry
breaking of extremals for inequality (6.1.1) for 1 < p < q < p*, where p* = % if p <,
and p* = oo if p > n, was introduced in [38], where Caldiroli and Musina provided an
explicit necessary condition to have that no extremal for the best constant in inequality
(6.1.1) is radially symmetric. The case p = 1 has recently studied by Chiba and Horiuchi
in [51], where they proved that the symmetry breaking of the best constant occurs under
some assumptions.

Finally the conjecture that the Felli-Schneider curve (given in [87]) is the threshold
between the symmetry and the symmetry breaking region for the minimizers of inequality
(6.1.1) (for a general p but a = 1) has been resolved by Dolbeault, Esteban and Loss using
non linear flows in the recent work [70]. Since rearrangement inequalities, reflection methods
or moving plane can not be applied in some regions, it was not enough to study only the
optimizers in the radial class. The key idea in their work was to rewrite the inequality in
terms of a new variable p = v™" and assume that v satisfies a fast diffusion equation. This
idea of exhibiting a nonlinear fast diffusion flow under a monotone action (non linear carré
du champ method) allows to use the fast diffusion flow to drive the functional towards
its optimal value. In their notes [71], they gave a simpler explanation and reformulated
the result in [70]. A more general case, was studied by Dolbeault in collaboration with
Muratori and Nazaret who recently focused the problem from another point of view; in [75]
they followed a concentration-compactness analysis and on a perturbation method which
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uses a spectral gap and let them establish the existence of optimal functions, study their
properties and prove that they are radial when the power in the weight is small enough.

Later on Dolbeault, Esteban and Loss also used non linear flows for studying the CKN
inequality in the sphere ([69]) They built a counter-example which shows why heat flow
methods definitely cannot cover the whole range of the exponents p up to the critical
exponent 2*  while nonlinear flows, with a proper choice of the nonlinearity, do it. Before
this work, it was not known whether the limitation was of technical nature, or if there was
a deep reason for it.

6.2 Introduction

The main aim in this work is to generalize the Caffarelli-Kohn-Nirenberg inequality (6.1.2)
to the fractional setting with v € (0, 1).
Conjecture: Let n > 2+, this generalization can be written as

2
A @ )T < (x) dy dz, (6.2.1)
on |x|62* - ywwxw \y|a y =

forallagﬁga—{—%a;é"
(independent of u) is given in (6.3 2), the value of

T and u € D) L The value of the positive constant A

2*

_ 2
Y = i) (6.2.2)

is computed by scaling argument and our functional space is

= {|z|Pu € LY (R //n e dy de, < oo},

provided with the following norm:

1 1
_ Ju(@)| & (u(@)—u(y)?® 2
HUH%QWB - </]Rn |z |B2* > (/n /n Jz—y|[" T2V [z y]> dydl')

We found no reference (in particular, no proof) of this inequality in the literature. We
expect to have a full proof of it soon. As in the classical case (6.1.2), this inequality (6.2.1)
is an interpolation between the fractional Sobolev inequality (o = 0,8 = 0; see: [91]) and
the weighted fractional Hardy inequality (8 = o+ ) (see [1]).

The goal of this work is also to show some results for the symmetry and symmetry
breaking region for the minimizers. Following the framework of [72] we expect, first, to
give a range for the parameters o and  where the extremal solutions for (6.2.1) are ra-
dially symmetric, and later, to provide a region were none of the extremal solutions are
radially symmetric. In order to get this result we reformulate the fractional Caffarelli-
Kohn-Nirenberg inequality in cylindrical variables and we provide a non-local ODE to find
the radially symmetric extremals.

Assuming the inequality to hold, we start the study foralla < S <a+1,0< a < n_227
and u € D) 4
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6.3 Preliminaries

The extremal functions for (6.2.1) are the minimizers for the functional

2
Jew Jrw % dy dx
Flu) = =] \||y\2

(fRN P )

The Euler-lagrange equation associated to this minimization problem is

n M _ / (u(z) — u(y)) d (6.3.1)
R

RS n o=yl ]yl

where the constant &y, ., is normalized as in (6.3.9). Indeed, let ¢ € C2°. The Euler-Lagrange
equation for inequality (6.2.1) is

o [ WAl e, [ [ ) —uo) o),

R" |:z;|52* Ix—yl”“”\wl lyl*

which is the weak formulation of equation (6.3.1). Here C' = 2xy,
The value of the constant A in (6.2.1) is given by

Ju(z)[* 5
u\x)|
A = 2K — dx . 6.3.2
a,y (/]Rn |l”527 ) ( )

Lemma 6.3.1. Let o, & € R, the integral function given by

Ie) = [ s ay

1s radially symmetric and can be expressed as

I(z) = Sherltl,

where kS is the constant defined as
&L (=[¢]%)
K/Z7z =P.V. /Rn W(jc (633)
Note that the value of this constant (6.3.3) is finite for all v € (0,1) when

—a—a<2yandn>aifa<0,
a>-2yandn>a+aifa>0.
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Proof. First, we can check that I is radially symmetric, i.e, if R denotes any rotation, then
I(x) = I(Rx). Since R~' = RT where RT denotes the transpose matrix and |R| = 1, then

Rz|~9—|y|~© z|—E_|y|—E

n (|2 +]y[2—2<Rzy>) "2 |y|*
:/ (==~ RTy =) dy:/ (o=~ | gT|=" gy
nt2y
R (j2f2+RTy[2—2<a, RTy>) "2 |RTy|e (laf2+g12—2<2.5>) 2 gl

Rr (|22 +|g12—2<z,g>) "2 ||~
where we have used the change of variable j = RTy.

Secondly, after the change of variable y = |z|(, since I is rotationally invariant, if we
denote e; = (1,0,---,0) we observe that I(z) reads

_ 1 (1-l¢I—%) _ 1 A==« n,a&
1) = i /R & —crege 9 = T / g 4 = RlERaS:
0

We will see in Section 6.4.1 that these integrals can be studied using hypergeometric
functions.

a

Corolary 6.3.2. Let & < 0, the constant nzﬁ“ 1s positive for all o 5, negative
for all a < ™5 27 —$ and zero if a = "_227 — 5. What’s more, if & > 0, the constant kqy
is positive for all o < 5 27 — &, negative for all a > "5 27 —$ and zero if . = ”_227 -3

Proof. We first use the polar coordinates for the variable (: o = ||, § € S*~!, and represent
e1 by o € S*71, then we have

=pv. [ Wl e = J(0) do, (6.3.4)

o 1P -

where

anla

=P.V. way do-
0 (1492—20<0,0>)" 2

We can write this function J(6), using the change of variable ¢ = 1/p in the first integral
of the two integrals in the second line as

I—e (1_ a) n—1l—« o0 (1_ 7&) n—1l—a
J(0) = lim ¢ ) —dp +/ e e —do
—0Jo  (1+02—20<0,0>)" gt +e (1+0%—20<0,6>)

o _ _ o _

. —(1—p— @ 2v—1+4+a+a 1l—p— @ n—1l—a

= lim (1=e”%e n+2’y dQ + / (1=e”%)e d,Q
€20 J14e (14+02-20<0,6>) 2 Le (1402 —20<0,0>)" o

_ 1 (1—g=%)p ! n—aq 2v+a+a
- 11m n+2~y (Q - Q 7 )dQ
=0 J1te (1402 —20<0,6>)" 2
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Since p € (1,00), we can assert that for all @ < 0,

. n—2y &
0 iff - =
> i o > 5 5
_9 A
JO) =0 iff =" ¢ (6.3.5)
2 2
n—2y
<0 iff a< — =3
Ha 2 2’
the same as for all & > 0,
n—2y @
>0 iff a< - =
iff « 5 5
—9 A
JO) =0 iff a=" . i —%, (6.3.6)
. n—2y &
0 iff - —.
< i o > 5 5

Then, going back to the expression for /{Z’g given in (6.3.4), we complete the proof of the
corollary. 0

Remark 6.3.3. As a direct consequence of Corollary 6.3.2 we have that the constant ra,“
defined as in (6.3.3) with & = —« is negative for all 0 < a < ";57

Lemma 6.3.4. The function u(x) = |x|™" attains the equality for (6.2.1), where

-2
yi=" 5 T (6.3.7)

Proof. Tmposing that u(z) = |z|™" is a solution for (6.3.1), it yields

n —u(25—1)—B2%4a _ |z] =" —|y[ ™"
K‘a,'y|x‘ ( 7 ) K - /]R dy

, le—y[n T2yl

0o o (6.3.8)
= ‘l,|—l/—2’7—a/ / (1-0"")e T dQ de’
nJo (14+0%2—20<0,0>)" 2
where we have used polar coordinates with o = % and 0,0 € S ! for x,y, respectively.
Equality (6.3.8) is possible if and only if the constant g, ., is normalized to be
n n,v n— 2’7
Koy = Koy and v = 5 T (6.3.9)
using (6.2.2). O
Remark 6.3.5. Recalling the definition of the constant 5313 given in (6.3.3) we can assure,
thanks to Lemma 6.3.1 and Corollary 6.3.2, that 0 < 7, ., < oo for all =2y < a < "_227.
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6.4 Results

Theorem 6.4.1. Let n > 2~y. Extremal functions for (6.2.1) are radially symmetric for all
0§a<% and o < B < a+ 1.

Proof. Let u € C°(RY \ {0}) and consider
v(z) = || %u(x), (6.4.1)

for any x € R™. Inequality (6.2.1) for a function v as in (6.4.1) reads

"U( ) ‘;U|O‘ |y‘a ( ))2
A </R" ‘CC| ) /" /n |x_y|n+2y’$| iyl dy dx
_2/n/n @_ ﬂmy‘(a)dydm (6.4.2)

y))?
/n/n Iw—yI"“” Ay dx.
where we have used that

v (x) = <1 — _a) v (y)+ - -

The first term in the right hand side of (6.4.2) can be written as 2 [n v?*(2)I(z) dz, where
I is the integral studied in Lemma 6.3.1 when we take & = —a. Thus inequality (6.4.2) is

—Q

T o2 (y).

T

v?(z) and v*(y) = <1 — ’Q

equivalent to

2

A / de f—2/{” 0‘/ / / v) dydz. (6.4.3)
R ‘$|(5*a)2f, a7y |x’2fy n Jon ’.’L‘ _ y’n+2w

Finally, we will rewrite this inequality for ¢, the decreasing rearrangement of v. For the left
hand side, we can apply Theorem 3.4 in Chapter 3 of [125] to assure that

o) o) o() jo()?
/ ez 2 | g oprde and 5y dr > 5 da.
B [z| 7 R" |z| K R |Z] re |

Because of Remark 6.3.3 we have that ray“ < 0 for a € [0, n—227)'
For the right hand side, we can apply theorem I.1 in [93] which assures that

o) — v(y))?
/;/n\x—w“% ay d </¥/F|x—mww ay de.

Then, since the symmetrization gives a better approximation in (6.4.3), we can assure that
if the equality is attained by a function v, this function is going to be a radially symmetric
one, which implies ¥ = v. Indeed, suppose u to be a function which reaches the equality in
(6.2.1), then v given as in (6.4.1) reaches the equality in (6.4.2) and Theorem 3.4 in [125]
completes the proof.

O]
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6.4.1 The inequality in cylindrical variables

Inspired by the transformation we did in Chapter 3 to obtain the Hardy inequality (3.3.18),
we would like to reformulate the fractional Caffarelli-Kohn-Nirenberg inequality in cylin-
drical variables. First, in the light of Lemma 6.3.4, we can write any function u € DZK 3

u(z) = |z| Yv(x), (6.4.4)

where v € Dl’ﬁ, which will be defined in (6.4.8), and v is given in (6.3.7).

Proposition 6.4.2. For a function v as in (6.4.4), the Euler Lagrange equation (6.3.1) in
cylindrical coordinates (r = et, s = €™ ) reads

. 00 —"T) (y(t, 0) —
Ko |u(t, 0)]% (¢, 6) ngvv(t,ﬁ)%-/ / - (w(t,6) = v(r, o)) ——dodr,
y ’ oo JS§n—1 (1 + e—2(t—7’) _ 26—(15—7') < 970- >) 3
(6.4.5)

and inequality (6.2.1) becomes

</Sn1/ t0]2>§<2/€””/8n1/ 2(t,0) dtdo
20 (0(t,0) — o(7,0))?

/ / / / i : 57 dr dtdf do.
sn—1 Jgn—1 1+e—2t T)—2e—(t_7)<9,(f >)"2

(6.4.6)

Proof. In polar coordinates (r = |z|, # € S~ ! and s = |y|, o € S*1), the Euler-Lagrange
equation (6.3.1) reads

r~Yo eV n—l—a,.—«a
R [o(r, 65 2u(r, O)r 23052 — / / s uls, o)t g do,
sn-1 32—1—7“2 2sr < 0,0 >)" 2

which after the change of variable § = # is equivalent to

sn—1l—«

Ko |0(7, 6)|? v 2u(r, 0)r =25 (v+B)+2v+20+27 _ / / “Yv(rs, 0))s —— ds do.
sn-1 1+s2—25<90>) 2

Moreover, using the trivial equality v(r,0) = (1 — s "v(r,8)) + s “v(r, 0), we have

_ s sn—1l—a—v
/ / v(rs,o))s C dods.
S 1+32—2s<¢90>) 2

(6.4.7)

7014 7‘1}(7’, 9) ’2:_2’0(7’, 9)?" s (v+B)+2(v+aty)

Now, we can rewrite (6.4.7) in cylindrical coordinates using the Emden-Fowler change of
variable (r = ef, s = €” and thus, 5 = e~ (*=7)):
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(t,0))>2u(t, e)e(—2§(l/+6)+2(u+a+y))t _

Koy v(t,
(v—n+a)(t—7) _
s [ o - vra)
Sn—1

n+2~y

(1+e20-7) —2e=(t=7) < 9,0 >) 2

which, for our choice of v as in (6.3.7) reduces to (6.4.5).
Once we have the Euler Lagrange equation in cylindrical coordinates, we follow the same
steps to rewrite the inequality (6.2.1). First, in polar coordinates it reads

A (/ / lu(r, §)[23r~ 2w+ g d9> <
sn—1 Jo

00 %) 9 7 - 2sn—1—«
/ / / rn—1—2(o¢+'y+y) / ("U(T’, )7 S j)(rs? U)) 8n+27 ds dr do d@,
sn—1 Jsn-1 Jo 0 (14352 —-25<0,0>) 2

which using the trivial equalities

UQ(T, 0)=(1- E_V)v2(r, 0) + 5_”1}2(7“, 0)

and
v2(r5,0) = (1 — 3 )%(r5,0) + 50 (r5,0)

is equivalent to

A </ / l(r, 0)|?r~ B @HAFn=1 gy d9> <
sn=1.Jo
K ’”/ / r"_l_z(a+7+”)v2(r,9)drd9
S§n— 1
0 pn—1— 2a+'y+z/) n—l—-a—2v(1 _ &
/ / / / (5, 0)5 078 e dsdhdo
Sn—1 Jgn-1 (1+52-25<6,0>) 2
o] = 2zn—1—a—v
+/ / / r"_l_Q(o"Lw”)/ (v(r,8) ~vlrs,0))°s o d5drdf do,
sn-1Jsn=1 Jo 0 (1+52-25<6,0>) 2

which after the changes of variable s = 5r and 7 = rs~! in the second integral in the right
hand side reads

2/2*
(/ / lu(r, §)|2 2 B +n— 1drd9> WS
Sn—1

2}@””/ / P2t 2 (1 9) dr do
Sn—1

/ / / PR / U oNS 2 dsdravds
sn—1 Jgn-1 1—#.92—25<00>)n+27
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and in cylindrical coordinates (r = e*, s = 7 and 5 = e~ (*=7)) it becomes

oo
([ o
Sn=1J—o0
253’,:/ / (2t TIN2(40) dt df
sn=1J—-c0o
0 00 —(n—a—v)(t—7) _ 2
L / / / o(n—2(actr )t / ¢ w(t.0) Zv( )" 4 gt a6 do.
sn=1 Jgn-1J oo —oo (14 e 20=7) —2e=(=7) < .0 >) 2

To sum up, for our choice of v in (6.3.7) we have that, in cylindrical coordinates,
inequality (6.2.1) reduces to (6.4.6).

2/2"
25 (=25 (v+B)+n)t gy dH) <

O
Definition 6.4.3. Here we will define the new functional space

Dl s={ve ’RxS"):

] [e'e} _n 2“/< —7) . 648
/ / / / < 2 TR0wOvr?  gr dtdf do < oo} (6:48)
sn=1 Jsn-1 J 00 J—oo (1+e=2(t=7) —2e=(t=T) < 5>) " 2

Now we rewrite the Euler-Lagrange equation (6.3.1) (or equivalently, (6.4.7)) in radial
coordinates for a radially symmetric function

u(lz]) = |z|"o(|2)),

where u € D) 5, v € D} 5 and v is given in (6.3.7):

Ao OPS2o(®) = ki ol0) + [ " lt) — o) K(t— 1) dr,

where the kernel is )
K() =cpe 2

the constant ky, ., is given in (6.3.9) and @ = %27, b=1+~, &= 5. The asymptotic

behaviour of the kernel can be studied using some properties of hypergeometric functions
(see Lemma 4.2.5 in Chapter 4) and it satisfies:

o K(&) ~ g7 if [¢] =0,

n+42vy

o« K€ ~e "5

€1 if |¢] — oo.

6.5 Research plan

In some future works, I plan to generalize the Caffarelli-Kohn-Nirenberg inequality to the
fractional setting without the parameter restrictions I am considering at present, using the
recently developed flow method. Conjecture:
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Let p € R and v € (0,1), the generalization to the fractional setting of the Caffarelli-
Kohn-Nirenberg inequality in space dimension n > 2+ can be written as

D
” Y Py B
A </R %daz) S/ / %dydw, (6.5.1)
Fiea n Jgn

for all @ < 8 < a+1and a # “22. The value of A is given in (6.3.2),

75 = {|33| T e LP (R™) / / = ylfﬂwll‘\ sy dy dz, < oo} (6.5.2)

and

Py = n—mfg(ﬂ—a) (6.5.3)

is computed by scaling argument.

First, I plan to follow the steps of [70], where Dolbeault, Esteban and Loss solved
the conjecture for the optimal symmetry range of the parameters. Since rearrangement
inequalities, reflection methods or moving plane cannot be applied in some regions, it was
not enough to study only the optimizers in the radial class. The key idea in their work was
to rewrite the inequality in terms of a new variable p = v™" and assume that v satisfies
a fast diffusion equation. This idea of exhibiting a nonlinear fast diffusion flow under a
monotone action (non linear carré du champ method) allows to use the fast diffusion flow
to drive the functional towards its optimal value. Good notes for this work are written in
[71).

Later on, I would like to complete this work by generalizing to the fractional setting all
the symmetry and symmetry breaking results for the most general Caffarelli-Kohn-Nirenbeg
inequality,

o < Ol vull g, llalul 2",

that holds under suitable parameter conditions. The starting point is the recent work of
Dolbeault, Muratori and Nazaret in [75].

Another point of view to confront problems related with the general inequality (6.1.1)
has been developed in the two recent works [22] and [23], where they related the inequality
with the weighted fast diffusion equation.
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Chapter 7

Appendix: Hypergeometric
functions

In this appendix we will show the definition and some important properties of the Hyper-
geometric and related functions.

Lemma 7.0.1. [/, , | Let z € C. The hypergeometric function is defined for |z| < 1
by the power series

2F1(CL, b; c; Z) — F(C) b) Z F(a+n)r(b+n)£

T'(c+n) n!’

n=0

It is undefined (or infinite) if ¢ equals a non-positive integer. Some properties of this function
are

1. The hypergeometric function evaluated at z = 0 satisfies

oF 1 (a+j,b—7;¢,0)=1; j=+1,42, ... (7.0.1)
2. If Reb>0,|z| <1,
INCESE Y (sint)?—1
F —b+ b+ 122 = 2 / dt. 7.0.2
2F1(a,0 =0+ 350+ 2127 = —ory | T 2z cost £ 2200 (7.0.2)

3. If a—b+ 1 =c, the following identity holds
oFi(a,b;a —b+1;2)

= (1= 42" R (LJQFI -b,5—-b+1la—b+1; 7(;3)2

) (7.0.3)

4. The derivative of the hypergeometric function with respect to the last argument is

d b
o oF (a,b;c;2) = % oF 1 (a+1,b+ 1;¢+ 1; 2). (7.0.4)
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. Af larg(l — z)| <7, then

I'(c)'(c—a—1b)
I'(c—a)l(c—0)
c—a—br(c)r(a + b— C)
I'(a)L'(b)

oF1(a,b;¢;2) =

oF 1 (a,b;a+b—c+1;1 —2)
(7.0.5)
+(1-2)

oFi(c—a,c—bjc—a—-b+1;1—2).

. The hypergeometric function is symmetric with respect to first and second arguments,
i.e

oF1(a,b;¢;2) = oF1(b,a;c; 2). (7.0.6)
. From (7.0.5) and (7.0.1), if a + b < ¢, the following expansion holds

I'(e)l'(c—a—b)

F b;c;1) = . .0.
2 1((1, G ) F(C—G)F(C—b) (707)
Lemma 7.0.2. [1, 167] Let z € C. Some properties of the Gamma function I'(z) are
I'(z) =T(2), (7.0.8)
I'(z+1) =z2I'(2), (7.0.9)
D) (2 +4) =2"72%/7T(22). (7.0.10)
Let 1(z) denote the Digamma function defined by
_dInT'(z)  TI'(2)
v(z) = dz  T(2)°
This function has the expansion
b(2) =)+ Y (- 7s)- (7.0.11)
m=0
Let B(z1, z2) denote the Beta function defined by
['(21)I(22)
B = A5
(21, 22) I'(2z1 + 22)
If zo is a fized number and z1 > 0 is big enough, then this function behaves
B(Zl, Zg) ~ F(Zg)(zl)_z2. (7.0.12)
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Chapter 8

Appendix: Integral computations

In this appendix we will derive some useful integrals which are important for Chapter 5.

All of the following expressions may be found in A. Bahri’s book [17] for the special case
v = 1. Below we derive the estimates for general ~.
We define

( )\1 ) n—22w ( )\2 ) n—22"/ " ( )\3 ) no
w1 = _— y Wo = _— s = _—_—
PN 2 27N+ 22 PN - pP?

Lemma 8.0.3. It holds

1 Ow 1 log 42
B—1 1, A )
B A w wgﬁdx /\—IF(‘log)\—ﬂ)| /\il| (8.0.1)
where
,B/ 18 Lu(t + 00/ () dt = e~ "2 41 + 0(1)), £ — 0.
Proof. By the relation between w and v, one has
wi = |o| =2 v(—log |z] + log A1), wy = |2] "% v(— log |z + log As).
Thus
1 n—
6] wf wgadx—ﬂ/ ||~ 271)6 Ya|= "7 v, —|z|~ 20y da
R” )\1
:ﬁ)\— VPt 4 log A\ ' (t + log A )u(t + log Ag) dt
1JR
1
= B— [ VPH) (t)v(t + log 32) dt
AR 1
Ao log¥
= —F(|log — L.
O
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Lemma 8.0.4. If A3 = O()\1) then the following estimates hold:

_ aw 7(n72’7)

B wtwsttde = AgL(AlAg) 7 [14+ 0(\)?, (8.0.2)
1 Ow P

B - w,f 1w387xl1 dx = A3Wﬁ()\1)\3) (1 + O()\Q)) = 1, e n,(803)

and the constants are given by

2 21
Ay =t 7/ i dx > 0,
R (

2 14 |22) =5
—92~)2 2
Ay— =2 / 2 <.
o e (L4 o) R

Proof. We calculate

nt+2y 4
4 0 2 A2 2\ A S
,8 wy 1w37w1 dr = nt 7/ L (|$|n+2’y 1)< 2 2) * dx
01 2 R (|zf2 4+ A2)" 7 |z — p|? + A3
2 n—2y n—2y 2 _ 1 1
_ 2y / |z] 1 e
2 B (L4 J2|?) 72 T (e —plP+ A3 2
n + 27 n— 2 Y_1. n= ‘x’2 _ 1
=PI e [ e dr (14 O(),
: e (1 Jaf2) 5
where we have used the expansion
Ap-x
M3+ [z —p)~ 2 = p T2 4 (n QV)W +O0(AD). (8.0.4)
Moreover, rescaling A; in the second step,
2 21 %)
nt 7/ 2] = dr = — / wfdx
2 R (14 |z[2)72 ! O =1 Jgn
n—2y
0 A2
— —dx
8)\1 A= I/I‘Qn (1+ |$‘ )n+2’Y

_9 1
=0 7/ —dz > 0.
2 Jrr (14 |af2)"2

Next, by (8.0.4) again,

n42~y
_ 8w1 /\ 2 A )\3 %
5w’8 Yws—dz = —(n — 2y / L= ( ) dx

(n—29)° 2y P / |z]? 2
= ——(A1A3) 2 — dz (1 + O(A])).
n ( 1 3) |p‘n_2’y+2 - (1 ’;13|2) +227+1 ( ( l))

O]

166



Lemma 8.0.5. For |a| < max{\}, A3} << 1 and min{2, 22} << 1, the following estimates

hold T
old:

/ 2( A1 )MEQW( Ao )n_QQde

rn 0a \\? + |z — a|? A3+ |z?

n—2y n—2~y

:—Aomin{(i\;) ’ (ii) 2 }max{i%A%}

a 2 . A\ T A2 a
+ O((max{)\l, /\2}> +min { ()\72) ’ (/\71) }max{)\l, )\2}>
. A\ T Ao
win{(5) T (5) T )

2 -2 1
Ay = (n+2y)(n —2y) / de > 0.
R |x|n—2'y(

n 1+|$’2)"+227+1

(8.0.5)

where

Proof. We consider the case Ao << 1.

i ) )
n+ 2y Jrn 0a \A} + |z — af? A3+ |z)?

nt2y n—3
_ )‘1 ? (.%—G/) )‘2 T’Yd
o 2 2\ 2E2Y 41 ()\2 | \2) v
& (3 + o —aft) P\

/ Mz 1 A" d
n e 1 ar
R )\711+27+2(1+ |]2) 127 19 (A2 + A1z + af?) =

_n72'y_1 n—2~y T 1
=X Ay 2 / R ™ o d.
e (1+1af2) T ()2 4 Jof2 + B2 + | £9)"

n4+2y n—2y

:AIZ )\22

Using the assumption that |a| < CA} and Ay << A1, by Taylor’s expansion for the second
term in the integral, the above integral is

A I M (R GO R R
S ny e [ wfiro(L) vo()
1 1JR |x|"=27(1 4 |z|?) 2 1 1 1

n—2y n—2y
——m G T o) TG )R

One can deal similarly with the case A\; << Ag; we leave this proof to the reader. O
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