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Introduction

For 0 < p < oo and a > —1 the Bergman spaces A? consist of those holomorphic
functions f on the unit disk D of the complex plane C such that

I = [ e dva<z>)1/p <o,

where duvg(z) = (+1)(1—|2[*)*dv(2) and dwv is the normalized area measure on ID.
The theory of Bergman spaces has been a central subject of study in complex analysis
during many years with many known applications. The book [15] by S. Bergman
contains the first systematic treatment of the Hilbert space of square integrable
analytic functions with respect to Lebesgue area measure on a domain. When
attention was later directed to the spaces AP over the unit disk, it was natural to
call them Bergman spaces. At the end of the 20th century it came a period of intense
research on Bergman spaces and, nowadays, there are many excellent text books of
the topic of Bergman spaces [37,42, 82, 83].

Let B,, be the unit ball of the n-dimensional complex plane C" (n > 1). As the
reader may have already noticed, in this dissertation we want to study a further
generalization of the theory: we focus on vector-valued Bergman spaces on B,, with
the same weight, in contrast to the scalar-valued Bergman spaces mentioned earlier.
Usually, we write X for a general complex Banach space. A vector-valued function
f: B, — X is a function that takes values in some Banach space X. For 0 < p < oo
and a > —1, the vector-valued Bergman spaces A2 (X) are defined as the space of
all holomorphic functions f on B,, such that

1/p
||f||Ag(X>=< JRLEIE dva<z>) <

Now dwg(z) = co(l — |2|*)* dv(2), where dv is the normalized volume measure on
B, and ¢, is a normalizing constant so that v,(B,) = 1. If X = C we obtain
the previous scalar-valued Bergman spaces, so clearly, this generalizes the standard
Bergman spaces defined above.

Although the vector-valued Bergman spaces have similar properties to the scalar-
valued Bergman spaces, this generalization makes the theory much more compli-
cated, sometimes even the most simple thing in the classical case presents new
difficulties and then new ideas are required. The theory of vector-valued functions
is by now classical, but the incorporation of Bergman spaces in the equation is much
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more recent. There are many authors that are working nowadays on vector-valued
Bergman spaces, see [7,19-21,23,27-32,49,51,63, 77| for example.

The main goal of this work is to study vector-valued Bergman spaces and to
obtain the weak factorization of these spaces. In order to do that we need to study
small Hankel operators with operator-valued holomorphic symbols. We also study
the big Hankel operator acting on vector-valued Bergman spaces.

This dissertation is structured into seven chapters.

In CHAPTER 1 we collect all the previous results and notations needed to follow
the rest of the manuscript. More concretely, some of the topics covered in this chap-
ter are the Bochner integral, the integral for vector-valued functions appearing first
in [22] by Bochner; the Bergman metric, results of the metric used in B,,; harmonic
and subharmonic function; basic notions of differentiation, where the differential
operators R*! are presented which is important in the next chapters and in the final
section we recall some topics on Banach spaces, as the Rademacher type and cotype
of a Banach space and some other related results.

Having all that in mind, in CHAPTER 2, the vector-valued Bergman spaces are
presented. First of all, we show the standard properties of this kind of theory, such as
that the point evaluations z — f(z) are bounded linear operators in Theorem 2.1.1.
As in the scalar case, we still have an integral representation of each function f €
AL(X) as

flw
f(Z) = /IB%n (1 _ <Z,(w>>)n+1+oz dUa(U)), z € Bn

The vector-valued polynomials P(X) are still dense in the vector-valued Bergman
spaces AP (X), for 1 < p < co. In Section 2.2, we basically prove the boundedness
of the Bergman projection, defined as

Psf(z) = /n = <i<§)}>))"“+’3 dvg(w), z€B,, fe LX), 3> -1,

on the vector-valued Bergman spaces. That is, the projection Pg: LP(X) — AP (X)
is bounded for 1 < p < oo if p(8 + 1) > o + 1. All these properties and results are
used later in subsequent chapters. We want to mention that most of the results of
this chapter are certainly known to experts, and if new, the proof of the result follows
easily with the same argument as the scalar case with apropriate modifications. One
example of this is the atomic decomposition of vector-valued Bergman spaces on B,,
obtained in Theorem 2.3.5. Some especial case appears in [27]. Atomic decomposi-
tion for scalar-valued Bergman spaces was obtained by Coifman and Rochberg [24]
and after that was a central topic in complex analysis.

It is known that Bloch spaces are intimately related to Bergman spaces. Recall
that the scalar-valued Bloch space B is defined as the set of holomorphic functions
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f in D such that

Slég(l — 2P I (2)] < 0.

The generalization to the case of vector-valued functions on B,, is done in a similar
way: changing the derivative by the Laplacian and the absolute value by the norm
on the Banach space X.

One of the main reasons of the relationship between Bloch and Bergman spaces
is that, roughly speaking, the Bloch space can be thought of as the limit case of
the Bergman spaces AP as p — oo, see [82, Theorem 2.16| for more understanding
on that. In fact, the Bloch space B can be naturally identified with the dual space
of Al. The integral representation for the Bloch space and the duality between
Al and the Bloch space can be found in many different papers/books, including
[37,68,69,82|.

Another important reason is that Bloch type spaces appear naturally when we
work with Hankel operators. A classical theorem says that the small Hankel operator
is bounded on the Bergman spaces if and only if the symbol belongs to some Bloch
space [6,8]. As we deal with Hankel operators, Bloch type spaces will be very
important for us. Moreover, the Bloch space is also interesting in its own right.
In fact, the Bloch space has been studied much earlier that the Bergman spaces.
In particular, the Bloch space of the unit disk plays an important role in classical
geometric function theory. See [3,4,8,9,83] for more information on them. Later on,
serious research on the Bloch space of the unit ball began with Timoney’s papers
[72,73] and by now it is very developed, see, for example, [82].

The vector-valued Bloch type spaces play a similar role and therefore we dedicate
one full chapter to these spaces. CHAPTER 3 is devoted to present and characterize
the vector-valued Bloch type spaces. In Section 3.1 we characterize the vector-valued
Bloch spaces B(X) in terms of some specific function and we show its integral
representation in Theorem 3.1.3. More concretely, we show that a holomorphic X-
valued function f is in B(X) if and only if f = P,g for some g € L>*(X), which
is again equivalent to that the function (1 — |z|*)'R**f(2) is in L=(X), for some
t > 0. The scalar case of this result was proved in [72,82]. In this section we also
prove that the dual of A} (X) can be identified with B(X*) in Theorem 3.1.6. This
duality is also proved in [7] by J. L. Arregui and O. Blasco, but our proof here is
more similar to the classical one in Zhu’s book [82]. In Section 3.2 we prove the same
characterization and integral representation of the more generalized Bloch type space
B,(X), see [82, Chapter 7| for more details on the scalar case of these spaces. More
concretely, in Theorem 3.2.1 we can find the generalization of Theorem 3.1.3 for
these spaces and as a consequence we obtain another characterization better suited
for our purpose in Corollary 3.2.3 saying that a holomorphic X-valued function f is
in B,(B,, X) if and only if the function (1 — |2[*)"**R***1f(2) is in L>®(B,, X), for
some t > 0 and some conditions on « and 7. Note that all this results are important
for the next chapters.

A very important result of this section is also Theorem 3.2.6 that we state here:
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Theorem 3.2.6. For any z € B,, we have

(A= D IRy € (= P IV R <||V5G)| 0 FerE).
The same result for the scalar case is straightforward to prove (see [82, Lemma 2.14]).
However on the vector-valued case this is non trivial anymore. This theorem allows
us, among other things, to fully characterize the general vector-valued Bloch spaces
in Theorem 3.2.8 and connect it to the characterization of Hankel operators. Thus,
it is important to note again that all this material is also used later on especially for
the characterization of the Hankel operators on the vector-valued Bergman spaces.

Since we mention Hankel operators, in CHAPTER 4 we prove the characteriza-
tion of the boundedness of the small Hankel operator with analytic operator-valued
symbols between vector-valued Bergman spaces (of different type). We explain what
this means in the following. First of all, we consider 1 < p,q < oo and X and Y
Banach spaces, the small Hankel operator hr: A2 (X) — A2(Y') with a holomorphic
operator-valued symbol T: B,, — L(X,Y) is defined as

et = [ - LW gy, ),

1 — (z,w))ntite

where X is the complex conjugate of the Banach space X (do not confuse with
the dual), see Section 1.1 for more details on X. The scalar case of this small
Hankel operator is defined as h,f = P,(¢f), for ¢ a holomorphic scalar function.
Classically, in the study of small Hankel operators, it turns out that it is more
convenient to study hg instead of h,, maybe the reason is the use of P,. Then, note
that, roughly speaking, h_¢ is similar to hr defined above, so clearly this definition
generalizes the scalar case (see Section 4.4 for more details). Hankel operators have
been extensively studied and developed by many authors during many years. Small
Hankel operators on Bergman spaces are closer in spirit to Hankel operators on
Hardy spaces, which is also a well-known important theory. Initially, some authors
tried to prove the boundedness of the small Hankel operator hz when p = ¢ =
2. Then many others authors tried to generalize it for other exponents p and q.
It is known that for values of p < ¢ the methods and characterizations are very
close and similar, but when p > ¢ the picture changes completely and usually the
characterizations are known to be different and more difficult to prove.

In this chapter we completely characterize the boundedness of the small Hankel
operator hr in terms of its operator-valued symbol T for all the different values of p
and g. We begin in Section 4.1 with some preliminaries and basic properties needed
later on in this chapter. Next, in Sections 4.2 and 4.3 the actual characterizations
of hr in terms of its symbol T are made. The characterization when p = ¢ is in
Theorem 4.2.1 which we state here:

Theorem 4.2.1. For 1 < p < oo, the small Hankel operator hr: A% (X) — Ab(Y)
is bounded if and only if T € B(L(X,Y)) (with equivalent norms).
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Here you can see the relation between Bloch and Bergman spaces, and this is
a result very similar to the scalar case. You can find the scalar case of this result
when p = 2 in [83]. In Theorem 4.2.2 this result is generalized and improved in
order to include the cases of p < ¢. Although both theorems and cases can be
proved together, we have decided to divide into two different theorems because the
first one is easier to prove and to follow, then the other is a generalization of that.
Also the scalar case of the first theorem is much more classical, so it is much easier
to compare. For the remaining cases of p > ¢ it is proved in Theorem 4.3.3, which
is the following:

Theorem 4.3.3. For 1 < g < p < oo and Y with finite cotype, the small Hankel
operator hy: AP(X) — AL(Y) is bounded if and only if T € Al (L(X,Y)) (with

equivalent norms) where

As we said the characterization here changes completely and the symbol T is in
terms of a different vector-valued Bergman space, which is a similar result of the
scalar case. In fact, for the proof, we use similar ideas to the scalar case [60] that
in turn use the Rademancher functions, this is why the condition of the cotype ap-
pears (see Section 1.7 for more details on Rademancher functions and cotype of a
Banach space). Finally, in Section 4.4 we expose some examples and applications of
these results. For example, in Theorem 4.4.5 the generalization of the small Hankel
operator of A. Aleman and O. Constantin [1] is made.

Another very important consequence of the boundedness of the small Hankel
operator between vector-valued Bergman spaces is shown in CHAPTER 5. We es-
tablish the weak factorization of the vector-valued Bergman spaces. Factorization
of analytic functions is a very big topic and many people worked on it during many
years and it is known to have many applications. It is a classic result of functional
analysis that the Hardy space H! can be factored into two functions in the Hardy
space H?. This factorization is sometimes called “strong”. After that many authors
tried to generalize it to different contexts. Horowitz [43] proved the strong factor-
ization of weighted Bergman spaces on the unit disk and Gowda in [40] showed that
this strong factorization is no longer possible to obtain for Bergman spaces in the
unit ball B,, of C" of dimension n > 2. Then, Coifman, Rochberg and Weiss [25]
enlighten us that it is still possible to obtain some factorization, which was called
weak factorization. The proof of Coifman, Rochberg and Weiss was done for the
Hardy space H'. The fact that the scalar Bergman spaces Al admit a weak factor-
ization is a direct consequence of the atomic decomposition mentioned earlier. More
recently, in [60], Pau and Zhao proved the weak factorization of the scalar-valued
Bergman spaces AP with p > 1 as a consequence of the boundedness of the small
Hankel operator, which where we take the ideas. Basically, this weak factorization
for the scalar-valued Bergman space A, for 1 < ¢ < oo, consists of the following:
every f € A% can be written as f = >, grhg, where the sequences {g;}x C AP and
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{h}r C AP2 and py,py > 1 satisfying that 1/q = 1/p; + 1/ps, and

D llgillaz Ihkllaze < C N FlLag -
k

It is natural to ask if this weak factorization can be extended to the setting of vector-
valued Bergman spaces. One of the problems for the vector-valued case is that in
general it makes no sense to “multiply” an X-valued function f with an Y-valued
function g. This is why we consider a generalized product x [y defined for x € X
and y € Y. Then, the product type space (sometimes denoted weakly factored space
in the scalar case) X C1Y is the completion of finite sums

Zxk Uy, {zite € X {ye e C Y,
A

with the following norm

[ullx @y = inf {Z lzellx lyelly s =) 2B yk} :
k k

It is remarkable to say that it already exists a lot of different types and examples
of products of this kind, as for example, the product tensor product space X®Y,
even the same weakly factored space X ® Y denoted in [60], the point evaluations
or any well defined product of two Banach spaces, see Section 5.1 for more details.
In fact, in Section 5.1 we can find the main result of this chapter, which is the weak
factorization of vector-valued Bergman spaces in Theorem 5.1.4 using this kind of
product. The result is the following:

Theorem 5.1.4. For 1 < q < oo and Y™ with finite cotype, we have
ALXEY) = AR (X) B AZ(Y),
(with equivalent norms) for any p1,ps > 1 satisfying 1/q = 1/py + 1/ps.

Note that the case of ¢ = 1 is also proved in Theorem 5.1.5 which basically says
that R R
AYXBY) = A(x) B AL (Y),

where p > 1 and p’ is the conjugate exponent of p. Note that in this particular case
we do not need the condition of cotype of one of the Banach spaces. The reason
behind that is because we use Theorem 4.2.1 instead of Theorem 4.3.3, which is the
used to prove Theorem 5.1.4. Meanwhile, we also show the characterization of the
boundedness of some Hankel form which is known to be very related to the weak fac-
torization. In Section 5.2 we show different applications of this weak factorization,
like a generalization of a theorem of O. Constantin in [28] that is Theorem 5.2.2,
where she works on the particular Banach spaces, the Schatten classes St.
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The other different and well-known Hankel operator is the big Hankel operator.
Big Hankel operators are closely related to Toeplitz operators and they are also
well-known and well established between scalar-valued function spaces, see [83] for
a general reference. The scalar setting of this big Hankel operator is defined as
H,f = (I — P,)(¢f) and it is known that H, = 0 when ¢ is analytic. This means
that it makes sense to study big Hankel operators with anti-analytic symbols, which
means studying Hy such that ¢ is analytic. Our general approach is the following:
considering 1 < p,q < oo, X and Y Banach spaces. Let T: B, — L(X,Y) be a
holomorphic operator-valued symbol, then the big Hankel operator Hr: AP (X) —
L4(Y) is defined as

gty = [ LELTTE o,

(1= w2+

Note the similarity with the scalar setting: the big Hankel operator F@ is, roughly
speaking, very similar to Hr, so Hr is a generalization of the scalar setting. The first
major progress made in the study of big Hankel operators on scalar-valued Bergman
spaces is Axler’s paper [§8], in which it is shown the boundedness and compactness
of big Hankel operators with anti-analytic symbols on the scalar-valued Bergman
spaces on D in the case of p = ¢ = 2. Later on, Axler’s result was generalized in [5,6]
to weighted scalar-valued Bergman spaces on B,,. In the case of general symbols,
Zhu [80] is the first to exhibit the connection between size estimates of a Hankel
operator and the mean oscillation of the symbol in the Bergman metric. This idea is
then generalized and developed systematically in [13,14] and [11] in the context of a
bounded symmetric domain. For the other cases, Pau, Zhao and Zhu [61] solved the
problem for p < ¢, which they also solved for different weights among other things.

Therefore, in CHAPTER 6 we fully characterize the boundedness of the big
Hankel operator on vector-valued Bergman spaces in terms of its operator-valued
holomorphic symbol for all cases of p > 1 and ¢ > 1, and so we solve and generalize
the previous problem. In Section 6.1 there are some preliminary results included,
and in Section 6.2, the important results of this chapter are shown. Theorem 6.2.1
and Corollary 6.2.2 deal with the cases of p < g. The following result is only the
case p = ¢ but we think it is enough to include here for the sake of clarity:

Theorem 6.2.2. For 1 < p < oo, the Hankel operator Hr: AL(X) — AL(Y) is
bounded if and only if T € B,(L(X,Y)) (with equivalent norms).

For the remaining case, when ¢ < p, we have Theorem 6.2.3 which is the follow-
ing:

Theorem 6.2.3. For 1 < q < p < oo, the Hankel operator Hr: AL (X) — AL(Y)
is bounded if and only if T € AL (L(X,Y)) where 1/t =1/q — 1/p (with equivalent
norms).

Note that both cases are mirrors to the scalar case, as predicted.



INTRODUCTION

Finally, in CHAPTER 7 we discuss some open problems we have not been able
to solve, as well as some other interesting problems in the same line as this work in
order to look on the future.

We also want to mention that during the process of this dissertation, building
on his master thesis, the author had the opportunity to work with D. Pascuas and
publish the article [56] on Toeplitz operators on generalized Fock spaces. However,
we have decided to not include it in this manuscript.



CHAPTER 1

Preliminaries

In this chapter we collect most of the information that we need for the rest of
the manuscript. The results of this chapter are well known, but we include it for
completeness. More concretely, here we present basic concepts of the unit ball of
the complex plane, the Bergman metric, holomorphic vector-valued functions, the
Bochner integral, some needed inequalities and finally we discuss briefly the notions
of type and cotype of Banach spaces.

1.1 Basic Concepts and Notations

Let C be the set of complex numbers. Throughout this manuscript we fix a positive
integer n € N;n > 1 and let

" = Cx 7 xC

denote the complex FEuclidean space of dimension n. The usual operations on C",
addition, scalar multiplication, and conjugation, are defined componentwise. For

z=(z1,""" ,2n), w = (wy, - ,wy),

in C", we define
(z,w) = (2, W)en = 21W1 + -+ - + 2,Wn,

where wy, is the complex conjugate of wy. We also write the norm of z € C" as

2 = Vo2 =l o+

The space C" becomes an n-dimensional Hilbert space when endowed with the
inner product above (-, ). The standard basis for C" consist of {e;}}_; where

er=(0,---,0,1,0,---,0), ke{l,...,n}.
We denote the open unit ball in C" by

B,:={z€C": |z| <1}.
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The open unit disk of C, By, is usually denoted by ID. The boundary of B,,, B,
will be denoted by S, and is called the unit sphere in C". Thus

Sp:=0B, ={z€C": |2| =1}.

Occasionally, we will also need the closed unit ball

B, =B,US,={z€C": |z| <1}.

Finally, we usually use the notation B(z,r) for the Euclidean ball of radius r and
center z € C". The Euclidean ball B(0,7) sometimes is denoted by rB,,.

For a complex Banach space X, we denote by |- || : X — C the norm of X.
Let X* represent the topological dual space (or sometimes called continuous dual)
of X, i.e., the elements z* € X™* are functionals x*: X — C linear and bounded. Let
(Q, %, 1) be a measure space (2 C C"). In a general sense, we define a vector-valued
function f (sometimes called X-valued function) as a function that takes values to
the Banach space X, that is, f: Q — X.

This manuscript works basically with vector-valued holomorphic functions in a
complex Banach space X. There are many equivalent definitions of holomorphic
functions in several complex variables. Basically, a function f is holomorphic in
several complex variables if and only if it is holomorphic in each variable separately.
Thus a function f: 2 — X is said to be holomorphic in € if for every point z € Q
and for every k € {1,2,--- ,n} the limit

of o a4 Aer) — f(2)
0o, )= )

exists (and is finite), where A\ € C and is denoted the partial derivative of f respect
to zx. For simplicity, sometimes we use the following notation Oy f := 0f/0z,. We
denote H (2, X) to be the set of vector-valued holomorphic functions f: Q — X. If
X = C we write H(Q2) = H(Q,C), the classical set of scalar-valued holomorphic
functions. It is well-known that a vector-valued function f: 2 — X is holomorphic
if and only if it is weakly holomorphic, that is, * o f € H(Q2), for any z* € X*.

We denote by X™ := X X --- x X the Banach space product of n copies of X
with norm

1
n 2

]| = (Z |Ixi||§<> , = (o, w,) € X
i=1

Following the same notation, we will write B, (X) for the ball of radii 1 of X™,
that is,
Ba(X) = {2 € X"t [allgn < 1},

and denote by B(X) := By (X). It is clear that B,, = B, (C).
Let z € X, 2* € X* and A € C a scalar value. We define

(Az*)(x) := X - z*(x).
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We also use throughout this manuscript the following notation
(,0%)x = a*(2)
that represent the “inner product” in the Banach space X. Notice that for any A € C
Az, 2%) = 25 (Ax) = X -2 () = (¥ () = <x,Xa:*>X

so we have the regular rule of inner product. Note that when X = H is a Hilbert
space (a Banach space endowed with an inner product) we have that (-,-), is
the usual inner product of H. We also know, by duality (a consequence of Hahn-
Banach), that for every element z € X,

lzllx = sup [{z,27)y|.
[l || =1

We need also the notion of the “conjugate” of a Banach space X. For an element
r € X, we denote T the functional on X* such that Z(z*) = (x,2*),, for any
x* € X*. We call T the complex conjugate to . Then, the set of all these complex
conjugates is X, that is,

X:={zZ:2€X}.

We can see that X is a Banach space with norm ||Z||+ := SUP|g+ . =1 [Z(2")|. More-

over, it follows that ||z||y = ||Z||%, for every x € X, so that X and X are isometri-
cally anti-isomorphic. We were not able to find so much information of that in the
literature but one can find some in [55, Section 1].

For any two Banach spaces X and Y, we denote by £(X,Y") the space of bounded
linear operators from X to Y. In some cases we write £(X) instead of L(X, X),
that is, £(X) := L(X, X). Recall that when Y is a Banach space, the space of linear
bounded operators L£(X,Y) is also a Banach space endowed with the following norm

1Tl zxyy = sup [[Tz|y, T e L(X,Y).

|z]l x =1

Note that X* = £(X,C), and since C is always Banach space (with the absolute
value as a norm) we have that X* is always a Banach space, even if X is only a
normed vector space. We refer to [82,83] for more information and general reference
about this and more.

We let dv denote the normalized volume measure on B,,, so that v(B,) = 1. The
surface measure on S,, will be denoted by do and we normalize o so that o(S,,) = 1.
The measures v and o are related by

[ o) = /0 pn=1 /S £(r¢) dor(C) dr. (1.11)

Sometimes this is called integration in polar coordinates, see also [82, Lemma 1.§].
If & € R, then the measure (1 — |z|°)* dv(2) is finite if and only if o > —1. Thus,
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we consider a real parameter a > —1 and define a weighted volume measure dv, on
B, by
dva(2) == co(1 — |2]*)* do(z), (1.1.2)

where ¢, is a normalizing constant taken so that v, (B,) = 1.

In order to motivate the following section when Q = B,, (mostly our case) and
for a scalar function f € H(B,) we recall the well-known mean value property for
holomorphic functions, that is

£(0) = / £(r¢)do(¢) (1.1.3)

for any 0 < r < 1. This particular equality is very important in our theory, so it will
be very interesting to get it for vector-valued functions. In fact, it is not difficult
to assume it, the only difference here is the integral of a vector-valued function.
Even for a general vector-valued function f € H(Q,X), the integral “ [, f” has no
meaning since the functions that we consider here take values in a Banach space
X and the Lebesgue integral only makes sense for scalar functions. Thus, we need
to understand what an integral of a vector-valued function f € H(2, X) means.
Perhaps you already noticed that this concern also is valid for (1.1.1).

It is also very interesting to know if we have similar properties that the Lebesgue
integral have, like linearity, measurability and, for example, when the norm of the
integral and the integral of the norm is comparable and in which sense.

Therefore, in order to get the notion of an integral on the vector-valued setting
and other properties one needs to extend the definition of Lebesgue integral to
functions tanking values in a Banach space X, namely the Bochner integral.

1.2 The Bochner Integral

In this section we deal with the integrability of vector-valued functions, so we intro-
duce the Bochner integral and some properties in a general way. Let (2, %, 1) be a
measure space and X be a Banach space. The Bochner integral is defined in much
the same way as the Lebesgue integral. We refer to [33,34] for an account of all of
this. First, a simple function is any finite sum of the form

Sn(z) = ZkaEk(z)a z €
k=1

where {Fj} is a sequence of pairwise disjoint members of the o-algebra ¥ and
{zr}r C X is a sequence of elements of X. The yg denotes the characteristic
function of E € . We say that the simple function s, is Bochner integrable with
respect to p whenever

> kg w(Er) < oo,
k=1
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that is, if u(Ey) is finite whenever x, # 0. In this case, we define the Bochner
integral of s, over E € ¥ to be

/Esn(z) /E [Z TrXE, (2 ] w(z) == z::fb"kﬂ(E N Ex)

k=1

exactly as it is for the ordinary Lebesgue integral.
A vector-valued function f: Q — X is p-measurable whenever there exists a
sequence {s, }, of X-valued, ¥-simple functions defined on 2 such that

sn(z) — f(2), p-almost every z € €. (1.2.1)

A vector-valued function f: Q — X is Bochner integrable with respect to . when f
is p-measurable and whenever there exists a sequence of Bochner integrable simple
functions {s,}, of the above form such that

lim [ 1) = su(2lx dntz) =0 (1.2.2)

n—o0

where the integral is an ordinary Lebesgue integral. In this case, the Bochner integral
of f over E € ¥ is defined by

/f () = fim [ () duz).

It is common to call L, (2, X) the set of Bochner integrable functions respect to
p. It can be shown, see [34] for a proof, that a p-measurable function f: Q — X is
Bochner integrable with respect to p if and only if

/Wﬂ@hdM@<w
Q

From now on, a pu-Bochner integrable function it refers to a function that is Bochner
integrable with respect to pu.

Lemma 1.2.1. Let X and Y be Banach spaces, and T': X — 'Y be a bounded linear
operator. If f is a p-Bochner integrable X -valued function, then T f is u-Bochner

integrable and
/Tf( (/f e ) (1.2.3)

Proof. Let us see first that T'f is p-Bochner integrable. Let {s,}, be a sequence
of p-Bochner integrable simple functions such that (1.2.1) and (1.2.2) holds. Now
take {T's, }, as a “candidate” sequence for T'f to be p-Bochner integrable. Indeed,
{Ts,}n is a sequence of u-Bochner integrable simple functions on Y because {s, },
is on X and T is a bounded linear operator. In addition, for the same reason, we
have that [|[Tf(2) — T'sn(2)|ly < Ty If(2) = s0(2)] x, for every z € Q. From

for every E € 3.
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that we can easily deduce with (1.2.1) that T'f is y-measurable on Y. Moreover, by
(1.2.2), we have that

/QIITf(Z) = Tsn(2)lly du(z) < HTHXAY/Q 17 (2) = sn(2)llx du(z) — 0,

as n — oo. Now, let us prove the equality (1.2.3). Using the fact that 7" is a bounded
linear operator and the p-Bochner integrability of f

r( [ eae) = i ([ seae)

— JEEOT (Z Tl Ek)) = JI_{EO;T(%)M(E’C)
=1

k=1

and, on the other hand, the u-Bochner integrability of T'f shows that

ZT ) XEk ] dp(2)

k=1

/Tf(z) dp(z) = lim [ Ts,(2)du(z) = lim

= lim Y T(wx) u(E). =

k=1

Proposition 1.2.2. Let X be a Banach space and let f: Q@ — X be a p-Bochner
integrable vector-valued function. Then the inequality

< [ dute

z)dpu(z

holds for all E € .

Proof. By duality we have

= sup{'T </Ef(z) du(z)>’ T e X ||, < 1}.

Now, using Lemma 1.2.1 and the fact that T" is bounded, we get that

‘ (/f du)’ /ITf( )| dpu(z) < /||f My du(2).

Then, it directly follows that

2)dp(z)

z)dpu(z

/ 1)y dulz). .
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In this manuscript we usually work with Q = B,, and p = v, defined in (1.1.2).
Since we already have defined the Bochner integral, we know that any vector-valued
holomorphic function fulfills the mean value property in (1.1.3) and the integration
in polar coordinates in (1.1.1), taking into account that the integral is the Bochner
integral.

Let 0 < p < oco. We already defined Li(IB%n,X ) and, in general, we can define
the so-called wvector-valued Lebesque spaces or Bochner-Lebesque spaces Lﬂ(BmX )
as the u-measurable functions f: B,, — X such that

: 1f ()% du(z) < oo.

For p = oo we consider L7 (B,,, X') which consist of g-measurable functions f: B, —
X such that ||f|| is p-essentially bounded in B,,.

When p is the counting measure, the Bochner-Lebesgue space is denoted by
¢P(X), which consist of sequences {xy}, of X such that

[e¢) 1/P
H{xk}ngp(X) = (Z kaHI)J() < 00, 0<p<oo.
k=1

When p = 00, [{@x }il| e x) = suDy ||l x < 00

Another important example is when y = v,, for a > —1, where v, is defined
in (1.1.2). So we consider the weighted vector-valued Lebesgue spaces LP(B,, X) =
Lb (B,, X) which consist of v,-measurable functions f: B, — X such that

1/p
1y ax = 1f e, x) = </B 1f(2)II% dva(Z)) <oo, 0<p<oo

When X = C we obtain the classical scalar-valued Lebesgue spaces L(B,,) (or
simply L%) and the norm is denoted by || - [|, ,- From now on, basically we consider
2 = B, and we will write x < y when there is a positive constant C' > 0 such that
x < Cy. If both z < y and y < x, then we write x ~ y.

1.3 The Bergman Metric

It is important to define the Bergman metric in B,,. Before that we need to introduce
the automorphisms of B,, which are also very important in what follows. The
characterization of the automorphisms in B,, is well-known and we refer to [82,
Section 1.2] for more details, and also for the rest of the section.

A mapping F': B, — B, is said to be bi-holomorphic if F' is bijective, holo-
morphic and F~! is also holomorphic. The automorphism group of B,,, denoted by
Aut(B,,), consists of all bi-holomorphic mappings of B,,. It is clear that Aut(B,) is a
group with composition being the groups operation. Traditionally, bi-holomorphic
mapping are also called automorphisms. Basically, all the automorphisms consist of
unitary transformations of C" and involutions. Indeed, the characterization of the
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unitary transformations of C", in (82, Lemma 1.1|, is the following: ¢ of Aut(B,) is
a unitary transformation of C" if and only if ¢(0) = 0.

On the other hand, the other class of automorphisms consist of symmetries of
B,,, called also involutive automorphisms or involutions. Thus, for any a € B,, \ {0}

we define
a — Pa(z) - SaQa(’Z)

€B,, 1.3.1
I~ Coa) , 2 (1.3.1)

Pa(z) =

where s, =4/1 — |a|2, P, is the orthogonal projection from C" onto the one dimen-

sional subspace [a] generated by a, and @, is the orthogonal projection from C™
onto C" © [a]. It is clear that

Py(z) = —<Z’a>a z e Cr,

and

Qu(z) =z - 2%, Leen

When a = 0, we simply define ¢o(z) = —z. It is obvious that each ¢, is a holo-
morphic mapping from B,, into C". Also in [82, Theorem 1.4] we have a complete
characterization of automorphisms in B,,, that is, every ¢ € Aut(B,) is of the form

o =Up, = ppV,

where U and V' are unitary transformations of C”, and ¢, and ¢, are involutions.
For each a € B,, the mapping ¢, satisfies

(1 —|af)(@ —|=*)
11— {za)

1 — |pa(2)|* = ,  z€B,

and
©a © pa(2) = 2, z€B,.

In particular, each ¢, is an automorphism of B,, that interchanges the points 0 and
a.
The Bergman distance between two points z,w € B, is given by
1+ . (w)]
1 — |z (w)]’
where ¢, is the involutive automorphism of B,, that interchanges 0 and z. A simple

calculation shows that |p,(w)| = tanh (2, w), for every z,w € B,,. It is well-known
that the Bergman metric is invariant under automorphisms, that is,

Ble(2), p(w)) = B(z, w),
for all z,w € B,, and ¢ € Aut(B,,).

B(z,w) = %log
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For z € B,, and r > 0 we let D(z,r) denote the Bergman metric ball centered at
z and radius r, that is,

D(z,r) :={w e B,: B(z,w) <r}.
It is also well known that, for any » > 0, we have that
o(D(z,7)) = (1 —[2]")"*!
and
va(D(z,7)) = (1= |2*)" e,
1.4 Some Interesting Inequalities

The following result is basic but at the same time very important. We will see that
it is used intensively in many situations.

Theorem 1.4.1 ([82, Theorem 1.12]). For a > —1 and 8 € R let

. (1 — Jwl)* dv(w)
]aﬁ(z) = /IB |1 _ <Z w>|n+1+a+57 z € B,.

(i) If B =0, there exists C > 0 such that

I,5(z) < Clog 5
1 — 2]

(11) If B > 0, there exists C' > 0 such that

C

Io5(2) L ————.

76( ) (1 . ‘Z|2)6
(113) If 6 <0, there exists C' > 0 such that

Ia,g(z) S C.

The best constants C' in the previous inequalities has been recently obtained
in [50]. We also have a similar integral estimate with an extra unbounded factor
B(z,w) which is easy to prove.

Lemma 1.4.2. Let a« > —1,t > 0 and set

Jmt(z) ::/B (1 — |’LU’ )aﬁ<sz) d’U(UJ),

T ()

then Joi(2) S (1= |2[°)7", for every z € B,,.
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Proof. Since (0, z) has logarithmic behavior we know that

Bl ) = Blin(2) () = 50, ) 5 (1 = oy = E= 2 E 0

for small v < 0 that will be determined later. Then, by Theorem 1.4.1 we have that

(1~ |wf)*+

Joi(2) S (1 - |Z|2)7/]B 11— (z w>|n+l+a+t+2’7 dv(w)
S A== o) = (1= [z

provided that a4+ > —1 and v+ ¢ > 0. This constraints are fulfilled if we choose
~ such that
max{—t,—(14+a)} <y<0

and the result is proved. ]
Another interesting result is the following change of variables formula.

Proposition 1.4.3. Let « > —1 and f € L} (B,,, X). Then
1—la A\n+l4a
fop(ydna(s) = [ o)1)

B, B, |1 . <Z, a/>‘2(n+1+a)

where p € Aut(B,,) and a = ¢(0).

dv,(2)

Proof. This is proved in the same way as in the scalar case, see [82, Proposition
1.13]. O

Lemma 1.4.4 (|82, Lemma 2.20|). For each r > 0 there exists a positive constant
C, such that

2
e < UmloP)
(1= [z
and )
C 1 ( ‘CL’ ) < Cr
\1 —{a,z)] = 77
for all a and z in B,, with 5(a,z) < r. Moreover, if r is bounded above, then we may
choose C,. to be independent of r.

A sequence {ay}, of points in B, is called a separated sequence (in the Bergman
metric) if there exists a positive constant § > 0 such that 5(a;, a;) > ¢ for any ¢ # j.
We also need the following well known discrete version of Theorem 1.4.1.

Lemma 1.4.5. Let {z}, be a separated sequence in B, and let n <t < s. Then
there exists a positive constant C' such that

o

1 _
Z 11— M=l s<C(1—[2[))°,  z€B,.

ZZk

Lemma 1.4.5 can be deduced from Theorem 1.4.1 after noticing that, if a sequence
{2k }r is separated, then there is a constant r > 0 such that the Bergman metric
balls D(zy,r) are pairwise disjoints.



1.5 Harmonic and Subharmonic Functions

19

1.5 Harmonic and Subharmonic Functions

A harmonic function is a continuous function that fulfills the mean value property.
It is well known that any holomorphic function in €2 is harmonic in 2. In particular,
if f € H(B,,X) then (1.1.3) holds.

It is known that we also have the area version of the mean value property

1

f(O) = m . (U}) dva(w). (151)
for any f € H(B,,X) and 0 < R < 1.

A function f: B, — [—00,0) is said to be upper semi-continuous if

limsup f(z) < f(20)

Z—r20

for every zp € B,,. An upper semi-continuous function f € B, — [—o0,00) is said
to be subharmonic if

f(z) < /S £z +7¢) do(¢)

for all z € B,, and 0 < r < 1 — |z|. Sometimes this property is called the sub-mean
value property. It is interesting to notice that if f is subharmonic, we also have

1
f(0) < ——
( ) va(RBn) RB,
for any 0 < R < 1, which is the area version of the sub-mean value property. In our
case is much more convenient to work with the area versions of these properties.
The next result is well known [64, Lemma 6.4.1| but, for completeness, we give
the proof.

(w) dvg (w), (1.5.2)

Lemma 1.5.1. If f € H(B,,, X) then the function z — log || f(2)||y is subharmonic.

Proof. Clearly log || f||yx is upper semi-continuous since it is continuous. Now fix
z € B,,. By Hahn-Banach, there exists 2* € X* with ||2*|| ;. = 1 such that

1F(2)lx = [(f(2),27) x|

Recall that (f(z),z*)y = 2*(f(2)) is also an holomorphic function in C. Then, by
the scalar-valued case, we have

log [I£(2)llxe = log [{f(2), 2%}
< / log [{f(z + 7€), 2%) | dor(€)

< / log | £(z +¢)l do(C)

for any 0 <r <1 — |z|. This proves that log || f]|y is subharmonic. O
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From this fact one can deduce the following particular and well known sub-mean
value property. (This can be proved also using the scalar-valued case of the sub-mean
value property, see [7| for example).

Theorem 1.5.2. If f € H(B,,, X) then the function z — || f(2)||% is subharmonic,
for every 0 < p < oo. In particular, if 0 < p < 0o, a > —1 and r > 0 then there
exists C' > 0 such that

e < —<

(1— |Z|2)n+l+a
for any f € H(B,, X) and z € B,,.

Proof. Define u(z) := log||f(2)|y, for z € B, and ¢(t) := e/, for t € R. Then,
clearly,

/ £ ()% dua(w),
D(z,r)

Hf(2)||§< — ePlogllf()lx — Qo u(z),

for every z € B,,. Since u is subharmonic, by previous Lemma 1.5.1, and ¢ is an
increasing convex function, we have using Jensen’s inequality that || f||% is subhar-
monic as well. So we will have, by (1.5.2), that
1
0|f < ———— w)||% dve(w),
5O < gy [ Wl draw)

for any 0 < R < 1. If we take R := tanhr < 1 we have that D(0,r) is a Euclidean
ball centered at the origin with Euclidean radius R. Then

b L w) |5 dvg (w
O < 5y o, I o).

Pick z € B,. If we replace f by f o ¢, and we change variables according to
Proposition 1.4.3 we obtain that

27’L (e
1 (1 — |z

wvmpgaﬁﬂﬁﬁﬁwﬂwwwaH_WJWWHM@AM.

By applying the equivalences in Lemma 1.4.4 we obtain that there exists C' =
C(R,p,a) > 0 such that

IF ()% <

C
T g 1 )

Note that v, (D(z,7)) ~ (1 — |Z|2>n+1+a' o

1.6 Several Notions of Differentiation

An important concept of differentiation on the unit ball is that of the radial deriva-
tive, which is based on the usual partial derivatives of a holomorphic function. Thus
for a holomorphic function f: B,, — X we write

Rf(z) = szaa—zi(z)

k=1
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If the homogeneous expansion of the function f is given by

= h(2)

where f; are homogeneous holomorphic polynomials of degree k with coefficients on

X, then
2) = kfelz) = kfi(2)
k=0 k=1

More generally, for any two real parameters « and ¢ with the property that
neither n + a nor n + o + t is a negative integer, we define an invertible operator

R*": H(B,, X) = H(B,, X)

= fi(2)

is the homogeneous expansion of f, then

'n+1l4+a)l(n+1+k+a+t)
Fn+1+a+t)F(n+1+k+a)

as follows. If

Ratf

fk(Z),

where I' is the classical Gamma function. The inverse of R**, denoted by R, is
given by

'n+l4+a+t)l(n+14+k+a)
“T(n+1+a) Tn+ 1t hraty )

The following result gives an alternatlve description of these operators.

atf

Proposition 1.6.1. Let > —1 and t > 0. Then the operator R*' is the unique
continuous linear operator on H(B,,, X) satisfying
x x

Ra,t —

<(1 —(z w>)”+1+°‘> (1 = (z,w))rtirott
or any w € B, and x € X. Similar e operator R, is the unique continuous
f Y B d X. Similarly, the operator Ry, is th q ti
linear operator on H(B,, X) satisfying

R x B x

" ((1 - <Zaw>)”+l+a+t> (1= (2wt

for any w € B, and x € X.

Proof. Just follow the proof given in [82, Proposition 1.14]. O

We also want to recall the notion of (invariant) gradient. Let X be a Banach
space and f € H(B,, X). Then

VI(2) = V(f o p:)(0)
and we call |V f(2)| x» the invariant gradient of f at z € B,,, and ||V f(2)|| v is the
holomorphic gradient of f at z € B,,, where V is the “complex” gradient

VI = (o0 ge).
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1.7 Type and Cotype of a Banach Space

In this final section we define some advanced notations and topics on Banach spaces.
As usual, we consider X any complex Banach space.

Let r4(t) := sgn(sin(2%7t)) be the Rademacher functions. There are many well
known applications of these functions. Related with these functions we have the
well-known Khintchine’s inequality that can be found in many places, e.g. |78, p.12]
or [84]. Let 0 < p < co. There exist positive constants A,, B, > 0 such that

N 1/2 i b\ 1/p N 1/2
Ap<2\xk|2> g(/o S (e dt) ng<2\xk|2> ot

k=1 k=1
forany N > land zq,...,xy € C. A direct consequence is that for any 0 < p,q < 0o

we have that
1l N » 1/p 1IN q 1/q
0 |g=1 0 |p=1

with the constants only depending on p and g. A result due to Kahane generalizes
Khinchine’s inequality (or the consequence) to arbitrary Banach spaces and provides
estimates between LP norms of Rademacher means (see [78, p.95| or [46] for the
original result).

Theorem 1.7.1 (Khintchine-Kahane Inequality). Let 0 < p,q < oo. Then for any
N > 1 there exists Cp 4 > 0 such that
N
dt)
X

|| N v 1
/ Z Tk (t)l’k dt S Op,q /
0 ||y 0
In general, a Banach space X does not fulfill Khintchine’s inequality, but one can

for every Banach space X and {xx}Y_, C X.
introduce a property that allows us to apply similar ideas. A Banach space X has
Rademacher type s (or simply type s), for 1 < s < 2 if there is a constant C' > 0

such that
1 N
/ Z Tk (t)l'k
0 |l k=1

no matter how we select N > 1 and a finitely many vectors {x;}_, C X. We say
that X has Rademacher cotype s (or simply cotype s), for 2 < s < oo, if there exists
C > 0 such that

p

Z T’k<t)xk
k=1

X

2 : N :
t| <cC <Z Hml!i) (1.7.2)
k=1

X

N

1
= N 2

(ZH%H%) <C /0 St

k=1

dt (1.7.3)
X
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no matter how we select N > 1 and a finitely many vectors {xx}2_, C X. The
reason to put bounds in the values of type and cotype is to avoid trivial concepts
since scalars does not satisfy neither (1.7.2) for s > 2 nor (1.7.3) for s < 2 (see
Khintchine’s inequality (1.7.1)). These concepts first appear in [53| and have become
a basic fact for many situations. Take a look at [78] and [52] for historical background
and applications.

Some examples of spaces with known type and cotype are the Lebesgue spaces
LP and the Schatten ideals SP. The spaces LF(Q,X), 1 < p < oo are of type
min(2, p) and of cotype max(2, p), see |78, p.98|. The spaces of p-Schatten class S?,
for 1 < p < oo, are known to have a finite cotype [74]. In particular, SP for p > 2
is of type 2 and for p < 2 is of cotype 2. Also we know that if a Banach space X
has type s then X* has cotype r, where 1/s+ 1/r =1, see |78, p.97|. For example,
since SP for p > 2 is of type 2, (SP)* = S” is of cotype 2, where 1/p +1/p = 1.
There are other known examples of spaces with non trivial type and cotype like the
Musielak-Orlicz spaces [47].
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CHAPTER 2

Vector-valued Bergman Spaces

The theory of Bergman spaces has been a central subject of study in complex analysis
during many years. It is well known that Bergman spaces are very related to Hardy
spaces. In fact, the theory of Hardy spaces was appeared first in the literature
and it is a well established theory with many applications. With the emergence of
functional analysis, the Bergman spaces become also popular. Stefen Bergman, the
forefather of the theory of Bergman spaces, in [15] had developed an elegant theory
of Hilbert spaces of analytic functions. His study deals mainly with the case p = 2
and is concerned with more general domains in the plane or in higher dimensional
complex spaces, even so later on these spaces will be called Bergman spaces. In the
next years many authors studied this theory trying to mimic the theory of Hardy
spaces. However, it soon became apparent that Bergman spaces are in many aspects
much more complicated than their Hardy spaces cousins. The theory of Bergman
spaces is well developed and first established for the unit disk D and for scalar
functions, see [36,37,42,83]. Later on, for the unit ball of C" you can see [65,82].
We recommend [82] for more advanced topics on Bergman spaces and more.

In this chapter we present the next step of the theory of Bergman spaces, the
theory of vector-valued Bergman spaces in the unit ball of C". In Section 2.1 we
show the basic properties of vector-valued Bergman spaces which are the similar ones
of the scalar case. In Section 2.2 we prove basically the boundedness of the Bergman
projection, again the results here present similarities with the scalar case, and which
it is well known that it has many applications. Finally, in the last Section 2.3 we
develop the new atomic decomposition for vector-valued Bergman spaces, used also
in the next chapters. Atomic decomposition for Bergman spaces was initially due to
Coifman and Rochberg [24]| and after that was a central topic in complex analysis.
Our proof here is a modified version from the originial [24] and [82].

If we do not say the contrary, in this chapter we consider X any complex Banach
space and o > —1 a scalar value.
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2.1 Definition and Basic Properties

We begin defining one of the main ingredients in this manuscript. The weighted
vector-valued Bergman spaces AP (B,,, X) are defined to be

AL (B, X) = H(B,, X) N LA(B,. X), 0<p<cc.

It is easy to see that AL (B,, X) C AL(B,,X), for all 1 < p < oo.
Recall the sub-mean value property of functions f € H(B,,, X) in Theorem 1.5.2:
for any 0 < p < oo and r > 0 we have

1
(1 _ |Z|2)n+1+a

IFI% S

A(wﬂwﬂmmw,

for every f € H(B,,X) and z € B,,. An immediate consequence is that any vector-
valued Bergman function f satisfies the pointwise estimate

C

(1 o ‘Z|2)(n+1+04)/p ||f||p,a,X’

()l <

for some positive constant C' independent of the point z € B,, and the function f.
As in the scalar case, one can get the constant C' to be one.

Theorem 2.1.1. Let 0 < p < o0 and a > —1. Then

[ fllp.0x

(1-— |z|2)(”+1+a)/p’

IF()llx <

for any f € AL(B,, X) and z € B,,.

Proof. Let f € AR(B,, X) C H(B,,X) and 0 < p < co. By Theorem 1.5.2, || f||% is
a subharmonic function and using the area version of it in (1.5.2) with R = 1, we
have that

Hﬂw&géHﬂwﬂd%W)

This proves the desired result when z = 0.
In general, fix z € B,, and consider the function

(1= [yl

F(’LU) = (f © sz)(w) (1 _ <’LU Z>)2(n+1+a)/p7

w e B,.

Changing variables according to Proposition 1.4.3, we can see that

HFHp,a,X = Hpr,a,X .

The desired result then follows from [|[F(0)|y < [[F|[,, x-
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One important consequence is that, for any z € B,,, the point evaluations

T.: A2(B,,X) — X
f = f(2)

are bounded linear operators for all 1 < p < oo. This allows one to prove that the
vector-valued Bergman spaces AP (B, X) are closed subspaces of L2 (B, X) and,
therefore, they are Banach spaces. In particular, A2(B,, X) is a Hilbert space only
if X is a Hilbert space as well. We use the following notation

(f. Gax == / (F(2), () dval2). (2.1.1)

to represent the “inner product” for f € A%(B,, X) and g € A%(B,,, X*). When we
refer to the classical scalar-valued Bergman spaces we will denote (-,-), = (), ¢
for the inner product of L. Recall that in the scalar Bergman spaces, A2 is also a
reproducing kernel Hilbert space but in the vector-valued scheme this is not clear,
but we still have an integral representation of each vector-valued Bergman function
that we still call it, the reproducing formula.

Proposition 2.1.2. Let « > —1 and f € AL(B,,, X). Then

flw
f(z) = /Bn (1— <Z7(w>))n+1+a dva(w),
for any z € B,,.

Proof. Since f € AL (B,, X) C H(B,, X), we have, by (1.5.1) with R = 1, that

FO) = [ f(w)dva(w).

By

Now fix z € B,. If we replace f by f o ¢, and we change variables according to
Proposition 1.4.3 we obtain that

| | )n+1+a
/ f o (w)dv,(w / flw |1_ >| i) dvg (w).

Replacing again f(w) by f(w)(1 — (w, 2))""™* we get that

(1= (w, 2"+

21— |z = (1 — |2]F)rHite dv, (w).
)1 = |z[%) (1 —1z[%) f( )’1_< ) [T (w)

Then, simplifying we arrive at the desired reproducing formula. O

We have some important consequences which are the following (recall the defi-
nitions of R** and R, given in Section 1.6).
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Proposition 2.1.3. Let a > —1, f € AL (B,, X) and t > 0. Then

and
Raf () = | s o)

for any z € B,,.

Proof. Taking the reproducing formula in Proposition 2.1.2 and applying R** under
the integral sign we get the first identity using Proposition 1.6.1. The case R, is
the same proof but applying the reproducing formula in Proposition 2.1.2 with o +¢
instead of a. O

The following density property is well known and extremely useful in many sit-
uations.

Lemma 2.1.4. Let « > —1. The vector-valued holomorphic polynomials, P(B,,, X),
are dense in AR (B, X), for any 1 < p < occ.

Proof. Given a function f € A2(B,,X), let f,(z) = f(pz) be its dilations, where
0 < p < 1. Each function f, is analytic in a larger disk, so it can be approximated
uniformly in B,, by polynomials, the partial sums of its Taylor series. Thus it will
be enough to prove that f can be approximated in A?(B,, X') norm by its dilations,
e, [[f = follax — 0 as p— 1. First, we recall that the integral means

1/p
Mp<r,f>:=(Sr\f<r<>\|&do<<>) L 0<r<l,

are increasing with r, see [82, Corollary 4.21], and observe that M, (r, f,) = M,(rp, f).
Therefore,
Mg(n f - fp) S 2P(M£<7’7 f) + M]I))(T, fp)) S 2p+1M5(r, f)

But the hypothesis that f € AL(B,, X) is equivalent to saying that MPZ(r, f) is
integrable over the interval [0,1) with respect the measure 2nc,r**~1(1 — r?)*dr,
see (1.1.1), and it is clear that f,(2) — f(z) uniformly on compact subsets of B,, as
p — 1, which implies that MP(r, f — f,) — 0 for each r € [0,1). Thus by (1.1.1)
and the Lebesgue dominated convergence theorem, we may conclude that

1
0

as p — 1, which completes the proof. O
Lemma 2.1.5. Let o > —1 and suppose t > 0. Then

RERCLNEE / R f(2) - 9(2) dvas(2),

for every f € AL(B,, X) and g € AL.
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Proof. Let f € P(B,,X) and g € P be polynomials. Then, by Proposition 2.1.3,
Fubini’s theorem and the integral representation in Proposition 2.1.2 we have that

/n R f(2) 'ﬁdet(z) = /}Bn </n (1 _f(é)s;})an(fﬁaﬂ) ~ﬁdva+t(2>

= [B nf(w)' /B a f@j’;ﬁl :(fzw dva(w)

=/, f(w) - g(w) dva (w).

Since f and g are polynomials we can apply Theorem 1.4.1 to see that the assumption
of Fubini’s theorem is fulfilled. Therefore, by density and Lemma 2.1.4, we obtain
the general result. O]

Let w € B,,. Recall the scalar-valued Bergman reproducing kernels are defined

as
1

(= )y

It is not difficult to see, with the help of Theorem 1.4.1 and Lemma 1.4.4, that

K,(z) = z€B,.

(p=1)
1Kl = (=)™ 700 <p < oo,
So, for 0 < p < oo, we recall also the scalar-valued p-normalized reproducing kernels

Ky(2)
kpw(2) = 757, z €B,.
' [Kwll
Since we are working on vector-valued setting we will define the vector-valued
reproducing kernels on z € X \ {0} by KZ*(z) = zK,(z) and the vector-valued
p-normalized reproducing kernels on = € X \ {0} as k ,(2) = 2/ ||z| y kpw(2), for
every z € B,,.

2.2 Projections and Duality
For a > —1, the Bergman projection operator P,, is the integral type operator

defined by
P.f(z) = / n (1{ (zfz)j;’;‘)i“ﬁm (2.2.1)

for any f € L.(B,,X) and z € B,. It is easy to see that P,f € H(B,, X), for
every f € L. (B, X). Indeed, Lemma 1.2.1 implies that (P, f,z*)y = Pa({f,2)y),
for any f € L!(B,,X) and z* € X*. Since P, acting on scalar-valued functions
is holomorphic, we have that P, is weakly holomorphic and then vector-valued
holomorphic. Moreover, it is easy to see by Fubini’s theorem and Theorem 1.4.1
that P,: LL(B,, X) — AL(B,,X) is a bounded linear operator, for all v > a. We
have a more general result on the boundedness of integral type operators acting on
LP(B,, X).
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Theorem 2.2.1. Let 1 < p < o0, a,v > —1 and § a real parameter. If

—pB<a+l<p(y+1) (2.2.2)
then the operator defined by

T4 = (- ) [ i J Effﬁﬁﬂw : € B,

is bounded on LP(B,, X).

Proof. Let f € LP(B,,X). If p = 1 it directly follows by Tonelli’s theorem and
Theorem 1.4.1. Indeed,

— 1212 B8(1 — |wl?)Y
[l e s [ [ 1wl “H‘_’(j w>|<i+1+L+L> du(w) du z)

—2[H2t8 du(z
1)l (0= 'y ( / |(11_ Jz‘lzﬂlif&) dv(w)

B 1F ()l (L= )" (1 = |wl*)* dv(w) S IIF ]l 0x

taking into account that v —a > 0 and a+ 8 > —1 which is true by the hypothesis
(2.2.2).

Now suppose 1 < p < oo and let € > 0 that will be specified later. By Proposi-
tion 1.2.2, we have that

T S (1= 1= </ I (w ||X|1_(< ';‘,}lﬁlﬂwdv(w))

2|?)PP |w|)a+8ﬂ o vlw ’
— (- Jaf?) (/ Il = >|,L+1+A,+Bol<>>.

The last integral over p, using Holder’s inequality, is less or equal than

p (L o) dvfw) | (1 (L fuf?) e/ dv(w))“
(/ H‘f H |1 _ < >|n+1+’y+6> (/n |1 _ <Z7w>|n+1+'y+,3 ’

Then, if

> —1 (2.2.3)

and
> 0, (2.2.4)

by Theorem 1.4.1, we have that

-1
</ (1_’w|2>(7p—a—a)/(p—1) dv(w) b <<1 ‘ ‘2)7_[3(1,_1)_&_8
— |z .
N T e ~
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So, we get

T S (1= [=P) ﬁ(/ 17l = ):;ﬂﬁ)-

Finally, applying Tonelli’s theorem and Theorem 1.4.1 again, if
v+ 068—e>-—1, (2.2.5)

we obtain that

? du P — |lw dvv-l—ﬁ—e('z) o (w
[T a5 [ Il = ) </ ,1_<ij>,n+1+w+ﬂ>da<>

S/B 1F ()% (1= w]*)7(L = [w[*) = dva(w) S (1 £1l}0x -
It only remains to show that (2.2.3), (2.2.4) and (2.2.5) are fulfilled. For this we
need to take € > 0 such that
max{0,y —a—fp—1)} <e <min{y+ 5+ 1,p(y +1) = ( + 1)}
which is clearly possible by the hypothesis (2.2.2) and we are done. O]

As an immediate consequence, we have the following result on the boundedness
of the Bergman projection on L? (B, X).

Theorem 2.2.2. Let 1 < p < o0 and o,y > —1. If p(y +1) > a + 1, then the
Bergman projection P,: LE(B,, X) — AP(B,,X) defined in (2.2.1) is a bounded
linear operator.

Proof. Tt is a direct consequence of Theorem 2.2.1 where 5 = 0. O]

Proposition 2.2.3. Leta > —1. Forany 1l < p < oo, if p’ is the conjugate exponent
of p, then

<Paf> g>o¢,X = <f> Pozg>a,X7
for every f € L2.(B,,, X) and g € L¥ (B, X*).

Proof. Let f € L2 (B,, X) and g € L¥ (B,,, X*). Then, by Lemma 1.2.1 and Fubini’s
theorem, we have that

<Paf,g>a,x—/ (Paf(2),9(2)) x dva(Z)Z/ 9(2)(Paf(2)) dva(z)

n

/n /n n421+a dva(w) dva(z)

N /n (/n (1-— <7j,(2)n+1+a dva(z)) (f(w)) dvg (w)

— / (Pag(w)) (f (w)) dvg(w) = / (f(w), Pag(w)) y dva(w)

= <f7 Pozg>oz,X'

Note that the application of Fubini’s theorem is correct because of Holder’s inequal-
ity and the boundedness of the scalar positive Bergman projection Py, O]
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Observe that Theorem 2.2.2 and Proposition 2.1.2 show that P, is a bounded pro-
jection of L2 (B,, X) onto AP (B, X) for any 1 < p < co (that is, P,: L2 (B,, X) —
AP (B,,, X) is a bounded linear operator such that P, o P, = P, and P,L2(B,, X) =
AP (B, X)). As a consequence of that fact we will obtain results on duality of
vector-valued Bergman spaces.

It is well-known that, for any 1 < p < oo, the dual space of L2 (B,,, X) can be
identified with L?'(B,,, X*), where p’ is the conjugate exponent of p, with some re-
striction on the Banach space X, that is, when X has the Radon-Nikodym property
respect to the measure v, see [35, p. 98]. This condition is satisfied if, for example,
X* is separable [35, p. 79]. Fortunately, for vector-valued Bergman spaces, we have
the same duality structure but without any restriction on the Banach space X. The

case of unit disk is proved in |7, Theorem 3.9] and the same proof works for the unit
ball B,,.

Theorem 2.2.4. Let 1 < p < oo and a > —1. If p’ be the conjugate exponent of p,
then (AR(B,, X))* can be identified with A? (B,, X*) with equivalent norms under
the integral pairing defined by (2.1.1).

2.3 Atomic Decomposition

In this section we show that every function in the Bergman space A?(B,,, X) can be
decomposed into a series of very nice functions (called atoms). First of all, we show
some well-known preliminary results which are classical.

Lemma 2.3.1 ([82, Lemma 2.27|). For any R > 0 and any real b there exists a
constant C' > 0 such that

’M _ 1‘ < CB(u,v)

(1= {z,v))"
for all z,u,v € B, with f(u,v) < R.
Recall that for » > 0 and z € B,, the set
D(z,r) ={w € B,: f(z,w) <r}
is a Bergman metric ball at z.

Theorem 2.3.2 ([82, Theorem 2.23|). There exists a positive integer N such that
for any 0 < r <1 we can find a sequence {ay}x in B, with the following properties:

(Z) En = UkD(ak,r).
(1) The sets D(ay,r/4) are mutually disjoint.

(111) Each point z € B, belongs to at most N of the sets D(ax, R), for any R > r/4.



2.3 Atomic Decomposition

33

In the remainder of this section we fix a sequence {ay}s chosen according to
Theorem 2.3.2. We are going to call r the separation constant for the sequence
{ax}k, and we are going to call {a;}; an r-lattice in the Bergman metric.

Lemma 2.3.3 ([82, Lemma 2.28]). For each k > 1 there exists a Borel set D
satisfying the following conditions:

(a) D(ag,7/4) C Dy C D(ag,r) for every k.
(b) DyND; =0 fork #3j.
(¢) B, =y, Di-

We need to further partition the sets {Dy} in Lemma 2.3.3. We let n denote a
positive radius that is much smaller than the separation constant r, in the sense that
the quotient n/r is small. We fix a finite sequence {z1, ..., z;} in D(0, ), depending
on 7, such that {D(z;,n)}; cover D(0,r) and that {D(z;,n/4)}, are disjoint. We
then enlarge each set D(z;,n/4) N D(0,7) to a Borel set E; in such a way that
E; C D(z;,n) and that

Do, r)=|JE

is a disjoint union (see proof of [82, Lemma 2.28|).
For k> 1 and 1 < j < J we define ay; := ¢q,(2;) and

Dy; = Di[ ) par(E))

It is clear that aj; € D(ay,r) forall k> 1 and 1 < j < J. Since

J
Dy = Dy
j=1

is a disjoint union for every k, we obtain a disjoint decomposition

B, = G U Dxj (2.3.1)

k=1j=1

of B,,.
We also fix a real parameter b > n and let 5 =b— (n + 1) (or, equivalently, we
fix > —1 and let b=+ n+1). We define an operator S on H(B,, X) as follows

(Diy) fis(ary)
PR

k=1 j5=1

where
1

v3(Dk;) Dy;

is the averaging function of f in the disk Dy;.
The following lemma is the key for the atomic decomposition for vector-valued
Bergman spaces.

Fala) = f(w) dug(w)
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Lemma 2.3.4. For any p > 0 and o > —1 there exists a constant C' > 0, indepen-
dent of the separation constants r and n, such that

—(n+1+a)/p P
11— 5701 < 00> SR (st ano)

for everyr > 1, z€B,, and f € H(B,, X).

Proof. Without loss of generality we may assume that f &€ A}J,(IB%MX ). Then, by

Proposition 2.1.2,
_ [ flw)dug(w)
0= ey

Using the partition {Dy;}x; of B, in (2.3.1), we write

fle Y o (e T akj>>b) dos0)

k=1 j=1 Dk;

Therefore, by Proposition 1.2.2, we have that

1f(2) = Sl x _ZZ

(z ak‘J>|

where
(1= (2, ax;))"

Iy ::/D . £ (w)llx (1= (z,w))

Now, Lemma 2.3.1 and the fact that for each w € Dy; the quantity 1 — |w|® i
comparable to 1 — |az|*, see Lemma 1.4.4, shows that

- 1‘ dug(w).

Ty S = ol [ 15wl do(w),

For each w € Dy; we also have D(w,r) C D(ax,2r). Then, by Theorem 1.5.2, we
obtain that

Il S Ty (f Il 100’
1 ,

S T (g O 000)

This implies that

Iy < (1 — lagl)P= 04150/ (D, ) ( [ wik dva<u>)p

(ak72T)
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Since

J
S " 0(Dyy) = 0(Dg) < v(D(ag,r)) S (1 — fag2)™
7j=1

we have that

J

Sty Sl fagly e
D

J=1

@I dva<u>)”

(ak’2T)

= (1 — |ag|)" (n+1+a)/p </D( . I f )% dva(u)) ’

Finally, by Lemma 2.3.1, we know that |1 — (2, ay;)| is comparable to |1 — (z, a;)|
for all z € B,,, then

1f(z) = SF(2)x S Z

(2 CLk>|
1
= (1= gl :
S ; 1) dva(u))
k=1 |]' - <Z7 ak>| D(ay,2r)
Hence, the proof of the lemma is complete. O

We are in the situation to prove the atomic decomposition of the vector-valued
Bergman functions.

Theorem 2.3.5. Suppose p > 0, a > —1 and let b be a parameter such that

1 a+1
b>nmax|1,— )+ .
p p

Then we have that
(1) For any separated sequence {ay}, C B, and {\i}r € P(X) the function
(n+14a)/p

(1- |ak| )
Z)\k (z,ak))b

belongs to A7 (Bn, X) and || fll, o x < A3kl )

(1)) If f € A2(B,,, X) then exists a r-lattice {ax}r C B, and a sequence {\;}i €
(X)) such that

(n+14a)/p

(1- |ak| )
Z)\k (z,ar))b

holds and [[{\k}elle(xy S 1 llpax-
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Proof. (i) It is easy to see that the series converges uniformly on compact subsets of
B,, and, therefore, f defines an analytic function on B,,. We set ¢ := b—(n+1+a)/p.
If 0 < p <1, it is easy to see, using Theorem 1.4.1, that

P
Wik '“'f' " du2)
X = 1 (1= (z,a,))?
X
(1— |22
Sl =y [
Z * B, |1 — (2, a)|"
> 1 — |ag|*)®
< el — DT

X 2 — (N «
— (1<_|ak’)Mo( +14a)

Now, let p > 1 and let £ > 0 be a parameter that will be specified later. Then,
by Hélder’s inequality, we have that
E: WH)
b
(z ak>) N

LA = / >

< Gl (s @\
L(Z % —hkﬂb)(; e ) (2).

k

p

dv,(2)

Suppose that n <t+¢/(p —1) < b. By Lemma 1.4.5, we obtain that

= (1 fou ) e/

p—1
2\b—(n -
<Z |1 <Z - >’b ) (1—|Z| ) (p—1)+e—b(p—1) _ ( —|Z| )b (n+14a) e
- ) Wk

k=1

Then
(1 _ |Z|2)b—(n+1)—t+s

e £ 3 Wl 0~ oy [ B EE )

Ifo—(n+1)—t+e> —1and t—e > 0, then we can apply Theorem 1.4.1 obtaining
that the last integral is

1— 2\b—(n+1)—t+e
I av() S (1 faif)

1= (zoan)]’

and therefore
1A ex S Z Al -

It is straightforward to see that the conditions on e can be fulfilled for some ¢ > 0.
That is, we choose € > 0 such that

n+1l+ao . n+1+a
— | <e<min|{n+l4+a———— 1],

max (t —pt'\n—
p
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where t' :=b—n — (1+ «)/p.
(i) Fix a r-lattice {ax}x C B, and let {Dy;}x; be the finer partition. By
Lemma 2.3.4 and the first part of this proof (i) with

Mz(é%mwwwwmmoﬂ

we have that there exists C' > 0 (not depending on r or 1) such that
15 = 1l ava: <m2/ 1)1y deaw)
(ak,2r)

Since each w € B,, can be at most N of the sets D(ay,2r), see Theorem 2.3.2, we
have that

) 1/(2) = Sf(2)Ilx dva(z) < CN??/B 1f ()l dva(w).

If we take 1 small enough so that CNn < 1 we obtain that I — S is a bounded
operator on AP (B,, X) with norm less than 1, where I is the identity operator
on A?(B,, X). In that case, it follows from standard functional analysis that the
operator S is invertible on AP (B,,, X). Therefore, every f € AP(B,, X) admits a

representation
|akJ| )*
Akj
Z 1— (z,ag))’
where R
- ve(Dii)gs(ar)
T (1 Jal)

=S"!'fand B =b— (n+1). We know that
vs(Dig) < v5(Dp) = (1 |ax]")"™ 7 = (1 — ax]*)".
Since 1 — |ag;|” is comparable to 1 — |a;|* by Lemma 1.4.4, we have that
2\n a ||~
DIl S Do = lanl)™ < (1 galans) Il -
k.3 k.j

With a similar ideas than the proof of Lemma 2.3.4 we have that
P

_ 1
195 ar) % = '

05(Dj) /D ‘g(w)dvﬁ(w)
v (;kj)/D gl dvg(w)>

<1"“1;<}h:;1+“” /[ (/mewwjng<u>ua-dva<u>>]/pdvﬁ<uo)

4FWWWWLMﬂWMMM)
ag,2r

X

IA

p

AN
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Therefore
D el S JZ/ lg(u) % dva(u) <IN [ |lg(u)|fs dve(u)
k,j k=1 Y D(ak,2r) B,

<IN |57 / A dra(w)

Hence the proof of the theorem is complete. O



CHAPTER 3

Vector-valued Bloch Type Spaces

It is well known that Bloch type spaces are very related with Bergman spaces. If
we do not say the contrary, in this chapter, we fix X any complex Banach space.
Usually, we also denote a > —1 a real parameter. Roughly speaking, the Bloch space
can be thought of as the limit case of the Bergman spaces A?(B,,, X) as p — oo. In
particular, we will see that the Bloch space can be naturally identified with the dual
space of Al(B,,X). Then, it is clear that the Bloch space is intimately related to
the Bergman spaces and to the Bergman metric as well; it consists exactly of those
holomorphic functions that are Lipschitz from B, with the Bergman metric to X
with the X-norm, see Corollary 3.2.9. Moreover, the Bloch space is also interesting
in its own right. In fact, the Bloch space has been studied much earlier that the
Bergman spaces. In particular, the Bloch space of the unit disk plays an important
role in classical geometric function theory. See [3,4,8,9,83| for more information on
them.

Later on, serious research on the Bloch space of the unit ball began with Timo-
ney’s papers [72,73|. In particular, the scalar case of Theorem 3.1.3 was proved in
[72,82]. We recommend [82] for more information on Bloch spaces on the unit ball
of C™ and more.

The integral respresentation for the Bloch space and the duality between Al and
the Bloch space can be found in many different papers/books, including [37, 68,69,
82]. The case of vector-valued holomorphic functions it is done in |7]. Our proof
here is more similar to the classical one.

Therefore, in this chapter we are going to go further in these investigations and
we study the Bloch type spaces on the unit ball acting on vector-valued holomorphic
functions. In particular, we are going to introduce and characterize the vector-valued
Bloch type spaces (the more basic and the more general one) and we prove various
characterizations of the Bloch type spaces and some important estimate results
needed in the next chapters.
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3.1 Vector-valued Bloch space

In this section we introduce the vector-valued Bloch space and some properties of
them. It is well-known that Bloch type spaces play an important role in character-
izing Hankel operators on Bergman spaces. The vector-valued Bloch space B(B,,, X)
is defined as the space of vector-valued holomorphic functions f € H(B,, X) such
that

1 ls(g,x) = sup (L = =) [V f(2) ]l xn < co.

z€bn

Under the norm
1A= 1LF O x + [ f s, x)

it becomes a Banach space. Sometimes is very useful to have other characterizations
different from the definition. Before providing these descriptions of the vector-valued
Bloch space, we need a preliminary result.

Lemma 3.1.1. Suppose o > —1,8 >0 andt > 0. If
g(w) dvg (w)
iy [ Aty
&= ) =Gy
for some g € AL (B, X), then

17" g(w)]l x dvate(w)
1= (z,w)|"

Y

IV£(2 Mn<ﬁ/

for every z € B,,.
Proof. Fix z € B,,. By Lemma 2.1.5 we have that

o) = [ Ao dteadn)

Now, differentiating under the integral sign we obtain that
WE R g(w) dvg+(w
f( ) 6 k ( ) 6‘:151( )’
Dzy, g, (1—(zw))

and this implies that
WR* g(w) dvgy¢(w)
B, (1= (zw))ftt =

Note that this is a Bochner integral in the Banach space X". Then, applying
Proposition 1.2.2 with X™ shows the result. O]

Vi(z) =8

For f € H(B,, X) we define the functions
far(2) i= (1 = [2)IR* f(2), z € B,. (3.1.1)

We will see that these functions play an important role on the vector-valued Bloch
and Bergman spaces. Next result is an example.
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Theorem 3.1.2. Suppose a > —1,t >0 and 0 < p < oo. If f € H(B,, X) then
f e A2(B,,X) if and only if the function f,, € LP(B,,X) (defined in (3.1.1)).
Moreover, || fll,ax = [ fatllpa,x-
Proof. Let 8 := a + N, where N is a sufficiently large positive integer. Since R*!
and RP* are comparable, see [82, p. 54|, we have that the function f,; € LE(B,, X)
if and only if fz, € LE(B,,, X). Then, we only need to prove that f € A?(B,,, X) if
and only if fz, € LP (B, X).

Suppose first that fg, € LP(B,,, X). Let z € B,,. By [82, Corollary 2.3], Fubini’s
theorem and the reproducing formula in Proposition 2.1.2 we have that

fai(w) dvg(w
Pﬂfﬂ,t(2> = /IB%n (1 /B_ (<27)w>>5n(+1_),_/3

_ o [ B
Cpri Jp, (1= (z,w0))" 17
r(w)d
= P im frw)dvos(w) 5 py (3.1.2)
Cpre =1 Jp, (1= (2,w))" 10 cauy
Then, if 1 <p <ooand N > (a+1)(1/p — 1), by Theorem 2.2.2,
Cﬁ Cﬁ
1o = = ||P5f/3t||pax = ||Pﬁ|| [REF]

showing that f € Ag(Bn,X). When 0 < p < 1, by (3.1.2) and passing the norm
inside we have

17l x S /B lg= ()l (1 = Jw[)** dv(w), =z € By,

where 54 flun)
RP f(w
. = , B,.
B = T v
We further assume that NN is large enough so that
n+1+da
B+t= PR (n+1)

for some o/ > —1. Observe that
(n+14+B8p=n+1+ad —pt=n+1l+a+(a —pt—a),
and that we may assume that N is so large that
o —pt—a>0.

Then, it is clear, by hypothesis, that g, € A?,(B,,, X), for every z € B,,. Therefore,
using Theorem 2.1.1, we have

G5 < ( [ Ng=CwlF o) 1 = dv<w>)p

p
(1= Jw[*)**
< ||gz||p a’X (/ ||gZ ||p | |2)(n+1+a/)(1/p_1) d’l}(w)

I,

a0 Mgl o = |!9z||pa/,x~
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But, Fubini’s theorem and Theorem 1.4.1 imply that

P
[ o o 1247y g ) dons) < el
ellp.or X al B, /B n+1+ﬂ)p o =) w5 1Bt pa,x

W |1 — (w, 2)|

which in turn imply that [|f|[, . x < [[fa.ell, 0 x-
Next assume that f € A5 (B,, X). Since 3 > « it implies that f € A}(B,, X)
and then, by Proposition 2.1.3, we have

Rﬁ’tf(z) _ / f(w) dvg(w)

o (L= (zyw))ritaost’

and so

(- R s = -y [ R, seB

If1<p<ooand N > (a+1)(1/p—1) it follows from Theorem 2.2.1. If 0 <p < 1
we use the same strategy as before. We write

n+1+da

Here we assume that IV is large enough so that o/ > «. Then, using Theorem 2.1.1
again, we have

sl < ( f ALl Y~ (] ot anso)’
= ([ W I auste )

S k=I5

p,a X 0

where
f(w)

ha(w) = (1 — (w, 2))nHi+o+

w e B,.

Therefore, by Tonelli’s theorem and Theorem 1.4.1 again,

HthHan N/ ( |Z‘2> / Hf( )Hp>|((i1ia1/+(;1i)t)p dva(z)

B |1 — (2
(1= |2 dva(2)
/ I1f (w)][ (/ 11— (=, w) [Tt dve (w)
< Hf”an
Thus, the proof of the theorem is completed. O

The following theorem gives us several conditions that are equivalent to but more
easily verifiable than the definition.
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Theorem 3.1.3. Suppose t > 0 and o > —1. If f € H(B,, X), then the following
conditions are equivalent:

(i) The function f is in B(B,, X).
(ii)) We have f = P,g for some g € L>®(B,, X).
(iii) The function fas(z) = (1 — |2|?)' R f(2) is in L®(B,, X).

Moreover,

1158, x) = 190l x = I fatllox -

Proof.
(i) = (ii): By Cauchy-Schwarz inequality we have that

HRf@H&f£<§:PMH@f@WX> < [ IV F ()50 - (3.1.3)

In particular [|[Rf(2)|x < [[Vf(2)| xn, for every z € B,,, then condition (i) implies
that (1 — |2|*)Rf(z) is in L>(B,, X). Consider the function

_ Coa_—s—l(l _ |Z|2)/B ( f(w) dva(w)

= € B,.
g<Z) Cor 1 — <Z’w>)n+2+o¢’ z

It is easy to see (see proof of [82, Theorem 3.4|) that

g(z) = Catl [(1 1D F(2) + (1—|z)Rf(2)

Co n+1+a

So to show that g € L>(B,, X) we only need to prove that (1 — |z[°)||f(2)]x is
bounded on B,,. But the identity

fe-so = [ 2 (t2)

dt (3.1.4)
0 t

shows that f grows at most as fast as —log(1 — |z[°). Indeed, using (3.1.3), the
hypothesis and the fact that 1 — |z| < 1 — |z|?, for z € B,, we have that

Loz dt bz de
10 - s < [ i <

1
= —log(1 — |2[) < —log(1 — |2[*).
0

= —log(1 —1]2])

Then it follows that g is in L>*(B,,, X). Moreover, for every z € B,, by Fubini’s
theorem (using [57, Lemma 2.5]) and the reproducing property in Proposition 2.1.2,
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we get that
rat) = [ w2 e = L (L i) G e
= [ s [ G ) duat)

(= {u ]y re

B / £ ()T, 2) =010 o () = £(2)

and then f = P,g.
(ii) = (iii): If there exists a function g € L>(B,,, X') such that

RNy .20,

O P i

by Proposition 1.6.1, we have that

aipiy— [ 9(w)dua(w)
= / (1= {2, w)yrssest

Then, by Proposition 1.2.2 and Theorem 1.4.1, we obtain that

1— |lw/»e do(w 1
< -
ntldatt ~ Hg“oo,X 2\’
) (1 —[2]%)

5@ S ol [

21— (z,w

which also imply that || fo.ll v S HgHOO,X.

(iii) = (i): We can assume that f € Al(B,, X). Indeed, it is a direct consequence
of Theorem 3.1.2. If f,; € L>*(B,,X) C LP(B,,X), for any p > 1, then f €
AP (B, X) C AL (B, X). Therefore, applying Proposition 2.1.2, we have that

f(z) = / f(w) dea(w) .eB,

o (1= (z,w))rtite’

Then, an application of Lemma 3.1.1 and Theorem 1.4.1 shows that

(1 — |w]?)® dv(w) < [ fotll oo x

W L= () [T (L= (1)

9IS Mool [

for every z € B,,. This completes the proof of the theorem. O
Now we continue with some properties of vector-valued Bloch spaces.

Lemma 3.1.4. Let « > —1. Then B(B,,, X) C A2(B,,, X), for any 1 < p < cc.

Proof. This is immediate from Theorems 3.1.2 and 3.1.3. O

Next result gives a pointwise estimate for vector-valued Bloch functions.
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Proposition 3.1.5. If f € B(B,,, X) then there exists C > 0 such that

1

IF )l = Clif s, x) log T 22’

for any z € B,,.

Proof. Let t > 0 and f € B(B,, X) C Al(B,, X). If we apply Proposition 2.1.2 and
Lemma 2.1.5 we get that

[ RMw)
10 = | s dwas(w).

Therefore, by Proposition 1.2.2 and Theorems 3.1.3 and 1.4.1, we have that

5l £ 1l || T i do(w)

1
< log ——. O
] HfHB(IBn,X) g 1_ |z|2
To finish this section we include the duality of vector-valued Bloch spaces used
later on. It is well-known that in the scalar-valued case (AL)" can be identified with
B. In this case we have similar result.

Theorem 3.1.6. Let X be a Banach space and o > —1. The space (AL(B,, X))’
can be identified with B(B,,, X*) under the integral pairing (2.1.1).

Proof. 1f g € B(B,, X*), then by Theorem 3.1.3 we have that there exist h €
L*>(B,,, X*) such that

o) = Pah() = [ A

and [|hl . x- S 19l s, x-)- Let f € Ay(By, X), by Fubini’s theorem and the integral
representation in Proposition 2.1.2 we have

0o = [ U9 dunle

/ / 1 —{w, 2) )n(fﬁi >dva(z)

- / F(w), hw))y dua(w).

Then,

(6. 9haix| < [ 17y Il drw)

< Al o x

[Flla,x

f”l,a,X S ”gHB(]Bn,X*)
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which implies that g induces a bounded linear functional on Al (B,, X).
Conversely, let A be a bounded linear functional on Al (B,,, X). Since A2(B,, X) C
Al (B,, X), we have that

IO < BATTIF I o < AT Tl9,0,x 5

which implies that A also defines a bounded linear functional on A% (B,,, X) as well.
Moreover, by the duality of the vector-valued Bergman spaces in Theorem 2.2.4,
we have that (A%(B,, X))* = A%2(B,, X*) under the same integral pairing (2.1.1).
Then, there exists an unique g € A%(B,,, X*) such that

) = (g x = / (F(2), 9(2))x dval2), (3.1.5)

n

for any f € A2(B,, X). Fixt >0, z € X and z € B,,. Define

T
(T {2+t

fw) =

w e B,.

Notice that f* € A%(B,,X) and since g € A%(B,, X*), Theorem 3.1.2 imply that
Jor € L2(B,, X*) which means that R*'g € A2, ,(B,, X*). Then, by Lemma 2.1.5
and the integral representation in Proposition 2.1.2 we have that

M) = [ gzt doy(o) = (o [ 2SRl

R*g(w) dva(w) ot
) <”“"/ (1= Gt ) = (0 FE0C
Therefore, using Theorem 1.4.1,

sl = s [ R )| = s 1AL

Izl x <1 [zl x <1

dv,(2)
< sup A 12 < 141 [ 2
X B, |1 — (z,w)|"FHHeH

llzll x <1

SIAIE— )7

Theorem 3.1.3 gives us that g € B(B,,, X*). It remains to prove that (3.1.5) remains
true for functions on Al (B,, X). First, it is easy to see that A%(B,,X) is dense
in AL(B,,X). Indeed, since P(B,, X) C A2(B,,X) C AL(B,,X) and P(B,,X)
are dense in Al (B,, X) it implies that A%(B,, X) is dense in AL (B,,X). Now, let
f € Al(B,, X). Then, by the fact that A is bounded and the Lebesgue dominated

convergence theorem we have

A = lim A(f) = Tim [ (fu(2), 9())y dva2)

n—oo Bn

= [ Jm (o) dunle) = [ (E) g dualo)

n—oo
n n
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Note that we can apply Lebesgue dominated convergence theorem since A2(B,,, X)
is dense in AL(B,, X), that is, there exists {f,}, C A%(B,, X) such that f, — f
uniformly in X as n — oo, i.e., for every ¢ > 0 we have

1fu(2) = F(2)llx <&/2, 2z By,

and P(B,,, X) is dense in AL (B, X), that is, there exists {P,}, C P(B,, X) such
that
||f(z)_Pn(Z)||X S€/2a ZGBTL'

Therefore, by the triangle inequality,

[(Fn(2), 9(2)) x| < [{fn(2) = (2),9(2)) x| + [(f(2) = Pu(2), 9(2)) x|
+1(Pa(2), 9(2)) x|
<(e+O) (=)l

which is a integrable function since g € A%(B,, X*). This completes the proof of
the theorem. O

X*

You can see a completely different proof in |7, Corollary 3.17|. See also [19] for
more information.

3.2 Vector-valued v-Bloch space

In this section we are going to define and characterize the more general type of
vector-valued Bloch spaces, the y-Bloch spaces B, (B,,, X) for v > 0, defined as the
space of vector-valued holomorphic functions f € H(B,,, X) such that

of
p(1— ]2 || ==
Zsel]lBgn( El (%k(z)

for any 1 < k < n. It is easy to see that f € H(B,, X) belongs to B,(B,, X) if and
only if

< 00,

X

2
£l 3,,) = 50 (1= [2F)7 IV F(2) [ en < 00-

Taking || f[| = [|flls, @, x) + [I/(0)][x we have a norm. It is clear that B; (B, X) =
B(B,,X). We also have some equivalent characterizations of these spaces more
suitable for our purpose.

Theorem 3.2.1. Let X be any Banach space. Suppose v > 0, 8 > —1 such that
v+ B8>0. If f € H(B,, X) then the following conditions are equivalent:

(i) | € By(By, X).
(1) There exists a function g € L= (B,,, X) such that

f(2) :/ g(w) dvs(w) 2 €B,.

o (1= (2 w))meoe
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(iii) The function (1 — |z|*)TRPHI=V1f(2) is in L=(B,, X).
Moreover,

115, ) == N9l = sup (1= [2[)7 [|RPHF(2)]] -

zebny

Proof.

(i) = (ii): We use similar ideas of [82, Theorem 7.1|. If (i) holds, then the function
(1 — [2])"Rf(2) is in L®(B,,, X), since |Rf(2)|x < |Vf(2)| xn, for every z € B,,.
Therefore, the function defined by

. Bty PRI . Rf(2)
o)1= 20— apy (1) + LEL )

is in L>(B,,, X) as well (see proof of Theorem 3.1.3). Now let z € B,,. If we consider
the holomorphic function

o= [ A () I ) due)
o (L= {zw))m oy, n+pB+y/) (1= (zw)+
and we apply the differential operator R?*7~1! under the integral sign, then using
Proposition 1.6.1 and the reproducing formula in Proposition 2.1.2, we obtain

_RE
n+p+7y

REH =11y — f+
Note that the application of the reproducing formula in Proposition 2.1.2 is correct

because the function (1—|z[*)YRf(2) is in L®(B,,, X), so clearly Rf € Ap, (B, X),
and using (3.1.4), (3.1.3) and the hypothesis we have that

[ 15 = 10 dvsrt 5 [ (/ IR ) (- oy ants
<[ ( / A (1= 6 de) (1= 1 ot

,S/ dvg(z) < o0,
which imply that f € AB (B, X) as well. Now recall that if
f = Z fka
k=0

is the homogeneous expansion of the function f, where f; are homogeneous holo-
morphic polynomials of degree k with coefficients on X, then

Rf =Y kfs
k=0
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Moreover, by definition

Fn+1+B8+N)Tn+k+8+7), ~= n+pf+7y
Rpty10f = Z I'(n+B++)l (n+1+k:+5+7)fk_,§n+k‘+5+7fk

and

= n+pB+
Ropy1aRf =) K

PP kg
Lt k+ B+ Ji

Therefore, since h = R,3+7_171R5+7*1’1h, a calculation using the definitions shows

that
_ Rf
_kz:;n+k+5+fyf’“+kz:%n+k+ﬁ+7f’“
=> fi="f
k=0

(ii) = (iii): Let z € B,,. We have that
o= [ Sl
o (1= (z,w))m o4
for some g € L>=(B,,, X). If we apply R°*7~1! with Proposition 1.6.1 we obtain that

Br=11¢(,) — g9(w) dvg(w)
R f( ) /n (1 — (z,w>)”“+5+7'

By Proposition 1.2.2 and Theorem 1.4.1 we have that

1 — |w]*)? dv(w) 1
Rﬂ+'y 1,1 / ( < )
|| f ||X ~ H HooX B, (1 - <z,w>)”+1+5+7 ~ ”gHoo,X (1 _ |Z’2)7

(iii) = (i): First, notice that f € A}, (B,, X). Indeed, by Theorem 3.1.2,

nmwﬂﬂxzé<Lﬁﬁnmﬂ%“ﬂamd%ﬂ4m

n

S [ =P ) < oo
Bn
and so, by Proposition 2.1.2, we have that

f(w) dvgiya(w)
f(z):/Bn (1—<z,fu>)”+ﬂ+7’ z €B,.
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A direct application of Lemma 3.1.1 gives that

|RE 1 f (w)|| dvgy (w)
11— (z,w)[T

IV£(2)ln < (n+ B +7) / |

n

Finally, using our assumption and Theorem 1.4.1, we see that f € B,(B,, X). The
proof is complete. n

Next lemma gives some kind of shift of the radial derivatives characterizations.

Lemma 3.2.2. Let v > 0 and a > —1 such that o« —y > —=2. If f € H(B,,, X) then
the following conditions are equivalent:

(a) The function (1 — |z[*)YR® f(2) is in L®(B,, X);
(b) The function (1 — |z)*) RO f(2) is in L(B,,, X) for some t > 0.
Moreover,

Cy = sup (1 — [2*)7||R*'f(2) (2)]|  ~ squ (1 — |z | R f(2 : Ch.
ze

o )l -

Proof. First of all, we will prove that if (1 — |z|*)"*R*"* f(2) is in L™(B,, X), for
some ¢t > 0, then f € Al (B,, X). Indeed, by Theorem 3.1.2 and the hypothesis, we
have that

T / (1= [P) | R ()] dua()

< caC’g/ (1— 2] du(z) < oo.

(a) = (b): Let ¢ > 0. By Proposition 2.1.3 and Lemma 2.1.5 we have that

ReH () / f(w)dva(w) / RO f () v (w)

(1 _ <Z, ,w>)n+1+oz+t+1 (1 _ <Z, w>)n+1+o¢+t+l'

Now, by Proposition 1.2.2 and Theorem 1.4.1, we obtain that

HRa,t—i-lf(z)HX < 01/ (1 —|w[)* 7 do(w)

B, |1 . <z7w>|n+l+a+t+l

_ G
(=P

and it implies that Cy < C] < co.
(b) = (a): Using the same as before we can get that

Rotgo = [ ) [ ) ()

. 1 — <Z’w>)n+1+a+1 - (1 _ <z7w>)n+1+a+1
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Again, passing the norm inside the integral and applying Theorem 1.4.1, we obtain
that

(1 — |wf*)* 7+ do(w)

R f(z < C /
H T )Hx ~ 2 B, |1— <z,w>|n+1+o¢+1
<&
~ (1=
and it implies that C; < Cy < o0. O

As a corollary we get the following result which is actually the most used in what
follows.

Corollary 3.2.3. Leta > —1 and~y > 0 such that a—y > —=2. If f € H(B,,, X) then
f € B,(B,, X) if and only if the function (1 — |z|*) T R f(2) is in L=(B,, X),
for some t > 0. Moreover,

HfHB,Y(IB%n,X) = SEUBP(l - |Z|2>7+t HRQ’HIJC(Z)HX~

Proof. Notice that with the same notations of above theorems, if we set o := f+~v—1,
condition g > —1 is equivalent to say that « —~v > —2 and condition v+ 3 > 0 is
equivalent to say that a > —1. This means that, in fact, under these conditions,
statement (iii) of Theorem 3.2.1 is equivalent to statement (a) of Lemma 3.2.2. So,
Theorem 3.2.1 and Lemma 3.2.2 gives the result. O

As a consequence we also have some basic properties of these spaces.

Corollary 3.2.4. Let v >0 and 1 < p < oco. Then B,(B,, X) C A:(B,, X) for all
a>—1witha>p(y—1)—1.

Proof. Let f € B,(B,,X), 1 <p < oo and o > —1. By Theorems 3.1.2 and 3.2.1,
we have that

) 1/p
s = ([ 1= EPm 0 S dua)

n

1/p
2\« —_
<l o ( [ a-lepy de(z)) .

The condition o > p(y — 1) — 1 ensures that the last integral is finite. Since
AP (B, X) C AL(B,, X), for all 1 < p < oo, we are done. O

Then we also have the following pointwise estimate for vector-valued y-Bloch
functions.

Proposition 3.2.5. Suppose v > 1. If f € B,(B,,, X) then there exists C > 0 such

that
Cllfls,@..x)

[f()]lx < (1— |z|2)7*1 )

for any z € B,,.
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Proof. Let t > 0 and o > —1 big enough such that a — v > —2. This imply that
v < a+2,s0any f € B,(B,, X) will belong to A% (B,, X) by Corollary 3.2.4. Thus,
using Proposition 2.1.2 and Lemma 2.1.5, we have

f(z) = / R f (w) dva+t+1<w).

(T Gy

By Proposition 1.2.2, Corollary 3.2.3 and Theorem 1.4.1 we obtain that

(1 — |w]?)* 7+ do(w) < 1 115, @ x)
1= (zw)" (=t

15 S 1l 6 |

Note that the application of Theorem 1.4.1 is correct because v > 1 and o« — v >
—9. O

n

Note that the particular case of z = 0 we have that || f(0)[|x < [/, s, x). for
any v > 0. We have already seen the pointwise estimate of vector-valued ~-Bloch
functions for the particular case of v = 1 in Proposition 3.1.5. Then, it is coherent to
ask what happen for the remaining cases of 0 < v < 1. In this case, when 0 < v < 1,
we need to introduce the vector-valued Lipschitz Spaces.

For 0 < v < 1 we define A (B,,, X) to be the space of vector-valued holomorphic
function f: B, — X such that

1/ (2) = f(w)llx .

= cz,w E€B, 2z £ wp < o0
|z —wl

HfHAW(IBSn,X) = sup{

As in the scalar case, it follows that B,(B,,X) = A;_,(B,, X) with equivalent
norms, when 0 < v < 1, see |82, Chapter 7| for more information.

As a consequence we have the following pointwise estimate: there exists C' > 0
such that

1F(2) = f(@)llx < C I flls, @50 12 — w7,

for every f € B,(B,,X) when 0 < v < 1 and z,w € B,. In that case, we have
B,(B,,X) C H*(B,, X), the space of all vector-valued bounded analytic functions
on B,,.

We need another characterization of the v-Bloch spaces in terms of the invariant
gradient. Before that we need two new results about the vector-valued invariant
gradient.

Recall that the invariant gradient of an holomorphic function f is

6f(z) = V(f © sz)(o)v z € By

In the scalar case, it is easy to see [82, Lemma 2.14] that

Y

(L= ) IRFR) < (1= 12P) 195 < [95(2)

where Rf denotes the radial derivative of f. In the Banach space case, the first
inequality is still obvious using just Cauchy-Schwarz, see (3.1.3). The second in-
equality is not trivial anymore, but we still have the following result.
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Theorem 3.2.6. Let X be a Banach space and f € H(B,, X). For any z € B,, we
have

(1= IR < (1= ) 197G e < [V£02)

Proof. The first inequality is just (3.1.3). The second inequality is more involved.
First of all, we have that

s, = 100 0 a0 2 L1052 09000

for any w; € X* with [|w;| . = 1 that will be determmed later. On the other hand,

with the notation s, := /1 — |z|?, it is elementary to see that for any j € {1,...,n},
we have

2

Y

D10.(0) = — ( (5. >—) ,

2]
see the proof of [82, Lemma 1.6]. Then, for any j € {1,...,n},

8 OQOZ Zaf ](102 ))

:_Z@f(2> (Sz%—b ) Z%af

ZiZ;
. 2\ ~)~
OCZ] = (8251']' — (Sz — S ) 2) .

||

where

Therefore, we have that

[(0;(f o %)(0)7%‘&\2 = (0;(f 0 ©2)(0),w;) (0;(f © ©.)(0), w;)
=3 ity (0 (2), wy) (O (2), wy).

i=1 k=1

An elementary computation gives

QijQgj = QA

= 20,00y — Gigsa(s. — 82Tk — bysi(s. — )7 4 (s, — 8225 ljj‘
E || ||
Then, we get that > 7, [(0;(f o cpz)(()), wj)X‘z is equal to

n SZ SZ o n n

2> 103 f(2),wi)]? — ZZz]zk (0;f(2), wj) (Onf (2), wy)
j=1 j=1 k=1
8 n n

- Zzzzz] (0:f(2),w;) (0 (2), wy)
7j=1 =1

n

— 5 Z |Z]|2 Zzzzz_k (0:f(2), w;) (O f (2), wj)-

2 k=1
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Set \; = A\i(2) := 2;0;f(2) and recall that > A\i(z) = Rf(z), so we can rewrite
the previous formula as

2SOl = LS ) TRIG) )

j=1
n

_MZ(RJ[@),WW

(s, — 82

+ O S B e), ) TRTG )

E{ i £

Grouping a little more we obtain that it is equal to

n AL 22 M 12
2> 10 f (), w) P — —SZ(S|ZZ|2 5) > B+ (SZ|Z|;Z) > ||z]|‘2 [(Rf(2),w;)]?,
= =1

J=1

where ; = 5;(2) == (A\j,w;) (Rf(2),w;) + (Rf(2),w;) (\j,w;). We want to point
out that

Bj = (N, wy) (Rf(2),w;) + (Rf(2),w;) (Aj, w;) = 2Re((Nj, wy) (Rf(2), w;))

2| e

< 200w RS, = 205 s )| (RS, )
< 2 10w+ 2 (RA ),
= B+ E2E (i

Therefore, as s, — s2 > 0,

S 2 (s YN0 - Z o 2

Finally, grouping all terms, we get

Z| RESIONEE ) HICHON
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Now, since s; — s? < 0, the fact that [(Rf(z),w;)| < [|[Rf(2)|yx and (3.1.3) we have
that

Z| fow)l |>532\af Z'fﬂ#um 2%

>S3Z|af Jwp) [+ (52 = s2) [V f(2) 5

Since {w;}; C X* are arbitrary, we can take w; € X* such that

(0;f(2),wy) = 10, f ()]l x = sup (8, f(2), w) x|,

then
ZI (fo@)ON* = s3IV F(2) 5 + (52 = D) IV F () 5n
= (1= V@)
and the proof of the theorem is finished. n

A similar result of Lemma 3.1.1 for the invariant gradient V is the following.

Lemma 3.2.7. Suppose a« > —1,5 >0 andt > 0. If

w) dvg (w)
o= Bt

for some g € AL (B, X), then

21/ R g(w)||y dvare(w)
o SV [ x

11— (z,w)|*"2

|¥sc)

for every z € B,,.
Proof. Fix z € B,,. By Lemma 2.1.5 we have that
R*'g(w) dvg.q+(w
fo)= [ ) denln)
. (={zw))

Fix a € B,, and make the change of variable w — @, (w) in the identity

oo (z) = R g(w) dvg4t(w)
Fot= | T

to obtain

R*'g 0 pa(w) (1 — |pa(w)[*)**

W (={ea(2), pa(w)))”

foa(z) = catt / Jo(w) dv(w) (3.2.1)
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where
(1 —Jaf*)*!
>|2(n+1) :

Jo(w) =

Recall that, see [82, Lemma 1.3],

|1 - <w,a

1 — (pa(2), pa(w)) = ((1 _<La|a)§él << >;)
)

Note that the differential in z at 0 of [(1 — (z,w))/(1 — (2,a))]? is B(wW — @) so
differentiating in z at 0 under the integral sign of (3.2.1) then produces

(@ —a)(1 — {a,w))”
B, (1—ld*)?

Make the change of variables w — ¢,(w) again, we get

(¢a(w) — @) R*'g(w)

6.]8(0/) = Ca-i—tﬁ Ra,tg © @a(w)Ja(w)(l - |90a(w)|2)a+t dU(U))

Vi pu— d 0% .
Vf(a) 6 B (1 — <a’w>)5 v -‘rt(w)
Then, applying Proposition 1.2.2 with X", we obtain
~ o —al ||R*g
HVf(a = 5/ [Palw |1 - |£ wﬂﬁ( )L dvg4e(w). (3.2.2)

The rest is the same as the last part of the proof of [82, Lemma 3.3]. Let s, :=
/1 — |al]?. By the definition of ¢, in (1.3.1), we have that

@ fw, a) (s — 1+ [a*)/ |af* = ws,|

|pa(w) —af =
|]' - <U},CL>|
sa @ (w,0) (1= 525/ Jaf? — w|
B ’1 - <'LU,CL>‘
84 la (w,a) (1 —s,)/ la|” — w
|1 - <w7a>|
But, by elementary computations, for w,a € B,,, we get
2 (1 — 54)? 1— s,
la (w,a) (1= s2)/ |af —w|* = |(w,a)? 7 [(w, a)|? ot Jwl’
2
2 S, — 1 2
= [(w, a)|” ===+ w|
|al
= |w|2 - |<w7a>’2 <1- |<w7a>‘2
<21 —(w,a)].
This implies that
PalWw) —a <\/_—.
|pa(w) —al TEIE

Putting in (3.2.2) completes the proof of the lemma. O
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Finally, the last characterization is the following.

Theorem 3.2.8. Let X be a Banach space. If f € H(B,,X) and v >
f € B,(B,,X) if and only if the function

1
3, then

(1= 1P| Vi)

xn
is in L=(B,, X). Moreoever, || f||s, @, x) = SuP.es, (1 — |2)?)r 6]‘(2)‘ n
Proof. Recall from Theorem 3.2.6 that

A=) IVl < |[V5G)||,, . 2 €Ba

Xn

So the boundedness of (1—|z|*)""1 ||V f(z)

Further we have that

2 2\ y—
11, 50,30 = S0P (1 = 27 [VF(2) e < sup(1 = o)~

. implies that of (1—|2]*)7 |V £(2)|| xn-

Vf(z)

xn

The first implication is done.
On the other hand, if f € B,(B,, X), then by Theorem 3.2.1,

1) :/ ( g(w) dv(w) . €B,

1— (z,w))"+7’

where g is a function in L*(B,, X) and [lg| x < [[fl5, @, x)- An application of
Lemma 3.2.7 and Theorem 1.4.1 gives

95 < Va0 + 20 = 1 ol [ e (dg’f
1 1
<V2(n 1—|2)%)? XT3 T

which imply that

1 [
A= |95 S VEOA D 9l S 1115,
Then, applying supremum over z € B,, we complete the proof of the theorem. [

To finish this chapter we have the following consequence of the vector-valued
Bloch space B(B,,, X), you can follow the same proof of |7, Corollary 5.3|, but we
include another simpler proof for completeness.

Corollary 3.2.9. If f € B(B,,, X) then there exists C > 0 such that
1 (2) = f(w)llx < CB(z,w)[[fllz, x)

for any z,w € B,.
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Proof. Let w € B,,. It follows from Proposition 3.1.5 and the fact that log
B(z,0) that

1
1|z

1F(z) = FO)x < B(z0) [[fl5@,.x)
Replacing f by f o ¢, and using Theorem 3.2.8 we have that

£ 0 0u(=) = Fw)lly S BE0) IF o pullsgs, x) S B=0) sup [F(f 0 )]

CEB, X

Now, we know that the invariant gradient and ( are invariant under automorphisms.
So, using this fact, a change of variable z — ¢,,(z) and Theorem 3.2.8 again, we get
that

1) = F)llx S Beul2), pulw)) sup [V(F 0 0u)()

CEB, X

xn N 5(2710) ”fHB(IBn,X)

= B(z,w) sup HVf ¢)

and we are done. O



CHAPTER 4

Small Hankel Operators

The history of Hankel operators begin with the Hardy spaces and the Hankel ma-
trices. Immediately they began very popular and they have known very good appli-
cations [62]. Since then many other generalizations are made.

It is well known also that Hankel operators are closely related to Toeplitz op-
erators, another well known type of operator. In fact, many problems of Toeplitz
operators can be reformulated in terms of Hankel operators, and vice versa. There
are only one type of Hankel operators for Hardy spaces. In the Bergman setting
there are two very different Hankel operators, the small (or little) Hankel operator
and the big Hankel operator. The main characteristic of the small Hankel operator
is that it only depends on the conjugate analytic part of the symbol (for scalar case).

In this chapter we are going to introduce the small Hankel operator with operator-
valued symbol and we will characterize the boundedness of these Hankel opera-
tors between one vector-valued Bergman space to another different vector-valued
Bergman space. Before that we also make some properties of these operators and in
the final section we are going to make some conclusions. Note that throughout this
chapter, we refer to X or Y any complex Banach space and we fix o > —1.

4.1 Basic Properties

In this section we are going to introduce the basic concepts of the small (or little)
Hankel operator. In the scalar case the small Hankel operator h,: A2 — A2 with
symbol ¢ € L>*(C) is defined by

hof(2) == Palef)(2),  f€ AL

Since

Bt = [ e dnlw), fe L2

w, Z>)n+1+a

is an integral operator we have that h, is also an integral operator with the form

h¢f(z):/( f(w)p(w) dva(w),  fe A2,

1 — (w, z))ntite
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The characterization of this operator is widely studied and established, see [83] for
example, and it is well-known that has many applications, mostly in physics. We
are interested not only in vector-valued functions but in a more generalization of
the symbol.

From now on, we fix T: B, — L£(X,Y) a holomorphic function, ie., T €
H(B,,L(X,Y)), and then the most general small Hankel operator hy with sym-
bol T is defined as

T(w) f(w)
= B, X). 4.1.1
et ()= | e ), f € P(B,.X) (4.1
It is clear that if T satisfies
||T(w)||c(YY)
: dv,(w) < o0, for every z € C, 4.1.2
/Bn ’1 o <w,Z>|n+1+a ( ) very ( )

then the small Hankel operator hr is well-defined for polynomials, which is a dense
subspace of AP(B,,X) for 1 < p < oo, by Lemma 2.1.4, meaning hy is densely
defined on A?(B,,, X) for any 1 < p < co. Notice that since

1= wl =1 =[zwl]>0-]z), weBy,zeC

if T € A" (B,, £L(X,Y)), for some 1 < r < oo, the condition (4.1.2) also holds. The
following technical lemma is useful for what follows.

Lemma 4.1.1. Let f € AL(B,,X) and g € AL(B,,Y*). If T € A"(B,, L(X,Y)),
for some 1 < r < oo, then

(it 0y = | {TETE .00, doalo)

n

Proof. Let f € P(B,,X) and g € P(B,,Y*). By Fubini’s theorem and Proposi-
tion 2.1.2 we have that

(et g)y = / (e f (), g(w))y dva(w)

n

_ T(z)f(2)
= /n g(w) </n (1— (w,z))ntita d”&(fz)) dvg (w)
)

[ (] = o)) T el
= [ {r07E o), dut)

It is clear that if T € A"(B,, £(X,Y)), for some 1 < 7 < oo, the hypothesis of
Fubini’s theorem is fulfilled. Indeed, let 1 < r < oo and 7’ be the conjugate exponent
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of r. Since f and ¢ are polynomials and using Tonelli’s theorem, Theorem 1.4.1 and
Holder’s inequality we have that

)f(2) ‘ T(z do,
1)) T TG )
) ; ’1_ w, Z n+1+a ; . ’1_ w, Z ’n—l—l—l—a

1
S / I7() e Yo ——— dea(2)
B 1—|z|

1 1/r
I st G

Since the last integral is finite we are done. Therefore, the general result follows by
the density of the polynomials and Lemma 2.1.4. O

The aim of this chapter is to characterize the general small Hankel operator hp
in terms of properties of the symbol T'. The techniques used here are similar to [1].
In order to do that, we need to show the following generalization of Lemma 2.1.5.

Lemma 4.1.2. Let X be a Banach space. Suppose t > 0, then

| Gha dun) = [ (RFE.000)  dunse(z)
:/ <f(z),R°"tg(z)>X dvae(2)

n

for any f € AL(B,, X) and g € AL(B,, X*).

Proof. Let f € P(B,,X) and g € P(B,, X*). By Proposition 2.1.3 we have that
the second integral is equal to

[ ([ et )

Then Lemma 1.2.1, Fubini’s theorem and Proposition 2.1.2 show that it is equal to

L. (/ . ISt ) () dunw) = [ (gt (F(w) el

n

- / (f(w), g(w))y dug(w).

Here the hypothesis of Fubini’s theorem is fulfilled due to Theorem 1.4.1 and the
fact that f and g are polynomials. The general result follows by the density of the
polynomials and Lemma 2.1.4. Note that the second identity is proved in the same
way. ]

Corollary 4.1.3. Let X,Y be two Banach spaces. Supposet >0 and 1 <p < .
If T € AY (B, L(X,Y)), where p' is the conjugate exponent of p, then the equality

/B n <T(z)f(z),g(z)>y dva(z) = /IB n (ReiT(2) (z),g(z)>y dvgs(2)

holds whenever f € AP (B,, X) and g € AL(B,,Y™).
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Proof. Tt is a direct consequence of Lemma 4.1.2 and observing that R*(T'(2) f(z))
(R*'T'(2))(f(2)) by definition and the fact that T'f € AL (B,,Y) when f € A%(B,, X)
and T € A? (B, £L(X,Y)) by Hélder’s inequality.

U

4.2 Boundedness. Case p < q

Here we present one of the most important results of this chapter, the boundedness
of the small Hankel operators hy with symbol T € H(B,, £(X,Y). In this section
we are going to characterize bounded small Hankel operators hy between A?(B,,, X)
to AL(B,,Y) for 1 < p < ¢ < co. In order to do that we begin with the case p = g,
which is the most simple case.

Recall the small Hankel operator hr is defined as

et = [ ¢ LW gy, ),

1 — (z,w))nt+1+a

for any f € P(B,, X).

Theorem 4.2.1. Let 1 < p < oo. The small Hankel operator hy: Ab(B,, X) —
AP(B,,Y) is a bounded linear operator if and only if T € B(B,,, L(X,Y")). Moreover,
HhTHAg(JBn,X)—mg(JBn,Y) = HTHB(IB%n,L(?,Y))'

Proof. Let 1 < p < oo and let p’ be the conjugate exponent of p. Suppose first
that hr is a bounded linear operator on A?(B,,, X) to A2(B,,,Y") with norm || k|| :=
Ihr | a2 8, x) a2 @B, vy Let © € X and ¢ > 0. Fix z € B, and put

fw) =

(1= (w, 2))"

It is clear that f € A2 (B,, X) if t > 0 is large enough. Indeed, it is easy to see that
f € H(B,, X). Moreover, by Theorem 1.4.1, we have that

w e B,.

1/p
Hmmx=(BHﬂw%dww0

2 1/p
(1= Juf)* o)
smm(/n|y%%ww )

- I
~ (1 - |Z|2)t—(n+1+a)/p’

if t > (n+ 1+ «)/p. Therefore, with this particular f and Proposition 2.1.3, we
have that

hTf(Z> = / (1 . <Z w) )t 1+a dUOt(w)

)
- o
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Then, by Theorem 2.1.1 and the hypothesis, it implies that

17 flpey - Izl llalls

(2 = < :
||R HY HhTf( )HY — (1 - |Z|2>(n+1+0¢)/p ~ (1 . |Z|2)t

Since x € X is arbitrary and ||z|y = ||Z||5, we get that

HCXY"S ||hT”
0 = - Py

|R*'T(2)
Finally, by Theorem 3.1.3, this implies that 7 is in the Bloch space B(B,, £(X,Y))
with |1z, cxvy) S 1ol

Conversely, suppose that T € B(B,, L(X,Y)). Let f € A2(B,,X) and g €
AP (B,,Y*) and let t > 0. By Lemma 3.1.4 and Lemma 4.1.1, we have that

(hf.9)u = [ (TTE9), dual).

Then, by Lemma 3.1.4 again, Corollary 4.1.3, Theorem 3.1.3 and Hélder’s inequality,

we obtain that
| (r@)7G0),, o)
| (TR a0), v
S [ 1B TG, [T ot
Sl ccxy || 15 loC2)

< HT”B(Bma(Y,Y)) Hpr,a,X Hng’,a,Y* :

(1t 9| =

ly- (1= 121")" dva(2)

y+ dva(2)

Therefore, by duality, we obtain

HhT||AZ([B%n,X)—>Ag(IB,L,Y) = HfHSUP . ‘(hTf, 9>a,y‘ S ||T||B(B,L,L(Y,Y))'
,a,X:
[

Hence the proof of the theorem is complete. n

The next theorem is the characterization of bounded small Hankel operators hp
between A?(B,,, X) to AL(B,,Y) for 1 <p < ¢ < oc.

Theorem 4.2.2. Let 1 < p < q < oo. The small Hankel operator hr: A% (B, X) —
Al (B,,,Y) is a bounded linear operator if and only if T € B,(B,, L(X,Y)) where

1 1
7::1+(n+1+a)(———).
q p

Moreover, ||hTHAg(JBn,X)—>Ag(Bn,Y) = ”T”Bw(Bn,ﬁ(Y,Y))'
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Proof. Let 1 < p < ¢ < oo and, p’ and ¢’ be the conjugate exponents of p and ¢
respectively. Suppose first that hy is a bounded linear operator on AP (B,,, X) to
AL(B,,Y) with norm [[hr|| = ||hr||l 4 s, x)- a9, v) Let © € X and ¢ > 0. Fix

z € B, and put
x

flw) = A= (w ) weB,.

Let us see that f € AP(B,,X) for ¢t > 0 big enough. Indeed, it is clear that
f € H(B,, X). Moreover, by Theorem 1.4.1, we have that

s = [ 160 dva<w>>””
=l </B % dv<w>> "

- EIR
~ (1-— |z‘2)t7(n+l+a)/p

only if ¢ > (n + 1+ a)/p holds. Then, by Proposition 2.1.3 it is easy to see that

hrf(z) = R'T(2)(T).
Therefore, by Theorem 2.1.1, we have

. || Tf” oY
| R T(2)(T)||, = |hef(2)]ly < (1— |27 )Z+1+a )/a

Azl N fllpex [z || |2l x
T (1- |z|2)(n+l+a)/q ~ (1— |Z|2)t+(n+1+a)(l/q—1/p)

Since x € X is arbitrary and ||z||y = ||Z||x we obtain that

- linl

ot
1T gxy £ oy

and it implies that

sup (1 — |z]?) 1 | R*'T (=

h
2€By, ”L(X Y) ~ H T“

By Corollary 3.2.3 this means that T € B,(B,, £(X,Y)) and TN s, 5, cc2v) S
[zl

Conversely, suppose that T € B,(B,, £L(X,Y)). Let f € A2(B,,X) and g €
Ag’(Bn,Y’l and let ¢ > 0. Since 0 < v < 1, Corollary 3.2.4 implies that T" €
B,(B,,L(X,Y)) C AZ(B,,L(X,Y)), so by Lemma 4.1.1 and Corollaries 4.1.3 and
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3.2.3, we have that

ity = | [ (TETE0),, donle
| (BT F@ ), du(:)
S [ 1Ty, [T ol (1 28 e

S ||T||B,Y(IB%7L,L(X,Y))/B 1F()llx llg(2)]

ye (L= [2)*77* do(z).

By Hoélder’s inequality the last integral is less or equal than

(] e —pream) ™ ([ 1o

Now, since p < g and using Theorem 2.1.1, we have that

q/

1. (1= [of2)" du(z >)

o et e < OIS
IS = IS < ik,
O
(L [Pyt

Then

([ v arrea)

is less or equal than

1/q
. (1 |22y
||f||pap§f< ) 1f(2) % do(z) | S Nfllpax -

(1 —|z[*)~a0-D

Summing up, we obtain that

(ar £, Doy | S 1T, 5,2 1 e 190 -

Therefore, by duality, we finally obtain that

1A || a2 8, 5) - a2 (8, v) = P ‘(hTf, g>a,y‘ ST, @, ey -
,a,X:
lgll g e =1

Hence the proof of the theorem is complete.
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4.3 Boundedness. Case p > ¢

In this section we are going to characterize boundedness of small Hankel operator
hr between AP (B, X) to AL(B,,Y) for 1 < ¢ < p < co. Before that we need some
preliminary results. The following is a characterization lemma of vector-valued
Bergman spaces.

Lemma 4.3.1. Let t > 0 be a fizred number and 1 < p < oco. Suppose that f €
H(B,,, X). If there is a constant C > 0 such that for all0 < r <1 and any r-lattice
{ax}r C B, the inequality

Z |CL | tp—i— (n+1+a) HRa tf Hp < CP (431)
k=1
holds, then f € Af (B, X) and ||f|l,,x S C-

Proof. Suppose that (4.3.1) holds and let p’ the conjugate exponent of p. Let also
g € AY (B, X*). Since

1 1
t>0>— e +,a—(1+a)
p b
we have that
1+a
t+(n+1+4+a)>n+
j

Then, by Theorem 2.3.5 (ii) (with b =t + (n+ 1 + «)), we have that there exist a
r-lattice {ax}r C B, and a sequence {\;}x € fp/(X*) such that

t+(n+1+a)—(n+1+a)/p o0 1 _ |ak| )t+ (n+1+a)/p

(1 - Iakl )
Z/\k (z, ap))Hirott Z (2, ag))mHitott

k=1

and [[{ el (xy S N9l ax+ I f € H(By, X), by Fubini’s theorem and Proposi-
tion 2.1.3, then

(f:9ax = (f (2),9(2)) x dva(2)

1 — |a \ t+(n+1+a)/p
1 — ak Z n+1+a+t <f(z)7)\k>X d'Ua(Z)

\\

B”kl

(1 — |ag|P)rt1+a/p ), (/Bn = <a:(2§))n+1+a+t dva(z))

(1 . |ak|2)t—&-(n-i—l—i—oc)/p/\l€ (Ra,tf(ak))

B
Il
—

WE

B
Il
—

W

(1 . |ak|2)t+(n+1+a)/p <R‘”’tf(ak), /\k>X ‘

B
Il
—
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Then, by Holder’s inequality and the hypothesis (4.3.1), we have that

|<fvg>a,X| S Z ||>‘k|

o (1= Jag )2 RO F )]

k=1
S ||{)\k}k||gp’(X*) (Z( |a | )tp+(n+1+a ||R0¢tf Hp)
k=1

< Akl (x4 €
Therefore, by duality in Theorem 2.2.4,

|<f g>aX‘ <C sup ||{)‘k}k||£p’(x*)

[fllpox = sup S C
pooX gEAg/( ||ng a, X* EAEI(IBTL,X*) Hng’,a,X*
This completes the proof of the lemma. O

Lemma 4.3.2. Let 1 < g < p < o0 and p = {p}r C L(X,Y) be a sequence. If
there exists C' > 0 such that

Q=

{1 (N Yol pa vy = (ZHM Ar) ”y) < Cl{A el xy (4.3.2)
k=

1
holds for any sequence {\;}r € (P(X), then u € (*(L(X,Y)) where
1 1 1

t g p
and ||M||et(c(X,Y)) SC.

Proof. For any k € N we have that for all € > 0 there is A\, € X with [|[M¢]|y =1
such that

(=) [l g vy < Nlew(An)lly -

Fix e = 1/2 and a positive large integer N > 1. We define the sequence \V =
{\}e C X by
_q
A= N il 2wy
if £ < N and 0 otherwise. Since this sequence has a finite number of elements it is

clear that it belongs to ¢?(X). Thus, applying (4.3.2) to this sequence, taking into
account that

o q/p N q/p N q/p
. (Z !\Aﬁ!!i) _ (zwku@( uukuz(x,n) _ (zuukuz(x,n)
k=1 k=1 k=1

and

00 N
D OIS = Z Hung oy e Qully 2 57 Z Hﬂknﬁ(xy) % Z lille vy
k=1 k=1
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we obtain that

1 N [e's) N qa/p
3 D lliwllzoery < D0 1O < CHIN [, = €° (Z I\ukIIZ(X,Y)>
k=1 k=1

k=1

which is equivalent to
rp—q

N P
(S tlln) < a0
k=1
The result follows from this and tending N — oo. ]

Now we are in the situation to prove the remaining case of ¢ < p.

Theorem 4.3.3. Let 1 < g <p <oo. If Y has finite cotype, then the small Hankel
operator hr: A_Z(IB%n,X) — A%(B,,Y) is a bounded linear operator if and only if
T e A (B, L(X,Y)) where

t g p
Moreover, ||hT||Ag(JBn,X)—>Ag(IBn,Y) = ||T||t,a,z:(Y,Y)'
Proof. Suppose first that 7' € A% (B,,, L(X,Y)). Let f € A2(B,,, X) and let ¢’ be the

conjugate exponent of ¢. By duality in Theorem 2.2.4, Lemma 4.1.1 and Hélder’s
inequality two times, (first with (¢, ¢’) then with (p/q,p/(p — q))), we have that

lhrfllyay = sup
9l

’,a,Y*:l

s gyl < s [ |(TETE00), ] et

< 5ol ([ 7@ 0.

! o, Y* =1

< ||f||p,a,X ||T||t7a,£(Y,Y) :

Then, hr is bounded on AL(B,, X) — AL(B,.Y) and [Ar|lar s, x) a1, v)

”THt,a,,C(Y,Y)‘
Conversely, suppose that hr: A2 (B, X) — A%L(B,,Y) is bounded and let ry(t) :=

sgn(sin(2"7t)) be the Rademacher functions. Let also b be large enough so that

IA

1
bs>n+ %>
p

Fix r > 0 and consider {a;}, C B, an r-lattice and {Dy}, the associated sets in
Lemma 2.3.3. By Theorem 2.3.5 (i), we have that for every sequence {\}x € ¢*(X)
the function

o0 (1 _ |ak|2>b—(n+1+a)/p

02 = 2 N

z€B,,
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belongs t0 AL (B, X) with gl 0.x 1% (0}ello) S 10l for almost
every t € (0,1). Denote by

(1 . |ak|2)b—(n+1+a)/p
gk(2> = _ b )
(1 — (2 ar))

Since hp: A2 (B,,, X) — A%(B,,Y) is bounded, we have that

z € B,.

q

Zrk(t)hT(Akaz)(Z) dva(2)

< Aol Ngellpex S Mhrll® Ak el )

||thtHg,a,Y =

for almost every ¢ € (0,1). Integrating both sides respect to ¢ from 0 to 1 and using
Tonelli’s theorem we obtain that

/Bn/o ki t)hr(Argr)(2)

Let 2 < s < oo be the cotype of Y (see Section 1.7 for more information). By the
definition of cotype (1.7.3) and Kahane inequality in Theorem 1.7.1 we get

/s 1 s\ /s
(ZHhT Akgi) (2 Hy> 5( dt)
0 Y
1 q

dt,
which implies that

q

dt dva(2) S 1Az l|* [{ Ak bl )
Y

() hr(Aegr)(2)

(t)hr(Aegr)(2)

Y

q/s
/B<Z|\hT Akgr) (2 Hy> dva(z) S Nl {3 RN (x) - (4.3.3)

Now, we claim that

q/s
Z/ [hr(Akgi) (2)]|% dva(z N/ (ZHhT Megie) (2 ||Y) dva(z).  (4.3.4)
Dy Br

Indeed, if s/q < 1, it directly follows from Tonelli’s theorem

54
qs

Z/D 1hr (Aegi) ()13 dva(z _/ (Z Ihr(Aege) (2 Hy> dva(2)
q/s
/ (Z | (Akgr) (= ||y> dvg(2).
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If s/q > 1, notice first that by Tonelli’s theorem

q
s

Zéwmn% )2 dvaz —/(;NM&% mmquwm>

then we can apply Holder’s inequality, with (s/q, s/(s — ¢)), to obtain that

<Z||h:r Aegi) (215 Xy (2 ))q < (ZHhT()\kgk ||y> (ZXDk >
- 0o q/s
< N1 <Z HhT()\ka)(Z)’ﬁ/) :

1—-42

9
s s

k=1

Recall that each z € B,, belongs to at most N € N of the sets Dy, see Theorem 2.3.2
and Lemma 2.3.3. Then, (4.3.4) holds. On the other hand, by Theorem 1.5.2, we
have that

1Az (Akgie) (@)l < 12 /D 1A (Akgi) ()15 dva(2).

(1 _ |ak| )n+l+a

Note that hrf = P,(Tf) so hpf € H(B,,Y) for any f € H(B,,X) and T €
H(B,, £L(X,Y)). Then, combining it with (4.3.4) and (4.3.3) we obtain that

D= a7 e (eg) (@)ly < Izl ISkl x)
k=1

If we calculate, using Proposition 2.1.3, we get that

hr(Argr)(ax) = / (1T_(Z<)a(:];g>’;£i)l)+a dva(2)

:/(%MI)”WWNMM

(1 — <ak7 Z>)n+1+a+b

Lo T(z)dva(z —
(1 - |a’ | ) (ntte)/y </n (1 _ <(ak) Z>)n(+1)+o¢+b> (Ak)
= (1 = |ax ") P RAT (ay) (M),

dv,(2)

then we have that

o

> (1 a0 ROT () () [y, S Iz I el )

k=1

which is equivalent to

ZH = la )R T (@) )y S el [ oy
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Since the sequence {\;}, € ¢P(X) is arbitrary, Lemma 4.3.2 implies that the se-
quence {(1 — |a|?)P+ 1+ RO ()}, € (H(L(X,Y)) and

Z |a | bt+(n+1+a) HRa bT < HhTHt

k=1

ey

Finally, by Lemma 4.3.1, we have that T € A% (B,,£(X,Y)) and 1T 0oy S
||hz||. This completes the proof of the theorem.

U

4.4 Conclusions and Examples

In this section we summarize all the important results we have obtained in the
previous sections and then we apply it to different contexts and examples. The
general theorem is the following.

Theorem 4.4.1. Let 1 < p < 0o and 1 < q¢ < oo. Suppose T € H(B,,, L(X,Y)).
Let the small Hankel operator hr: AE(B,, X) — A%L(B,,Y) be the linear operator
defined by (4.1.1).

(i) If 1 < p < q < oo, then hy is bounded if and only if T € B,(B,, L(X,Y))

where
1 1
y=1+Mn+1+a) (———)

q p

and, moreover, ||hr| ~ HTHBW(]BR,E(Y,Y))'

(i) If 1 < g <p < oo andY has finite cotype, then hr is bounded if and only if
T € A, (B,, L(X,Y)) where

1
t

Q| =
D=

and, moreover, ||hy| ~ HTHt,a,c(Y,Y)-

Proof. The first case follows from Theorems 4.2.1 and 4.2.2. The second case is
Theorem 4.3.3. []

Notice that since X is isometrically equivalent to X we also have the same result
if we replace X by X. Now we present some important examples of small Hankel
operators. For example, if Y = C we get the small Hankel operator hz with symbol
¢ € H(B,, X*). The small Hankel operator hgz: AE(B,,X) — A% is the linear
operator defined as

h@f(z):/ﬁ (<f(“’> PO)x g ), 2B, fePB,,X).

L= (w3

Theorem 4.4.2. Let 1 < p < oo and 1 < g < oo. Suppose p € H(B,,, X*).
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(i) If 1 < p < q < oo, then hy: AL(B,,X) — A% is bounded if and only if
¢ € By(B,, X*) where

1 1
y=1+(n+1+a) (———)
q p

and, moreover, ||hg| = [|l¢lls, g, x--

(ii) If 1 < ¢ < p < oo, then hy: AP(B,,X) — A% is bounded if and only if
o € AL (B,, X*) where

1
t

| =
D=

and, moreover, |zl = ||, o x--

Notice that when ¢ € H(B,, X*) and by definition we have that

ORI [@e(w)
Wefe = | T (e e e = / (= (z wyyrree dal®)

for any z € B, and f € P(B,, X). Then, we define T, € H(B,,, X ) by
T, (2)(7) = 7(p(2)), (4.4.1)

for every z € B,, and x € X. This way we get that

B Fw)e(w) o (w0) — Ty(w) f(w) o () — .
e = [, T2 Gagyeries o) = [ s i) = b 1)

for all z € B, and f € P(B,, X). It is clear that the boundedness of hy is equivalent
to the boundedness of hy,, (with equivalent norms), then the proof of Theorem 4.4.2
is a direct consequence of the general Theorem 4.4.1 and the following proposition.

Proposition 4.4.3. Let ¢ € H(B,, X*) and T, € H(B,, X ) defined in (4.4.1).
Then:

(1) lle(2)l x

(2) For « > —1 and p > 1, one has ¢ € AP(B,,X"*) if and only if T, €
A (By, X). Moreover, ¢l o x- = I T, |

» p,a,y* ’

« = [|Tp(2)||5+, for every z € By,;

p,o, X*
(3) For~ >0, one has ¢ € By(B,, X*) if and only if T, € B,(B,, X ). Morever,
||90||37(Bn,x*) = ”TwHBV(IBn,Y*)'
Proof. Fix z € B,,. Then, by definition, we have

1T ()l = sup [T, Ty(2))x| = sup [T(o(2))]

IZll%=1 7]l %=1

= sup \(JC,SO(Z»X’ = [l(2) X

=]l x=1
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This proves (1). The statement (2) follows directly by (1). Let us prove the state-
ment (3). First of all, by Corollary 3.2.4 and (2) we can suppose that ¢ € AL(B,,, X*)
and T, € AL(B,, X ), for some a > —1 big enough. Let ¢t > 0, by (1), we have

IR 0(2)]] . = ITes(2)

Take x € X and z € B,,. Then, by definition and Proposition 2.1.3, we get
(T, Troy(2))x = T(R™¢(2))
_ Z(p(w))
- /n (1 — (2, w))n+i+a+t dva(w)
Tp(w)(T)
= T e

balk ZGBn

= RY'T,(2)(7).
Since x € X and z € B,, are arbitrary we obtain
[Tonso(le = BTyl . = € B,
Therefore, by Theorem 3.2.1 this implies (3) and we are done. O

Another example, if X =Y = H is a complex Hilbert space we get the small
Hankel operator Iy, with symbol 7: D — L£(H). You can see some results on them
from Aleman and Constantin [1], the following result is from them.

Theorem 4.4.4 (|1, Theorem 3.1|). The small Hankel operator I'r extends to a
bounded linear operator on A%(D, H) if and only if

sup(1 — |2[*) |T"(2) || < oc.
zeD

Clearly the last condition is the same as the Bloch condition 7' € B(D, H) and
using Lemma 4.1.1 we have that their Hankel operator is the same as we defined us
in a more general way. Then, we can generalize it in the following way.

Theorem 4.4.5. Let 1 <p < oo and 1 < g < oo. Suppose T € H(B,, L(X)). Let
the small Hankel operator I'r: AP (B, X) — AL(B,, X) be the linear operator.

(i) If 1 <p < q < oo, then Iy is bounded if and only if T € B, (B,,, L(X)) where
1 1
y=14+(n+1+q) (———)
qa p

and, moreover, ||I'p|| ~ |’T‘|87(Bn,L(X))‘

(ii) If 1 < ¢ < p < o0, then I'p is bounded if and only if T € AL/(B,, L(X)) where
1 1 1

t q p

and, moreover, ||I'p|| ~ ”THt,a,E(X)'
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CHAPTER 5

Factorization Results

In this chapter we present some results in factorization, an application of the bound-
edness of the small Hankel operator. One important application of the boundedness
of the little Hankel operator is the weak factorization of the vector-valued Bergman
spaces. The ideas here comes from [60] and its bibliography therein. It is well-known
that strong factorization for Bergman spaces in the unit ball of C" of dimension n > 2
are no longer possible to obtain [40] (in [43] Horowitz proved the strong factorization
of weighted Bergman spaces on the unit disk). Clearly this fact extend for vector-
valued Bergman spaces, but it is still possible to obtain some weak factorization for
functions in these spaces.

5.1 Weak Factorizations and Hankel Forms

Given two Banach spaces X and Y, let x [y be a product defined for z € X and
y € Y. The product type space X [1Y is the completion of finite sums

oDy, {mhe C X {ude CY,
k

with the following norm

ully g5 := inf {Z zallx lyelly = w= ka [ yk} .
k k

We have plenty different types of products of this kind. For example, we can
consider the algebraic tensor product x ® y. Then we get the projection tensor
product space X®Y . The tensor product  ® y can be viewed as an operator from
Y* to X defined by

(z®@y)(w) =w(y) -z, weY”

We refer to [35, Chapter VIII] and [67] for more on tensor products of Banach spaces.
As a second example, let X and Y be two Banach spaces of functions where the
pointwise multiplication f-g; f € X, g € Y, is well defined, or X and Y be spaces of
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operators with the usual product of operators. Then we obtain the weakly factored
space X ®Y defined as

XOY:= {fzzgk'hk3 {ge}e € X, {hi}r CY}7
k

with the following norm

[fll ey = inf {Z lgwllx eelly = £ =D g hk} :
k k

For instance we can take X = AP and Y = A?, the scalar Bergman spaces or
we can take even more complicated spaces like the vector-valued Bergman spaces;
X = A2 (D, AZ(D")) and Y = AZ(D, A% (D™)). We also can take the Schatten class
ideals X = SP and Y = §9.
Another example is X = £(H) and Y = H, where H is a Hilbert space, with
the natural product
THz =T(x).

In this section we establish weak factorizations for vector-valued Bergman spaces
A1(B,, XEDY), with 1 < ¢ < oo and @ > —1, into two other Bergman spaces, where
X,Y are any two Banach spaces.

It is well-known that to obtain weak factorization results is equivalent to give
a characterization of the boundedness of certain Hankel forms. Given o > —1 and
¢ € H(B,,(XEY)*), we define the associated Hankel type bilinear form B, for
polynomials f € P(B,, X) and g € P(B,,Y) by

B,(f,g9)=(f8y, ‘P>a,XE|Y'

Note that for any z € B,,, we define (fHg)(z) := f(2)Hg(z). Since the polynomials
are dense in the vector-valued Bergman spaces (see Lemma 2.1.4) the Hankel form
B, is densely defined on AP'(B,,, X) x AP?(B,,,Y") for any p;, p2 > 1. Recall that the
Hankel form B,, is bounded on AP'(B,, X) x A??*(B,,Y") if and only if there exists
C' > 0 such that

[Bo(fs I < C Iy 0x 1900y

for any f € AP'(B,, X) and g € AP?(B,,,Y"), moreover, || B,|| is the infimum of C' > 0
of such above inequalities. The principal ideas of this result comes from [60] and
the fact that (X®Y)* = £(X,Y™*) ([35, Chapter VIIIL Section 2]) in the case of the
projection tensor product.

Proposition 5.1.1. Leta > —1 and 1 < qg < 00, 1 < p1,pa < 00 such that

1 1 1
—_—t — = - (5.1.1)
P1 D2 q

The following statements are equivalent:
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(1) AL(B,, XEY) = AP (B, X) [ AP (B,,,Y), with equivalent norms.

(2) For any ¢ € H(B,, (X@Y)*), B, is bounded on AP'(B,, X) x AP*(B,,Y) if
and only if ¢ € (Ag(Bn,X@Y)>*. Moreover, ||B,|| ~ HSOH(A&(&,X@Y))“
Proof. First of all, we notice that by the duality of the vector—valued* Bergman
spaces in Theorems 2.2.4 and 3.1.6 we identify ¢ € (Ag(Bn,X@Y)> with A,
where Ay (f) = (f,¢) o xay, for any f € A4(B,, XEY).
(1) = (2): Suppose first that B, is bounded on A?!(B,, X) x AP?(B,,Y) and we
want to prove that ¢ € <Ag(18%n, X0 Y)>* By duality we get

= sup
1flly0xEy=

1Ml (g e x By (s Paxay|

1

But by hypothesis (1), any f € A%(B,, X £1Y) belongs to A?! (B,,, X) [ AP2(B,,,Y)
with

||f||Agl(Bn,X)@A{;2(Bn,Y) S “f”q,a,X@Y'
Thus, for any ¢ > 0, we can find sequences {gr}r C AP*(B,,X) and {hi}r C
AP2(B,,,Y) such that f=>_,., gx [Jhy, and we have that

Z Hngpl,a,X Hthpg,a,Y < HfHAgl(JBn,X)ﬁA?(Bn,Y) +e< Hf”q,a,xﬁy +e.
k>1

Therefore, by the boundedness of By,

HSOH(Ag(Bn,X@Y))* =~ sup Z (gx O he, 0) 0 xBY
Hf”q,a,le’Y::l kzl
— s 3 Bulge )
Hf”q,oz,le’Y:1 kzl

<UBellsup D Nkl x (1Pt oy

Il 0 xay=1 k>1
S Bl (1+¢).
Since € > 0 was arbitrary we are done.
Conversely suppose ¢ € <Ag(Bn,X @Y)>* Take any g € AP'(B,,, X) and h €

AP2(B,.Y). Then, by hypothesis, gilh € AP (B,,, X) [ A”2(B,,,Y) C A%(B,, X (1Y)
with [lg LAl o xay S 19Dl e @, x5 4728,y Therefore

|B,(g,h)| = ‘(g Bh@)oxay| S N9B Ao xay 19llag@, xav)

S ||S0||(Ag(]gmx|§|y))* gt hHAgl(IBn,X)@Aﬁ?(Bn,Y)

<1l (s x8v9) 19l 1l
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which imply that B, is bounded on A?!(B,,, X) x AP*(B,,Y") with

1Bell S 16l ag s, x5

(2) = (1): For the inclusion AP'(B,, X)E AP2(B,,Y) C A%(B,, X Y) with the
estimate || f[, . xay < 1fllaz s, x)8 a7, v) We use similar ideas as before. Take

f e A (B, X) @Aff (B,,Y). Then, for all ¢ > 0, there exist sequences {gx}r C
APL(B,, X) and {hi}, C AR2(B,,,Y’) such that f =}, ., gx [J Iy and we have that

Z ||9k||p1,a,x ||thp2,a,Y < HfHAZl(IBSn,X)EIAZQ(IBn,Y) te.
k>1
Therefore, by duality and the hypothesis, we have that
(f, 90>a,x@y‘ < sup > 1Bo(gi: )|

IISDH(AQ (Bp, me))* =1 k

[fllgaxey = sup
|l (Aq (Bn, XBY))

sup 1Bl Y 1960y 0 17l v
k

o~ * —
AL Bn. X BY))

x=1

IN

||<P||<

S HfHAgl(Bn,X)@AZ?(JBmY) e

Since € > 0 is arbitrary we are done.

On the other hand, by the atomic decomposition in Theorem 2.3.5, we have
the inclusion A4(B,, X HY) C AP'(B,, X)H AP (B,,Y). Indeed, any function f €
A4 (B, X C1Y) can be written as

©° (1— |ak|2)b—(n+1+a)/q

O = N gy

k=1

where { ¢} C XY and some b large enough (see notation in Theorem 2.3.5).
Then, for any k > 1, there exist sequences {z}}; C X and {y}}; C Y such that
Ak =2, z¥ [y and, therefore

) (n+14a)/

sz Byj 1—|6Lk|<z ) ZgJ th

where
L(1— |ak,2)bq/p1—(n+1+a)/p1

95 (2) = x; (1 — (=, a))ba/m

and
L(1— ‘ak‘2)bq/pz—(n+1+a)/p2

T gy

Moreover, it is easy to see, using Theorem 1.4.1, that

|CL| bq (n+1+a)
HQJH . / H k” k ak>|bq dva<z)§”x.’;||§;

hf(z) =
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which imply that Hgf”pl xS foHX < oo and gf € AP (B, X). Similary, we can
see that Hh?”may S ||y§“HY < 0o and hY € AP22(B,,Y). This would give us that

f e An(B,, X)[AP2(B,,Y) and we finally obtain the inclusion
A9(B,, X DY) C AP (B, X) [ A (B,,Y).

Now, in order to have the corresponding estimate for the norms, we will show
that, for any bounded linear functional F' on the space AP'(B,, X)[ A?*(B,,Y),

there is a unique function pp € (Ag(IB%n,XE]Y)> with ||<pFH(Aq B X BY))" < || F|
such that F(f) = (f,¢r), xay, for any [ € Ag(Bn,X@Y). This would give

Hf|’A{;1(Bn,X)@AZQ(Bn,Y) = Hi}\l\gl [F'(f)]

< 5w ol (o, xomy 17y S 1o xay-

Thus, suppose F' € (A2(B,,, X) @A§2(Bn, Y))* with norm ||F||. Fix g € A2 (B,,, X).
Define
Ao APZ(B,Y) — C
h — F(gh).

Then, we have that

[Ag(R)] = [F(g B R)] < [1F[[ gl ox 171 h e AR (By,Y),

pQ,CE,Y )

which imply that A, is lineal and bounded with norm [|A,[| < [[F|l||gll,, o x- Thus,
by duality of vector-valued Bergman spaces, see Theorem 2.2.4, there exists an

unique @, € Agz(IB%n,Y*) such that Ag(h) = (h,¢y),y, for any h € AP2(B,,Y),
where p), is the conjugate exponent of p,. Then, define ¢ = pp € H(B,, (X HY)*)
as

p(2) (zBy) = 05, (2) (y) = ¥, 00.(2))y . 2 € By, (5.1.2)

for any x € X and y € Y, where g,(z) := z, for every z € B,,. Therefore, if
we take any vector-valued polynomial f € P(B,, X B Y) we have that there exist
{9} C P(B,,X) and {ht}r C P(B,,Y) such that f = >, g, [J by and, moreover,
using the relation (5.1.2), we obtain

dlaxoy =3 [ (0BmIE o0y dunl:)

_ Z/ (hi(2),00,(2))y dval2) = 3 (B 04 )0y

k

=Y Ay (h) =D Flgx O hi) = F(f).
k k
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Now, for polynomials g € P(B,,, X) and h € P(B,,,Y) we have

|Bo(g,0)| = (g B, 90), xay| = FlgEh)

<|[[F g h||A51(Bn,X)@A§2(Bn,Y)
< ¥ lgll A

which shows that B, is bounded on AP'(B,, X) x AP2(B,,Y) with ||B,| < ||F],
using the density of polynomials in Lemma 2.1.4. By hypothesis, we know that

¢ € (ALBLXEY)) with el s, x5y S I1Bell < IF]l. Hence A(f) =

(f,#)o.xay defines a bounded linear form on A% (B, X (1Y) and coincides with F
on polynomials. By density again (see Lemma 2.1.4) we have that F(f) = A(f), for

every [ € AL(B,, X E]Y), and the proof is complete. ]

p1,0, X | p2,0,Y 7

It is remarkable to note that if 1/¢ = 1/p; + 1/ps the inclusion
APY(B,, X)L A% (B,,Y) C A%(B,, X HY),

with the estimate [|f||, , xay < Iflla2 @, x)5 4725, v)» 1S @ direct consequence of
Minkowski and Holder inequalities, then it is true whether the other equivalence is
true or not.

Now, we can see the relation of the small Hankel operator and the Hankel forms.
We fix ¢ € H(B,,(XHY)*) and we define the holomorphic operator T,: B, —
L(X,Y*) by

T,(2)(T) = M (¢(2)), z€B,,zeX, (5.1.3)
where M,: Y — XY is the multiplication operator M,(y) = z0Qy, fory € Y.
Thus M?: (XEY)* — Y* and then we have

(4, To(2)(@))y = (¥, My (p(2)))y

for any z € B,,z € X and y € Y. Then, if T, € A"(B,, L(X,Y™)), for some
1 <r < oo, by Lemma 4.1.1 and (5.1.4), we have

(oot ),y = [ (o). 7T, duac)
— [ 10 B9) e ey dual2

n

= (U9, 9)0xay = Bs(f,9), (5.1.5)
for any f € P(B,,X) and g € P(B,,Y). Then, it is clear the relation between the
operators B, and hr,. The Hankel form B, is bounded on A?!(B,,, X) x AP2(B,,,Y)
if and only if hg, : A2 (B, X) — AP (B, Y™) is bounded (with equivalent norms),
where pl, is the conjugate exponent of p,. Moreover, the symbols of these operators
T, and ¢ have also a relation, they have similar growth in the vector-valued setting.
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Proposition 5.1.2. Let ¢ € H(B,, (X HY)*) and T, € H(B,, L(X,Y*)) defined
n (5.1.3). Then:

() el xayr = ITo() oyeys Jor every = € By;

(2) For « > —1 and p > 1, one has ¢ € AZ(IB%n,(X@Y)*) if and only if T, €
AP(B,,, L(X,Y™));

(3) o € B(B,,(XEY)*) if and only if T, € B(B,, L(X,Y™)).
Proof. Fix z € B,,. Then, by (5.1.4), we have

1T ey = ”;”EE [y, T, (2)(T))y |
lylly =1

= suwp [{zBy,9(2)xay| < )l xay)-

=l x=1,
lylly=1

On the other hand, by duality, we have that

lelxmy)y-= s [\ e(z)xayl-

Ml gy=1

We also know that if A € X E]Y, for every € > 0, there exist sequences {zy}, C X
and {y;}r C Y such that A =, ; [y, and, moreover,

D lzelix lwelly < Mgy + e
k

Therefore, by (5.1.4), we get

HSO(Z)H(X@Y)* = Z‘ ok Dy, 0(2)) x gy |

A |XE|Y*1 k

P> [T vl

”)\”X DY_l k

Z ]l x llyxlly

II/\IIXBY

<(l+e) ||T<p( )Hg(Y,y*) :

Tol2) <||—:Trx>>y

Since € > (0 was arbitrary this proves (1). The statement (2) is a direct consequence
of (1). Indeed, by (1), we have

Il vy = [, 10y deal)

= [T ey 00l = Il ey
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which implies (2). The statement (3) is more involved. First of all, by Lemma 3.1.4
and (2) we can suppose that ¢ € AL(B,,, (X EY)*) and T, € AL(B,, L(X,Y™)), for
some o > —1. Now, let ¢ > 0, by (1), we have

1B ey = [ TrmtoD gy - = € Ba
Take x € X, y € Y and z € B,,. Then, by (5.1.4) and Proposition 2.1.3, we get
(y, Trot o (2)(T))y = (M (y), R*"( >X@Y

- <Mz(y)=/ a _gpg)@(j;j)i&ﬂ“»my
:/” (M, (y), p(w w)xay 4, ()

(1 _ < >)n+1+a+t
[ _wLw@)y,
- G T it duaw)

- <<y (La T“"f?)iﬁiflfaﬁ) @),
, R, (2)(T))y
Since x € X and y € Y are arbltrZry we obtain

||TR“’%<Z)||L:(Y,Y*) = HROC’tho(Z)

HL(Y,Y*) ; z € By

Therefore, by Theorem 3.1.3 this implies (3) and we are done. O]

Then, as a conclusion, we can deduce the following result of the characterization
of the Hankel form B,,.

Theorem 5.1.3. Let ¢ € H(B,, (X@Y)*) Suppose 1 < g < oo and1 < p1,ps < 00
satisfying (5.1.1). We further suppose that Y* has finite cotype if ¢ > 1. Then
B, is bounded on AP'(B,, X) x AP*(B,,Y) if and only if ¢ € (Ag(Bn,XﬁY)> .

Moreover, || Bl = |9l (5@, xav))

Proof. By (5.1.5), the Hankel form B,, is bounded on AP'(B,,, X') x A?*(B,,,Y’) if and
only if hg,: ARN(B,, X) — AP (B,,Y™) is bounded (with equivalent norms), where
ph is the conjugate exponent of ps.

If ¢ > 1, condition (5.1.1) imply that 1 < p), < p; < oo and 1/¢' = 1/p —
1/p1, where ¢ is the conjugate exponent of ¢. Then, using Theorem 4.3.3 and
the hypothesis, we have that hg,: AZI(B,, X) — AP (B,,,Y™*) is bounded if and
only if T, € A% (B, £(X,Y*)) with equivalent norms. By Proposition 5.1.2 (2),
T, € AL (B,, £L(X,Y™)) if and only if p € AL (B, (X [Y)*) (with equivalent norms)
and the duality of vector-valued Bergman spaces in Theorem 2.2.4 gives the result.

Similarly, if ¢ = 1, condition (5.1.1) imply that p), = p;. Then, using Theo-
rem 4.2.1, we obtain that hg,: AP}(B,, X) — AP (B, Y™*) is bounded if and only if
T, € B(B,, £(X,Y™)) with equivalent norms. Finally, by Proposition 5.1.2 (3) and
the duality in Theorem 3.1.6 finish the proof. m
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Finally, we can prove one of the main results of this chapter, the weak factoriza-
tion of vector-valued Bergman spaces.

Theorem 5.1.4. Suppose X,Y two Banach spaces where Y* has finite cotype. Let
l<g<ooand a> —1. Then

AL(B,, XEIY) = AP (B, X) [ A% (B, Y),
(with equivalent norms) for any py,pe > 1 satisfying (5.1.1).
Proof. Follows directly by Proposition 5.1.1 and Theorem 5.1.3. O]

We have also the case ¢ = 1 that does not have any restriction on the Banach
spaces.

Theorem 5.1.5. Suppose X,Y two Banach spaces and let o« > —1. Then
ALB,, X[Y) = A2 (B,, X) DAY (B,,Y),
for any 1 < p < oo, where p' is the conjugate exponent of p.

Proof. Follows directly by Proposition 5.1.1 and Theorem 5.1.3. O]

5.2 Applications

In this section we are going to introduce different applications of the weak fac-
torization of the vector-valued Bergman spaces. First of all, let S = S'(H) be
the t-Schatten class of operators acting on some Hilbert space H. The first ap-
plication is a generalization of a Sarason’s theorem with operator-valued Bergman
spaces. Sarason in |66, Theorem 4] showed that H'(D,S') = H*(D, 8?)H?*(D, §?),
where HP(D, X') are the vector-valued Hardy spaces. Constantin in [28, Theorem
2.1] proved a result of Sarason type on Bergman spaces; a weak factorization of
operator-valued Bergman spaces. Namely, the theorem says the following.

Theorem 5.2.1 (|28, Theorem 2.1|). Let t > 1,t,te,p > 1 such that

1 1 1

—+ — = - 5.2.1
t1+t2 o (5.2.1)

then we have that
AL(D,S") = A2(D,S") © A2 (D, S™),
(with equivalent norms) where p' is the conjugate exponent of p.
Taking into account that for ¢ > 1 and ¢;,t, > 1 satisfying (5.2.1) we have that
St—8h. St

we can generalize it, by using Theorem 5.1.5, in order to get the same result for
B,,. Moreover, if we use Theorem 5.1.4 instead, we get a more generalization of this
result.
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Theorem 5.2.2. Let a« > —1 and q,p1,p2 > 1 satisfying (5.1.1). Let alsot > 1 and
t1,ta > 1 satisfying (5.2.1). Then, we have that

Al(B,,S") = AP (B,,S") © AP (B,,S%),
with equivalent norms.

Proof. 1t is a direct application of Theorem 5.1.4 and we only need to prove that
(S%)* or (S'2)* has finite cotype. This is immedate since (S%)* = S% and (S%)* =
S%, where t/ and t, are the conjugate exponents of ¢; and t, respectively. But we
know that S* have finite cotype, for any ¢ > 1. n

The other application appears also in |28, Theorem 4.1| which is a weak factor-
ization of the scalar-valued Bergman spaces on the polydisc. The key for the proof is
that we can identify AP (D") with the vector-valued Bergman space AP (D, AP (D" 1)).
Constantin proved the following theorem.

Theorem 5.2.3 (|28, Theorem 4.1|). Let a > —1. We have
ALD") = A2(D") © AZ(D"),
with equivalent norms.
Then, we can generalize it using Theorem 5.1.5 in the following way.
Theorem 5.2.4. Let « > —1 and p > 1. We have
AL(D") = AL(D") © A% (D",
with equivalent norms, where p' is the conjugate exponent of p.
Proof. We use Theorem 5.1.5 and the fact that AP (D") = AP (D, A? (D" 1)). O
We can even generalize further using Theorem 5.1.4.

Theorem 5.2.5. Let a« > —1 and q,p1,p2 > 1 satisfying condition (5.1.1). Then,
we have

AL(D") = AR (D) © AZ(D"),
with equivalent norms.

Proof. Notice that AP (D") = AP(D, A2(D"')). We shall prove the theorem by
induction over n. For n = 1 it is a direct application of Theorem 5.1.4 with X =
Y = C. Suppose the result holds for n — 1, that is,

ALD") = AR (D) © AZ(D"Y), (622)

and we want to prove it for n. Since AZ(D") = A4(D, A%(D" 1)), we use the
hypothesis of induction (5.2.2) to apply Theorem 5.1.4 and we deduce that

ALD") = ALD, AL(D")) = AR/(D, Ay/(D"1)) © AR (D, AR?(D"1))
= A7 (D") © AZ(D"),

and we are done. O
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As a final example, taking Y = C, we obtain the inclusion A? (B,,, X) C A?(B,,, X)®
AP2 - a result that we isolate next.

Theorem 5.2.6. Let X be a Banach space, o > —1, and 1 < p < oo. Then
any function f € AE(B,, X) admits a decomposition f = >, fuge with {fi}r C
AP (B, X) and {gi}r C AP> for any pi1,ps > 1 satisfying 1/p = 1/p1 + 1/pa.
Moreover, one has the estimate

D el e 19 < ClFlpax
k

for some constant C' > 0.
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CHAPTER 6

Big Hankel Operators

Recall that the (big) Hankel operator with symbol ¢ between scalar-valued Bergman
space A2 is defined as follows. Let ¢ be a bounded function on C then

Hof :=(I—Pa)(pf),  f€A,
Thanks to the integral representation of each f € A2 and the integral form of P,

we can write it as
H@f(z) _ / (90<Z> B gO(IU))f(U)) dva(w).

(1= Gz w)yee

It is well-known that H, = 0 when ¢ is analytic then we are going to study Hankel
operators with anti-analytic symbols. In this chapter we always consider X and Y
be two complex Banach spaces. In order to generalize this definition to vector-valued
function f € H(B,,, X) we first take an operator-valued symbol T' € H(B,, L(X,Y))
and then define the Hankel operator as

Hrf(z) = / (T(z) = T(w))f(w) dv, (w), f e Ai(B,, X). (6.0.1)

(1= w2+

It is clear that Hry is well-defined in the set of polynomials PB,,X) if T €
Al (B, L(X,Y)). Indeed, for fixed z € B,, and f € P(B,, X), by Proposition 2.1.2,
there exists a constant C' > 0 such that

|Hef )y < |TETE| + / 1HT Ty H v (w

<[r@7@, ¢ [ Iy, duw),

soif T € AL(B,,L(X,Y)) then Hr is densely defined on the set of polynomials, see
also Lemma 2.1.4.

Similarly, it is easy to see that this definition matches with the scalar-valued,
that is, Hrf = (I — P,)(Tf). Indeed, for f € Al(B,, X), using Lemma 1.2.1 and
the integral representation Proposition 2.1.2, we have

Hrf() = TG - [ ( LI @) 4, (w) = (- P)(TFE). = € B

(1= (w, z))ntite
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In this chapter we are going to study the boundedness of these generalization
of (big) Hankel operators Hr between vector-valued Bergman spaces in terms of its
symbol T'. Before that we need some preliminary results that are needed later.

6.1 Preliminary Results

We begin with a well-known result for the scalar case. Let w € B,,. Recall that the
vector-valued p-normalized reproducing kernels on x € X \ {0}, for 0 < p < o0, is
defined as &, = x/ ||z x Kpw, where

Ky(2)
]{?}Lw(Z) = W, A Bn

Remember also that K = xK,,, where K, is the scalar-valued Bergman reproducing

kernel (see Section 2.1).

Lemma 6.1.1. Let 1 <p<oo,z € X andw € B,,. If T € AL(B,, L(X,Y)) then
Hrky ,(2) = (T'(2) = T(w)) (k5 ,(2)),

for every z € B,,.

Proof. Since K* € AL(B,,X) and TK? € Al(B,,X) for any z € X and z € B,
(because T' € A1 !(B,, £(X,Y))and K2 is bounded), using the integral representation
Proposition 2.1.2 we have that

o | T LETD
)
)

(T(2) — T(w))(K¥(w))
-/ A (G wyitra Q)
— (T() - TQO)EZ(Q) = (T(2) — T(Q)) (K.

Multiplying both sides by HKZ”H;; we get the result. O

For values 1 < p, ¢ < co and an operator-valued 7' € H(B,, L(X,Y)), we define
the integrals

1
(1 . |Z’2)(n+1+a)q(1—5)
T (w 1 dv,(2)
/ | )H X.Y) 11— (Z,w>|("+1+a)q

/ IT(w) = T gy, e (w)]? ()

Lemma 6.1.2. Let 1 < p,qg< oo and a > —1. If T € H(B,, L(X,Y)) then

1 — |2t (G—5 < I.T(2)s.
(1—1z |) (ﬁ(Y,Y))n S BpqT(2)
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Proof. Take 0 < § < 1. Then the dilatations, T5(z) = T'(0z) for every z € By,
Ts € AL(B,, L(X,Y)) and so, by Proposition 2.1.2, we have

T(62) = /}B ( T(0w) dva(w) z € B,.

1 — (z,w))rtite’
Changing variables w — w/d and replacing 0z by z we obtain

L[ Tw)du(w)
=0 [, T Gy

Since § < 1 is arbitrary we take 6 = tanhr < 1 so that éB,, = D(0,r). Moreover,
let 1 < k < n, differentiating under the integral sign we get that

T (2) = %T(z) =8n+1+a) /D(O : (52T_(u£iﬁ;i;i(ﬁl+1’

and substituting in z = 0 we have that

9.T(0) = C, /D T dua ).

where C, = &%ﬁfg). With no confusion, we take a fixed z € B,, and we replace T

by T o ¢, — T(z) then we get
ST(:) = C, / (T o . (w) — T(2)) dvg (w).
D(0,r)

Changing variables according to Proposition 1.4.3 we obtain that

(W) (1 — |2y e

V) =G [ () T e v

Now, if ¢’ is the conjugate exponent of ¢ then by Proposition 1.2.2, Hélder’s inequal-
ity and the integral estimate in Theorem 1.4.1 we have that

~ (1-— |z|2)” e dug (w)
VT(z 5/ T(w) —T(2)| ,xy
H ( )H D(z,r) I7) ( )HL( Y) 11— (z,w>|2(”+1+a)

(LEY))"
1
1 — [22)(n+1+a)d /p oy
/ ( ’ ‘ ) (n+1+a)q’ dva(w)
B, |1 = (2, w)] !

S ([p,qT(Z))%(l — |Z‘2>(n+1+a)(%_%).

~Y

Q=

< (LpT'(2))

This proves this lemma. ]

Using previous results we obtain the following.
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Lemma 6.1.3. Let 1 < p,q < co. If Hy is well-defined (so that T € AL(B,, L(X,Y))
and bounded from AP(B,, X) to L1(B,,Y) with norm ||Hr|| then

(1= PG| OTe)| Sl
(LE ¥
for any z € B,.
Proof. There exists T € IB%(Y) such that
q
BT S [ ) - TEE) doto)

:AHm@z\uwmw

using Lemma 6.1.1 in the first equality. The rest follows from Lemma 6.1.2. O]

This prev1ous lemma tell us that if Hy is bounded, automatically the function

(1 — |- (nt1t) (G is in L>°. We end this section with a series of

results needed later. The followmg is taken from [60, Lemma 9.

Lemma 6.1.4. Let X be a Banach space. Then, for 1 < p < oo, a > —1 and
n+ 1+ a < b, we have that

/n Hf|(12)_ (w’(z> Wi 4 / H

for every f € H(B,, X) and w € B,,.

P dva( )
S

Proof. The proof works exactly as the proof of [60, Lemma 9] but we need to use
Theorem 3.2.6 instead of the scalar case. O

For a holomorphic vector-valued function f € H(B,, X) and a complex direction
u (a unit vector in C™) we define the complex directional derivative

O ) SN0 =100

A—0 A ’

where A\ € C and z € B,,. A simple application of the chain rule gives

where u = (uy,...,u,). More generally, for n > 1, f € H(B,, X), and z € B, \ {0}
we will write

IVrf(2)lx = sup

u€lz]TJu|=1

%(3) N
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and call it the complex tangential gradient of f at z.
For f € H(B,, X) and z € B,,, we also define the following value

Qr(z) = sup  sup 1=t OO 2]
[[2* ||y« =1 weCm\ {0} (B(z)w,w)

9

where w = (wy,...,w,) € C"\ {0} and B(z) is the Bergman matrix of B,, well
defined in [82, Section 1.5].

Theorem 6.1.5. Letn > 1 and z € B, \ {0}, then

’

(1= =2 92 ()lx < |VFG)|

X’l’l
for every f € H(B,, X).
Proof. We will prove, in fact, that we have that
(1= P2 Ve f () < Qr(2) < |95

Notice that, using [82, Proposition 1.18], (1 — |2|*)~! is an eigenvalue of B(z) with
eigenspace [z]T. Therefore,

Qf(2)2 sup  sup ‘Zk:l Wy, <akf(21)/,2x >X’
2~ | =1 wel2] T (B(z)w,w)
n wy
=(1—12[*)"? sup sup — O f(2)
wel2]T o+ =1 z_: |wl

Z akf

On the other side, replacing w by B~Y2(z)w in the definition of Q(2) (so that
=>" i1 B, Y 2( Jw;) and using Cauchy-Schwarz inequality, we have that

x*>
X

= (L= )2 Ve f()llx -

X

= (1= [2[)"* sup

welz]T

‘Zk 123 1 By, 1/2( Jw; <akf(z)>$*>x‘

Qf(z) = sup sup

l2* | =1 weCm\ {0} |w|
12 *
Sy [ By () (@ (), )
< sup sup
l2* |+ =1 weTm\ {0} |w|
o\ 1/2
< s [ B[S 81% @0
le*llx==1 \ 521 | k=1

1/2
= sup (ZZZB” B;"*(2) (0kf (2). >—<aif<z>,a:*>x) -

le*llx+=1 \ =1 k=1 i=1
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Recall that B._.1/2(z) = B-_-I/Q(z) and using |82, Proposition 1.18(b)] we have that

ZB‘W B;*(2) = Bi}(2) = (1= [2") (0si — 7).

Therefore,

S

n

1/2
Q)< sup (1— | W( > (6 — 27) akf<z>,x*>x<aif<z>,x*>x>

3

1/2
= (L= [2[)"* sup < !<0kf(2),x*>xl2—|<Rf(2),w*>x|2> - (6.1.1)

ll* [l x«=1 \ =1

On the other hand, we have that

[, = Y10, e v ||X>Z\ o0

= 1. Followmg the same proof and notations of

2

Y

for any 2* € X* with ||2%|| .

Theorem 3.2.6 we obtain that )" |< i(fo goz)(O) ‘2 is equal to
2 ' 82(8: — 57) Sz - - )2 SIEI o2
23 |01 | - Zﬁ] 2 p IRAE) a0,
j=1 j=1

where, in this case, f; = ﬁj(z) = ()\j,x ) x (Rf(z),x Yy + (Rf(2),2%) (N, %) .
Clearly (recall that \; = 2;0;f(2), so that 3°7 | A\; = Rf(z)), we have that

Zﬁj =2(Rf(2),2") x|’

and, since s, = (1 — [z]})"/2,

Sz(sz - 82) <8z - 33)2 o _Sg(l - Sz) - 2
TR TR -

|21

Therefore,

ZI fopa) |—$Z\<5f() Vx| = ZURFE) ) o,

1/2
<Z foe:)(0), *>X’2>

:n 1/2
( (9 Vx| = (Rf(2) >|2>

n 1/2
=<1—\Zl2>”2<2\<8f< Vel = Rf(2), 2 >|2) .

Jj=1

which 1mply that

Vs
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Since x* € X* is arbitrary, where ||z*|| . = 1, we can apply supremums and we get
the desired result using (6.1.1) and this theorem is completed. ]

The next one is [61, Theorem 2.8].

Theorem 6.1.6. Let n > 1 and f € H(B,,X). If [|[Vrf(2)||x = 0 as |z] = 17,
then f is constant.

Proof. The proof is exactly as in the proof of [61, Theorem 2.8|. H

Corollary 6.1.7. Let n > 1 and f € H(B,, X). If (1 — |z|°)~'/2 H%f(z)” -0
X’ﬂ

as |z| = 17, then f is constant.

Proof. 1t directly follows by Theorems 6.1.5 and 6.1.6. m

In the next section we will see more characterization of bounded Hankel opera-
tors.

6.2 Bounded Hankel Operators

In this section we characterize the boundedness of the Hankel operator Hr in terms
of its symbol T

Theorem 6.2.1. Let 1 < p < g < o0 and X,Y two Banach spaces. The Hankel
operator Hr: AP (B,, X) — Li(B,,Y) is a bounded linear operator if and only if

Ap = sup (1 — |z*)! %TZH < 00,
r=apl =) Ol cry
where
1 1
y=1+n+1+a)(-—-]).
q p

Moreover, ||Hr| ~ Ar.

Proof. Suppose first that Ar < +o0o. Let f € A2(B,,, X), z € B,, and € > 0 that we
will specify later. If ¢’ is the conjugate exponent of ¢ then, by Holder’s inequality,
we have

1f ()l x IT(z) = T(w)

1
ol

lecer) dvg (w) < fl(Z)%[Q(Z)q ’

|Hef(2)]y < /

S
e £l (1 )
)= [ Il
and

b= [ I7(2) = T(w)] %y, (1~ Jof?)~2

|1 . <Z w>|n+1+a Ua(w)'
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In one hand, by Lemma 6.1.4, the hypothesis and the integral estimate Theo-
rem 1.4.1, we have that

L

o) T )

(CE Y)Y |1 — (z,w)|" T

1
7

e s (|

L

cag ([ Ut )
BV ST e

S Ap(L —[2")7=707.

On the other hand, when p < ¢ using the norm estimate of Theorem 2.1.1, we obtain

o= [ MOV 4ol

1= (z, )"

P (1 — |w!|?)eatatr-1)
< Hf‘ an/]B Hf(w)HX< ‘w‘ ) dva(w).

‘1 - <Z, w>|n+1+a

If ¢ = p then v = 1, and [;(z) equals the last expression. Therefore, by Tonelli’s
theorem and Theorem 1.4.1 again, we have

He oy = [ VBRI du) < [ BERET )

% Qg w
sapisigy [ M et g2

1—zw

dva— e+v—1
= AU [ IS [ e e 0]
S AL

P, X *

If we take € > 0 fulfilling all the requirements needed in the applications of Theo-
rem 1.4.1, that is,

. (a+1 a+1
l-v7<e<1l—7v+min y =
q q

then we have proved that Hr is bounded on A2 (B,, X) — A%(B,,Y) with norm
|Hr| S Ar < oo.

The other implication is a direct consequence of Lemma 6.1.3. Suppose that
Hr: A2(B,,X) — L%(B,,Y) is bounded with norm ||Hr||. By Lemma 6.1.3, we
have that

N
A=y [VTE) gy S 17

which implies that Ay < ||Hr|| < oo and the proof of the theorem is complete. [

A direct consequence is the following result.
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Corollary 6.2.2. Let 1 <p < g < oo and X,Y two Banach spaces. Let

11
7::1+(n+1+a)(———).
q P

The Hankel operator Hr: AR (B, X) — Li(B,,Y) is a bounded linear operator if
and only if

(a) T € By(Bn, L(X,Y)), if v > 1/2. Morcover, ||Hr|| = |T|5 (5, rx.y)-
(b) T is constant, if v < 1/2.

(c) T fulfills the following condition

Ar = sup (1 — |z[)) /2 %TZH < 00,
ri= el =) ey
if v =1/2. Moreover, |Hr|| ~ Ar.
Proof. Tt follows directly by Theorems 6.2.1 and 3.2.8 and Corollary 6.1.7. n

The following theorems is for the remaining cases 1 < ¢ < p < ¢.

Theorem 6.2.3. Let 1 < q < p < oo. The Hankel operator Hr: Ab(B,, X) —
Li(B,,Y) is a bounded linear operator if and only if T € A (B,, L(X,Y)) where

1
t

Q| =
==

Moreover, [[Hrl| = [T, o cx vy
Proof. Let f € AP(B,, X) and suppose that T € A (B,, £(X,Y)). Then
Hrf = TT - E(Tf)

So, the boundedness of the projection P, (which imply the boundedness of P,), see
Theorem 2.2.2, shows that

1 fllgay < NTFl, oy + [1P(TH
< (@ +[IED 7

q,a,Y
q,0,Y "

On the other hand, by Hélder’s inequality with (p/q,p/(p — q)), we have that

p—aq

170 = [ @7, e

< ([ e ane)” ([ ey,

= 1 e 1T o c v -
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It implies then that Hy: AL (B,, X) — LL(B,,Y’) is bounded and |[Hr|| < (|1, , v

Conversely, we suppose that Hy: A2 (B,, X) — L4(B,,Y) is bounded with norm
|Hr||. Following the same argument as Theorem 4.3.3 we get that

S [ ) dunle) S L el
ag,r

where {\;}r C ¢P(X). By Lemma 6.1.1 we have

Hr (ks )(2) = (T(2) = T(a)) (ko) (2), = € By,

b,ag
so, we obtain that

o)

q
[ @ - )R] vl S b,
k=1 D(akvr) Y
Arguing as in the proof of Lemma 6.1.2 we have that
7@, < 22,7 - uftyes e,

for any x € X and w € B,,, where
L T(w) = /D( | |(T(2) - T(w)(k;g_w z)Hz, dv,(2).

Therefore,

50— oyt
k=1

VT (a) (N Hq ZWT )

S HHTHq {2 3 kll2o ()
Writing it as
> ~ — ]
S| tautyr Gy G| S IHA A
k=1
and since the sequence {\,}x C /7(X) is arbitrary, Lemma 4.3.2 implies that
{(1 = Jag )W IGT ()} E((L(X,Y)))

and -
Z(l . |ak|2)n+1+a
k=1

Theorem 3.2.6 says that

~ t
V)| Sl
(LX)

(1= low) IRT (@) cgx ) < ||V ()|
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so, we obtain

D (= fa ) RT (ag) o vy S I1H

k=1
Applying Lemma 4.3.1 (with ¢ = 0 in the lemma, do not confuse with the ¢ of
this theorem) we have that RT € A} (B, £(X,Y)) and |RTY|, o\ pxvy S 1 H7|l-

Therefore, by [82, Theorem 2.16] we get T € A%/(B,, L(X,Y)) and 1T 0 ey S
|Hr||. Note that the proof of [82, Theorem 2.16] for vector-valued case is the same
as the scalar-valued case and with this the theorem is complete. O]
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CHAPTER 7

Open Questions and Future Research

In our opinion, we think that we have done a satisfactory work in order to get a
better understanding of the function properties of vector-valued Bergman spaces
and the action of Hankel operators acting on them. We hope that this work is
going to attract many other researchers to this area, and expect that the study of
vector-valued Bergman spaces is going to experience a period of intensive research
in the next years. However, we have not been able to attach all the problems we
had in mind, and in this last chapter we discuss some open problems we left, as well
as some other problems we think it can be interesting to look on the future.

7.1 Compact Hankel operators

After our study on bounded small and big Hankel operators acting on vector-valued
Bergman space, the next step is to look for a characterization of the compactness.
According to the results for the scalar case that can be found in Zhu’s book [82,
Chapter 8|, and the result obtained by O. Constantin [28| in the case of dimension
n =1, X = H being a Hilbert space, and ¢ = p = 2, one may expect that, for an
holomorphic operator-valued function 7': B,, — £(X,Y"), the small Hankel operator
hr: A (B,, X) — AP(B,,Y) is going to be compact if and only if T belongs to the
little Bloch space By(B,,, (X,Y)). Here, K(X,Y) denotes the space of all compact
operators from X to Y, and for a Banach space Z, the little Bloch space By(B,,, Z)
is the subspace of B(B,,, Z) consisting of those Z-valued Bloch functions f with

lim (1 |2*) [V /()] 5n = 0.

|z|]—1—

Similar results are expected to hold for the compactness of hy when ¢ # p. It
is also interesting to complete the results obtained in Chapter 6 by describing the
compactness of the big Hankel operator Hy from A4 (B,,, X) to L4 (B,,,Y) for Banach
spaces X and Y. Results on compactness for the big Hankel operator on the scalar
case can be found, for example, in Zhu’s book [82, Chapter 8|, [81] and [61].
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7.2 Schatten class Hankel operators

It is now a classical result of Arazy, Fisher and Peetre (see [6]) that the big Hankel
operator with conjugate analytic symbol Hf acting on the scalar Bergman space A2
is in the Schatten ideal S, if and only if f belongs to the analytic Besov space B,
1 < p < oo (the case of dimension n > 1 can be found in [5]). In our case, it turns
out that, when H is a Hilbert space, the vector-valued Bergman space A2 (B,,, H)
is also a Hilbert space, and it makes sense to study when the big Hankel operator
Hr with an holomorphic operator-valued symbol T', acting on A% (B,, H), belongs
to the Schatten class S,. In view of the results for the scalar case, it seems clear
that vector-valued analytic Besov spaces are going to enter in action, so that apart
from dominating the necessary techniques on Schatten class operators, a further
study of analytic vector-valued Besov spaces is necessary. One can also look on the
problem of describing the membership in S, of the small Hankel operator Ay acting

on A%(B,, H).

7.3 Weak Factorization of Hardy Spaces in the Bessel
Setting

It is worth mention that the theory of Hardy spaces has been studied and developed
extensively in harmonic analysis and more precisely the theory of Hardy spaces on
the Euclidean setting has been shown to have many applications, see [26, 38,39, 70|
for an instance of general references.

The real-variable Hardy space theory on n-dimensional Euclidean space R™, n >
1, plays an important role in harmonic analysis and has been systematically devel-
oped [26,39]. There are many equivalent definitions of the Hardy spaces H?(R™),
0 < p < oo. It is well-known that when p > 1, the actual definition of H?(R™) makes
it equivalent to LP(R™), but when p € (0, 1], these spaces are much better suited to
ask questions about harmonic analysis than are the LP(R™) spaces, see [41,70] for
an account of all of this.

It is well known that the Hardy spaces of 1-dimensional Euclidean space H?(R)
admits a strong factorization. As we already said, in [40|, Gowda discovered that
this strong factorization is no longer to obtain for superior dimensions n > 2. In
the case of the real-variable Hardy space H'(R"), Coifman, Rochberg and Weiss
[25] provided a factorization that works in studying function theory and operator
theory of H*(R™) which was called the weak factorization. This weak factorization
for H'(R™) consist of the following: every f € H'(R") can be written as

f=2_ (giRili + hiRigy),

=1 =1
where {g}}i;,{h}}i; € H*(R") and R; are the Riesz transforms on R™ and

e sz{zzug;um Hg;tnLg(Rn)},

j=1 i=1
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with the infimum taken over all possible representations of f as above. Later,
Uchiyama [75] found an algorithmic way to generalize this weak factorization for
Hardy spaces HP(R™) with values of p € (0, 1], but close to 1. On the other side, it
is also well-known, as pointed in [25], that this weak factorization is closely related
with the boundedness of some commutator on LP spaces. Since then, many authors
generalized the boundedness of this commutator between different L? spaces 45,48,
58,59].

The theory of the classical Hardy space HP(R™) is intimately connected to the
Laplacian A. Changing the differential operator introduces new challenge and di-
rections to explore. In 1965, Muckenhoupt and Stein in [54] introduced the notion
of conjugacy associated with this Bessel operator Ay, A > 0, which is defined by

d? Ad
Ayrf(x) = —73 (x)—2—— (x), x> 0.

x dx

They developed a theory in the setting of A, which parallels the classical one asso-
ciated to A. Results on LP(R, dm,)-boundedness of conjugate functions and frac-
tional integrals associated with Ay were obtained, where p € (1,00), R, = (0,00)
and dmy(z) := 2**dx. Since then, many problems based on the Bessel context were
studied; see, for example, [16,18,71,76,79]. In particular, the properties and L?
boundedness (1 < p < c0) of Riesz transforms

Ra, f = ar<A>\)_1/2f
related to A, have been studied in [54,76]. The related Hardy space
H'(Ry,dmy) = {f € L'(Ry,dmy): Ra, f € L'(Ry,dmy)}

with norm [|f{[ 1w, gmy) = IS @y amy) T 1o FIl LR, amy ) Dhas been studied by
Betancor et al. in [17] where they established the characterizations of the atomic
Hardy space H'(R,,dm,) associated with A, in terms of the Riesz transform and
the radial maximal function associated with the Hankel convolution of a class Z of
functions, which includes the Poisson semigroup and the heat semigroup as special
cases. Duong, Li, Wick and Yang |71] used Uchiyama’s algorithm to prove the weak
factorization on the Bessel setting of Hardy space H'(R, , dm,) in terms of the Riesz
transform Ra, .

Therefore, the open question is building up a weak factorization for Hardy spaces
HP(Ry,dm,) for p € (0,1) in terms of a bilinear form related to Ra,, like [71] did,
using the same method of Uchiyama. As a second question will be also to prove
that if this weak factorization implies the characterization of the corresponding
commutator. In order to do that we first propose the question for values of p
near 1, see Yang and Yang [79] for a characterization of the atomic Hardy spaces
HP(R,,dm,y) for values of p € (gi—g, 1]. More concretely, the problem will be the
following.

Problem 7.3.1. Let p € (%, 1} and q,r > 0 such that
1 1 1

=4 7.3.1
s~ a7 (7.3.1)
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Prove that for any f € HP(Ry,dm,), there exists numbers {a}}; k., functions {g¥};, C
LY R, dmy) and {h¥}; C L™ (R4, dmy) such that

F=Y alim(gh nf) (7.3.2)

k=1 j=1

in HP(R,,dmy) where 11 is defined as
M(g, h) := gRa,h — hRa,g,

where ],%z; is the adjoint operator of Ra,. Moreover, there should exists a positive
constant C' independent of f such that

C W e o < inf{ (zz s Hh?llff) :

k=1 j=1

f= ZZO‘? H(gf, hf)} <C HfHHP(RJr,dm)\) :

k=1 j=1

Note that the case p = 1 is exactly as Duong, Li, Wick and Yang [71] did, so the
contribution here will be the cases of p € (;:\\—ié, 1).

We are studying this problem in collaboration with Brett D. Wick in Washington
University in St. Louis. We made a huge advance on it, but there are still some
technical details that by now we are not able to do. We hope to be able to arrange

these technical problem soon.

7.4 The Bergman Projection on Weighted Vector-
valued Bergman Spaces

A classical result of Békollé and Bonami [12] describes the weights w such that the
Bergman projection is bounded on LP(ID,w dA), for 1 < p < oco. These weights have
been characterized by the following Békollé-Bonami condition

sup (ﬁ /S w(z) dA(z)) <ﬁ /S w(z)_pl/pdA(z)>p/p/ < 0,

where the supremum is over all the Carleson sectors S = S([), and p’ is the conju-
gate exponent of p. This result also has been generalized to higher dimension, on
the unit ball of C" [10]. The Békollé-Bonami theorem is the analog result of the
Bergman spaces of the well known characterization of the weights w such that the
Hilbert transform is bounded in LP(R,w dz), weights that are well described for the
Muckenhoupt condition A, (a classical result of the Harmonic Analysis [44]).

It is interesting then to study the analog of the Békollé-Bonami theorem in the
case of vector-valued Bergman spaces. More concretely, the problem to develop is
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the following: for 1 < p < 0o, describe the positive operator-valued weights W such
that the Bergman projection is bounded on LP(ID, W dA). Let H be a Hilbert space.
Given a positive operator-valued weight W: D — L(H), the corresponding space
LP of vector-valued measurable functions in D is denoted by LP(D, W dA) and has
the following norm

112y = / W) £, dA(2).

All the proofs known about the Békollé-Bonami theorem does not work for the
context of vector-valued Bergman spaces, and so it is necessary to develop new
techniques to tackle this problem. It is remarkable that a characterization for the
case p = 2 has been obtained recently by Aleman and Constantin in [2], but their
method again can not be extended for the other cases of p # 2. Therefore, it is still
an open problem when p # 2.

We just begin to study this problem. First of all, we find another proof of the
scalar case much more simple and flexible than the original one which it has more
possibilities that the method and techniques will work for the vector-valued case with
appropriate modifications. However, it is unclear that this proof will generalize to
the vector-valued setting.
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