Chapter 3

Port Hamiltonian Control

In this Chapter the port Hamiltonian passivity-based control theory, which will applied
to the control of the DFIM and the B2B, is presented. We start with a review of the
basic ideas of passivity and of control by interconnection, move to the Interconnection
and Damping Assignment— Passivity-based Control (IDA-PBC), and finally discuss two
improvements of the basic IDA-PBC framework, namely Simultaneous Interconnection and
Damping Assignment (SIDA), and a variant of the method which improves the robustness
of the controller in front of uncertain parameters.

Part of the results of this Chapter can also be found in [7][5][10].

3.1 Introduction

According to one of the accepcions in Webster’s [1] “to control” means “to exercise restraint
or direction over”. In an engineering context, we can translate this to “to stabilize a system
in a desired equilibrium point or trajectory”. Although a variety of techniques are available
for linear control theory (see [26][28][46][47][49] and references therein), most nonlinear
control theory revolves around Lyapunov’s method and its variants. Lyapunov theory was
introduced originally as an analysis tool and became an useful technique for feedback control
design.

Lyapunov-based control design is a quite difficult task which involves the construction
of a suitable Lyapunov function. This function can be interpreted, in physical systems,
as the energy (or storage) function. The main difference between many nonlinear control
techniques is the way in which the appropriate Lyapunov function is constructed, as is the
case, for instance, of backstepping, forwarding or adaptive control (see [49]). Some other
techniques also use the Lyapunov method to design controllers, for instance Sliding Mode
Control [80][86], a technique for robust control where the trajectories are forced to reach a
sliding surface.

Passivity-based Control (PBC) [63] uses the fact that passive nonlinear systems are
described by an storage function (which is a proper Lyapunov function). The control
design main goal is then to reshape the original energy function by means of the controller.
Based on PBC, the IDA-PBC (Interconnection and Damping Assignment—Passivity-based
Control) technique, which uses the passive properties of Port Hamiltonian Systems, was
presented in [66] (see also the PhD. Thesis of Hugo Rodriguez [74]).
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46 Chapter 3. Port Hamiltonian Control

3.2 Passivity-based control

Traditionally, control problems have been approached adopting a signal-processing view-
point. This is very useful for linear time-invariant systems, where signals can be discrim-
inated via filtering. However, for nonlinear systems, frequency mixing invalidates this ap-
proach due to the following reasons:

e Computations are far from obvious.

e Very complex controls are needed to quench the large set of undesirable signals, and
the result is very inefficient, with a lot of energy being consumed and always on the
verge of instability (a typical example is provided by bipedal walking machines; see
[30]).

Most of the problem stems from the fact that no information about the structure of the
system is used. A change of control paradigm is needed, and this can be summarized in the
catch expression ” control systems as energy exchanging entities”. A detailed presentation of
this energy-based approach to control is contained in [65] and [66], where complete proofs,
which will be mostly omitted here, can be found.

3.2.1 Energy-based control

Definition 3.1. The map u +— y is passive if there exists a state function H(x),
bounded from below, and a nonnegative function d(t) > 0 such that

t
/ u® (s)y(s)ds = H(z(t)) — H(x(0)) + d(t) . (3.1)
0 ~—~

~~

stored energy dissipated energy

—_—
energy supplied to the system

Example 3.2: a mechanical system

The simplest example of passive system is probably the forced mass-spring-damper ar-
rangement of Figure 3.1, where ¢ is the mass position, F'(¢) is an external applied force,
m is the mass and b and k are the damping and spring coefficients, respectively. One has

q
b ' F
=R
k m

Figure 3.1: Example of a mechanical passive system.

(with v = ¢ as mechanical velocity)
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/F(s)v(s)ds = /(m@(s)—l—kq(s)-l—bv(s))ds
0 0

v (s)ds
+b/0 (s)d

= H(z(t)) —H(az(O))—Fb/() v?(s)ds.

1 t

- <2mv2(s) + ;kq2(5)>

0

Remark 3.3. Notice that, a passive system (3.1), if z* is a global minimum of H(z)
and d(t) > 0, and setting v = 0, H(z) will decrease in time and the system will reach z*
asymptotically. The rate of convergence can be increased if the energy is extracted from
the system with

u=—Kqy
with KL = K4 > 0. A
The key idea of passivity-based control (PBC) is as follows; use feedback
u(t) = B(x(t)) (3.2)

where 3(x(t)) is a function depending on the states, so that the closed-loop system is again
a passive system, with new energy function Hy, with respect to a — y, such that H,; has
the global minimum at the desired point. Passivity for the closed-loop system is far from
obvious: physically, the controller is injecting energy into the system. PBC is robust with
respect to unmodeled dissipation, and has built-in safety: even if H is not known exactly, if
passivity is preserved, the system will stop somewhere instead of running away and finally
blowing up.
With (3.2), H, is defined as (minus) the energy supplied to the system,

= — tT.TS S
H, — /Oﬂ(())y(),

then the closed-loop system has energy function Hi(z) = H(x) — Hu(x). One has the
following energy balance equation (EBE), which yields an interpretation to PBC:

Hya(t) = H(x(t) - / 67 (2(5))y(s).
———— ~—— 0

closed-loop energy stored energy

supplied energy

Remark 3.4. For an affine dynamical system

{i’ = f(z) +g(x)u
y = h() ’

the EBE is equivalent to the PDE

—BT(@)h(z) = 0H, (f () + g(x)B(x)) . (3.3)



48 Chapter 3. Port Hamiltonian Control

Example 3.5: electrical system

As an example, consider the electrical system in Figure 3.2

r L

Figure 3.2: Example of an electrical passive system

22 0
N
—Tc LT 1

where x = [g, A]" is the state, w = V is the control input and y = % (inductor current)
is the passive output. The map V — i is passive with energy function

1 1
H($) 20$1+ 2

and dissipation

d(t) = /0 T (s)ds,

Notice that the natural minimum is [0, 0], but forced equilibrium points are of the form
[z],0]. The PDE (3.3) is in this case

faHa — <é’m1 + ng — B(m)) 0H, = —%xgﬁ(x).

Since 5 = 0 is already a minimum of H, its only necessary to shape the energy in z
Hence, taking H, = H,(x1) and solving the above PDE

0H,
Bz1) = — 021

j.e. it defines a closed-loop control.

Then, one has to choose H, so that H, has the
minimum at x]. The simplest solution is

L (11
Hy(x1) = ZC (C C)xlxl

where C, is a design parameter. The closed-loop energy H; can then be computed and it
is seen that it has a minimum at [27,0] if C, > —C. Finally, the control is computed as
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0H, 1 n 1 n 1 .
U= — =——2x — 4+ — | 2].
8951 Ca ! C a !
This control is an energy-balancing PBC that stabilizes * under stated parameter restric-

tions.

Example 3.6: electrical system

Consider now the slightly different circuit of Figure 3.3.

L
T

+ R —

1

TORNE

Figure 3.3: Example of an electrical passive system.

With the same states, energy, input and outputs than the preceding system, the equations

of the motion are now
1 1
[z 1)
—61‘1 1

Only the dissipation structure has changed, but the admissible equilibria are of the form

z* =[oVY, %Vd]T

for any constant V¢ The power delivered by the source, p = Vi = V' #2, is nonzero
at any equilibrium point except for the trivial one. Hence, the source has to provide
an infinite amount of energy to keep any nontrivial equilibrium point, a task which is
clearly not feasible. This situation will reappear later into the discussion of invariant and
Casimir functions. Notice that pure mechanical systems are free of this problem, since
any equilibrium has velocities equal to zero and hence no power in necessary to keep the
system at the equilibrium point.

3.2.2 Control as interconnection

To give a physical interpretation of PBC, one can think the controller as a system exchanging
energy with the plant. Consider two systems, ¥ and Y., exchanging energy through an
interconnection network given by ¥, as depicted in Figure 3.4.
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Yy —— Y

U, U

Figure 3.4: Network interpretation of control.

The condition for the interconnection to be power continuous is

ul (t)ye(t) + " (Dy(t) =0 V.

Example 3.7: feedback interconnection

As an example, consider the typical negative feedback interconnection displayed in Figure
35

Plant

\/

Ye Ue
Controller

Figure 3.5: Typical negative feedback interconnection.

The interconnection is given by

and is clearly power continuous.

Suppose now that some extra inputs u — u + v, u. — u. + v. are added to the intercon-
nected system. Then is easy to show the following.

Remark 3.8. Let ¥ and Y. have the state variables z and £. If ¥ and Y. are passive with
energy functions H(z) and H.(§) and ¥; is power preserving, then the map [v, v.] — [y, y|
is passive for the interconnected system with energy function Hy(z, &) = H(x)+ H.(§). Or,
in short, A
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Proposition 3.9. Power continuous interconnection of passive system yields passive
system.

The resulting system of the interconnection of the plant and the controller is a passive
system with energy function
Hg(z,§) = H(x) + He(£)

but this is not very useful unless the energy function depends only on x. To solve this, the
dynamics are restricted to a submanifold of the (x,&) space parametrized by x:

Qg = (2,8);6 = F(z) + K,

and dynamically invariant:

Instead of solving this in general, it is convenient to formulate the problem for a port-
controlled Hamiltonian systems.
3.2.3 Casimir functions and the dissipation obstacle

A port-controlled system in explicit form given by (2.1), remind,

{9’6 = (J(x) = R(x))0H (z) + g(x)u
y = ¢ (z)0H(z

with JT = —J, R = R > 0 and H > 0, satisfy the following relation

H = —(0H)TROH + y"u.

Integrating, from 0 to ¢, the energy balance equation, is recovered

t t
H(x(t)) — H(2(0)) = /0 o (5)y(s)ds — /0 (OH)T ROH.

More precise results about the possibility of obtaining invariant manifolds expressing the
controller variables in terms of the variables of the system can be formulated if both systems
and controller are PCHS. Let thus

2 {F 2 ) REpHE o
Ly = ¢'(x)0H(x
define the plant and

3 { 5 = (Jc(f)_Rc(é))ch(g)'f_gc(g)uc
Ty = gl (OH(E)

define the controller. With the power preserving, standard negative feedback interconnec-
tion u = —y,, u. = ¥y, one gets

HE P

where Hy(x,&) = H(z) + H.(§). Let us look now for invariant manifolds of the form
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Ck(z,§) = F(z) —§+ K.
Condition C'x = 0 yields
[ J(@)—R(x) —g(x)ge(€)T OHy(x) | _
oF " | st i st | | oiege) | =0

In order to keep the freedom to choose H,., one demands that the above equation is satisfied
on Uk for every Hamiltonian, ¢.e. one imposes on F' the following system of PDE’s:

o[ J@) - R —g@a© ]
[9F, I} [gc@)g(x)T %(5)&(5)%0'

Functions Ck (z, §) such that F satisfies the above PDE on Cx = 0 are called Casimir. They
are invariants associated to the structure of the system (J, R, g, J¢, R¢, gc), independently of
the Hamiltonian function.

One can show [66] that the PDE for F' has solution iff, on Cx = 0,

1. (9F)TJOF = J.,
2. ROF =0,
3. R.=0,

4. (OF)TJ = geg™.

Conditions 2 and 3 are easy to understand: essentially, no Casimir functions exist in presence
of dissipation. Given the structure of the PDE, R. = 0 is unavoidable, but one can have an
effective R = 0 just by demanding that the coordinates on which the Casimir depends do
not have dissipation, and hence condition 2.

If the preceding conditions are fulfilled, an easy computation shows that the dynamics
on Ck is given by

&= (J(x) — R(x))0H,
with Hy(z) = H(z) + H.(F(z) + K). Notice that, due to condition 2,

OH,
23

ROH.(F(z) + K) = R(OF) S8 (F(z) + K) = 0,

=0

so, in energy-balancing PBC, dissipation is only admissible for those coordinates which do
not require energy shaping.

For regulation problems in mechanical systems, where the state consists of positions and
velocities, dissipation only appear associated to the later, while energy shaping is necessary
only in the position part, since the kinetic energy already has the minimum at the desired
point (that is, at velocity equal to zero). Hence, the dissipation obstacle is always absent
for mechanical regulation problems. For the first of the two simple RLC circuits considered
previously (Figures 3.2 and 3.3), dissipation appears in a coordinate, xo, which already has
the minimum at the desired point. For the second one, the minimum of the energy has to
be moved for both coordinates, and hence the dissipation obstacle is unavoidable.
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3.3 Interconnection and damping assignment — Passivity-based
control

The Interconnection and damping assignment—Passivity-based control (IDA-PBC) was in-
troduced in [66] to combine the passivity properties of PCHS with control by interconnection
and energy-based control. This technique has been applied to many different plants: me-
chanical systems [2][64], magnetic levitation systems [77][78], mass-balance systems [60],
electric machines [12][73], power converters [39][76]. An extended survey of the IDA-PBC
methodology with examples is presented in [62].

The key idea is that using the Hamiltonian framework, solving the PDE associated
to the energy-balance equation (3.3) can be done with an appropriate selection of the
interconnection J and dissipation R matrices and the energy function H of the desired
closed-loop system (which will be denoted with subindex d: Jy, Ry and Hy).

3.3.1 IDA-PBC technique

The previous Section has exposed some shortcomings of the passivity based control by
means of control-as-interconnection. One can get a method with more freedom if not only
the energy function is changed but also the interconnection J and dissipation R, i.e. if one
aims at a closed-loop system of the form

& = (Ja(z) — Ra(x))0Hq(z), (3.4)

where J; = —Jg is the desired interconnection matrix, Ry = RdT > 0 is the desired dissipa-
tion matrix and Hy (with a minimum at x*) is the desired Hamiltonian function.

Proposition 3.10. Consider the system *

= f(x) + g(z)u. (3.5)

Assume there are matrices Jg = —Jg, Ry = Rg > 0 and a smooth function Hy that
verify the so-called matching equation

f(@) + g(2)u = (Ja(z) — Ra(x))0Ha(). (3.6)
Then the closed-loop system with control u = ((x),

B(z) = (9" (2)g())"'g" (z) (Ja(z) — Ra(x))0Ha(x) - f(2)) (3.7)

1 asymptotically stable.

“Historically [66] the plant was described as a PCHS, but in a more general case the method is also
valid for an affine dynamical system with the form (3.5).

Proof. Substituting (3.7) into (3.5) the closed-loop system becomes

= (Jg(x) — Ry(x))0Hyg,

which, following Proposition 1, is asymptotically stable. O
It is thus clear that the problem is how to solve the matching equation (3.6). Notice
that there is a huge amount of freedom in selecting J;, Ry and H, satisfying the previous
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assumptions (J; = —J, Ry = R} > 0 and 2* = argmin H,). Several techniques have been
proposed in the literature (discussed in detail in [62]):

e In Non-Parameterized IDA (see [39][65][76]), the structure and damping matri-
ces (Jq(z) and Ry(z)) are fixed, the matching equation is pre-multiplied by a left
annihilator of g(z) and the resulting PDE in Hy is then solved.

e In Algebraic IDA, (see [37]), the desired Hamiltonian function H, is first selected
(for example a quadratic function in the error terms) and then the resulting algebraic
equations are solved for J; and Ry.

e In Parameterized IDA, applicable mainly to underactuated mechanical systems,
(see [64]), the knowledge of a priori structure of the desired Hamiltonian is used to
obtain a more easy to solve PDE, giving constraints on J; and Ry.

e In Interlaced Algebraic-Parameterized IDA, (see [61]), the PDE is evaluated in
some subspace (where the solution can be easily computed) and then matrices Jy, Ry
are found which ensure a valid solution of the matching equation.

There is not a best method to solve the matching equation. Each control problem requires
an individual study to find out which of the above strategies provides an acceptable solution
of the matching equation.

The first papers on IDA-PBC (see for example [66]) introduced new matrices J,, R,
and a Hamiltonian function H, such that

Ja(z) & J(x) + Ju(2),
Rq(w) £ R(x) + Ra(2),
Hy(w) £ H(x) + Hq()

referred to as the structure matrix, damping matrix and Hamiltonian function, respectively,
contributed by the controller. With this notation, and using a PCHS description of the
system (3.5), the matching equation (3.6) becomes

(J(x) + Jo(x) — R(x) — Ro(x))0Hy = —(Jo(x) — Re(x))0H + g(x)u, (3.8)

where the available degrees of freedom for the design are the matrices are J,, R, and the
function H,.

In order to clarify the methodology, and to compare later the classic IDA-PBC controllers
to the designed ones using the new approaches presented in this Thesis (see subsection 3.3.2
and Section 3.4), we present here two examples: a classical DC motor and a nonlinear toy
model.

Example 3.11: a DC motor

Consider a permanent magnet DC motor (or either a field DC motor for which the field
dynamics, Ay, is neglected). From the PCHS model of the DC motor presented in Sec-
tion 2.2, and using K = Laysiy = ct, called the torque constant, the port-controlled
Hamiltonian system is described by

t=(J—R)OH(z)+ g+ guu
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with the variables 2 € R?
T
xr = [)‘7pm]
where A is the inductor flux (or A, in the generic case), and p,, is the angular momentum.
The interconnection, dissipation and port matrices are

[ m=[oa] e[ 2] - [d]

with the control input u = v (to simplify the notation the voltage v, of section 2.2, in
now called v). Notice that the system inputs have been split according to whether they
can be controlled or not when the machine acts as a motor. In this case, the mechanical
torque can be seen as an external perturbation. 7 and B, represent the electrical and
mechanical losses respectively, and the Hamiltonian function is given by

1 1
H _ 7)\2 - 2
(@) =5 + o7 Pm
where L is the inductance and .J,, the inertia of the motor.

Assume that the control objective is a desired speed w?. In terms of w?, the equilibrium
values of ¢ and v are

1
o= ?(Brwd—{—TL)

u o= rit + Kol
To apply the IDA-PBC technique (following the algebraic approach) a desired Hamiltonian

function Hy is fixed as

Hyx) = H(z) = %(/\ A2 = (p — D),

2Jm

which implies (recall the energy and co-energy variables relationship, A = Li and p,, =

Imw)
@Hd:|: /L_/Ld:|.

W —w

In order to solve the matching equation of the IDA-PBC method, we consider generalized
interconnection and dissipation matrices given by

—Trq —Jd
Jig— Rg = . . 3.9
d ¢ [ Jd bd] (39)

The first row of the matching equation will yield the desired control action, while the
second row imposes

ja(i —i*) = bg(w —w?) = Ki — Byw — 77
Setting by = B,, and using the equilibrium point expression, j, is computed as

Ja =K,
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Figure 3.6: Simulation results: Mechanical speed w, for different 4 values.

where 74 is a still free parameter to tune the controller. Finally, substituting into the first
row of the matching equation,

u=—rq(i —i*) —ri + Kw?. (3.10)

Notice that this is just a proportional 4+ constant compensation controller.

Figures 3.6-3.8 show the system behaviour with the control law (3.10). The motor pa-
rameters are: r = 0.05Q, L = 2mH, K = 0.07N-m-A~", B, = 0.0001N-m-rad s~ 1,
I = O.OOOGKg-m2 and the nominal torque is 77, = 2N-m. The desired mechanical speed
is fixed at wy = 250rad-s™! for 0s < ¢ < 0.5s and changes at wy = 300rad-s~" for
0.5s <t < 1s.

Figure 3.6 shows the mechanical speed for different damping r; values. Notice that
for a higher value of r4 the transient becomes more damped, which gives a physical
interpretation of the R; matrix (3.9). Figure 3.7 shows the inductor current i, with a
similar behaviour to that of w. Finally, the space-state trajectory for Os < ¢t < 0.5s, which
converges to the equilibrium point, is depicted in Figure 3.8
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Inductor Current (i)
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Figure 3.7: Simulation results: Inductor current ¢, for different r; values.

Phase Portrait
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Figure 3.8: Simulation results: State space [w, ] trajectory, for different ry values.
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Example 3.12: a toy model

Consider the following 2-dimensional nonlinear control system (presented in [10])

1 = —w1+§x§,
To = —x1x2+ U, (3.11)

where £ > 0. This can be cast into PCHS form

&= (J—R)0OH + gu (3.12)
with
I I 10 10
=5 ] oeelos] o= h]
1 1
H(z) = ix% + 551’3.

The control objective is to regulate, for example, x5 to a desired value 29 (nevertheless
the control law for a regulated x; yields the same control law). The equilibrium of (3.11)
corresponding to this is given by

o} =€(29)%, ut = E(29)”.

Using the IDA-PBC technique, also within the algebraic approach, we match (3.12) to

= (Jg— Rq)0OHy

with ()
0 alx 1 0
Jd‘[—a(@ 0 ] Rd‘{o ]
d
o 1 oo 1 a2
Hgy(z) = 5(961 —x7)" + %(902 —x5)”,

where a(x1,x2) is a function to be determined by the matching procedure and v > 0,
r > 0 are adjustable parameters.

From the first row of the matching equation (J — R)OH + gu = (Jq — Ry)0H, one gets

N «
—x1 + €25 = — (21 — 2}) + ;(932 — 23),
from which 5
afwy, wg) = ——— (65 — x7) = € (w2 + 29).

T2 — Ty
Substituting this into the second row of the matching equation

”
—r129 +u=—a(r) —2]) — 5(:52 — mg),

yields the feedback control law

-
u=x129 — y(11 — 27) (22 + $§l) — ;(332 — :Ug) (3.13)
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Figure 3.9: Simulation results: xo behaviour for different r and ~ values.

This control law yields a closed-loop system which is Hamiltonian with (J4, Rq, Hg), and

which has (:z:”f,xg) as a globally asymptotically stable equilibrium point.

Figures 3.9 to 3.12 show the behavior of the system controlled by the IDA-PBC controller
(3.13). The parameters are ¢ = 2 and 29 = 1. Figures 3.9 and 3.10 show z2(t) and 1 (t)
for different 7 and - values, while in Figures 3.11 and 3.12 the phase portrait is depicted.
Notice that the v parameter has more influence on the trajectories. This is due to the
fact that v modifies the Hamiltonian in the z3 direction (see Figure 3.13) and tuning this
parameter makes trajectories of x restricted (or semi-bounded).

3.3.2 Simultaneous IDA-PBC

The standard two—stage procedure used in IDA-PBC, consisting of splitting the control
action into the sum of energy-shaping and damping injection terms, is not without loss of
generality, and effectively reduces the set of systems that can be stabilized with IDA-PBC.
This assertion is, of course, not surprising since it is clear that, to achieve strict passivity, the
procedure described above is just one of many other possible ways. This point is illustrated
with the IDA-PBC design methodology proposed in [66] (see the previous subsection).
To enlarge the set of systems that can be stabilized via IDA-PBC we suggest to carry
out simultaneously the energy shaping and the damping injection stages and refer to this
variation of the method as SIDA-PBC.

As we said before, the key for the success of IDA-PBC is the solution of the matching
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Figure 3.10: Simulation results: x; behaviour for different r and v values.

Phase Portrait, gamma=1
2 T

0 0.5 1 15 2 25 3

Figure 3.11: Simulation results: State space [x1, z2] trajectory, for different r values.
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Phase Portrait, r=1

T
gamma=0.1
— gamma=1
—  gamma=3

3 35

Figure 3.12: Simulation results: State space [x1, x2] trajectory, for different ~ values.

Figure 3.13: Desired Hamiltonian function Hy for different v values.
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equation

f(z) +g(z)u = (Ja — Ra)OHq. (3.14)

With the motivation of enlarging the class of systems for which this equation is solvable
we propose to avoid the decomposition of the control into energy—shaping and damping
injection terms. Instead, we suggest to carry out simultaneously both stages and replace
(3.14), with the SIDA-PBC matching equations

f(2) + g(@)u = Fy(x)OH,, (3.15)
and to replace the constraints
JN(x) = —Jg(x), Rg(z)= Rg(z)" >0 (3.16)
by the strictly weaker condition
Fy(z)+ FF(z) <o, (3.17)
and define the control as
u= [g" ()g(x)]g" (2)(Fu(x)0Ha — f(x)). (3.18)

Since the set of skew—symmetric matrices is strictly contained in the set of matrices with
negative semi—definite symmetric part, it is clear that the set of functions {f(x), g(z)} for
which (3.14) (subject to the constraint (3.16)) is solvable is strictly smaller than the set for
which (3.15), subject to (3.17), is solvable.

Remark 3.13. Similarly to IDA-PBC, application of SIDA-PBC also yields a closed—loop
PCH system of the form (3.4) with

Jala,t) = 5[Fata,t) ~ Ff (2,0), Rala,1) = 3 [Fale, 1) + F (. 1)

The SIDA-PBC can be summarized in the following Proposition.

Proposition 3.14. A dynamical system in an affine the form
&= f(z)+g(z)u,
with the control law (3.18)
u=[g" (2)g(z)] "' g" (2)(Fa(x)0Ha — f(2)),
is asymptotically stable to x™ iff
x* = argmin Hy

and
Fy(z) + Fy(z)T <o.
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Example 3.15: a toy model

Now we apply this technique to the toy model described before. We have to solve the
new matching equation (3.15), which implies the control law (3.18). The model (3.11)
can be written in the form & = f(x) + g(x)u with

o= ] e8]

—I1T2

Splitting the F; matrix as

| P11 Fig
Fa= [ Fo Foo }’

the control law (3.18) has the following form
u = F510z Hy + Fa203, Hg + 2172

where F5 and Fyo are free parameters satisfying (3.17) and * = arg min H,(z). Notice
that we have more degrees of freedom than in the conventional IDA-PBC technique.

In this case the more evident choice is to take a quadratic energy function, for example

1 N %
Hy = 5(351 — :cl)2 + g(m — x2)2

which implies
OpyHg = x1 — 27, and Oy, Hg = (22 — 23).

Setting F51 = —x2 and Fyy = —%, the control law yields

u = xjze — k(2 — 23). (3.19)
The F11 and Fiq are still free and must satisfy the matching equation for the x; dynamics,
—xy + &xh = Fii(z1 — o) + Fraé (s — 23).
In order to simplify the calculations, we set F}; = —1, which implies
Fyy = w9 + 5.

Finally, to prove stability we only have to be sure that the F' 4+ F'T matrix is negative-
semidefinite, /.e.

-9 *
FyFT = [ ] ] <0
172 —E
and, applying Schur's inequality,
1 * 1 *
k Z 151722 = ZIL'l.

Figure 3.14 shows the simulation results of the control law (3.19). The parameter values
are £ =2, :cg = 2 and k£ = 1. Notice that the system goes to the desired fixed point z*.
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Figure 3.14: Simulation results: 1 and x5 for a SIDA-PBC controller.

3.4 Improving the robustness of the IDA-PBC technique

One of the problems of the IDA-PBC technique for practical applications is the robustness
of the designed controllers.

The input disturbance suppression for PCHS, using an internal model, is studied in
[40]. In [78] an IDA-PBC controller for a magnetic levitation system was experimentally
tested. In this case, the robustness problem was partially solved adding an integral term to
the error of the passive output. This dynamical extension partially solves the problem for
relative degree one outputs but the main problem remains open for higher relative degree
outputs [10]. In this case the dynamical extension is not clear because, in general, it breaks
the skew-symmetric property of the J; matrix.

3.4.1 Adding an integral term

In this subsection we explain why the integral term can be used in a PCHS framework for
relative degree one outputs, or in other words, passive outputs. To expose the basic idea,
consider a fully actuated control system of the form

{ T = fl(xlva) (320)

&g = fo(z1,22) + g(x1, 22)u

where 1 € R", 29 € R™ and u € R™, and g is full rank. Assume the IDA-PBC technique
can be applied to (3.20) so that in closed-loop the system becomes!

o] =t | G

'To simplify the notation 9, is written as ds, where s is the subindex of x.
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with control law

u = g_l ((Omxn  Imxm)(Ja — Ra)OHq — f2) .

Under the stated assumptions, the zo are relative degree one outputs. We can easily add a
dynamical extension to them by means of

z = —aé?ng, (3.21)

where a € R™*™  see [36][78]. The whole closed loop system can be rewritten in Hamiltonian
form as

sl 0 O01Hg;
Ty | = Ji=Ra r 02 Hg,
z 0 —a 0 0, Hy,

with a new Hamiltonian function

k
Hy, = Hy+ §ZTZ.

The new controller is
v=u+g ‘kalz=u— g_lkaTa/(?ngz.

Notice that (3.21) forces x9 = % to remain a fixed point of the extended system.
The same procedure, when applied to the higher relative degree output x1, requires a
closed loop system of the form

T . 0 81 Hdz
Ty | = JamRa oy 02 Hg,
z —a 0 0 8z Hdz

where now @ € R"*" and b € R™*". The a term is used to force the equilibrium point z}
of the output, while b is necessary to put the integral action into the control law. In this
case stability cannot be proved using the PCHS properties, since the a, b terms break the
semi-definite positiveness of the dissipation matrix:

al' /2
Ry, = Ra —b/2
a/2 —b'/2 0

Indeed, consider a matrix of the form

St

B D

A simple application of Schur’s complement shows that if D = 0, then B # 0 implies M < 0.
In our case, this would mean ¢ = 0 and b = 0, which makes no sense.



66 Chapter 3. Port Hamiltonian Control

3.4.2 Influence of unknown parameters on the PCHS structure

In this subsection we point out the kind of problems that can appear in the closed-loop
structure obtained by IDA-PBC methods for relative degree one outputs, when nominal
values are used in a system with uncertain parameters.

Although the IDA-PBC method has some built-in robustness coming from its PCHS
structure, the use of a nominal u for systems with uncertain parameters can give a closed-
loop system which is not exactly PCHS. One may thing that for nominal parameters in a
small neighborhood of the actual ones, the “J — R” structure will not be destroyed; however,
we will see that the resulting closed-loop system has interconnection and dissipation matrices
depending on the state of the system, even if the closed-loop system for the actual parameter
values does not; this has as a consequence that the effect of small parameter changes is not
uniform in state space and, in particular, is unbounded in a neighborhood of the desired
regulation point. In addition to this, the closed-loop system obtained with a nominal
control does not have, in general, x* as a fixed point. As is well known from elemental
control theory, this last problem can be corrected by adding control terms proportional to
the integral of the error. Integral control has been discussed in the PCHS setting in the
previous subsection 3.4.1, where it is shown that adding as state variable the integral of the
natural passive output of the closed-loop system yields a system which is again PCHS.

Consider the dynamical system (3.20) of subsection 3.4.1,

{ iy = fi(xy, 22) (3.22)

&9 = fa(x1,22) + g(z1, 22)U

where x1 € R™, o € R™, v € R™ and detg # 0, so that the xo are relative degree one
outputs which we want to regulate to desired values 3. Given z7, the fixed point values of
x1 and u are obtained by equaling to zero the right-hand sides of (3.22).

Applying the IDA-PBC technique, we match the system to the desired partitioned PCHS

[ 1 ] _ [ Jai1 — Ran  —J k%, — RLy, } [ O1Hy }
To Jaz1 — Rao1 Jao2 — Rapo 0oHy |’

where each J;.. and Ry.. represents the interconnection and dissipative terms of the J; and
R4 matrices, respectively. This implies that Jg;1 and Jgoo must be skew-symmetric and
similarly Rg11 = RdT11 > 0 and Rgoo = RdT22 > 0. Hence, the desired interconnection and
damping matrices are

gy = [ Jar  —J0 ] Ry — [ Ran Rl } '
Jaz1 Ja2 |’ Rio1 Raoo

Equaling the first z1 rows of both systems yields the IDA-PBC matching equation
fi=(Ja11 — Ran)0h Ha + (_Jg21 — R§21)62Hd. (3.23)

Assume that this equation can be solved, giving J;, Rg and Hy satisfying the proper struc-
tural and control objective conditions. Substituting then into the equation coming from the
last xo rows, one gets the feedback control

u=g ' [(Jaz1 — Ra21)O1Hg + (Jazg — Ra2)0aHy — fo].

Assume now that the system (3.22) depends on some uncertain constant parameters &,
for which we assume nominal values £&. The unknown parameters creep into the formalism
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through f; (and f,), making the solution to the matching equation (3.23) depend on them,
and also through the desired values z], which appear in H; and which may depend on &
due to the fact that they must obey fi(z],x3) = 0. Hence, the nominal control is given by

a=g" [(jdﬂ — Rip1)01 Hy + (Jazz — Rape02Hy — fz] :
The closed-loop system computed with the nominal control is

i1 = (Jg1 — Rgn)oHg + (—JL%, — RL,)0.Hy, (3.24)
io = fo—gi ot git [(deI — Rap1)01 Hy + (Jg20 — Rdm)azﬁd] .

In the equation for x1, (3.24), we can change H, by Hy and put the balance terms into
1; denoting 62 = fo — gg~ ' f2, we get a system of the form

[501]:[311 312][811?(1]_’_[51]
) By B 02 Hy 02

The components of d; can be made proportional to components of o H by dividing
by the corresponding factors; likewise, the components of do can be made proportional to

components of onHy (one has a large amount of freedom in selecting the components of
O0H, to which the extra terms are made proportional). After doing this, one gets

[ T ] _ [ By Bis + Bis ] [ o1 Hy

: _ ~ | = A 0H,. 3.25
T2 By + Boy Bas OHy ] 4w (3.25)

Notice that there are no singularities in the differential equations (3.25), since the singular
terms in A, are canceled by 0H,.

Since any matrix can be decomposed into symmetric and skew-symmetric parts, we
write

Ag=Ji— Ry, JI'=-Js, RY =Ry,

Due to the By and Bjy terms, the corresponding elements of J; and Ry will contain
terms which are singular at x; = 4% or x5 = @5. This is no formal problem for J, but the
presence of off-diagonal singular terms in Ry will destroy its positive semidefiniteness at
least in a neighborhood of (£}, x3). Notice, however, that due to the presence of 01, d the
closed-loop system has fixed points which differ from (27, z%); if Ry is positive semidefinite
in a neighborhood of the closed loop fixed points, LaSalle’s theorem can still be invoked to
proof local asymptotic stability, albeit not for the desired regulation point.

In order to ensure the regularization objective in presence of the unknown parameter,
an integral term is introduced in basic control theory. For relative degree one outputs, this
can be given a Hamiltonian form as well (see previous subsection). Keeping the unknown
parameters assumption, we can rewrite the closed-loop system as follows. First of all, we
write u = U + v in the original system. This yields

T = (jd — Rd)&cﬁd + gv.

Because of 02 Hy| s = 0, we can enlarge the state space with z € R" so that

To=T

2= —a0Hy; = —aaQI:Id,
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with @ = a” € R™*™ also diagonal and positive definite. The closed-loop enlarged system
can be written as

i’g = Jd_Rd a 81%2,
2 0 —af 0

where )
I:Idz = I:Id + §ZTZ.

As discussed in subsection 3.4.1, due to the equation for Z, the only fixed points of the new
closed-loop system are those with x5 = x3. The equation for ©; determines then z7 in terms
of x5 and the actual parameter values; finally, the equation for @5 sets the equilibrium value
of z, z*, in terms of the nominal parameter values. However,

. 0
Ry, = Ra 0
00 0

has the same singularity problems that Ryina neighborhood of z}, and a proof of stability
based on LaSalle’s theorem cannot be given. Nevertheless, we will present an example in
the next Section where the desired regulation point seems to be asymptotically stable.

Example 3.16: the toy model again

To illustrate the quite general previous remarks, consider the toy model studied in subsec-
tion 3.3.1, equation (3.11),

- 2
1 = —x1+ &y,

Ty = —I172 + U,

where £ > 0 is an uncertain parameter. The control objective is to regulate x» to a desired
value 4. The IDA-PBC control law obtained was (3.13),

. r
u =129 — vE(x1 — 27) (20 + 29) — 5(302 —z9).

This control law yields a closed-loop system which is Hamiltonian with (Jg, Ry, Hg), and

which has (x{,:cg) as a globally asymptotically stable equilibrium point. However, if we

use an estimated value £ of the uncertain parameter £, the feedback control is
. . . r
i = w1m9 — V(w1 — 27) (w2 + 25) — ;(«’Ez — %),

where
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Using this 4, the closed-loop system equation for @5 is

By = —wﬁ(:nl—f1><x2+x2>—§<x2—x2>

1
= —a&(x; —127) — T;(xg — :cg)

= —&31ffd — ’I”aszd,

where . .
H,; = 5(951 —27)% + 5(352 — x9)”.

The equation for &1 is not changed by the feedback, but can be rewritten as

T = —I1 +‘£x%
= (@ -d) -#+ €3+ (E-Eaf
= O Hy+ E(xg + 29) (22 — 29) + (€ — €) a2
= —O\Hy+ @i(m — o) + (€ - €)a3
= O Hy+ adoHy + (€ — E)al.

These two equations can be cast into Hamiltonian form as

=] -

= Adaﬁd = (jd — Rd)aﬁdn

mz—wg P I:I
2114

- -

1 at(e— 65 ][811%}

where jd is the skew-symmetric part, giving the closed-loop interconnection matrix, and

) TP 1 —y s
Rq=—5(Aa+Ag) = N :;2 -
pRp—
One has
trRy = 147> 0,
detR; = r— 127(5_5); 3.

4 (.’Eg — $2)2

Hence, in order to ensure that Rd > 0, it is necessary that

(z2 — 29)? S V(€ - €)?

2
$% 4r (3.26)

which is globally true if € = ¢ but fails in a neighborhood of 25 = x3, as well as for |xs]

large enough, if £ # €.

Notice that, for é # &, the closed-loop system does not have xo = x9, 1 = 2] as a fixed
point, even though these are critical points of Hy, due to the 1/(zo — x%) term in Ag. In
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X:2 4
Y:2.666

0 0.5 1 15 2

Figure 3.15: Simulation results: IDA-PBC controller for a toy model.

general, due to the state dependence of Ay, other solutions may appear anyway. In fact,
computing the fixed points yields the relation (depending only on the actual value of &)

xy = {3,
while the value of x5 comes from the solutions to
0 = 7*é(Exs — 27) (w2 + 25) + r(z2 — 29).
If é =&, one gets
V€ (@3 — (29)*) (w2 + ) + 7 (w2 —23) = 0

which only has a real solution, namely x5 = x4. For ¢ # é one has, in general, three

solutions, at least one of them real, all different from a:g.

Figure 3.15 shows a simulation of the controller. The asymptotic value of zg is ~ 2.666
instead of a:g = 2, while 1 goes to £ X (2.666)2, as expected. As discussed in this
Chapter, local asymptotic stability can be proved using LaSalle’s theorem, but extensive
simulations with very broad initial conditions seem to indicate that the stability is in fact
global.

Following the general theory, an integral term is introduced next, so that the equation for
To gets modified by an az term while the dynamics of z is

. 1

b= —a—(zo — xd).

All the fixed points of the closed-loop system have zo = azg; from the equation for i1,
one gets again 1 = x] = §(m§l)2. Finally, the equation for &9 determines now the fixed
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point value of z, z*, which depends on the nominal value f instead of determining the
fixed point for xs.

Figure 3.16 shows a simulation of the new controller, for the same parameter values than
the simulation for the old controller and a = 50. The variable z, the integral of the error
in x9, starts from zero an goes asymptotically to z*. A longer transitory appears, as is
characteristic of integral controllers. Simulations with initial values in a wide range of
points, seem to point to the global stability of the closed loop system.

However, if r is decreased oscillations do appear. For instance, for r = 20 and the same
values of all the other parameters, one gets the response displayed in Figure 3.17. The
disappearance of the oscillations when 7 is increased corresponds to a (reversed) Hopf
bifurcation. In fact, linearizing the closed loop system around (£(24)2, 24, 2*) yields a

system which is asymptotically stable as long as

r ~ A ~

S FE@)’ (€ =8 — (€-19)°(@D)* >0,
which is true for r sufficiently large. Numerical simulations seem to imply that the fixed
point of the nonlinear system is globally asymptotically stable. Computing the time deriva-
tive of Hy,,

d - % A A% r
EHdz = —(z1 — #})* + (£ = as (a1 — 27) — ?(952 — x9)?, (3.27)

it can be seen that the region where (3.27) is nonpositive is much larger than what
is implied by (3.26), due to the state-space dependence of the closed-loop dissipation
matrix; in fact, for r large enough, the nonpositive region is pushed away from the desired
regulation point, except for a bounded shrinking region whose boundary contains the later
and which contains most of the periodic orbit. Although the details are quite particular
to this example, we hope to obtain some insight into any existing mechanism which could
be generalized.

3.4.3 Robust control via structure modification

As discussed in the previous Section, it is not clear how to generalize the integral extension

for higher relative degree outputs in the PCHS framework. We present here a different

approach, which can be applied to a larger class of systems. Examples include the DC

motor, the electrical part of a doubly-fed induction machine or the buck power converter.
Consider a dynamical system of the form

{ To = folTo, Tu, &) (3.28)

Ty = fu(xml'u) + g(mo,mu)u

where x, € R? are higher order relative degree outputs, =, € R%, u € RP are the controls
and £ is an uncertain parameter. To simplify the presentation we consider p = u = o and
that g is full rank.

As a control target we fix a desired xg, which implies that the fixed point value of x,, is
given by the following equation

folad 2}, €) =0, (3.29)
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Figure 3.16: Simulation results: IDA-PBC+integral controller (with » = 50) for a toy
model.

Figure 3.17: Simulation results: IDA-PBC-integral controller (with r = 20) for a toy
model.
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and depends thus on the uncertain parameter &.
Applying the IDA-PBC technique, we match the system to the desired port Hamiltonian
structure, where (J; — Ry) is partitioned as

To _ Jdoo - Rdoo _Jg;w - Rguo aOHd
jfu N Jduo - Rduo Jduu - Rduu 8ujfld ’

Each J,.. and R,.. represents the interconnection and dissipative terms of the J; and R; ma-
trices, respectively. This implies that Jg,, and Jg, must be skew-symmetric and similarly
Ryoo = Rgoo > 0 and Rgyy = Rguu > 0. Hence, the desired interconnection and damping

matrices are . -
Jy = Jaoo —, duo . Ry= Raoo Rduo )
J, duo J, duu Rduo Rduu

Notice that we need a Hy such that 0Hg|y—,+ = 0 to obtain an equilibrium point in z* =
(x2, x%). BEqualing the u rows of the IDA-PBC matching equation (4.42) the control law

o)y

yields
u = gil [(Jduo - Rduo)aoHd + (Jduu - Rduu)aqu - fu] .

Since Hy is a free function, it is chosen so that 9,H, does not depend on & (Notice that
x) depends on it, equation (3.29)). In the same way, £ can appear in 0, H, through z,
which can be removed from the control law setting

Jduu - Rduu = Oa
and the robustified IDA-PBC control law is
U = g_l [(Jduo - Rduo)aoHd - fu] .

As we set Rgu, = 0, again Schur’s complement shows that in order to keep the semi-
positiveness of R4, we are forced to Ry, = 0, and consequently

=g " [JguoOoHa — fu]. (3.30)

From the o rows of the IDA-PBC matching equation (4.42), the following equation must be
satisfied, were we fixed Rg,, = 0,

fo = (Jdoo - Rdoo)aoHd - Jg;maqu- (331)
Selecting Jg,, full rank,
OuHy = —(J1) " fo — (Jioo — Rdoo)OoHy) - (3.32)

Rewriting f, as
fo=A(x)0,Hg + B(zy),

and choosing (Jgoo — Rdoo) SO that
A(.%') - Jdoo - Rdom

the PDE (3.32) simplifies to
OuHy = —(Jj,0) ' B(ww).



74 Chapter 3. Port Hamiltonian Control

Notice that Jgu, must be a function of z, only, Jio = Jauo(zy). Fixing a part of the
Hamiltonian and then finding the rest of Hy solving the PDE was also proposed in [61].
Stability can be discussed, using LaSalle’s theorem. Dissipativity is assured if

Rgoo = RY > 0.

This is equivalent to

Az) + A2)T <0,

Notice that this condition depends only on f,, irrespectively of u. Convergence to the
equilibrium point, defined by 9, Hg|y—»+ = 0, follows from the condition

or

82Hd‘w:a:* > O,

, in other words,

Ou (_(Jg;o)ilBQTu)) |:l?=x* > 0.

We can summarize this Section in the following Proposition.

Proposition 3.17. Consider a dynamical system given by (3.28), so that f, can be

expressed as,
fo=A(x)0Ha + B(zv) (3.33)

where 0,Hy is a design function of x, such that
aoHd(l'o)|w0:xg =0

and
95 Ha(xo)|,, _a > 0 (3.34)

Then the control law
u = g_l [Jduo(xu)aoHd - fu] 5 (335)

where Jgyuo(xy,) is another design function of x,,, is robustly stable in front of variations
of & as long as

Az) + AT(2) <0, (3.36)
(—(Jho) ' B(xw)) | e =0, (3.37)

and
Ou (—(Jduo) ' B(aw))|,_ . > 0. (3.38)

Notice that condition (3.36) implies that the dynamics of the output variables z, is

dissipative, and this is the only dissipation of the closed-loop system (due to Rguy = Rauo =
0).

|Example 3.18: the toy model

Consider once more the toy model studied in subsection 3.3.1, equation (3.11), where
& > 0 is an uncertain parameter. In this case, differing from the previous subsection, the
desired output is fixed by a;cf. Notice that z1 is now a relative degree two output, and the
integral term discussion is not clear.
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Applying the classical IDA-PBC method to the system, the following feedback control law
is obtained?

* T *
u=z129 — ¥E(21 — 29) (22 + 73) — ;(952 —75),

where r > 0, v > 0 are control parameters. Notice that the control law u depends on m‘f

and x5, where x5 is function of &,
1
x5 = ,/gﬂs‘f.

In this case the control law is not robust with respect to an uncertain f

Let us calculate a new controller following the previous discussion. In this case the z,
output variable is 1 and the x,, variable is z5. First we fix 0, Hy as

aoHd =T — l'(f
which ensures conditions (3.34) and (3.35). Then from (3.33), A(z) and B(x,) must be
Aw) = -1 B(zy) = (a3 — 25%).

Notice that condition (3.36) is achieved.

The easiest choice of Jy,, is a free constant, for instance k > 0, but for this nonlinear
example it is necessary to add a more complicated a(z2) function®. Then the final choice

is
Jiuo = Jh = —a(x2)k
with £ > 0 and
1, x2>0
a(x) = b, z2=0 (3.39)
-1, x29<0

where b € [—1,1] is a parameter that would be used to choose the equilibrium point of
x2 (see discussion on the closed-loop dynamics at the end of the example). This selection
ensures conditions (3.37)

1 2 *2
TH— T =0
e
and (3.38),
1 2 *2 >
Ty — >0
(et =)
Finally the controller is obtained from (3.30) yields
u=x129 — ak(z; — 29). (3.40)

2This control law is the same than (3.13), with the desired output variable z{ instead 3.
3The a(z) function is included to avoid stability restrictions on the space-state. The same procedure with

a = 1 implies
> |1 0
Fitder = [} ,0 ]

which is negative for x5 < 0. Consequently, the globally asymptotically stability is not achieved.
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The example seen as a classic IDA-PBC design

This design can be also obtained following the traditional IDA-PBC method in order
to show the Hamiltonian structure of the closed—loop system. Consider the matching
equation of the system (3.11) with the PCHS dynamics (3.4) where

Y= [ ot o } o Ha= H ) ]

where k > 0, a(z2) is described in (3.39) and a Hamiltonian function such that

_d
O, Hy = [ ‘%1 I;;l } . (3.41)

From the second row of the matching equation we obtain the same robust control law as
(3.40)
u = x129 — ak(x — z9)

which does not depend on £. From the first row we must compute 0,,Hy and verify the
stability properties of the closed loop system. The matching equation yields

—r1 + 5:1:% = —Tc(x1 — x‘f) + ak0y, Hy

and, using r. = 1 and 2% = 232,

Opy Hy = %(x% —z3?). (3.42)

To show stability, with the desired structure (3.4) and J; = —J}, Ry = RL > 0 we only
need positiveness of the Hessian of H,; evaluated at z*,

1 0
angx:x*: |: *\ % :|7

| 0 2%a(az2)m2
which is true for all 23, as long as £ > 0 and £ > 0. Notice that

3 A

Oy Ha = 7 (O(w2) (25 — 25%) + 2a(w2)w2)

where O(z2) is the Heaviside function.
The Hamiltonian function can be found integrating 0, Hy (equation (3.41) with (3.42))

1 D\ 1
Hd = a/(.’I,'Q)%J)Q <3IE% — x22> =+ §($1 — xil)27

which has two local minima, both with first coordinate x‘f. H, is depicted in Figure 3.18
(using the same simulation parameters than for Figures 3.19 and 3.20). Notice that two
equilibrium points appear, given by

xh =t/ -z,
and these points yield the same value for 2. In the classical controller this ambiguity did

not appear, basically because we were fixing the desired value of x5, while in the robust
controller both values of x5 are possible.
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Figure 3.18: Desired Hamiltonian function, Hg.

Simulations

Figures 3.19 and 3.20 show simulation results testing both controllers, the robust method
presented above and the classic IDA-PBC. The parameters are £ = 2, £ = 1, with initial
conditions x(0) = (0, —1.5), and the desired output is z{ = 2. The control parameter for
the robust control law is & = 10, while for the classical IDA-PBC r =1 and v = 1 are
selected.

The robust controller achieves the desired value of x; even with a wrong parameter
estimation, while the classical IDA-PBC controller is sensible to the & variations. Notice
that the variations on £ change the x5 equilibrium point.

Study of the closed-loop dynamics

Now we focus on to study of the dynamical behavior of the controller designed above. Fig.
3.21 shows the phase portrait of the closed—loop system (the values of the parameters are
as above).

Two stable fixed points,z* = (2, £1), are present. To select 3, let us to write the system
(3.11) with the feedback control law (3.40),

T, = —x1 + 51‘%
iy = —ak(z; — x9)

The dynamics after reaching x5 = 0 there is described by
T = —x,
so x1 tends to 1 = 0, and simultaneously the x5 dynamics is

iy = —ak(x — z9)
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T T
—— IDA-PBC robust
+++ IDA-PBC classic

3.5 B

0 1 1 1 1 1 1 1 1 1
0 1 2 3 4 5 6 7 8 9 10
time [s]

Figure 3.19: Comparison between the robust method and the classic IDA-PBC, behaviour
of xI1.

3 — IDA-PBC robust
++++ IDA-PBC classic
-35 1 1 1 1 1 1 1 1 1
0 1 2 3 4 5 6 7 8 9 10

time [s]

Figure 3.20: Comparison between the robust method and the classic IDA-PBC, behaviour
of x9.
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Figure 3.21: State space; trajectory and vector field.

where k > 0 and a(z2) = b with b € [~1,1]. Notice that for z; > ¢, and sufficiently far
of the equilibrium point, 2o = 0 is an attractor set. Besides, for 21 < xff and x9 = 0 the
dynamics of x5 for b = 1 is increasing, while if b = —1 the dynamics of x5 decreases. In
other words, for b =1

. 1
fi s = 1o
and for b = —1
1
. |t 4
Jim o2 ==/t

Figure 3.22 shows a phase portrait of two different simulations, for b = 1 with a continuous

line and b = —1 with a dotted line. The behaviour is as expected from the discussion
above, for b = 1, x5 tends to + %x‘f while for b = —1 x5 tends to — %x‘f In Figure

3.23 the same simulations are depicted in function of time.

For numerical simulations, we modify a(x) (3.39) as

1, T2 > €
a(r) =1 b, —e<zy<e
-1, za<e€

where € > 0 is a constant, so that numerical errors do not bring the trajectory to the
wrong fixed point.
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Figure 3.22: Phase portrait of = for two different b values. b = 1 with a continuous line and
b = —1 with a dotted line.

_4 1 1 1 1 1 1 1 1 1 -
0 1 2 3 4 5 6 7 8 9 10
time [s]

Figure 3.23: Simulations for two different b values.
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Example 3.19: the DC motor

This robust IDA-PBC technique can also be applied to the DC motor speed control prob-
lem. Consider the DC motor described in Section 2.2, in PCHS form given by
&= (J—R)OH(x) + g+ guu
with z € R?
r = [)\apm]Ty
and where X is the inductor flux and p,, is the angular momentum. The interconnection,
dissipation and port matrices are

ol I B TS B B R Y

with the control input ©w = v. r and B, represent the electrical and mechanical losses

respectively, and the Hamiltonian function is given by
1 1
H _ 7)\2 - 2
@) =5+ o7 Pm
where L is the inductance and J,, the inertia of the motor. Assume that the control

objective is a desired speed w® and in that the unknown parameter is the external torque
TI.

Following the procedure described in Proposition 17, where the x, (output) variable is the
mechanical speed w and the x,, variable is the inductor current i, we choose

1
OoHy = T(pm —pd) =w—u?, (3.43)

which ensures (3.34). Now f, from equation (3.33) can be written as
fo=Ki— Byw— 1, = A(z)(w — w?) + B(x),
and into taking account 77, = Ki* — B,w?, A(zx) and B(x) are given by
A=-B,

B=K(i—1i"),

which fulfill the conditions (3.36), (3.37) and (3.38), with
Jiuo = > 0. (3.44)
Finally, the control law is obtained from (3.35),
u=y(w—wl) —ri— Kw

with (3.43), (3.44) and

fu=-ri— Kw.

Figure 3.24 shows the behaviour of the DC motor with the IDA-PBC robust control
law. The motor parameters are: r = 0.05Q0, L = 2mH, K = 0.07N-m-A~!, B, =
0.01N-m-rad~'s71, Im = 0.0006Kg-m2, the nominal torque is 77, = 1.25N-m and v =
0.05. The system starts at w = 170rad-s~* with w? = 120rad-s™!. For ¢t = 1s the desired
mechanical speed is changed to w® = 170rad-s™!, and for ¢t = 2s the external torque
decreases until 7, = 0.25N-m. Notice that the mechanical speed regulation is achieved
even with the change of the external torque.
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Figure 3.24:

Mechanical speed (w) and Inductor Current (i)
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Simulations of the IDA-PBC robust for a DC motor.



