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a beta pdf multiplied by a general function is performed with a numerical integration
employing the methodology described in [44]. The integrals must cover the range
Z(0, 1), but there are possible singularities at Z=0 and Z=1 (improper integrals)
when the beta pdf is employed. The method consist on dividing the integral of the
product φ(Z)P (Z) in three parts:

∫ 1

0

φ(Z)P (Z)dZ =

∫ ε

0

φ(Z)P (Z)dZ+

∫ 1−ε

ε

φ(Z)P (Z)dZ+

∫ 1

1−ε

φ(Z)P (Z)dZ (4.55)

where ε is a small value set to 10−4. This beta pdf can be written as follows:

P (Z) = Zα−1(1 − Z)β−1G with G =
Γ(α + β)

Γ(α)Γ(β)
(4.56)

Introducing Eq. 4.56 into Eq. 4.55 and after integrating the first and the last term
of the r.h.s:

∫ 1

0

φ(Z)P (Z)dZ ≈ φ(0)
εαG

α
+ G

∫ 1−ε

ε

φ(Z)Zα−1(1 − Z)β−1dZ + φ(1)
εβG

β
(4.57)

where the integral (second term on the r.h.s.) is evaluated using the QAGS adaptive
integration with singularities function of the GSL (GNU Scientific Library) [45].

4.7.1 Verification of numerical solutions

Numerical results have been submitted to the verification procedure described in
section 1.4.5. The h-refinement study is performed with five levels of refinement
(n = 1, 2, 4, 8 and 16). For example, for the finest discretization n = 16, 197.120 CVs
are employed. Estimations are given for a zone limited by the following equation of
a straight line:

r = rp +
15d − rp

100d
z (4.58)

which is in fact the space region that encloses the flame. In this equation, d=7.2 mm
is the main jet inner diameter and rp=9.1 mm is the piloted annulus outer radius.

The results obtained considering steady flamelet modelling, assuming unity Lewis
number for all species and adiabatic flame conditions, are shown in Table 4.1. Oth-
erwise, verification results for the EDC model using the four-step mechanism and
considering radiation heat transfer and differential diffusion, are exposed in Table
4.2. Verification results are presented for the refinement levels n = 4, 8 and 16. The
maximum temperature at the centerline and the flame height are also shown exhibit-
ing an asymptotic behaviour.
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Steady flamelet modelling with Unity-Lewis (Lei = 1) and No-Radiation

grid Tmax,C Hf GCI∗ [%]

n [K] [cm]
�

v∗
r =

�

vr/vin

�

v∗
z =

�

vz/vin

�

Z
�

Z′′2

4 2044.83 33.64 0.042 0.44 0.29 0.014

8 2043.49 33.83 0.010 0.20 0.12 0.006

16 2042.75 33.73 0.006 0.11 0.06 0.002

Table 4.1: Verification of numerical solutions for SF. (n: grid parameter; Tmax,C :

maximum temperature at the symmetry axis; Hf : flame height; GCI: Grid Con-

vergence Index). vin=49.6 m/s and Tin=294 K.

Eddy Dissipation Concept (EDC) model with the four-step mechanism (4S)

grid Tmax,C Hf GCI∗ [%]

n [K] [cm]
�

v∗
r =

�

vr/vin

�

v∗
z =

�

vz/vin

�

T∗ =
�

T/Tin

4 2044.83 33.64 0.04 0.40 4.80

8 2043.49 33.83 0.02 0.26 3.00

16 2042.75 33.73 0.01 0.16 1.60

Table 4.2: Verification of numerical solutions for EDC. See caption of Table 4.1.

The number of Richardson nodes observed is larger than 75% for all the inde-
pendent variables and the observed order of accuracy p correspond to its theoretical
value since the upwind scheme is used for the convective terms. The grid convergence
index (GCI) gives the error band where the grid independent solution is expected to
be contained, say the uncertainty due to discretization. The GCI values divide by a
factor of approximately two from mesh to mesh. This behaviour is in concordance to
the theoretical response.

Analysing GCI values, the numerical solution obtained with the fourth level of
refinement n = 8 can be considered to be accurate enough. The velocity uncertainties
of steady flamelet simulations have a value of ±0.01% for the radial component and
a value of ±0.2% for the axial component. The verification results for the mixture
fraction variable exhibit also a proper behaviour. Verification results for the EDC
model show similar trends. For this model, the dimensional value of the temperature
uncertainty corresponding to the level of refinement n = 8 is approximately ±8.8 K
which is considered to be accurate enough.

As a result of this verification study, all the simulations hereinafter presented are
performed with the fourth level of refinement (n = 8, i.e. 51456 CVs).
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4.8 Results and discussion

The piloted non-premixed methane/air turbulent flame is analysed comparing the
verified numerical results with the experimental data available in the literature [8].
Centerline profiles for temperature and mass fractions of some species (viz. CO2,
H2O, H2, OH , CO and NO) are provided. Moreover, radial profiles of the same
variables are given for the flame heights z/d=3, 7.5, 15, 30, 45 and 60. Results
discussion is supported by figures 4.5-4.16.

Numerical results are presented considering radiation heat transfer and the differ-
ential diffusion effect. However, when radiation is not considered (adiabatic flame) it
is indicated in the figure legends with the terminology Adiab and when differential
diffusion is not taken into account (unity-lewis number), it is indicated by Le = 1.

4.8.1 Eddy Dissipation Concept model simulations

The main goal of the present thesis is the analysis of the laminar flamelet concept
for both laminar and turbulent flame simulations. Results presented in this section
considering the Eddy Dissipation Concept model are used as an illustrative result of
the performance of a simpler and widely used model in commercial codes extensively
applied in industry.

Figure 4.5 shows centerline profiles of temperature and CO2 mass fraction compar-
ing both chemical mechanisms (SS and 4S) as well as experimental data [8]. Figures
4.6 and 4.7 present the radial profiles for the same variables. Numerical solutions
assuming adiabatic flame conditions and unity-Lewis numbers are shown in order to
highlight the influence of radiation heat transfer and differential diffusion effects.

It is important to keep in mind that for both reduced mechanisms (SS and 4S)
there are several model constants that are susceptible to be ”tuned” depending on
the particular flame simulated, specially for the irreversible single-step mechanism.
In addition to the kinetic constants to evaluate the Arrhenius term, taken from [35]
for SS and [36] for 4S, there are the specific modelling constants (CEDC and B) of
the EDC model.

All numerical simulations that use the single step mechanism (SS) clearly over-
predict the temperature along the centerline profile, and all the temperature radial
profiles for each height. Figure 4.5 shows a proper prediction of temperature increase,
but the maximum peak temperature is approximately 7 cm higher. The peak temper-
ature profile is not a sharp peak, but a wide zone. A similar behaviour is observed for
the CO2 mass fraction. The production of CO2 is much larger than the production
obtained experimentally.

Otherwise, numerical results obtained taking into account the four-step mechanism
(4S) exhibit a significant improvement compared to SS of both temperature and CO2

mass fraction. The centerline profile of temperature shows a proper description of
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Figure 4.5: Centerline profiles for the turbulent piloted methane/air jet flame

(Flame D). Eddy dissipation concept (EDC) simulations: (a) Centerline tempera-

ture; (b) Centerline CO2 mass fraction. Experimental results in [8].

the temperature behaviour at jet entrance, a good description of the temperature
gradient found and a proper description of the temperature peak and its height. At
the post-flame region the temperature is slightly over-predicted. This behaviour can
also be observed in the radial profiles. On the other hand, the centerline profile
of CO2 shows a poor prediction of the experimental data, describing an advanced
and too large production peak and a large over-prediction at the post-flame region.
Otherwise, the radial profiles show a proper behaviour for low heights (z/d=3, 7.5,
15) and an under-prediction of the profile at z/d=30 and 45.

Radiation heat transfer influence has deep impact when the single-step mechanism
(SS) is used. The radiation begins to have a strong impact at a height of approxi-
mately 21 cm, which is still in the inner-flame region. The maximum temperature
difference when radiation heat transfer is considered or neglected is of more than 140
K. Otherwise, when the four-step mechanism (4S) is used, the influence of radiation
is distinguished after the flame-front (post-flame region). In this case, the influence of
radiation is weaker than for the SS mechanism, only producing a maximum tempera-
ture difference of approximately 100 K between adiabatic flame consideration and the
radiative one. Radiation has a poor impact on the prediction of CO2 mass fraction
for both mechanisms.

Differential diffusion exhibit a very weak effect for both mechanisms. For high

Reynolds number zones, the molecular mass diffusion term, ∇ · ~ji, present in Eq.
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4.13 and modelled in section 4.4.4, has a very little impact compared to the scalar

turbulent flux term, ∇ · (ρ ~̃v′′Y ′′
i ), also present in Eq. 4.13 and modelled in section

4.4.3. Therefore, the consideration of unity-Lewis number or fixed Lewis number for
each species is not sensible for flames where weak laminarized or re-laminarized zones
are present.

In summary, the SS mechanism exhibits a clear over-prediction of the thermal
field and the CO2 mass fraction. The 4S mechanism properly describe the main flame
trends. Even though, the simplified chemistry involved in the mentioned mechanisms
make these modelizations not adequate to predict important aspects of the flame such
as pollutant formation. These reduced mechanisms allow to predict the general trends
of the flame, say temperature and major species, with a reasonable computational
effort and a slightly simple mathematical formulation.

4.8.2 Flamelet modelling simulations

Flamelet simulations are here presented in order to show the limitations and capabili-
ties of each approach considering or neglecting the transient term of the flamelet equa-
tions and also taking into account the two phenomenological aspects indicated above:
radiation and differential diffusion. Regarding the know-how achieved in the previous
chapter of the present thesis, the steady flamelets are considered without differential
diffusion and with adiabatic flame conditions (no radiation). Otherwise, unsteady
flamelets are used to include differential diffusion and radiation, and also to properly
predict the pollutant formation. Radiation and CO and NOx production/destruction
are slow phenomena that require the transient term of the flamelet equations. Also,
this term allows to balance the super-equilibrium phenomena [46, 47] that appear
when steady flamelets are used. Unsteady flamelets are also presented considering
adiabatic flame conditions (Adiab) and without differential diffusion (Le = 1).

Figures 4.8a and 4.9b show the axial temperature behaviour along the centerline
for both the axial coordinate and also conditioned to the Favre-averaged mixture
fraction Z̃. Radial temperature profiles at z/d=3, 7.5, 15, 30, 45 and 60 are shown
in figures 4.10 and 4.11. Referring to the species mass fractions, figures 4.8 and 4.9
show the axial profiles of H2O, CO2, H2, OH , CO and NO. Radial profiles for the
mass fraction of CO2, H2, OH , CO and NO are shown in figures 4.10-4.15.

Eddy dissipation concept model using the four-step mechanism (4S) has also been
included in the figures to show the performance of this model compared to flamelet
modelling simulations. This comparison should be carefully studied since flamelet
models are used with a finite rate chemistry and the mechanism employed with EDC
is strongly reduced.

Steady flamelet (SF) approach results for the thermal field agree with the exper-
imental data in the inner flame zone where radiation is not important. Otherwise,



4.8. Results and discussion 125

400

600

800

1000

1200

1400

1600

1800

2000

T(K)
~

0.00

0.02

0.04

0.06

0.08

0.10

0.12

0.14

Exp
EDC-SS
EDC-SS-Le=1
EDC-SS-ADiab.
EDC-4S
EDC-4S-Le=1
EDC-4S-Adiab.

YCO2

~

400

600

800

1000

1200

1400

1600

1800

2000

0.00

0.02

0.04

0.06

0.08

0.10

0.12

0.14

0 0.004 0.008 0.012 0.016 0.02

400

600

800

1000

1200

1400

1600

1800

2000

r (m) 0 0.004 0.008 0.012 0.016 0.02
0.00

0.02

0.04

0.06

0.08

0.10

0.12

0.14

r (m)

Figure 4.6: Radial profiles for the turbulent piloted methane/air jet flame (Flame

D). Eddy dissipation concept (EDC) simulations: z/d=3, 7.5 and 15 (left: Tem-

perature; right: CO2 mass fraction). Experimental results in [8].
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Figure 4.7: Radial profiles for the turbulent piloted methane/air jet flame (Flame

D). Eddy dissipation concept (EDC) simulations: z/d=30, 45 and 60 (left: Tem-

perature; right: CO2 mass fraction). Experimental results in [8].
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and as the flame front is achieved, the temperature is increasingly over-predicted by
the SF. The peak temperature is about 100 K over-predicted compared to the exper-
imental data. This over-prediction is maintained until the end of the computational
domain (outlet). In the radial profiles, SF profiles acquire a clear discrepancy with
the experimental data for the flame heights of z/d=30, 45 and 60. This disagreement
is attributed to the adiabatic conditions imposed to the steady flamelet simulations.

Major species such as H2O and CO2 are properly predicted for the steady flamelet
approach. This behaviour is shown for both axial and radial profiles, at each flame
height. Even though the over-prediction of temperature, these major species are not
significantly affected. On the other hand, radicals such as H2 and OH are affected for
the temperature over-prediction exhibiting also an over-prediction of its production.
This effect is larger for H2 mass fraction. Being the pollutant formation a slow process,
it is not properly predicted by the steady flamelet approach. A clear over-prediction
of both CO and NO is produced. In figure 4.9d this effect is clearly exposed for the
NO production observing the mass fraction profile along the centerline. The peak
is more than four times over-predicted. Radial profiles also confirm this behaviour.
Even though, radial profiles also show that this disagreement is more important in
the post-flame region (see Fig. 4.15). The destruction of NO is not intense enough
in this region.

Unsteady flamelet (UF) simulations considering radiation and differential diffusion
exhibit an accurate performance to describe the thermal field and the results are well
approximated to experimental data. Axial temperature profiles shown in Fig. 4.8
and radial profiles shown in Figs. 4.10 and 4.11 confirm this efficient behaviour.
Temperature is specially properly predicted at z/d=3, 7.5 and 60. Otherwise, close
to the flame front, temperature is slightly over-predicted (see z/d=30 and 45). In the
post-flame region temperature is very similar to experimental data (see z/d=60).

Major species such as H2O and CO2 are correctly predicted by UF. Also, produc-
tion and the posterior destruction of radicals such as H2 and OH are well described.
Pollutant formation (NO and CO mass fractions) is relatively well predicted by un-
steady flamelets extensively improving the results obtained with steady flamelets.
This improvement is more evident in the post-flame region for both pollutants. Even
though, an over-prediction of NO mass fraction is found for the axial and all the
radial positions analysed (Figs. 4.9, 4.14 and 4.15). Close to the nozzle (for a flame
height of z/d=3 and 7.5), NO mass fraction is dramatically over-predicted for all
UF and SF models. Even though these differences are large, the possible errors of
experimental data measurements at this zone should be carefully considered. Results
obtained in the present study using unsteady flamelets models are in concordance
with the results published by Coelho and Peters in [48] using the Eulerian particle
flamelet model applied to the same flame configuration.

Simulations considering and neglecting differential diffusion effects are taken into
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account with unsteady flamelets simulations. The effect of a non-unity-Lewis number
for each species is expected to be unimportant taking into account the results obtained
for the EDC model and also the numerical results published in [47, 49, 50]. Time-
averaged molecular diffusion terms are small compared to the turbulent scalar flux.
Temperature at post-flame regions (see Fig. 4.11 at flame height of z/d=30, 45 and,
specially, 60) are better predicted for unsteady flamelets when differential diffusion
is neglected. This tendency is also revealed by CO2 and OH at z/d=45. Even
though, the radial profiles of H2 close to the nozzle (Fig. 4.12) at flame heights
of z/d=3, 7.5 and 15, show that differential diffusion has a slightly importance to
describe this species mass fraction. This effect is specially seen for z/d=3. As the
flame height increase this effect becomes less important. This result confirms the
conclusion published by Pitsch in [47].

In the previous chapter, the difficulty to include differential diffusion in flamelet
modelling simulations has been shown and highlighted. Given the inherent difficulty
to include differential diffusion in the flamelet model simulations and considering that
for turbulent flow regimes this effect is not important, the use of a unity-Lewis number
for each species (Le = 1) is recommended. Some authors suggest the possibility to
include differential diffusion only close to the nozzle since this effect appear mainly
there and vanish for high Reynolds numbers [47].

On the other hand, unsteady flamelets exhibit and effective capability to predict
radiation heat transfer with the optically thin approximation. Adiabatic flame con-
ditions in the flamelet formulation are also considered taken into account both the
inclusion or neglection of differential diffusion. Then, each effect can be separately
analysed or coupled. A comparison of the same conditions for steady and unsteady
flamelets (Adiab. and Le = 1) is used to explore the influence of the unsteady term
in the flamelet equations. In this conditions, SF and UF show a very similar thermal
field and also a similar behaviour of the major species distribution. The main differ-
ences arises for species involved in slow processes such as CO and NO. Therefore,
the importance to retained the unsteady term in the flamelet equation is shown in
the pollutant formation.

4.8.3 Round-jet anomaly effect. The c
ε2 turbulence model con-

stant

Given the simple flow configuration of the turbulent flame studied in the present
chapter, without any wall that confines the flame or solid elements that could in-
duce recirculating vortices, the turbulent model used in all the simulations is the one
proposed in section 4.6.2. The only model constant susceptible to be studied is the
modification of cε2 in order to take into account the round-jet anomaly described in
the literature [19] and giving an idea of its influence. Results discussion is supported
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Figure 4.8: Centerline profiles for the turbulent piloted methane/air jet flame

(Flame D): (a) Centerline temperature; (b) Centerline temperature conditioned to

the mixture fraction; (c) Centerline H2O mass fraction; (d) Centerline CO2 mass

fraction. Experimental results in [8].
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Figure 4.9: Centerline profiles for the turbulent piloted methane/air jet flame

(Flame D): (a) Centerline H2 mass fraction; (b) Centerline OH mass fraction;

(c) Centerline CO mass fraction; (d) Centerline NO mass fraction. Experimental

results in [8].
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Figure 4.10: Radial profiles for the turbulent piloted methane/air jet flame

(Flame D): z/d=3, 7.5 and 15 (left: Temperature; right: CO2 mass fraction).

Experimental results in [8].



132 Chapter 4. Non-premixed turbulent combustion

400

600

800

1000

1200

1400

1600

1800

2000
T (K)
~

0.00

0.02

0.04

0.06

0.08

0.10

0.12 Exp
SF-Le=1-Adiab.
UF
UF-Le=1
UF-Adiab.
UF-Le=1-Adiab.
EDC-4S

YCO2

~

400

600

800

1000

1200

1400

1600

1800

2000

0.00

0.02

0.04

0.06

0.08

0.10

0.12

0 0.01 0.02 0.03 0.04 0.05

400

600

800

1000

1200

1400

1600

1800

2000

r (m) 0 0.01 0.02 0.03 0.04
0.00

0.02

0.04

0.06

0.08

0.10

0.12

r (m)

Figure 4.11: Radial profiles for the turbulent piloted methane/air jet flame

(Flame D): z/d=30, 45 and 60 (left: Temperature; right: CO2 mass fraction).

Experimental results in [8].
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Figure 4.12: Radial profiles for the turbulent piloted methane/air jet flame

(Flame D): z/d=3, 7.5 and 15 (left: H2 mass fraction; right: OH mass fraction).

Experimental results in [8].
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Figure 4.13: Radial profiles for the turbulent piloted methane/air jet flame

(Flame D): z/d=30, 45 and 60 (left: H2 mass fraction; right: OH mass fraction).

Experimental results in [8].
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Figure 4.14: Radial profiles for the turbulent piloted methane/air jet flame

(Flame D):z/d=3, 7.5 and 15 (left: CO mass fraction; right: NO mass fraction).

Experimental results in [8].
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Figure 4.15: Radial profiles for the turbulent piloted methane/air jet flame

(Flame D): z/d=30, 45 and 60 (left: CO mass fraction; right: NO mass frac-

tion). Experimental results in [8].
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by figure 4.16.
In order to obtain accurate calculations of round jets a modification of the standard

model constant cε2 present in the modelization of the dissipation term of ε̃ equation
(Eq. 4.22) is studied. The standard value is cε2=1.92 [17]. Different authors, specially
in the framework of the International Workshop on Measurement and Computation of
Turbulent Non-premixed Flames (TNF) [8], recommend a reduction of the constant,
say cε2=1.8. This last value has been employed in all the simulation presented above.
In the present section, the influence of this modification is highlighted.

Figure 4.16 shows steady and unsteady flamelet approaches as well as an EDC
model simulation with the four-step mechanism (4S) using both turbulent constant
possibilities. For the three models, the effect of the modification of the constant is
remarkable. Centerline profiles for temperature and for mass fraction of a major
species such as CO2 are plotted and an under-prediction of the flame height is clearly
observed when the standard cε2 is used. This trend is similar for the three models.
For unsteady flamelets here presented, the under-prediction of the flame height is
about 8 cm while for the steady flamelet simulation is about 9 cm. EDC model has
a very similar behaviour. An analogous performance is observed for the CO2 mass
fraction along the centerline.
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Figure 4.16: Centerline profiles for the turbulent piloted methane/air jet flame

(Flame D) comparing the cε2 turbulent model constant: (a) Temperature; (b) CO2

mass fraction. Experimental results in [8].

The large impact found in all the cases with the modification of the turbulent
model constant cε2 suggests a deeper study in this direction. Other purposed changes



138 Chapter 4. Non-premixed turbulent combustion

published in the literature such as the so-called Pope correction [19] are susceptible
to be analysed. This study is beyond the scope of the present thesis.

4.9 Conclusions

A brief description of turbulence is exposed in the beginning of this chapter, char-
acterising the turbulence phenomena and its interaction with the chemistry involved
in turbulent non-premixed flames. The Favre-averaged governing equations (mass,
momentum, energy and species) are presented and the terms in these equations that
require a closure are highlighted. A modelization for each term is proposed. Reynolds
stresses and scalar turbulent fluxes are modelled by means of eddy-viscosity two-
equation models. For the selected test flame, an in order to take into account the
round-jet anomaly, the standard k̃ − ε̃ model is used in all the simulations with a
modification of the model constant for the dissipation term in the ε̃ equation. Molec-
ular diffusion terms are modelled simply substituting the instantaneous variable by
their Favre-averaged value. Radiation heat transfer is approximated by an optically
thin model also substituting the instantaneous temperature and mass fraction of the
species involved (CO2, H2O, CH4 and CO) by their Favre-averaged. An extended
version of the Eddy Dissipation Concept (EDC) to model the time-averaged net pro-
duction rate present in species equations is introduced. The EDC considered deter-
mines the averaged production rate comparing the slowest between the mixing process
(characterised by the turbulent mixing time) and the kinetically controlled process
by means of the Arrhenius rates.

The laminar flamelet concept (exposed in Chapter 3 and applied for the multidi-
mensional simulation of non-premixed laminar flames) is extended to non-premixed
turbulent combustion. Favre-averaged governing equations of the mixture fraction
and its variance are formulated. The turbulent scalar fluxes are also modelled by
means of the eddy-viscosity two-equation model. The scalar dissipation rate of the
fluctuations of the mixture fraction field is related to an average of the scalar dis-
sipation rate described in the previous chapter. This term is modelled considering
the turbulent mixing time. Favre-averaged temperature and species mass fraction are
obtained integrating the flamelet libraries described in Chapter 3 assuming a β pdf.

The laminar flamelet concept is applied to a piloted non-premixed methane/air
turbulent flame, the so-called Flame D by Barlow and Frank [9]. Verified numerical
results obtained with steady and unsteady flamelets are compared paying special
attention to the prediction of pollutant formation. Unsteady flamelets are capable to
reproduce slow processes such as radiation and pollutant formation (CO and NOx),
and therefore, a clear improvement is shown when the transient term in the flamelet
equations is retained. The Eddy Dissipation Concept model is also considered with an
irreversible single-step reaction mechanism as well as with a reduced mechanism (four-
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step). The solutions obtained are considered as illustrative results of the performance
of simpler and widely used models applied in industry.

The numerical results obtained for this turbulent flame confirm that the averaged
molecular diffusion terms that appear in the governing equations are negligible com-
pared to the turbulent fluxes. This conclusion can be deduced for both EDC and
flamelet modelling simulations. On the other hand, and as it was expected, radiation
heat transfer is revealed as a key aspect to properly define the thermal level and,
consequently, the temperature-dependent species such as NOx.

The modification introduced in the dissipation term of the ε̃ equation, the cε2

constant, to deal with the so-called round-jet anomaly is examined in the last section of
this chapter. The results show that this term has a strong influence on the prediction
of the flame height.
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