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Abstract

The first part of the thesis is devoted to obtain a Sobolev type embedding result
for Besov spaces defined on a doubling metric space. This will be done by ob-
taining pointwise estimates between the special difference f;*(¢) - f,;(t) (called
oscillation of f;) and the X -modulus of smoothness defined by

ety =|f, 1@ - sl

(here f; is the decreasing rearrangement of f, f;*(t) = %/Ot f(s)ds, for all t >0
and X a rearrangement invariant space on .

In the second part of the thesis, to obtain symmetrization inequalities on proba-
bility metric spaces that admit a convex isoperimetric estimator which incorpo-
rate in their formulation the isoperimetric estimator and that can be applied to
provide a unified treatment of sharp Sobolev-Poincaré and Nash type inequalities.






Chapter 1

Introduction

This monograph is devoted to the study of Sobolev type embedding results in
the setting of:

o Besov spaces defined on doubling metric spaces (Chapter 3),

o Probability metric spaces with convex isoperimetric profile (Chapter 4).

The history of Sobolev embeddings started in the thirties of the last century
with Sobolev’s famous embedding theorem: [91]

W, (Q) c L"(Q) (1.0.1)

where 2 c R" is a bounded domain with sufficiently smooth boundary, L", 1 < r <
oo stands for the Lebesgue space, and WI} (2), 1 < p < o0, are the classical Sobolev
spaces. The latter have been widely accepted as one of the crucial instruments
in functional analysis — in particular in connection with PDES — and have played
a significant role in numerous parts of mathematics for many years. Sobolev’s
famous result (1.0.1) holds for p < n and r such that %—% > —% (strictly speaking
[91] covers the case 1 - % > -1 whereas the extension to = — % =-1
later). In the limiting case, when p = n, the inclusion (1.0.1) does not hold for

r = oo, whereas for all 1 <r < oo

was obtained

W) c L"(Q). (1.0.2)

Roughly speaking, the theory of Sobolev inequalities originated in classical in-
equalities from which properties of real functions can be deduced from those of its
derivatives. In fact, (1.0.2) can be understood as the impossibility of specifying
integrability conditions of functions in W,}(€2) by means of L"(£2) conditions. In-
equalities (1.0.1) and (1.0.2) are not optimal. In order to get further refinements,
it is necessary to deal with a wider class of spaces. In the sixties of the last
century, Peetre [84], Trudinguer [97] and Pohozarev [85] independently found
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refinements of (1.0.1) expressed in terms of Orlicz spaces. In 1979, Hansson [43]
and Brezis and Wainger [11] showed independently that W,}(Q) is embedded in
a Lorentz—Zygmund type space. Limiting Sobolev embeddings, in more general
settings, have been investigated by several authors (see [70] and the references
quoted therein).

If instead of working on bounded domains with a nice boundary, we work in
the full space, Sobolev’s embedding theorem in R" states that (see [93]! and the
references quoted therein):

Lnw? (R™) p < n (subcritical case),
Wpl (R")c{ L®P(log L) Y(R™) p=n (critical case), (1.0.3)
L*(R™) p > n (supercritical case).

The Lorentz spaces LP? (R™) are defined as the collection of functions of finite
function quasi-norm

= ([~ (M5 ) )"

s
when 0 < p,q < oo, and
[£llp.00 = sUD 771 (5).
O<t<1

when ¢ = oo (f* denotes the decreasing rearrangement of f). The Lorentz—
Zygmund spaces L>9(log L)™, 1 < ¢ < oo, are defined as the set of functions for
which the quasi-norm

) f*x—(t) th 1/q
rfan,q(logL)_l:( I (m) 7) |

is finite (where f;*(t) = %fot [ (s)ds).

Generalizations of (1.0.3) have been considered by replacing Wpl(R”) by a
Besov space.

Given 0 < s < 1,1 <p < oo and 1 < g < oo, the Besov space Bf,’q(]R") is the
linear set of functions f e LI (R™) of finite quasi-norm

11y = () ”(t-Swpu,t))q%)w,

where
wp(f,t) = \Shl|1p [ f(z+h) = f(2)] 1o gny
<t
is the LP-modulus of continuity. Here the parameters s and ¢ give a finer grada-

tion of smoothness. The scales of Besov spaces By /, on R", or in domains of R",

Tn the introduction of that paper there is an excellent history of the evolution of
this problem.



were introduced between 1959 and 1975. A comprehensive treatment of these
function spaces and their history can be found in Triebel’s monographs [94], [95].
The Sobolev embedding in this context? states that

' L%’q(R") p < % (subcritical case),
By (R") c{ L*9(log L) " (R™) p="2 (critical case), (1.0.4)
L*(R™) p > % (supercritical case).

One proof of the subcritical case is based on real interpolation. We recall
briefly the construction of real interpolation spaces (see [6] for a complete treat-
ment). Let (Ag, A1) be a pair of quasi-Banach spaces that are compatible in
the sense that both Ay and A; are continuously embedded in some common
Hausdorff topological vector space H. The K-functional is defined, for ¢ > 0 and
f € Ay + Al, by

K(t, f; Ag, A1) = inf +t
(t. 5540, A0) = inf (1fola, il 0}

For 0 < s <1 and 0 < g < oo, the real interpolation space ;137(1 = (Ao, A1)s,q is the
set of all f e Ag+ Al such that

0 CAV\D g\ e
()" e
1fll 49,41, = 0 ts t

supt K (t, f; A), q = oo,
t>0

is finite.

Since (cf. [6])
K - LP(R™ 71 R™)) = inf e
(tvfa ( )7Wp( )) f:ljc%+f1{||f0“LP+t||f1||Wpl} wp(fat)a
we get
”fH(LP(IR"),WI}(R"))S,q = ”f”st)‘q(Rn)'
Using the fact that LP(R™) ¢ LP(R"™) and that WI} (R™) c Ln%’p(R"), we
obtain by interpolation
. . np_ n i, n
By (R") = (LP,W})s4(R™) c (LP,L7»"P)s o(R™) = Ln=sp"?(R™).

Our main objective in Chapter 3 will be to give an extension of (1.0.4) in the
context of doubling metric spaces®. A theory of Besov spaces on metric measure

%(See for example DeVore, Riemenschneider and Sharpley [18], Netrusov [82], Gold-
man and Kerman [29], Caetano and Moura [12],[13], Martin [60], or Haroske and Schnei-
der [44]).

3Metric spaces play a prominent role in many fields of mathematics. In particular,
they constitute natural generalizations of manifolds, admitting all kinds of singularities
and still providing rich geometric structure.
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spaces was developed in [38], which is a generalization of the corresponding theory
of function spaces on R™ (see [94],[95],]96]), respectively, Ahlfors n-regular metric
measure spaces (see [39],[41]).

There are several equivalent ways to define Besov spaces in the setting of
a doubling metric space (see for example [27],[28],[38],[75],[74],[105],[45] and the
references therein). In Chapter 3, we shall use the approach based on a general-
ization of the classical LP-modulus of smoothness introduced in [27].

Let (Q,d, ) be a metric measure space equipped with a metric d and a Borel
regular outer measure p, for which the measure of every ball is positive and finite.
Given t >0, 0<p<oco and fe L} (Q), the LP-modulus of smoothness is defined
by

510 = ([ (. 15 - S0P ant) ) ante)

where f5 f(z)dp(z) = ﬁ [ f(x)du(z) is the integral average of a locally in-
tegrable function f over B.

Definition 1.0.1. For 0 < s < oo, the homogeneous Besov space B;f),q(ﬂ) consists

of those functions f € L} () for which the seminorm

(i (292)" )" 0 <q<oo,

g o= | o U
B.a() supt “Ey(f,1), q = oo,
>

18 finite.

This definition is rather concrete and gives the usual Besov space in the
Euclidean setting since E,(f,t) is equivalent to the classical LP(R™)-modulus
(see (3.1.2) in Section 3.1 below). Moreover, it has been shown by Miiller and
Yang [74] that it coincides with the definition based on test functions used earlier
by Han [40], Han and Yang [42], and Yang [103], provided that €2, besides being
doubling, also satisfies a reverse doubling condition.

The abstract variant of (1.0.4) for metric spaces is only known in the following
particular case (see [27] and [45]):

Theorem 1. Let Q be a Q-reqular metric space, i.e. there exists a Q >1 and a
constant cg > 1 such that

célrQ <u(B(z,r)) < cqr

for each x € X, and for all 0 < r < diam Q (here diam Q is the diameter of ().
Suppose that 0 < s <1 and 1 < q < co. Then:

4



1. (See ([27, Thm. 5.1])) Suppose Q satisfies a (1,p)-Poincaré inequality, i.e.
if there exist constants Cp, >0 and X\ > 1 such that

Jg |f = fBldu < (;{B gpdu)l/p

for any locally integrable functions f for all upper gradients* g of f. Then
.S Q K
BS ,(Q) c LE@1(Q) (1.0.5)

for1<p<Qfs, where p(Q) = Qp/(Q - sp).

2. (See ([45, Thm. 4.4])) If Q is geodesic, i.e. every pair of points can be
jointed by a curve whose length is equal to the distance between the points,

then (3.1.3) holds for 1 <p<Q]s.

The proof of this theorem is based on the real interpolation method, for exam-
ple in ([27, Thm. 5.1]) under a (1, p)-Poincaré inequality assumption, the Besov
space B';’Q(Q) is realized as the real interpolation space (LP(Q2),KS1,(2))a,q
between the corresponding LP(2) and the Sobolev space of Korevaar and Schoen
K S1,(9), consist of measurable functions f of finite norm®

E(f.t) (1.0.6)

1 £l ks, ) = lim sup
They proved that E,(f,t) is equivalent to the K-functional between L,(2) and
K51 ,(92). Moreover if Q is Q-regular, then

< 1.0.7
71 g5 % s, (1.0.7

and, consequently, interpolation allows one to obtain embedding theorems.

The key point in the previous argument is the embedding (1.0.7), which is
only known for Q-regular spaces.

The purpose of Chapter 3 will be to obtain a Sobolev type embedding result
for Besov spaces defined on a doubling metric space. In our investigation we will
avoid the use of interpolation techniques that require the presence of a Sobolev
type space. The main idea will be to extend to the metric side the Euclidean
oscillation inequality

1/n
- @ <D 0 agp <o)

4A non-negative Borel function g is an upper gradient of a function f : Q — R if

If(y) - f(2)] < /gd,s for every x and y €  and every rectifiable path v in Q with

v
endpoints z and y (see [46],[27]).

When (2 is a Riemannian manifold this definition yields the usual Sobolev space
and the quantity in (3.1.4) is equivalent to the usual semi-quasinorm (see [56]).
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(Here f**(t) = %fot f*(s)ds (see [55],[57],[59],[63] and the references quoted therein)).

Chapter 3 is organized as follows: Section 3.2 contains basic definitions and
technical results on doubling metric measure spaces. In Section 3.3 we obtain
pointwise estimates of the oscillation O, (f,t) = f;*(t) = f;(t) in terms of the
X-modulus of smoothness defined by

Bx(tn=|f 1@ - 1ol

Here, X is a rearrangement invariant space® on . In Section 4.3 we define
generalized Besov type spaces and use the oscillation inequalities obtained in the
previous sections to derive embedding Sobolev theorems. In Section 3.5 we deal
with generalized uncertainty Sobolev inequalities in the context of Besov spaces.
In Section 3.6 a criterion for essential continuity and for the embedding into
BMO (©2) will be obtained. Finally in Section 3.7 we will study in detail the
case B;q(Q) for0<s<1,0<p<ooand 0<p< oo.

The results contained in Chapter 3 has been published in Journal of Mathe-
matical Analysis and Applications (see [67]).

In the second part of this memoir (Chapter 4) we will study Sobolev inequal-
ities in metric spaces with convex isoperimetric profile. In order to explain what
our main objective will be, we now recall some definitions.

Let (£2,d, 1) be a connected metric space equipped with a separable Borel
probability measure p. The perimeter or Minkowski content of a Borel set A c 2
is defined by

,U’+(A) - liminf H (Ah) M (A) 7
h—0 h
where Ap, = {x € Q:d(z, A) < h} is the open h-neighbourhood of A. The isoperi-
metric profile I, is defined as the pointwise maximal function I, : [0,1] —
[0, 00) such that

p(A) 2 1, (n(A))

for all Borel sets A. An isoperimetric inequality measures the relation between
the boundary measure and the measure of a set, by providing a lower bound on
I,, by some function I : [0,1] - [0, c0) which is not identically zero.

The modulus of the gradient of a Lipschitz function f on Q (briefly f €
Lip(Q)) is defined by”

V()] = limsup LE SO
d(zy)—0  d(,y)

6Le. such that if f and g have the same distribution function, then | f| y = | g] x (see
Section 2.2 below).

"In fact one can define |V f| for functions f that are Lipschitz on every ball in (£, d)
(cf. [7] for more details).



The equivalence between isoperimetric inequalities and Poincaré inequalities
was obtained by Maz’ya. Maz’ya’s method (see [16], [62] and [70]) shows that
given X = X(Q) a rearrangement invariant space®, the inequality

7= [ s _<clisilu. £ Lin@). (1.0.8)

holds if, and only if, there exists a constant ¢ = ¢(€2) > 0 such that for all Borel
sets A c Q)

min (¢x (1(A)), ¢x (1 - u(A))) < cp” (A), (1.0.9)

where ¢x () is the fundamental function® of X :

ox(t) = [xalx, with p(A) = 1.

Motivated by this fact, we will say (£2,d, ) admits a concave isoperimetric
estimator if there exists a function I : [0,1] - [0, o) which is continuous, concave,
increasing on (0,1/2), symmetric about the point 1/2, such that I(0) = 0 and
I(t) >0 on (0,1), and satisfies

I,(t)>1(t), 0<t<1.

In recent work, Milman and Martin (see [61], [63]) proved that (€,d, u) ad-
mits a concave isoperimetric estimator [ if, and only if, the following symmetriza-
tion inequality

fa () = fu (1) < VAL (@), (f € Lip()) (1.0.10)

I (t)
where f;*(t) = % [Ot fr(8)ds, and f is the non-increasing rearrangement of f with
respect to the measure p. If we apply a rearrangement invariant function norm
X on  (see Sections 2.1 and 2.2 below) to (1.0.10), we obtain Sobolev—Poincaré
type estimates of the form!'®

H(f“(t) fam) 1

< IV (1.0.11)
X
To see how the isoperimetric profile helps to determine the correct spaces, con-
sider the basic model cases (see [64], [65]).

Let Q ¢ R™ be a Lipschitz domain of measure 1, X=LP(Q),1<p<n, and
p* be the usual Sobolev exponent defined by = Then

I(t)

l__
P n’

G 0-ro ] 100 O, (1012)
Lp
i.e. such that if f and g have the same distribution function then | f|y =gl x (see
Section 2.2 below).
9We can assume with no loss of generality that ¢x is concave (see Section 2.2.1
below).
10X denotes the representation space of X (see Section 2.2 below).

8

7
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which follows from the fact that the isoperimetric profile is equivalent to I(t) =
cpmin(t,1 - ¢)"1/" and Hardy’s inequality (here LP"P is a Lorentz space (see
Section 2.2 below)). In the case of R" with a Gaussian measure ~,, and let
X =LP,1<p< oo, then (compare with [23], [34]), since [(rn 4, (t) = t(log 1/t)4/?
for t near zero, we have

I(t)

(OREROED

= [ (£5® = L. O o Logyre - (1.0.13)
Lr

where LP(logL)P/? is a LorentzZygmund space (see Section 2.2).

In this fashion, in [61], [63], [64] and [65], Milman and Martin were able to
provide a unified framework for studying the classical Sobolev inequalities and
logarithmic Sobolev inequalities. Moreover, the embeddings (1.0.11) turn out to
be the best possible in all the classical cases. However, the method used in the
proof of these results cannot be applied to probability measures with heavy tails,
since the isoperimetric estimators of such measures are convex, which means
there exists a function I :[0,1] — [0, 00) which is continuous, convex, increasing
on (0,1/2), symmetric about the point 1/2, such that I(0) = 0 and I(t) > 0 on
(0,1), and satisfying

I,(t)>1I(t), 0<t<1.

(Concave
profile

Convex
profile

Figure 1.1: Isoperimetric profile

Therefore (unless I(¢) ~ min (¢,1-t)), the Poincaré inequality

7= [ sdu|  <cli9sil . £ < Lin(o,

never holds, which means that we cannot deduce from |V f| € L' that f e L'.
Hence, a symmetrization inequality like (1.0.10) will not be possible, since f;* is
defined if, and only if, f e L.

Chapter 4 is organized as follows. In Section 4.2 we obtain symmetrization
inequalities which incorporate in their formulation the isoperimetric convex esti-
mator. In Section 4.3 we use the symmetrization inequalities to derive Sobolev—
Poincaré and Nash type inequalities. Finally in Section 4.4 we study in detail

8



several examples, such as, an a-Cauchy type law (the example 4.1.2), extended
p-sub-exponential laws (the example 4.1.3), and n-dimensional weighted Rieman-
nian manifolds that satisfy the CD(0, N) curvature condition with N < 0 (the
example 4.1.2).

The results contained in that chapter 4 have been submitted for publication (see
[68]).






Chapter 2

Preliminaries

In this chapter, we present the basic notation we shall use in the following chap-
ters and briefly review some basic facts from the theory of rearrangement invari-
ant spaces. We refer the reader to [6],[29],[53] or [86] for a complete treatment.

Throughout what follows we will work on a measure space (2, ) with a
separable, non-atomic, Borel measure u. Let M() be the set of all extended
real-valued measurable functions on 2. By M(2) we denote the class of func-
tions in M(Q) that are finite p-a.e.

As usual, if F c Q is uy-measurable, then, for 1 < p < oo, LP(F) is the space of

p-measurable functions f such that the norm [|f||z»(a) = ([A |f|pd,u)1/p is finite.
We define L (E) similarly, but using || f|| L4y = esssup4 | f|. L}, .(€2) will denote
functions that are p-integrable on balls.

The symbol f ~ g will indicate the existence of a universal constant ¢ > 0
(independent of all parameters involved), thus ¢! f < g < cf, while f < g means
that f <cg.

2.1 Decreasing rearrangement

The distribution function xf of a function f in My(Q2) is defined by

pr(t) =p{zeQ: f(z) >t} (teR).

In the literature it is common to denote the distribution function of |f| by
pg, while here it is denoted by s since we need to distinguish between the
distribution function of f and that of |f].

Two functions f and g € Mo(£2) are said to be equimeasurable if 11 ,(t) =
/Lm(t) for t > 0.

11
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The signed decreasing rearrangement of a function f e My(Q2)
S [0,u(2)) = R is defined by

ff(t) = inf{s eR:pu{reQ:ps(x)>s}< t}, te[0,u()).
It follows readily from the definition that f is decreasing and that
t t
(Frai=si(5) vt (5) @0

Moreover,
g _ w — ;
fr(0")=esssup f and  f)7(oo) = essinf f. (2.1.1)

The decreasing rearrangement f; of f is given by
Fa(@®) = If1 @),

In the next proposition we establish some basic properties of the decreasing
rearrangement.

Proposition 2.1.1. Let f, g, f; (i=1,2,...,) belong to My(2) and a € R. Then
(i.) fE(up(t)) <t for allt >0 with pus(t) < oo;
(ii.) uf(f;f’(t)) <t forallt>0 with ff(t) <o00;
(iii.) If f < g, then f¥ <g%;
: foo_ ook fo_ gk )
(Z'U.) (af)u - afu and (f +a)u - fu (t) +Oé,
(0.) IFLFI IS, then (£)51 Fis
(vi.) f; is right continuous;
(vii.) fi(s)=my.,(s), t>0 (where m denotes Lebesgue measure on (0,u($2));
(viii.) f3 and f; are equimeasurable with respect to Lebesgue measure on (0, u(€2)).

Example 2.1.1. Let f be a positive simple function, i.e.
n
fx) =2 bixr,(x),
j=1

where the coefficients b; are positive and F; = {x € Q: f(z) = b;}.
The distribution function is given by

1r(A) = D0 miXo,,00,1(N),
j=1

where m; = 23;1 w(F;), (7 =1,2,....,n) and byy1 = 0 (see Figure 2.1). The
decreasing rearrangement is given by

fu(t) = 21 biX[0,m;)(t)-
£

12



2.1. DECREASING REARRANGEMENT

bit f My
my
bat ]
ms | ___
bs| _ mo | _ ___ ___|_
my |
baf
x
Ag A4 AQ Al b4 b3 b2 b1

Figure 2.1: Graphs of f and py

fi

t

my Mo M3 1My

Figure 2.2: Graph of f;

Example 2.1.2. This ezample shows how signed rearrangement works:

f fi
by
A by
As b
by
1
H T | t
] 2 Mg
my
bg b3

Figure 2.3: Graph of f
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CHAPTER 2. PRELIMINARIES

For any measurable set E c Q and f € My(Q),

[E 1 (@)]dp < fo " b (yds, (2.1.2)

In fact,

t
sup [ 1F(@)ldu- JNHOZ (2.13)

and

fot f¥(s)ds = sup {[E f(s)dp: u(E) = t} , (t>0). (2.1.4)

The signed maximal function f* is defined by

1 ,t
fﬁzgfo £(s)ds, (t>0).

Similarly, f,;* will denote the maximal function of f; defined by

£ (1) :%fotf;(s)ds, (t>0).

Some elementary properties of the maximal signed function are listed below.

Proposition 2.1.2. Let f,g and f; (i=1,2,...,) belong to My(Q2) and « € R.
Then

(i.) [ <[
(ii.) If f < g, then fi* < gi™;
(iii.) (af )i = afi*;
(iv.) (f+g)p () < fi™ (&) + g™ (t), (t>0).

Example 2.1.3. Let Q = [0,00) and pu be Lebesque measure on Q. Define f :
[0,00) > [0,00) by

J1-(z-1)? if 0<a<2
f(x)_{o if z>2.

The distribution function can be easily computed:

WI-X if 0<A<1
py(A) = .
0 if A1,

14



2.1. DECREASING REARRANGEMENT

and the decreasing rearrangement becomes

) = 1-2 if 0<t<2.
o if t>2,

Moreover,

oo 2 5 1 2 2 4
f f(x)dac:f 1—(1—x)dw:f 2\/1—)\d/\:/ 1-Sar= 2
0 0 0 0 4 3

f Hf Iu

1
0o 1 2 0o 1 2 o 1 2
Figure 2.4: Graph f, iy, fx

The mazimal function is given by

1-2 if 0<t<?
fx-x-(t)z . 12 ? =
K 4 if t>2

3t

I

2
Figure 2.5: Graph f;*

Definition 2.1.1. Let f belong to Mo(2). The oscillation of f,; is defined by
the special difference

Ou(f,t) = fu" () = (1)

The functional O,(f,t) has certain technical disadvantages. It vanishes on
constant functions and the operation f — O,(f,t) is not subadditive.

15
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Lemma 2.1.1. Let f belong to My(S2). Then

_O,U«(fat)
+ )

O pex

o fn (1) = >0, (2.1.5)

and the function tO,(f,t) is increasing in t.

Proof. By the definition of f;*, and a simple computation, we get

0 *% _2 1 ¢ *

st =5 (5 [ 1) ds

L rt. L.
S B AOUEEIAO

1 t * *
(; [ 5i@ds-5:0)
(@ = fi@)-

SR

Using the fact that (see [14])

1 lflle
Oufit) =5 [ ma(s)ds, (2.1.6)

it follows that tO,(f,t) is increasing. Indeed, to see 2.1.6, let [z]" = max(z,0).
Then, for all y > 0, we have that

0o oo 0o II.f1oo
[T @ - [T @as= [T ugos= [0 s
(2.1.7)

Inserting y = f,;(¢) in 2.1.7 and taking into account that f,; is decreasing, we get
tOu(f,1) =t(fi (t) = [ (1))
t
- [ (i@ - fi)da
S RAGEIAOIE
£l
= [ g (s)ds.

fi(x)
U

Conditions like f (o0) =0 will appear often. The following proposition clar-
ifies the significance of such conditions.

Proposition 2.1.3 (See [57]). If u(2) = oo, then f;;(c0) = 0 if, and only if, ju(t)
1s finite for any t >0

16
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Proof. Suppose that pg(ty) = oo for some ty > 0. From the definition of rear-
rangement, we have that f;(t) >ty for all ¢t > 0.

Therefore the condition f;(o0) =0 implies p1(¢) < oo, for all £> 0.

Conversely, assume f;(¢) > € > 0. This means that jy(¢) = oo. Thus the condition
pg(t) < oo, t>0 implies f;(oc0) = 0. O

Note that an application of L'Hopital’s rule to f;* shows that the condition
f1i(00) =0 is equivalent to f;*(o0) = 0.

Remark 2.1.1. By (2.1.5) and the Fundamental Theorem of Calculus, and using
[ (00) =0, we have

f,j*(t)z[mw(is, t>0.

2.2 Rearrangement invariant spaces

Rearrangement invariant spaces play an important role in contemporary mathe-
matics. They have many applications in various branches of analysis, including
the theory of function spaces, interpolation theory, mathematical physics, and
probability theory.

Definition 2.2.1. A function space X () is the linear space of all f € My(Q2)
for which [ f| xqy < oo, where || yqy is a functional norm, i.e.

(i.) Il x(q) is a norm;
(ii.) if 0<g < [fae., then |glx) <flx @)
(i) < f 1 f ace then |yl 11y

(v.) for any measurable set E c Q, || xg| xq) < oo; and

(v) [ 1@z <1 fl -

If, in the definition of a norm, the triangle inequality is weakened to the
requirement that for some constant C'x where

Iz +yllx < Cx([[z]lx +lyllx)

holds for all z and ¥, then we have a quasi-norm. A complete quasi-normed space
is called a quasi-Banach space.

17
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Definition 2.2.2. A Banach function space (resp. quasi-Banach function space)
X = X(Q) is called a rearrangement invariant (r.i.) space (resp. quasi-Banach
rearrangement invariant (q.r.i.) space) if g € X implies that all p-measurable
functions f with the same rearrangement function with respect to the measure p,
i.e. such that f; =g, also belong to X, and moreover |f|x = [g|x-

For any r.i. space X () we have

L ()N Ly (Q) c X(Q) c L, (Q)+ Ly (Q), (2.2.1)

with continuous embedding, where the space Li(Q) + L7 () consist of all func-
tions f € Mp(€2) that are representable as a sum f = g+ h of functions g € LIIL(Q)
and h € L;7 (). The norm in L}L(Q) + L7 () is given by

11z )+ pee ) = nf{llgllze ) + 1Pl Le )}

where the infimum is taken over all representations f = g+h of the kind described
above.
Consider the following norm on L}L(Q) n Ly (Q):

||f||L/£(Q)mL;°(Q) = maX{”QHLh(Q)a ||h||L;°(Q)}~

If 1(2) < oo, we obviously have

LZO(Q) cX(Q)c LL(Q)

The associate space X'(Q2) of X(Q) is the r.i. space of all h € My(Q2) for
which the r.i. norm given by

1] xr(0y = sup | lg(z)h(z)|dp (2.2.2)
llgll<t 7/

is finite.
Therefore the following generalized Holder inequality holds

[ 9@l dn < lglx e @)

A useful property states that if

/[;Tf;(s)dsg Arg;(s)ds,

for all r > 0, then for any r.i. space X = X () we have

I1x <lglx-

18



2.2. REARRANGEMENT INVARIANT SPACES

Let X () be an r.i. space. Then there exists a unique r.i. space (see [6,
Theorem 4.10 and subsequent remarks]) X = X (0, x(£2)) on ((0,x(22)),m), (m
denotes the Lebesgue measure on the interval (0, u(€2))), such that

feX(Q) = fieX(0,u(0)),

and furthermore,

Ju

11 xc) = 1520 50 ey = 1o 0,0 -

X is called the representation space of X(Q). The norm of X (0,u(Q)) is
given explicitly by

W) .
Pl 5o uy =sup] [ B ($)gils)dss Igloay <11

where the first rearrangement is taken with respect to the Lebesgue measure on
[0, u(§2)).

2.2.1 Indices

We will present some definitions and properties related to indices (see [10] and
[107]).

The dilation operator is defined by

f;(ﬁ) 0<t<s,

Dif(t):{o s<t<u(f).

For each ¢ > 0, we denote by hx(s) the norm of D1, i.e.

I Lot

s X g5
rex I flx

The upper and lower Boyd indices associated with an r.i. space X are defined
by

Inh Inh
s>1 Ins s<1  Ins

(2.2.3)
The fundamental function of X an r.i. space is defined by
ox(s) = [xelx

where E is any measurable subset of Q with u(FE) =t.

19
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Note that the particular choice of E' is immaterial, due to the rearrangement
invariance of X. We can assume without loss of generality that ¢x is concave
(see [6]). Moreover, by Holder’s inequality,

ox:(t)ox(t) =t (2.2.4)

It is also useful sometimes to consider a slightly different set of indices ob-
tained by means of replacing hx(s) in (2.2.3) by

_ (ﬁx(tS)
My(s)=sup-s @y =

The corresponding indices are denoted by BX, 15} e and will be referred to as the

upper and lower fundamental indices of X. Actually, the relationship between
Mx (s) and hx(s) is that the computation of the former is exactly the computa-
tion of the latter but done only over functions of the form f = x(,). Therefore
we have

O<ay<f, <By<ax<l.

Lemma 2.2.1. (See [60] and [107]) Let Y be an r.i. space on (0,1). Let ¢y be
its fundamental function. Assume that ¢y (0) =0. Then

1. If @y < 1, then for every ay < v < 1, the function ¢y (s)/s? is almost
decreasing (i.e. Ic¢>0 s.t. ¢y (s)/sY < copy (t)/t7 whenever t < s).

2. If ay > 0, then for every 0 < v < ay, the function ¢y (s)/s” is almost
increasing (i.e. Ic¢>0 s.t. ¢y (s)/s? < copy(t)/t? whenevert > s).

3. If ay > 0, there exists a concave function (Z)y and constant ¢ >0 such that
. . 9 -
oy (t) = oy () and c ¢y (t)[t < §¢Y(t) <coy (t)/t.

We shall usually formulate conditions on r.i. spaces in terms of the Hardy
operators defined by

—-a t a dx —-a 'LL(Q) a dx
PHO =t [Tt p @) @D = [Tt @)
0 x t x
for ¢ € (0, (€2)) and a € (0,1], f e Mo((0,1(2)).
It is known that X is an r.i. (resp. q.r.i) space, that P, is bounded if, and

only if, @x < a, and that @), is bounded if, and only if, a < ay (see [6]).
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2.2. REARRANGEMENT INVARIANT SPACES

2.2.2 Examples
In this section we present some examples of rearrangement invariant spaces.

o The L-spaces consist of all f e Mq(Q) for which

@ Up
([0#9 (f;(t))pdt) , 0<p<oo,

£l e = .
sup f,, (t), p = oo,
t>0

is finite. Its fundamental function is given by

P 1<p<oo, t>0
¢Lz<t): 07 p =00, t=0
1, p=o0 t>0.

L isqri. if0<p<landri. if 1 <p<oo.
The Boyd indices are given by « [ =agy = 117.

o Assume that 0 < p,q < co. The Lorentz spaces L};? consist of all f €
Mo(2) for which

we g\
(fo (t/PfM(t)) dt) . 0<q< oo,

||f||LM =
a 1/p p* _

sup4t t = oo

t>[1):){ fu( )}7 q )

is finite. Its fundamental function is given by

prra(t) = t'r >0,
e 1. . — 1
where 1 < p < co. The Boyd indices are given by Qrpa = Qppa = .

e Lorentz A spaces are defined by the functional

@) Ya
oo = (" 0025

where 0 < ¢ < oo and v is a weight decreasing (v > 0 measurable function)
on (0, 4(92)).

By choosing v(s) = s#/P™1 one obtains A(v) = LEY.

If we take v(s) = s9/P~1(1 + log%)o‘, then the A(v) = Li(logL)* are
the Lorentz—Zygmund spaces; or if we take v(s) = s9/P1(1+log %)O‘(l +
log %)'B, then the AY(v) = L5 (log L)®(log log L)” are the generalized Lorentz-
Zygmund spaces.
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Definition 2.2.3. A function A:[0,00) — [0,00] is a Young function if

S
A(s) = [ a(t) dt, (2.2.5)
0
where a : [0,00] = [0, 00] is an increasing, left continuous function which is
neither identically zero nor identically infinite on (0, 00) and which satisfies

a(0) =0. A Young function is convex on the interval where it is finite.

e For a Young function A, the Orlicz space L;? is the collection of all
functions f € M(2) for which there exists a A such that

|f ()]
fQA(T)dp <0

The Orlicz space Lf} is endowed with the Luxemburg norm

1y =it x>0 a(H620 ) s},

The fundamental function for Lf} is given by
bra(t) = /A7 (1)), (2.2.6)

where A is a Young function on (0, c0).
On the other hand (see [6]), we have

w(€2) .
JAtr@hde= [T A

Given an r.i. space X over (0, 4(2)), suppose X has been renormed so as to
have a concave fundamental function ¢x. There are some useful Lorentz and
Marcinkiewicz spaces, defined by the quasi-norms

- mw(€)
1 £l cxy = sup [ @ex (@), [ flacx) = fo fi()dox(t). (2:2.7)
It follows readily that

Srr(x)(t) = dacx)(t) = ox (2).

Furthermore
A(X)c X c M(X), (2.2.8)

and each of the embeddings has norm 1.
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Chapter 3

A Sobolev type embedding
theorem for Besov spaces
defined on doubling metric
spaces

3.1 Introduction

Analysis on metric measure spaces has been studied quite intensively in recent
years; see, for example, Semmess$ survey [87] for a more detailed discussion and
references. A field of particular interest is the study of functional inequalities,
like Sobolev and Poincaré inequalities on metric measure spaces; see, for example,
[56],[36],[46], [32],[33],]54]. Since Hajlasz in [35] introduced Sobolev spaces on any
metric measure space, a series of papers has been devoted to the construction and
investigation of Sobolev spaces of various types on metric measure spaces; see,
for example, [36],[46],[37],[24]. Recently, a theory of Besov spaces was developed
in [38] which is a generalization of the corresponding theory of function spaces on
R™ (see [94],[95],[96]) respectively Ahlfors n-regular metric measure spaces (see
139],[41]).

There are several equivalent ways to define Besov spaces in the setting of a
doubling metric space (see for example [27], [28],[38],[75],[74],[105],[45] and the
references therein), in this chapter, we shall use the approach based on a gener-
alization of the classical LP-modulus of smoothness introduced in [27].

Recall that the LP-modulus of smoothness of a function f € L} (R™) is defined
by

wp(fit) = ‘Shl‘lg If(x+h) - f(af)HLp(Rn) )

where t > 0 and |h| is the Euclidean length of the vector h. As a general metric
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space possesses no group structure, a modification to this definition is needed.

Let (€,d, 1) be a metric measure space equipped with a metric d and a Borel
regular outer measure u for which the measure of every ball is positive and finite.
Given t >0, 0<p<oco and fe L} (Q), the LP-modulus of smoothness is defined
by

500 = ([ (o V@) - @ ) ) (311

where f5 f(z)dp(z) = ﬁ [ f(x)du(zx) is the integral average of a locally in-
tegrable function f over B.

E,(f,t) is equivalent to the classical L”(R"™)-modulus of smoothness of a
function f e L (R™). Indeed (see [27]),

500 (L, @ - s a)ar)” (312

) ([ " (éw,t) [F(+h) = f(@)f dh) dm)l/p

= Sup [f (@ +h) = F(@)] Loy = wp( 1), (see [55]).

Definition 3.1.1. For 0 < s < oo, the homogeneous Besov space B;jq(ﬂ) consists
of those functions f € LY () for which the seminorm

loc
U (B42) #)" 0<qeoo,

Hf”Bg’q(Q) = { Supt—s p(f;t)7 q = oo,
t>0

1s finite.

This definition is rather concrete and by (3.1.2) gives the usual Besov space
in the Euclidean setting. Moreover, it has been shown by Miiller and Yang [74]
that it coincides with the definition based on test functions and used earlier by
Han [40], Han and Yang [42] and Yang [103], provided that (2, besides being
doubling, also satisfies a reverse doubling condition

In the Euclidean setting, the Sobolev embedding theorem states (see, for
example, [74, Theorem. 1.15]) that there is a constant C' > 0 such that

171, agemy < C 1 sy o),

where p* = np/(n — sp), and the Lorentz space LP9(R™), consist of measurable
functions f of finite norm

IO

I

| £l ey = L4([0,00))
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(f, denotes the decreasing rearrangement of f, see Section 2.1).

The abstract variant for metric spaces is only known in the following partic-
ular case (see [27] and [45]):

Theorem 2. Let Q be a Q-reqular metric space, i.e. there exists a Q > 1 and a
constant cg > 1 such that

c@lrQ < u(B(z,7)) < cqr?

for each x € X, and for all 0 < r < diam Q (here diam Q) is the diameter of Q).
Suppose that 0 < s<1 and 1 < q < oo. Then:

1. (See ([27, Thm. 5.1])) Suppose Q satisfies a (1,p)-Poincare inequality, i.e.
there exist constants Cp, >0 and X\ > 1 such that

]g |f = fBldu < (;{B gpdu)l/p

for any locally integrable function f for all upper gradients' g of f. Then,
if1<p<Qls,

'S Q b

BS ,(Q) c LE@1(Q), (3.1.3)

where p(Q) = Qp/(Q — sp).

2. (See ([45, Thm. 4.4])) Suppose that Q is geodesic, i.e. every pair of points
can be joined by a curve whose length is equal to the distance between the
points. Then (3.1.3) holds for 1 <p<Q/s.

The proof of this theorem is based on the real interpolation method; for exam-
ple, in ([27, Thm. 5.1]) under a (1, p)-Poincaré inequality assumption, the Besov
space B;,q(Q) is realized as the real interpolation space (LP(£2), KS1,(£2))aq
between the corresponding LP(2) and the Sobolev space of Korevaar and Schoen

K S1 ,(9), consisting of measurable functions f of finite norm?

Ep(f, t) )

1k, ) = limiug (3.1.4)

In [27] it is proved that E,(f,t) is equivalent to the K-functional between LP(£2)
and K51 ,(€2). Moreover if Q is Q-regular, then

< 3.1.5
Hf”Lﬁ%’(Q) <[ flks, @) ( )

and, consequently, interpolation allows one to obtain embedding theorems.

! For the definition of upper gradient, see, for example [46],[27].
2When ) is a Riemannian manifold, this definition yields the usual Sobolev space
and the quantity in (3.1.4) is equivalent to the usual semi-quasinorm (see [56]).
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The key point in the previous argument is the embedding (3.1.5), which is
only known for Q-regular spaces.

The purpose of this chapter is to obtain a Sobolev type embedding result for
Besov spaces defined on a doubling metric space. In Theorem 2 we will see that
if the embedding

B (Q) c L 9(Q)

holds for some p* > p, then 2 does not have the collapsing volume property, i.e.

irelgf)u(B(m, 1)) > 0. (3.1.6)

In view of this result, we will need to limit the class of doubling spaces in which
we going to work. Our framework will be (k,m)-spaces (see Section 3.2 below),
i.e. there exist positive constants cg, Cp, k, and m (k <m) such that

o min(rk,rm)VM(fn, 1) <Vu(z,r) < Cy max(rk,rm)Vu(:E, 1), (3.1.7)

for all z € Q and 0 < r < oo, where V,(x,r) = u(B(z,r)). To incorporate condition
(3.1.6), we define

(i.) A (k,m)-space will be called uniform if there are constants ¢, C' > 0 such
that
cmin(r®, ™) <V, (x,7) < Cmax(rF ™). (3.1.8)

(ii.) A (k,m)-space will be called bounded from below if there are constants
d, D > 0 such that

dmin(r*, ™) <V, (x,7) < Dmax(r*, r™)V,(z,1). (3.1.9)

In order to avoid using an embedding result like (3.1.5), which, recall, is only
known for Q-regular metric spaces, we will obtain, for the above class of spaces,
pointwise estimates between the oscillation of fj; and the modulus of smoothness
that will allow us to derive Sobolev type embedding results.

The results that we will obtain can be applied in a wide range of settings, for
instance, to Ahlfors regular metric measure spaces (see [46]), Lie groups of poly-
nomial volume growth (see [99],[100],[81],[76],[2]), Carnot—Carathéodory mani-
folds (see [81],78],[79]), and to the boundaries of certain unbounded model do-
mains of polynomial type in C appearing in the work of Nagel and Stein (see
[80],[81],[78],[79]) (see Section 3.2.1 below).

This chapter is organized as follows: Section 3.2 contain basic definitions and
technical results on doubling metric measure spaces. In Section 3.3 we obtain
pointwise estimates of the oscillation O, (f,t) = f;*(t) = f;(t) in terms of the
X-modulus of smoothness defined by

x(r)=|f) 15 - fwldnt)|
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where X is a rearrangement invariant space on €). In Section 4.3 we define gen-
eralized Besov type spaces and use the oscillation inequalities obtained in the
previous sections to derive embedding Sobolev theorems. In Section 3.5 we deal
with generalized uncertainty Sobolev inequalities in the context of Besov spaces.
In Section 3.6 a criterion for essential continuity and for the embedding into
BMO (©2) will be obtained. Finally, in Section 3.7 we will study in detail the
case B;’q(Q) for 0<s<1,0<p<ooand 0<p<oo.

The results contained in this chapter have been published in Journal of Math-
ematical Analysis and Applications (see [67]).

3.2 Doubling measures

In this section we briefly review basic facts about doubling metric spaces and
some of their properties. The general framework will be a metric measure space
(Q,d, ;) with a metric d and a regular Borel measure p for which the measure
of every ball is positive and finite.

The ball with centre x € 2 and radius r > 0 is defined by B(x,r) = {y € Q:
d(x,y) <r}. We shall denote by V,,(z,r) the measure of the ball, i.e.

Vu(x»r) = p(B(x,r)).

Definition 3.2.1. A metric measure space (2,d,p) is called doubling if there
exists a constant Cp > 1 such that for all x € Q and r > 0,

0 < Vy(z,2r) <CpVyu(x,r) < 0. (3.2.1)
We will now present some examples.

Example 3.2.1.
o Let Q=R", let d(x,y) = |z —y| be the Fuclidean metric, and let = L™ be
Lebesgue measure on Q. Then (R™,|.|, L") is a doubling metric measure
space with Cp =2" (see [3],[46]).

o LetQ=[-1,0]x[-1,-1]u[0,1]x {0}, let d be the Euclidean metric, and let
p=LYq+ ’H1|[0,1]X{0}, where H' is the 1-dimensional Hausdorff measure.
Then  is doubling with Cp =4 (see [3],[46]).

o Cantor sets (see [3]): Let H be a finite set having k points, k > 2, and
H” ={x=(2;)ien:x; € H}.
Let a€(0,1). Then, dy: H* x H® - [0, 00]

da(z,y) = {0’~ ey

a’, ifx;=y; for i<jand xj+y;
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is a metric in H*™. Let v be a uniformly distributed probability measure
on H. Define the measure pu on H* as the product measure of v infinitely
many times. In this case one can show that

w(B(z,a’)) = k™

and that (H*,dg, ) is a doubling metric measure space with dimension s
given by a® =k~ If k=2 and a = %, then H® is bi-Lipschitz equivalent to
the standard %—C’antor set.

e It is proved in [89], [90], and [58] that some curvature-dimension condition
on metric measure spaces implies the doubling property of the considered
measure.

Remark 3.2.1. Given x €, the function r — p(B(xz,r)) is (usually) not con-
tinuous, thus given t > 0 there does not necessarily exist a ball B(x) centred at
x such that pu(B(x)) = t. However there is a ball B(x) centred at x such that
t/Cp < w(B(x)) <t. Indeed, consider ro =sup{r:V,(xz,r) <t/Cp}. Then

Vu(z,r) <t/Cp <Vu(z,2r) <CpVy(z,r) < t.

Following the proofs of [102, Theorem 1] and [92, Theorem 1.4], we obtain
the following result:

Lemma 3.2.1. Let (2,d,u) be a doubling measure space. Then, for all bounded
subsets A c Q with u(A) >0, x € A and 0 <r < diam(A), we have

VM(J;,T) -m r "
>2 —_— 3.2.2
w(A) (dz‘am(A)) (322)
where m =logy Cp and diam(A) = sup d(z,y)>.
z,ycA

Proof. (See [102] and [31]). Let B(z,r) c A, suppose given 0 < r < diam(A), and
_ diam(A)
put m = logs (T) Then

2m
pu(A) <V (z,r)=V, (:B, 2—7:) <CHVy (x, 2%)
logs ( diam(A)

< CTDH+1V“(ZL‘,’I“) =CpC, T )V#($,T)

. log2Cp
A
SCD(dmm( )) V(o).
-

3Inequality (3.2.2) is actually equivalent to the doubling property of the measure
taking B(z,2r) as the set A.
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Finally, we have

p(A)Cp' <

(dzam(A) )ZOQQCD V#(.f 7").

Therefore

Viu(z,r) 5 2m( | r )m'
w(A) diam(A)

O]

In order to state the opposite inequality in Lemma 3.2.1 we shall need the
following definition.

Definition 3.2.2. A metric space (2, d) is called uniformly perfect (with constant
a) if it is not a singleton and if there exists a constant a > 1 such that

QN B(z;r) #@ = B(x;r) \ B(x;rfa) + &

for all x € Q and r > 0.

Figure 3.1: Definition 3.2.2

Lemma 3.2.2. Let (2,d, ) be doubling and uniformly perfect. Then there exist
constants D > 1 and k > 0, depending only on the doubling constant C'p and the
uniform perfectness constant a, such that

Vi(z,r) r\F
V:(m,R) <D (E) (3:2:3)

for all x € Q and 0 <r < R < diam(S).
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Proof. (See [38]).

By definition 3.2.2 we have that for any constant a > 1, B(x;ar) \ B(x;r)
@. We shall show that there exist constants C' > 1 and D > 1 such that for all
xeX and 0 < ar < diam(X)/2

Viu(z,Cr) > DV, (z,r). (3.2.4)
To this end, fix any 0 < o < 1. Then, if 0 < r < diam(X)/2, we have a(1 + o)r <
diam(X). Thus, by assumption,
B(z,a(1+0)r)\B(z,(1+0)r) + . (3.2.5)
Let y be a point in the annulus. It is then easy to see that
B(y,or)\B(z,r) =@, B(y,or)c B(z,(c+ap(1+0))7)

and
B(z,(c+a(l+0))r)c B(y,(c +2a(1+0))r), (3.2.6)

and so

Vi(z,(c+a(l+0))r)>2V,(z,r)+V,(y,or) (by (3.2.5))

) Vu(y, (6 +2a(1+0))r)

g

2 Vi) + G (a +2a(l+0)

g

> VM(IE,T) + Cgl (m

) Vi(z,(c+a(l+0))r) (by (3.2.6)).

This implies (3.2.3) with C =0 +a(l+0) and

my —1
o-(-e (i) )

Let 0 < p<rand 1< Ap <diam(X)/2. Let n:= [loge A] > logo A — 1. Then
C"p < diam(X)/2 and for any 0 <k <n-1,

V(z,C*1p) > DV (z,C*p).
Iterating this inequality, we obtain

V(x,Ap) 2 D"V (x,p) 2 D%V (2, p)
= D I\lec Py (g ).

O

Note that if a measure satisfies the above inequality with some constants
D >1 and k> 0, then by choosing r < DY*R in (3.2.3) we have that the space is
uniformly perfect with any constant bigger than D'/,
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Example 3.2.2.
e Q-regular spaces are uniformly perfect (see [51]).

o Connected spaces are uniformly perfect (see [46]). Geodesic metric spaces
and spaces that support a (1,p)-Poincare inequality are connected (see
[52],[45]), and therefore are uniformly perfect.

Combining Lemmas (3.2.1) and (3.2.2), the following is true in doubling uni-
formly perfect measure metric spaces: There exist positive constants cg, Cop, k,
and m (k < m) depending only on the doubling constant of measure and the
uniform perfectness constant of the space (€2,d, ) such that

comin(r®, 7™V, (x,1) < V,,(z,7) < Comax(r*,r™)V,(z,1), (3.2.7)
forall zeQ and 0 <r < oo.

Note that if diam(Q2) < oo, from (3.2.2) and (3.2.3) it follows that there exists
constants ¢;, C7 such that

™ <V, (z,7) < Cyr, (3.2.8)
for all z € and 0 <r < diam(Q).
Definition 3.2.3. Let 0 < k <m. Let (Q,d, ) be a metric measure space.
(i.) (9, d,p) will be called a (k,m)-space if (3.2.7) holds*.

(ii.) A (k,m)-space will be called uniform if there are constants c¢,C >0, such
that
cmin(r®, ™) <V, (z,7) < Cmax(r¥, ™). (3.2.9)

(iii.) A (k,m)-space will be called bounded from below if there are constants
d,D >0 such that

dmin(r*, ™) < V,(x,7) < Dmax(r®, r™)V,(z,1). (3.2.10)

From (3.2.8), we have that doubling uniformly perfect measure metric spaces
with diam(2) < co are uniform (k, m)-spaces.

Remark 3.2.2. It follows from (3.2.7) that a (k,m)-space is uniform (resp.
bounded from below) if, and only if, 0 < in{f2 Vu(z,1) < supV,(z,1) < oo, (resp.
€ e

0< in(f2 Viu(z,1)).

“In fact (see ([105])) (Q,d,u) is a (k,m)-space if, and only if, it is doubling and
uniformly perfect.
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In the rest of this chapter, we shall use the following notation:
Notation 3. Let (Q,d,u) be a (k,m)-space.
(i.) Fort>0,

R(t) = max (tm/k,tk/m) , 7(t) = max (tl/k,tl/m) :

(i.) If (Q,d, ) is uniform, we write
ko =2Cp/e
where ¢ is the same constant as in (3.2.9).
(iii.) If (2, d, 1) is bounded from below, we write
k1 =2Cp/d
where d is the same constant as in (3.2.10).

Given (2,d, 1) a (k,m) space, we associate to the measure p a new measure
it defined by
dp(x)

AE) = EV(z,1)

for any Borel set E c ().
In the following lemma we obtain some properties of the measure fi.

Lemma 3.2.3. Let (2,d, ) be a (k,m)-space. Let f e Mo(Q2). Then:
(i.) For allr >0,
. kE m -
win(rt ™ F@)dn) s [ 1)l di) (3.2.11)
k ,.m
<max(rh ™) @)l du(y)

Thus f is p-locally integrable if, and only if, f is p-locally integrable.
Moreover, (2,d, i) is a uniform (k,m)-space.

(ii.) If (2, d, 1) is uniform, then, for all measurable E c Q, we have that
i(E) = p(E).
(iii.) If (2,d, 1) is bounded from below, then for all f € L}L(Q) + L7 (€2)
fa(t) < fu(dt), (¢>0),

where d is the same constant that appears in (3.2.10).
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Proof. (i.) Using the doubling property and the fact that B(z,r) c B(y,2r)
whenever y € B(x,r), we get

o du(y) Viu(y,r) du(y)
Sy F@ldn = [ wlge s = [ 1wl

Vi(y, 1) Vi(y, 1) Vu(y,r)
sC’omaX(rk,rm)[B(% e )|Vd’é(y)) (by (3.2.7))
<CpComax(r™) [ 11y >|Vg“y2)) (by (3:2.1))
<OpComas(rh. ) s [ 1F@lan(y)
Similarly, if y € B(x,r), then B(y,r) c B(z,2r), thus
oy du(y) Vi(y,r) du(y)
/. o I = [ 1@l s - /. IO e
omin(. o) [
. m du(y)
2comin( ™) [l IO
1

€0 : k ,m
>
> e min(r",r )Vu(x,r)
Taking f =1 in (3.2.11), we obtain that (£2,d, i) is a uniform (k, m)-space.
(ii.) This is obvious.
(iii.) From (3.2.10), we get

o) |f ()| dp(y).

dp(y) 1 du(y) = W)

:Uf(y) = {zeu|f (2)|>y} V(y,l) T d e |f () >y} = d

Therefore,
pr(y) <dt = fip(y) <t;

thus
fi(t) = inf {y:hp(y) <t} <inf{y:pp(y) <dt} = fu(dt).
O

We end this section by giving some examples of spaces that satisfy Definition
3.2.3.
3.2.1 Examples
Closed subsets of R" (see [50])

We denote by m, the n-dimensional Lebesgue measure on R" and by d, the
n-Euclidean distance.
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(i.) Consider F c R? = {(21,22)} defined by F = F} u Fy, where Fy = {(z1 +
D?+22 <1} and F» = {0 < 21 < 2, 29 = 0}. Let m, denote the n-
dimensional Lebesgue measure, for n = 1 distributed over the xi-axes, and
put d\ = z1dmy. Put p = mop, + \p,- Then (F,dz,p) is a (1,2)-uniform
space.

(ii.) Let F c R? be the set F'= {0 < 21 <1, 0 < x5 < 2]} where v > 1, and
dv = x}_vdmg and p = vp. Then (F,da, i) is a (1,2)-uniform space.

(iii.) (See [50, Proposition 1]) For every closed subset F' c R™ there is a measure
w with support F satisfying

p(B(z,r)) <curu(B(x,1)) and ¢ < u(B(x,1)) <ca, weF.

Thus F' is uniformly perfect, and there is a k£ > 0, depending only on ¢,
and on the uniform perfectness constant of F', such that (F,d,,u) is a
(k,n)-uniform space.

Muckenhoupt weights

A weight is a positive, locally integrable function on R™. For a given subset E of
R™, let w(E) = [pw(z)dz and |E|:= [, dz. A weight w on R" is said to belong
to the Muckenhoupt class A,, 1 <p < oo, (see [75]) if

1o\l
o], supB(ﬁflgw(m)dm)(ﬁ[B(ﬁ)’”1 dm) <oo, ifl<p<oo,
Ap T

P ﬁ Jpw(z)da

Supp ess inf g w(x) <

00, ifp=1,
(3.2.12)
where the supremum is over all balls B c R". For p = oo, we define Ay = Ui<pcoo

Ap. Given w € A, we define

1
[w]4_ =sup

Wy w(B)/BM(wXB)(x)dx

where M denotes the usual uncentred Hardy-Littlewood maxinal operator. It
is known that there is a positive dimensional constant ¢, such that [w], <
en[wly,

Given w € Ay, it follows easily from (3.2.12) that if there exists an M > 0 such
that essinfj,s ps w(z) = 0, then infyegn Vj,(2,1) = 0. Similarly, if esssupy,»p w(z) =
oo, then sup,egn Vyu(z,1) = oo,

Proposition 3.2.1. Givenw € A, andp > 1, then (R",d,,w) isa (W,pn)-
space. =
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Proof. Since w € A,, by [49, Theorem 2.3], we have that

1 ., 1 "
Ewa (x)deQ(Ewa(x)dx)

— . Therefore (see [26]), there exist constants ¢, C' > 0 such

B\ w@) (1B

for any measurable set E of the ball B. Considering in (3.2.13) E = B(z,r) c
B(z,1) = Bif r <1, or E = B(z,1) c B(z,r) = B if r > 1, and elementary
computation shows

1

where r =1+ ],

that

min (Tgwwm ) w(B(x,1)) <w(B(z,r)) < max (rzn*”w]Am p) w(B(z,1)).
]

Example 3.2.3. Suppose 1 <p<oo, -n<a<f<n(p-1), and

() 2| if |2 <1,
w, xXr) =
of lz® if Ja|> 1.

Then wq g(x) € Ap, and

(i.) If -n < B <0, then infyegn V), (z,1) = 0.

(ii.) If B =0, then supgepn Vi(z,1) < oo.
(7ii.) If 0 < B <n(p—1), then sup,gn Vy(x,1) = co.
Riemannian manifolds with nonnegative Ricci curvature (see
[106])

For an n-manifold with nonnegative Ricci curvature, it is known that
c(n)Vol(B(x,1))r < Vol(B(z,r)) <wpr"

where ¢(n) is a constant and w;, is the volume of the unit ball in R™. Thus, under
the assumption that the manifolds do not have the collapsing volume property®,
i.e. inf, Vol(B(z,1)) >0, they are (1,n)-uniform spaces.

5In this context, this condition is related with the property of having finite topological
type (see [88]).
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Carnot—Carathéodory spaces (see [38])

Let 2 be a connected smooth manifold and suppose given k£ smooth real vector
fields {X7y,..., X} on Q satisfying Hérmander’s condition of order m, that is,
these vector fields together with their commutators of order at most m span the
tangent space to €2 at each point. The control distances associated to the vector
fields are defined as follows: for x,y € Q and 0 > 0, let AC(x,y,d) denote the
collection of absolutely continuous mappings ¢ : [0,1] - Q with ¢(0) = z and
©(1) =y such that for almost every t € [0,1], ¢'(t) = Zgll a; X;(p(t)), with |a;l
< 9. Then the control metric d(z,y) from x to y is the infimum of the set of 6 > 0
such that AC(x,y,0) + @. Hormander’s condition ensures that d(z,y) < oo for
every x,y € {).

In this context, we have the following examples:

(i)

(ii.)

(iii.)

(Compact case). If X is a compact n-dimensional Carnot—Carathéodory
space with the distance associated to the vector fields and endowed with
any fixed smooth measure p with strictly positive density, then (X, d, u)
is a uniform (n,nm)-space.

(Noncompact case). Let Q = {(z,w) € C*> : Im[w] > P(x)}, where P is a
real, subharmonic, nonharmonic polynomial of degree m. Namely, €2 is an
unbounded model domain of polynomial type in C2. Then X = 9 can be
identified with C x R = {(2,t) : z € C,t € R} The basic (0,1) Levi vector
field is then Z = 0/0% - i(OP/0%)(0/0t), and we write Z = X +iXo. The
real vector fields { X1, X2} and their commutators of orders < m span the
tangent space at each point. If we endow C x R with Lebesgue measure,
then X = C xR is a (4, m + 2)-space.

(Noncompact case). Let G be a connected Lie group and fix a left invariant
Haar measure p on G. We assume that G has polynomial volume growth,
that is, if U is a compact neighbourhood of the identity element e of G, then
there is a constant C' > 0 such that p(U™) <n® for all n € N. Then there is
a nonnegative integer no, such that u(U™) ~ n"™= as n - oo. Let X1,..., X,
be left invariant vector fields on G that satisfy Hérmander’s condition, that
is, they together with their successive Lie brackets [ X;,, [ Xi,, [..., X, ]. .. ]
span the tangent space of GG at every point of G. Let d be the associated
control metric. Then this metric is left invariant and compatible with
the topology on G and there is an ng € N, independent of x, such that
w(B(x,r)) ~r™ when 0 <r <1, and u(B(z,r)) ~ r"™ when r > 1. From
this, it follows that (G,d,p) is a uniform (min{ng,ne }, max{ng,ne })-
space.

3.3 Symmetrization inequalities for moduli
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of continuity

Our first result in this section is to obtain embedding results for Besov spaces
built on doubling measure spaces. This will be possible only if our space does
not have the collapsing volume property.

Theorem 4. Let (Q,d, ) ‘be a doubling metric space. Let X be a rearrangement
invariant space with 1/p > Bx. Assume that the following embedding holds

B;’q(Q) c X.
Then 2 does not have the collapsing volume property, i.e.

inf V,(z,1) > 0. (3.3.1)
TE

In particular, B;vq(Q) c ij’q(Q) for some p* > p implies (3.3.1).

Proof. We claim that the conditions on the indices imply that for 1/p > & > BX
and t sufficiently small

tr 1 g
< v Pxe, (3.3.2)
ox(t)
Indeed, suppose s,t > 0. Then
ti/p ti/p t ti/p
_ (PX(S ) < MX(S)

px (1) wx(st) ox(t) ~ ox(st)
and hence for s = 1/t we get
t1/p v
<
ex(t)  ex(1)

Let 1/p>e > By. Then (see Lemma 2.2.1) for ¢ sufficiently small,

MX(%)'

t1/p ti/p 1
< Mx (-
@ o )
H/p 1\Bx+e
S
px (1) \t

5 Px~<

ox (1)’

as we wanted to see.
For a fixed zq € 2, we define the Lipschitz function

(2-d(z0,y)) ifyeB(xo,2) \ B(zo,1)
iy (4) = I if y ¢ B(ro, 1)
0 if y e Q N\ B(xo,2).
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It is easily seen that
920 (Y) = XB(x0,2) (¥)
is a generalized gradient, i.e.

[ty () = vy ()] < A, Y) |9 (%) + G (V)] - (3.3.3)

By Fubini’s theorem,

Ey(uteg 11 <2 [ fusg (@) dp@) + 2" [ f - hug )P dis(y)dp(x) (334

<2 fug, [} +2” [ s )P ( s mdu(@) an(y)

< sy [

the last estimate following from the doubling property of u and since
B(y,t) c B(z,2t) whenever z € B(y,1t).
By (3.3.3) and using a similar argument as in (3.3.4), we get

BCuaont) = [ (£, 1o @) =0 ) du@)) ) (335)
< [ () 0 gy (@) + g2 (0P di()) i)
<t([lon@Pdu@)+ [ f  laa@F du@)dn))

<17 || gao 1 -
Thus, combining (3.3.4) and (3.3.5) with the doubling property, we get
Ep(uag,t) < min( (|t |, ¢ gz, )
< min(V}, (20, 2)/7, tV, (20,2)"/7)
<min(1, )V, (2o, 1)7.
Therefore
1
Huxo ”Bz’q(ﬂ) = Vu($07 1) e,
Since
Juaoll x 2 @x (Vi(2o,1))
by hypothesis, we have that
1 < vu(x()a 1)1/]9 .
px (Vu(zo,1))

If infyeq Vi(x,1) = 0, we can select a sequence V,(zp,1) - 0. Thus, for n big
enough, (3.3.6) and (3.3.2) imply

(3.3.6)

-
1<V (2n, 1) 77X 72,

which is impossible since % - EX —-e>0. O
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Recall that our aim is to obtain embedding results for Besov spaces built on
doubling measure spaces. Therefore, in view of Theorem 2, it is reasonable to
assume that € is uniformly perfect (since Q-regular spaces are uniformly perfect).
Moreover, if we make an additional hypothesis (e.g. € supports a (1, p)-Poincaré
inequality or 2 is geodesic), then € is connected and therefore uniformly per-
fect. Taking into account these considerations and the previous theorem, our
framework in what follows will be a (k,m)-space uniformly or bounded from
below.

In order to simplify the notation, throughout what follows we will assume
that ©(€2) = oo, since all the results that we obtain can be immediately adapted
to the case of finite measure.

3.3.1 Pointwise estimates for the rearrangement
For f ¢ Lb(Q) + L7 (2) and X an r.i. space on 2, we define:

(i) The gradient at scale r
(VD@ ~f, @ -Flauw.  (>0).

(ii.) The X-modulus of continuity Ex : (0,00) x X — [0, 00),
Ex(f,r)=[(Vif)lx-

Remark 3.3.1. If X = L,’i, by Holder’s inequality,
g pd 1/p
1=y 10 - r0100) )
) = ([ (f, 1@ = 10 dn(w) ) du)

1/p
= p(f7 ’I")
where Ey(f,r) is the L},-modulus of smoothness defined in (3.1.1).

The aim of this section is to obtain pointwise estimates for the oscillation
O, (f,t) in terms of the functional Ex (f,t) (see [55],[61] for some related results).
The next lemma will be useful in what follows.

Lemma 3.3.1. Let f € LL(Q) + L7 (Q). Let x € Q and t >0 be such that there is
a ball Bi(x) centred at x with pu(By(x)) =t. Then

F2) = £ (8 < QP (42),
where

@N@ =7 [, 7@~ F)ldut)
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Proof. Since

[F(@)XB@) (W) <1 (@) = F(W)IXB.(2) (W) + [ (W)IXB @) (W),

integrating with respect to du(y) yields that
f@les [ @ - FWldu) + [ 1f @)
< [ @ = 1@+ [ fi(s)ds oy (21.2),

Now integrating with respect to du(z) over a subset E c Q with u(E) =t/2, we
get

Jlf@lau@ < 5 [ 1@ - rdatdut + [ 1 ([ fids) duto)
/(5”]” (x)dp( x)+—[ [ (s)ds
By (2.1.3), taking the supremum over all such sets E, we obtain
/2 /2 . .
[ rass [T [ s

or equivalently

Fir()2) = £ () < (81 1), (t/2).

O
Theorem 5. Let f € Lt W (2) + L7 (Q). Let X be an r.i. space on Q.
(i.) If (Q,d, ) is uniform, then for all t >0,
1 R(Kot)
@) f,t = EX f,T’ Kot)). 3.3.7

(ii.) If (2, d, 1) is bounded form below, then for all t >0,

1 R(/ﬂt)

E—qu(/ﬁt) Ex(f,r(k1t)).

O (f,t) <

Proof. (i.) Given z €  and t > 0, by Remark 9 there is a ball B(x) centred at
x such that t/Cp < u(B(z)) <t. We denote by z the measure of this ball, i.e.
(B (x)) = z, with t/Cp < z <t. From (3.2.9) it follows that

{ p(B.(x)) <t < Vi(z, (te)™) < C (t)e)™ ift<c,
w(B.(z)) <t <V (z, (t/e)'/F) < C (t)e)™* ift>e,
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ie.

p(B.(z)) <t <V, (z,r(t/c)) <CR(t/c). (3.3.8)
Obviously, B,(z) c B (z,r (t/c)), and thus

1
@D @)= [, @)= dut)

Cp
S—;-B@mWQJfQO—f@Ndu@)
< ccp ) (@)~ F@)lduly)  (by (338))

t B(z,r(t/c))
R(t/c
=CCp (/)( o) (@)

Taking rearrangements, we get

@) () < cop™ D (gr 1) (), 550,

which implies

o R(t/c) o

B ©

(B 1), () S COP== = (Tl f) (). 5>0.
On the other hand,

(g ), ) <5 ( o (ex o (), )

= ¢X—(5) |7 sy oy 220)

¢X(s) H( r(t/c)f)H (by (2.2.8))

1
= oy P )

Combining this inequality and Lemma 3.3.1, we obtain

R(t/ec)

S I2) = £ () < (L)} (212) < COp s

Ex(f,T(t/C)).

By Remark 2.1.1, we get

z s *(212) - X (z/2
f;*(z/Q)_f;*(z):/;/Q(f;*(s)_f;(s))d?2 f,u, ( / )2 fll( / )

In summary,

R(t/c)
t¢X(Z/2)
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Finally, using that ¢t/Cp < z < t, we get

t t z z
EO# (f, E) < 50# (f, 5) (by Remark 2.1.1)
z/2  R(t/c)
ox(2/2) t
R (tfc) ince >
¢X(t/2)EX(fﬂ"(t/C)) (s ox(s)
¢x(2t/c) \ R(t/c) Ex(f,r(t/c))
sAcen ( ¢X<t/2>) ox (/<)
R(t/c) Ex(f,r(t/c))
¢x(t/c) ’

<2CCp

Ex(f,r(t/c)) (by (3.3.9))

<4CCp

increases)

=4CCpMx(2/c)

which implies (3.3.7).

(ii.) By Lemma 3.2.3, we get L,,(Q) + L;?(Q) ¢ Li(Q) + L () since fi is
doubling. By Remark 9, given x € Q and ¢ > 0, there is a ball B,(x) centred at x
such that t/Cp < ji(B,(z)) = z <t. Then

i Cp B u(y)
EN@ <L [ @ -l
<opp™UDL @) - W) by (2.12)
=CpD—— R(t/d) (72 ) @)

Taking rearrangements with respect to ji, we have that for all s >0

(5£Lf) (5) <CpD——= (t/d) ( f(t/d)f); (5)

<CpD———+= (t/d) ( f(t/d)f); (sd) (by Lemma 3.2.3).

Hence,
(20 () == [ (021); iy
<Con™0 L [ (),
ZCDDR(i/d)id " (vr(é) )M(y)dy
=CpD (t/d)( T(t/d)f) (sd).
and

(Ve ). (s) < @js S (r(1/d).

42



3.4. SOBOLEV-BESOV EMBEDDING

Thus,

R(t/d)

tox (zdj2) DXt A)-

fi (212) = 57 (2) < DCp

Now we finish the proof as in part (i). O

3.4 A Sobolev type embedding result for
Besov spaces

Definition 3.4.1. Let (Q,d,pu) be a (k,m)-space. Let X be a r.i. space on )
and let'Y be an r.i. space on [0, 00) over [0, c0) with respect to Lebesgue measure.
Let 0 < s < 1. The Besov space B(Sk m) .y (82) is the set of those functions in

1 oo . .
L, (Q) + L7 (Q2) for which the semi-norm

r(t) " Ex(f,r(t))
oy (1)

111 '

k',m),X,Y(Q) - v

is finite.

Remark 3.4.1. We write éfkm)pq(Q) if X = LE,(Q) and Y = LI([0,00))

(1<p<oo, 1<q< o). In this case ¢y (t) =9, thus if 1 < q < oo,

Ey(f,r(t))
(r ()"t ]l

) foo (Ep(f, max (tl/k’tl/m)))q @)l/q
0

max(tl/k7t1/m)s P

~ 1(FE (f7t1/m) <t -~ E(f,tl/k) g 1/q

(S e L (P
(D), e (B )T

/0 ts t +/1 s M

_ = (Ey(f.t) T at 1/a

([ (Eny e

B, (Q)c Bl mypa(Q)-

(by Remark 3.5.1)

3s <
15 @

12

Therefore,

Similarly,

B . (Q) c égk,m) Q).

’p?oo(
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3.4.1 Some new function spaces

Following [59], we shall now construct the range spaces for our generalized Besov—
Sobolev embedding theorem.

Definition 3.4.2. Let (2,d, ) be a (k,m)-space. Given s € R, we define

mln (t]' m+s tl_k+s)

vs(t) =
R(t) (t)°
and )
ox(t
'Us(t) O (f) <o,

(Z)Y(t) : Y
where ¢x is the fundamental function of X, an r.i. space on Q, andY is an r.i.
space on [0, 00) with respect to Lebesgue measure.

XY _ . _
S5 00 = {1 Wlges ) -

Note that these spaces are not necessarily linear and, in particular, |.|| S5 (40,)
m S

is not necessarily a norm.
Given an r.i. space X, we shall say that Y satisfies the Q(s, (k,m),X)-
condition if there exists a constant C' > 0 such that

ox(t) (t )¢X(t)
oy (1) oy (1)
The following lemmas will be useful in what follows. A consequence of our

first lemma is that if Y satisfies the Q(s, (k, m), X )-condition, then Sﬁ(’y(vs) is
a Banach space.

vs(t) SCU

Lemma 3.4.1. Let X,Y be two r.i. spaces. If Y satisfies the Q(s,(k,m),X)-
condition, then for all f;(c0) =0,

dx(t)
oy ()"

with constants of equivalence independent of f.

* %

vs(1) ==-3

[ Flsx> o) : (3.4.1)

Proof. Obviously,

Pdx(t)
Py (1)

ox(t)
oy (t)"*

* %

<

vs(t) vs(t)

—w and the Fundamental Theorem of Cal-

d pxx*
Conversely, from = f,*(t) =
culus, we have

oo ds
= [T 50) 2= £) M.
and the result follows by the Q(s, (k,m), X)-condition. O
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3.4. SOBOLEV-BESOV EMBEDDING

The next result gives a useful criterion for checking the validity of a
Q(s, (k,m), X)-condition.

Lemma 3.4.2. Let X,Y be two r.7. spaces. Suppose that

fl‘x’t’”T”-lhy(ut)MXa/t)MY(t)% < o0 (3.4.2)
Then Y satisfies the Q(s, (k,m), X)-condition.

Proof. Let us write v := v. We have

Ox() ey = [T o) 2XD pay _ (7 25D ppy 9T
AT G IO = [T Si@T = [0S
ox(at) o) | ox() - ov(at)de

AR UG berer B ezt omeery e o)

¢X(SU75) v(t)

- [ vt S sup SO 1)1y )
Applying Minkowski’s inequality, we obtain
qu(t) > ¢x (xt) v(t)
05 A e v R e A R
> v(t) ox (1)
< [ (s o @ s 250
Finally, an elementary computation shows that if > 1, then
v(t) _ e
S}E(I)) v(tz) N '
O

Remark 3.4.2. In terms of indices, it is easy to see that (3.4.2) is equivalent to

the inequality
m+s

k

Moreover, if ¢x(t)/dy(t) is equivalent to an increasing function, then start-

ing from @, () () S QI (1) < € i G m) () E5E ()22 and following the
same steps as in the proof of the previous lemma, we see that

°°m+s dt
t & h ()
fl v ) =

implies that Y satisfies the Q(s, (k,m), X)-condition.

—1<gY—BY+§X.

In the particular case that Y = LY we can obtain a more specific result.
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Lemma 3.4.3. Let X be an r.i. space. Let s € (0,1) and suppose q > 1. Let
v(t) = os()t Y x (t). Then the following statements are equivalent.

7,) m+s 1< BX

i) Lq satisfies the Q(s, (k,m), X)-condition.

i) If f*(o0) =0,

o) (770 = £ @) =l -

Proof. (i) — (ii) Since ay = By = é, Remark 3.4.2 applies. ii) — iii) follows

from Lemma 3.4.1. To conclude the proof, we show iii) — i): By Fubini we
readily see that (we need f; (o) =0, otherwise Qf, does not exist)

Qfi=QoPfr=Qfi+Pfi=PoQfr=(Qf)"
Thus »
(QF)7 (1) =Qfi(t) = Pfi(t) = £ (1). (3.4.3)

Consider now the r.i. space H defined by the norm
[l = @ £ O]

Then, by condition iii),

o1 () = [xton ;= [0 (x5 () = Xforn D) 1y

=r (/T v(t)th)l/q.

On the other hand, since ¢x is increasing and ¢s(t)/t is decreasing,

[T = [T (e Tox o) S
2/ ¢X(t)q(%—(t)) %

> ox (r)q(M) .

2r

Similarly, since ¢x (t)/t is decreasing,

fr ( J(OF 1/q¢X(t))q dt ¢XT(T) q[roo%(t)q%
(SO [~ e
B qbXT(,r) q-/roo(tl_mﬂ)q cit
= 9x(r) q(rl_mkﬂ)q (since k <m).
,
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Thus, if r> 1,

m+s

o (r) =~ ox(r)r' "k

and

b (1-75) o,

Finally, since

71 = JoU(QA)™ - QpE )], oy (3:43))
N Hv(t) Q)™ (1) g (by condition iii))
= HQf; H>

it follows that () : H -~ H is bounded, which implies that S 7> 0 thus

§X>m]:s—1.

O]

From Theorem 5 we get immediately the following generalization of the
Sobolev embedding theorem for Besov spaces.

Theorem 6. Let (2, d, 1) be a (k,m)-space, X,Y r.i. spaces, and 0 < s < 1.
Then

(i.) If (,d, n) is uniform,

é(sk,m),X,Y(Q) c S}f’y(vs)-

Moreover if Y satisfies the Q(s, (k,m), X)-condition, then for all f;(oo) =
0,
Px(t) pux

w2 (t)HY <Ufls, o

(ii.) If (Q,d, ) is bounded from below,
éfk,m,x,y(ﬂ) c Sﬁf’y(vs).

Moreover if Y satisfies the Q(s, (k,m), X)-condition, then for all fg(oo) =
0,
ox (1)

vs() Py (1)

fa (@)

< o .
P
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Proof. (i.) Let f € L}L(Q) + L7 (). Then from (3.3.7) we know that there is a
constant x > 0 such that

1 R (Hot)

Ou (1) % 1y T s

Ex(f,r(kot)), t>0
Thus,

ox(t) 1 R(not) o
RO v (8) ot o oty X (0|
R (kot) 7(kot) ¢x (t)gy (kot) 1 r(kot)™®
H R(t)r(t)*  ox(rot)dy (1) ko ¢Y(Hot)EX(f’T(KOt))
< su (R(Fuot)r(fiot) ¢x () Py (rot) i) r(kot) "
T\ TR ox(mob)oy (1) mo ) | by (rat)

(t)

(k,m), X, y ()"

e o |

Y

Ex(f,r(rot))

Y

< hy (1/ro) |-

<[ £l 4

Ex(f,r(t))

Y
Part (ii) is analogous. O

3.5 Uncertainty type inequalities

The purpose of this section is to extend the generalized uncertainty Sobolev
inequalities obtained in [66] to the context of Besov spaces.

Definition 3.5.1. Let (2,d, ) be a (k,m)-space, X,Y r.i. spaces, and 0 < s < 1.
We will say that a p-measurable function w: Q) — (0,00) is an (s, (k,m),X,Y)-
admissible weight if

o ap(():0) s )=

@)

Theorem 7. Let (2,d, 1) be a uniform (k,m)-space, let X,Y be r.i. spaces,
suppose 0 < s < 1, and let w be an (s,(k,m),X,Y)-admissible weight. Assume
that Y satisfies the Q(s, (k,m), X)-condition. Let o> 0. Then for all f € LL(Q)+
L7 () such that f,;(c0) =0, we have that

e} o
[ £y = [w]> T 1F] 3
(k,m

P @ ™ FIE (3.5.1)
k XY

48
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Proof. Since f;(o0) = 0, by the Fundamental Theorem of Calculus and (3.3.7),
we get

= [TUre - Re) (352

"L g (fr(ros)

<

h ft koS ¢x (Kos)

w S
Iy = (%),
()l
w Y
1 S
(%)
w Y
Now we estimate the first term:

(Y, o (2, o) 0t

< [w] || £ (E)vs(2)

Then

w

f (a)S X{ws>rt/s)

+

1(5) xtusna],
7(5) e

+r7 0 w™ fly

<

Y

<r

Y

<r

Y

Py (t)

ox(t )

oy () |ly

éx(t) = 1 R(kos)

< [w] vs(t)(t)¢y(t) ¢ Kos dx(Kos)

r(t)Ex(f,r(t))
oy (1)

<[wllflgy @

<[w]||fa”

——bx (fvT(WOS))_ (by (3.5.2))

Y

(by the Q(s, (k,m), X ) — condition)

Y

In summary, we have proved that there is an absolute constant A > 0 such

that
| fly < Alw]r | flgs oy w fly (3.5.3)
(k,m),X Y( )
1
mefHY

1+a
Selecting the value r = (2 AT ) to compute (3.5.3) balances
Ble,my, x,v )

the two terms and we obtain the multiplicative inequality (3.5.1). O

Remark 3.5.1. The connection with the notion of isoperimetric weight intro-
duced in [66] is the following: consider the case (R™,|-|,L"). Obviously, it is a
uniform (k,m)-space with k =m = % Let X =Y =L9. Then

o= (), 0) ) = (((2),0) )
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Thus w is admissible if, and only if, % € L™ (i.e. w is an isoperimetric weight).
Leta>0,1<g< o0, and 0< s <1 with s <n/q. By Remark 3.4.2, LY satisfies
the Q(s, (%, %),Lq)—condition. Then by Theorem 7, zf% e L™,

£l < @6[w)TT | FIET asng;%

B@ (Rn

where é;q(R”) is the classical Euclidean Besov space.

3.6 Embedding into BMO and essential
continuity

Definition 3.6.1. Let f: Q) — R be a locally integrable function on . Then f
is said to have bounded mean oscillation (written f € BMO) if the seminorm is
given by

| £l a0, () = sup {Ji \f = /Bl dﬂ} < oo

Here B denotes any ball of €.
Theorem 8. Let (Q2,d,p) be a uniform (k,m)-space. Then

R(t)
1 £l Brio,. ) = sup mEx(f,T(t))

Proof. Let B:= B(x) be a ball centred at x. Since (£, d, i) is a uniform (k,m)-
space, we have that

u(B) < u(B(x,r(u(B)/e)) < CR(u(B)/c).

Then

1= [ [ro £, 1| duw)

£ ([, F® = F@ldu()) dutr)
o Soonimyny @) = T dn(s)dnCy)

R(u(B)/c)
<ol [ ({B(W(B) BNIOE FW)ldi(s)) du(y)

R(M(B)/C)
< C—(B)
R(u(B)/e)
= ox(u(BY)

Ex(f, (by (2.2.4))

Ex(f,r(u(B)[c)).

20
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Using this estimate and Remark 3.2.1, we get

a0, =sunf, |10 ~ £, F)ducs)

“ R(u(B)/c) . .
SM(]_E)CM(B)QbX(M(B))EX(f’ (u(B)/c))

R(u(B)/c)
Ssup < CBax tfepy X r(uB)/e)

R(t/c) R(t)
b S X(f7r(t/c))—suPt¢ 0

du(y)

Ex(f,r(t)).

3.6.1 Essential continuity

Theorem 9. Let (Q,d,n) be a uniform (k,m)-space. Let X be an r.i. space on
Q. Now suppose f € LL(Q) + L7 (2) satisfies

o R(t) dt
b i Ex G <o

Then f is u-locally essentially continuous.

Proof. If f >0, Theorem 5 implies
" . 1 R(kot
B0 = FE O = 170 = £5(0) < o S R B ().
If f is bounded from below and ¢ = inf(f), then f - ¢ >0, and therefore

0 (=) (1) s OB B (=)
< 1 R(Klot)

h Kuot ¢X(H t)

Ex (f,r(kot))-

By Proposition 2.1.1 (ix),
@ - @) = (F=e)n" (@) = (f =), (1),

and thus

FHO =1 ) < s L B (o).

Let f ¢ L}L(Q) + L7 (), and let B be a ball. Given n € N, we consider f, =
max(fxp,-n). Since f, is bounded from below, we get

1 R(Kot)
(fn):fﬁ (t) - (fn)ﬁr (t) t bx ( t)

< - 1 R(Kot)
Kot ¢x (Kot)

Ex (fn,r(rot))

Ex(f,r(kot))-

o1
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Let 0 < a < p(B). By the Fundamental Theorem of Calculus,

u(B) w(B)
L5 i O-or @) F = [ e [T G @

Since f,(2) = fxB(2) p-a.e. and |f,| <|fxB|, we have

st o s [ 07 0= ()
(7 23 g @i s [ (o

Letting a - 0, we get

m(B) 1 R(kot)
(o) )= (o) ) = [ = HO B (o T

ku(B) R (t)
<[ ¢X(t)EX<f,r<t>>7

By (2.1.1),

(B)
esssup fxp — % H (fXB);zr (t)dt

. rou(B) R (t) dt
_,[o tqu(t)EX(f’T(t))?‘

Similarly, considering — fxp instead of fxp, we obtain

ﬁ fOM(B) (—fXB)f (s)ds —essinf(fxp)

ron(B) R (t) dt
<[ e Ex T

Since fxp and —fxp are both supported on B, we have that

n(B)
[ xexg yas= [ g ana ["7 pxent (s)as = [ san
Adding these results, we have that for y-almost every z,y € B

|[f (@) - f(y)| < esssup(fxB) —essinf(fxp)

won(B) R (t) dt
szfo (PO

and p-locally essentially continuity follows. O
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3.7 Sobolev type embeddings for
homogeneous Besov spaces

In this section we going to consider in detail Sobolev type embeddings for the
homogeneous Besov spaces B, ,(£2) where 0 <p < 00, 0 < ¢ < o0.
First of all, note that an elementary computation shows (see Remark 3.4.1)

that
(fo (Epfl.{;)”gt)))q cit) /q7 0<q<oo,

Wl5,@ ) supr(t) " Ey(Fir(1)),  q=oo.
>0

In case 1 < p < o0 and 1 £ ¢ < oo, our results will be a consequence of the
theory developed in the previous sections. However, for 0 < p,q < 1, L, (Q) and
L9([0,00)) are not Banach spaces, thus the previous theory cannot be applied.

Lemma 3.7.1. Let 0<p<1. Let f € Lj,(Q) + L7 (). Then:

1. If (,d, ) is uniform, then for all t >0 we have that

R(Kot)
(rot)”

2. If (Q,d, 1) is bounded from below, then for all t >0 we have that

Ou(If1” 1) =

Ep(f, kot)"-

D R(Iilt)
O; t) <
(IfF,1) < (a1

Ep(f,r(kat))".

Proof. Let B = B(x) be a ball centred at z. Since 0 < p <1, we have that

lf (@)X B (W) <|f(@) = FW)PXBE) (W) + 1f (WP XB@) (9)-

Integrating with respect to du(y), we have that
F@PuBY< [ 7@ = JPdut) + [ 17@)Pdu()
B),
< [ i@ = @rau) + [ A0y s (o (21.3)

Now integrating with respect to du(x) over a subset E c Q with pu(E) = u(B)/2,
we get

Jlr@ras [f - soPatin « [ [ ) i)

: [ﬂ]if(z) [f (@) = ()P dp(y)du(e) + % fou(B) £ (s)ds
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By (2.2.2), taking the supremum over all such sets E, we obtain

[ as< [ 1i@-ropamaneg [ G s

Equivalently,
¥4 ** V4 *% ]- V4
(50 GuBY2) = Uy B < s [, 15) = F@)P ()

Now (i) and (ii) follow in the same way as Theorem 5. O

Definition 3.7.1. Suppose 0 < p < 00 and 0 < ¢ < co and let v be a weight on
(0,00). The space S5 (v) is the collection of all u-measurable functions such that
Hf”squ(v) < oo, where

oo q 1/
g = ([, 0ulst P oioyie)

Remark 3.7.1. For p =1 the spaces SV4(v) were introduced in [14]. Note that
if1<p<ooandl<q<oo, then

L L9 _ ol
Sy (vs) = Suq(vs).

Corollary 10. Let (Q,d,pu) be a (k,m)-space. Let 0 < s <1 and 0 < p < oo,
0<qg<oo. Let

e

q
1 _m+smin(l,p) 1 _k+smin(1,p) min(1,p) 1
'U(t) = min (t1+max(1,p) k ’t1+max(l,p) m ) P

Then:
(i.) If (,d, ) is uniform, then
BS ,(Q) c Spinbrha(y),
(i.) If (Q,d, ) is bounded from below, then
B, (Q) c sentPhi(y),

Proof. Part (i.) In the case 1 < p < oo the proof given in Theorem 6 works. In
case 0 < p <1, then from Lemma 3.7.1 it follows that

12 o 2\ (ko) By (f.r (sot))
(oot o) < H

and the result is obtained by taking L7([0, 00))-(quasi) norms on both sides.
Part (ii) can be proved in the same way. O
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The following lemma will be useful in what follows.

Lemma 3.7.2. (see [5, Lemma 5.4]). Let 1 < q < oo, and suppose that (w,v) is
a pair of weights satisfying the following condition: there exists C' > 0 such that

forall0<t<1,
- (a-1)/q
t 1/q 1 =
([0 w(s)ds) ([ v(s)qq : ds) <C.
t a—1

sa-1

Then

(f srcomen) " <( [ G- o)

+<f01w(s)ds)1/qfolf;(t)ds.

Lemma 3.7.3. Let 0<q<1 and b >0, then

1/q

(/Oltbf;*(t)q%)l/qﬁ(foltb(f;*(t)_f;(t))q%) +f;*(1).

Proof. We integrate by parts and obtain

A (A O U S S CL PO fu(t))

1
b
%[tbf**(t)q q[ () - fr0) L (Sinceq<1).

Now X
b pxx *o% . b px*
[ f* (0], = £ ()7 T 27 ().
To finish the proof we need to show that the previous limit is finite. This is

obvious if f;*(0) < co. If f7%(0) = oo, taking into account that t( (1) - f;(t))
is increasing, we get

- ([ )"

IN

([tl g4 (f;*(s) - f;(s))q Sb_l_q)l/q
) (/tl ( o (s) - fu(s))q ds)l/q'

If £ < 1/2, then

1/ 1
(fl sb_l_q) ! > (f2t sb_l_q) ! ~ /971 if 2 g,
t t
1 /g 2t 1\1/4
(/ sb_l_q) 2([ 1) ~1, ifb=gq.
t t s
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Thus /
1 d 1/q
(- f)< ([ e - ) T)
Finally, by L’Hopital’s rule,
TR At () B ¢l () B A OO VL
L #9197 () = lim =12 = Jimm “_gt_b/q’_ﬁ
() = () R L g ds\e
e s T)

Lemma 3.7.4. Given a <b< oo, we define

min (%, t*)

u(t) = "

1 00 ; * —
Let 0 <g< oo and f € L,(Q)+ Ly (Q), with f;(c0) =0. Then
(i.) If 0 <a < b< oo, then
o0 *% 1/q
lgpo = ([ g @) .

(ii.) If a <0, then
1 * 5% t q dt M < * 5% 1
(A J,u, ( ) U( ) ) = Hf”S!lt’q(fu) .)p, ( )

(iti.) If b=0 and g > 1, then

oo f;*(t)q th 1/q -
L) ) = Wl a0
(iv.) If b=0 and ¢<1 or b<0 and 0 < g < oo, then

[floe = 1 F N graqey + £o" (1)-

Proof. (i.) By [14, Corollary 4.3.] we only need to check that

forv(t)dtﬁrq/m@dt, r>0.

4
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Pick 0 < e < a. Then

r a— t
fo v(t)dt=/ min (¢, t* 5)—<m1n b E)[ e

<min(r?,r ) <min(r?, rb)—q
,

2r dt 2r dt
: a .by,.q q
<min(r?,r")r [r o <r fr v(t)—sq

< rq_[oo v(t)dt
vt
(ii.) By Lemma 3.7.3,

([ b H(t)th) (/ £0,(f.1)" dt)/ CE).
(iii.) By Lemma 3.7.2 with w(t) = (1+ L )q% and v(t) = %, we get

()

(fo (1+1n(z) ) ) ([0 ™) s )

< Hstivq(U) + f;*(l)

o (1) T 1/q N - 1 g 1/q y
U (Em) 7)ol () 7) v

(iv.) If b=0 and ¢ =1, then

and

1
£l = 57 = [ 0505 + 52 (1) €1l gpagy + 57 (D).

If0<g<1,let 0<r<1. Then

L O,(f,t) d
-7 = [ oury —f;*( >1qf f((—f)”{ (37.1)
L O,

fit) dt
oINS [ OH(f, )1 “t

-t [ ounad
v
<a-ofr e o [ ourors)” (3.72)

thus

/g
ot <al [0 ) g )
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CHAPTER 3. AN EMBEDDING THEOREM FOR BESOV SPACES

which implies

(1)
+

1 1/q
Il =7 <( f o#(f,t)q%) N

Ifb<0and 1<qg< oo, then

-5 = [ ourn®

([ wourorF) " (f e )
5([0 (tbO (f,t))q dt)l/q'

Ifb<0and 0<g<1, then

* % ** 1 dt
-5 = [Lorn® < [Trorn®
and we finish the proof in the same way as in (3.7.1). O

Now we are ready to establish our Sobolev embedding theorem for homoge-
neous Besov spaces B;,q( ). Motivated by the classical theory, we will distinguish
three cases: The subcritical case, when there is an embedding into a Lorentz type
space; the critical case, when B;q(Q) is embedded into a logarithmic Lorentz
space; and the supercritical case, when the Besov space is embedded into L.

Theorem 11. Let (2, d, 1) be a uniform (k,m)-space. Let 0 <s<1, 0<p< oo,
0<g<ooand f € Lﬁm(l’p)(ﬂ) + L7 (Q), with (|f|min(1’p)) (00) =0. Then:
w
1. Subcritical case:

a) Ifsmin(l,p)<k(1+max(1p)) m, then

||fHLg’f1(Q)+L§’q(Q) = Hf”l?z,q(ﬂ)’

where
min(1,p) . 1 _ k+smin(1,p)
o) 7 max(1,p) m ’
and
min(1,p) 1+ 1 _ m+smin(1,p)
g max(l,p) k '
b) If k(1+ max(l p)) m < smin(1,p) <m(1l+ max(l p)) k, then

f & f**(t))”t 1l oy * 1l (3.7.3)
0 Bs ,(9) LymP @)ipe () V0

Here,
min(1,p) 1+ 1 m + smin(1,p)
o 7 max(1,p) k '
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3.7. SOBOLEV TYPE EMBEDDINGS

2. Critical case:

If smin(1,p) = m(1 + max(1p)) k, then

a) If > 1, we get

1
[ ) <l o o
o \Trm@) ) W@+ Hlymen@uzo

b) If0<q<1, we get

HfHoo = HfHB;S;,q(Q) + ”f”LTin(l’p)(Q)-#Lz"(Q) .

3. Supercritical case:

If smin(1,p) > m(1 + max(lp)) k, then

Hf”oo = Hf”Bf),q(Q) + ||f||Lz]in(1’p)(Q)+Lz°(Q) .

s
\Y
- HOR
Supercritical O
A '
- - -
- - -
-
- -~ g X ‘d\b\
- e
- %\)‘OG‘X
Subcritical a)
— l
p

Figure 3.2: Theorem 11.

Proof. The proof follows from Lemma 3.7.4. We will employ (3.7.3) if 0 < p < 1.

Then
m+sp 2_@ )% ]_
t

v(t) = min (t2_ ,t

with 2 - % <0. Now by Lemma 3.7.4, applied to |f|" and q/p, we have that

1/1 t q/p _k+sp\a rla -
(‘/0\ (;A f;(S)pdS) t(2 m )P?t) < “|f|p||sivq/P(v) + (|f|p)u (1)
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Obviously

([01 (f;(S)t(Q_IH"fP);)q dt)p/q g (]0-1 (% ‘/Otf;(s)pds)q/pt@_k:nsp)g%)p/q.

Since

00 q plq
15y = ([ Oul 003 0(0)dt) " = 11,
p
< Hf”lé’f;,q(ﬂ) (by Corollary 10),

we have that

(L (0 )™ <1, -y )

and thus

(L f;<3)t<2—m”>;)th)” "1l o+ (P (1)
=11, 0 + 1 cpos ey -
All the other cases can be proved in the same way. ]
With the same proof as that of Theorem 11, we obtain the following theorem.

Theorem 12. Let (2,d, ) be a (k,m)-space bounded from below. Suppose f €

1 oo . . * % * . * 5%
L”(E;Q)*Jr Ly (2). Then Theorem 11 holds, considering fﬁ and fﬂ instead of f,
and f;.

Proof. The proof is done using the arguments of Lemma 3.2.3, Theorem 5, and
Corollary 6. O

By Theorems 8, 9 and 7, we obtain

Corollary 13. Let (Q,d, ) be a uniform (k,m)-space. Then

(i.)

|l a0,y < sup 7RV EL(f,4) + sup e FIR B (£.1).
O<t<1 t>1

(i) Tf
1 )
fo tk_m(hl/p)Ep(f,t)% " /1 tm—k(1+1/p)Ep(f’ t)% < oo,

then f is p-locally essentially continuous.
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3.7. SOBOLEV TYPE EMBEDDINGS

(iii.) Let s <k(1+ ]l)) —m, and let w > 0 be such that

IR Y 1
[w] :=sup ((—) (t)) |_mts _kts\ L1_1 < 0.
>0 w/p min(t_ k ,t_M)tT’ a

Then, for all @ >0 and ¢ > 1, we have that

a o _1
110 < RLu) ™ IFIET o 0™ SIS
Now, we collect the results for the case when (£, d, 1) is Q-regular.
Theorem 14. Let (2, d, ) be Q-reqular. Let 0 <p < oo, 0 <g<oo, 0<s<1,
and f € L™ P(Q) + L (Q) with (| f|mi“<1vp>) (00) = 0. Then:
”w

(i.) Subecritical case s < % :

171 pc@agey < 11 (o)

where p(Q) = Qp/(Q — sp).

Moreover, let w >0 be such that

e {()0) )<

If 1 <p,q < oo, then for all a >0, we have that

a _a 1
a+l 1 as 1
170 < (W) IFIGT o) b FIET

(ii.) Critical case s = % :

a) If > 1, then

1/q
o i)\ at
(A (1 + hl (%) 7 = ”fHBgép(Q) + ”fHLZ]i“(l»P)(Q)_'_LZO(Q) .

b) If 0<q<1, then
e % 1515y 2y + 15 i sy

c) If p>1, we get:
1.

If Baro,. () = ”fHB,E%{}.?(Q)‘
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it. If fe ||f||BQ/1p(Q) , then f is p-locally essentially continuous.
p,
Q

(iii.) Supercritical case s> >

”f”oo = ”f”B;Sz,q(Q) + ||f||L?in(1’p)(Q)+LfL°(Q) .

w
Il
1)

T =

Figure 3.3: Theorem 14
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Chapter 4

Symmetrization inequalities for
probability metric spaces with
convex isoperimetric profile

4.1 Introduction

Let (9,d, 1) be a connected metric space equipped with a separable Borel prob-
ability measure p. The perimeter or Minkowski content of a Borel set A c € is
defined by
. Ap) - (A)
TA) =1 f“(—
A (A) = it =2
where A, = {z € Q:d(z,A) < h} is an open h-neighbourhood of A. The isoperi-
metric profile I, is defined as the pointwise maximal function I, : [0,1] —
[0, 00) such that

' (A) 2 1 (u(A4)),

holds for all Borel sets A. An isoperimetric inequality measures the relation
between the boundary measure and the measure of a set, by providing a lower
bound on I,, by some function I : [0,1] = [0, c0) which is not identically zero.

The modulus of the gradient of a Lipschitz function f on Q (briefly f €
Lip(Q)) is defined by!

. [f(z) = f(y)l
z)| = imsup —2——=~.
|Vf( )| d(x,y)—}z) d(.’B, y)

The equivalence between isoperimetric inequalities and Poincaré inequalities
was obtained by Maz’ya, whose method (see [70], [62] and [16]) shows that given

n fact one can define |V f| for functions f that are Lipschitz on every ball in (Q,d)
(cf. [7] for more details).

63
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X = X(Q) a rearrangement invariant space?, the inequality

7= [ s _<cli9silns, 1 eLin. (11.1)

holds if, and only if, there exists a constant ¢ = ¢(£2) > 0 such that for all Borel
sets A c (),

min (¢ (1(A)), 6x (1 - u(A))) < ei* (A), (4.1.2)

where ¢y (t) is the fundamental function® of X :

¢x(t) = [xalx, with p(A) =t.

Motivated by this fact, we will say (€2, d, 1) admits a concave isoperimetric es-
timator if there exists a function I : [0,1] — [0, 00) that is continuous, concave,
increasing on (0,1/2), symmetric about the point 1/2, satisfies 1(0) = 0, and
I(t) >0 on (0,1), such that

I,(t)>1(t), 0<t<1

In the recent work of Milman and Martin (see [61], [63]) it was proved that
(2,d, 1) admits a concave isoperimetric estimator I if, and only if, the following
symmetrization inequality holds,

t

1(t)

where f;*(t) = % fot [ (s)ds, and f is the non-increasing rearrangement of f with
respect to the measure p. If we apply a rearrangement invariant function norm
X on ) (see Section 2.2) to (4.1.3) we obtain Sobolev—Poincaré type estimates
of the form*

Fir @) = () < 5 IVFLS (), (f € Lip(Q) (4.1.3)

H(f;*(t) A0) MH <y
X

; % (4.1.4)
Example 4.1.1. (See [64], [65].) Let Q c R™ be a Lipschitz domain of measure 1,
X =L"(Q),1<p<n, and p* be the usual Sobolev exponent defined by }% = %—%.
Then
* % * I(t) * % *
GO -2 IO O, (115)

Lp
which follows from the fact that the isoperimetric profile is equivalent to I(t) =
comin(t,1 - )"V and from Hardy’s inequality (here LP"P is a Lorentz space
(see Section 2.2.2 )). In the case where we consider R"™ with Gaussian measure

%i.e. such that if f and g have the same distribution function then ||y = |lg]yx (see

Section 2.2).
3We can assume with no loss of generality that ¢x is concave.
4The spaces X were defined in Section 2.2.
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4.1. INTRODUCTION

Yn, and let X = LP, 1< p < oo, then (compare with [34], [23]) since I(gn g+, (t) =
t(log 1/t)'/? for t near zero, we have

(R R I (RO RVEAL)) PRRPRAY

e

where LP(logL)P/? is a Lorentz—Zygmund space (see Section 2.2.2).

In this fashion, in [61], [63], [64] and [65], Martin and Milman were able
to provide a unified framework to study the classical Sobolev inequalities and
logarithmic Sobolev inequalities. Moreover, the embeddings (4.1.4) turn out to
be the best possible in all the classical cases. However the method used in the
proof of the previous results cannot be applied with probability measures with
heavy tails, since isoperimetric estimators of such measures are non concave.

Let us illustrate this phenomenon with some examples (see [15, Propositions
4.3 and 4.4] for examples 4.1.2 and 4.1.3 and [72] for example 4.1.4).

Example 4.1.2. (a-Cauchy type law). Let o > 0. Consider the probability
measure space (R™,d,u) where d is the Euclidean distance and p is defined by
dp(z) = V-0 de with V@ R™ —» (0,00) convex. Then there exists a C >0 such
that for any measurable set A c R™

p*(A) > Cmin (u(A), 1 - p(A)) e

Example 4.1.3. (Eztended p-sub-exponential law). Let p € (0,1). Consider the
probability measure on R™ defined by du(z) = (1/Z)) e V'@ dx for some positive
convex function V : R™ — (0,00). Then there exists a C > 0 such that for any
measurable set A c R"

1 1-1/p
i (A) > Cmin (u(A), 1 - u(A)) (log min (12(A), 1 - u(A))) |

Example 4.1.4. Let (M", g, 1) be an n-dimensional weighted Riemannian man-
ifold (n > 2) that satisfies the CD(0,N) curvature condition with N < 0. Then
for every Borel set Ac (M",g),

. -1/N
p*(A) 2 Cmin (u(A), 1 - p(A)N
Motivated by these examples, we will say (£2,d, 1) admits a convex isoperi-
metric estimator if there exists a function I : [0,1] — [0, 00) that is continuous,
convex, increasing on (0,1/2), symmetric about the point 1/2, such that 7(0) =0
and I(t) >0 on (0,1), and satisfies

I,(t)>I(t), 0<t<1.
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The purpose of this chapter is to obtain symmetrization inequalities on prob-
ability metric spaces that admit a convex isoperimetric estimator which incorpo-
rate in their formulation the isoperimetric estimator and that can be applied to
provide a unified treatment of sharp Sobolev—Poincaré and Nash type inequali-
ties. Note that if I is a convex isoperimetric estimator, then

I(t) <min(¢,1-1).
Therefore (unless I(¢) ~ min (¢,1-t)), the Poincaré inequality
7= [ fau] el g e Lin@),
Q 1
never holds, which means that we cannot use |V f| € L' to deduce that f e L.

Hence a symmetrization inequality like (4.1.3) will not be possible since [ s
defined if, and only if, f e L.

min(1,1-¢) < I(¢

O
?/\\ Martin
QD and
4 Milman
& I(t)<min(1,1-1)
4 Unknown

Figure 4.1: Isoperimetric profile

This chapter is organized as follows. In Section 4.2 we obtain symmetrization
inequalities which incorporate in their formulation the isoperimetric convex esti-
mator. In Section 4.3 we use the symmetrization inequalities to derive Sobolev—
Poincaré and Nash type inequalities. Finally, in Section 4.4, we study in detail
Examples 4.1.2, 4.1.3 and 4.1.4.

The results contained in this chapter have been submitted for publication (see

[68]).

Definition 4.1.1. Let f € My(Q2). We say that m(f) is a median value of f if

N |

plf 2m(f)} 25 and p(f <m(f)) >
Lemma 4.1.1. fl‘ff(l/Z) is a median value of f.
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Proof. Definition 4.1.1 is equivalent to

p{f>m(f)} <1/2; and p{f<m(f)}<1/2.

Now,

p{f <fi(2)}=p{-f>-f1(1/2)},

but from

(=) ==f.(1-1)

it follows that

(=N (/2) ==1.(1/2).

Consequently
plf < fr(2)} = p{-f>-11(1/2)}
=p{-f> N /2)}
<1/2.
Therefore f;f (%) is a median value as was to be shown. O

Remark 4.1.1. If f has zero median and f/’f’ is continuous, then f;f (%) =0.

4.2 Symmetrization and Isoperimetry

We will assume in what follows that (€2, d, ;1) is a connected measure metric space
equipped with with a separable, non-atomic, Borel probability measure y which
admits a convex isoperimetric estimator.

In order to balance generality with power and simplicity, we will assume
throughout the paper that our spaces satisfy the following condition.

Condition 4.2.1. We assume that Q) is such that for every f € Lip(Q2) and every
c € R we have that |Vf(z)| =0, a.e. on the set {x: f(z) = c}.

Theorem 15. Let I:[0,1] - [0,00) be a convex isoperimetric estimator. The
following statements are equivalent:

(i.) Isoperimetric inequality: for all Borel sets A c ,

i (A) > I(u(A)). (4.2.1)
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(ii.) Ledouz’s inequality (cf [57]): for all f e Lip(£2),

[ 1) < [ i@ dp (42.2)

(iii.) For all functions f € Lip(Q), ff is locally absolutely continuous, and

fot((—f,‘f’)’f(s))*ds < fot |V £}, (s)ds. (4.2.3)

(The second rearrangement on the left hand side is with respect to Lebesgue
measure).

(iv.) Bobkov’s inequality (cf. [7]): For all bounded f e Lip(2) with m(f) =0,
and for all s >0,

fQ|f(x)|duSﬂl(s)fQ|Vf(x)|d,u+sOsc#(f), (4.2.4)

t—
where Osc,(f) = esssup f —essinf f, and B1(s) = sup °
s<t<1/2 I(t)

Proof. (i.) — (ii.) By the co-area inequality applied to f (cf. [8, Lemma 3.1])
and the isoperimetric inequality (4.2.1), it follows that

Lvs@ldn> [T (f > sh0)ds
> [ 1 (s))ds

(i1.) — (i4i.) Let —oo < t1 < ty < oo. The smooth truncations of f are defined
by

to — 11 if f($) > to,
f2@) =1 f(z)—t1 ifty < f(x) <l
0 if f(x) <t.

ty — 1t

f(z) -t

Figure 4.2: f?(z)

Obviously, fttf € Lip(2). Thus (4.2.1) implies
[ 1 ()ds < [ 942 @) d.
—00 tq Q
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By condition 4.2.1,

ta| _
‘vftfl - |vf|X{t1<f<t2} ’

and, moreover,
) t2
f I(MftQ(s))ds:f T(p 12 (5))ds.
—00 31 t1 131

Observing that t; < z < t9,
plf >ta} Sufttz(z) <p{f >t}
1

Consequently, by the properties of I, we have

J7 1 D> () min{ Gl f > ) 2GS > 1)) (425)

We now show that ff is locally absolutely continuous. Indeed, for s > 0 and
h >0, pick t; = f/’f(s +h), tg = ff(s). Then

s<p{f(x) > fii (s)} < Hya(5) < p{f(x) > fi(s+h)} <s+h. (4.2.6)
Combining (4.2.5) and (4.2.6) yields

(f7(s) = f¥(s+h)) min{I(s +h),1(s)} < f

Vf(x)|dp (4.2.7
{ff(5)<f<ff(s+h)}| f(@)ldp ( )

which implies that f¥ is locally absolutely continuous on [a,b] (0 <a <b<1).
Indeed, for any finite family of non-overlapping intervals {(ag,by)};_; , with
(ag,bx) c [a,b] and Y5 _;(bg — ag) < 0, we have

#{]Q{ff(bk) <f < fian)}yy = 3wl £ (On) < f < fif (aw)} < 3 (bk = ap) <0.
- k=1 k=1
Therefore, combining this fact with (4.2.7), we have

kz (£ (ag) - 12 (b)) min{I(a), I(b)} < i(f,fwk) — 7% (b)) min{T(ag). I(bi)}

Szz:fu(bk)ffu k)}l fe)ldu

Vi(x)|d
Zl{fll (bk)<f<fu (ak)}| ( )| a

Zk 1( k—a k)

ST, (t)dt
[ 911 (£)dt,

IN

\\
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CHAPTER 4. SYMMETRIZATION INEQUALITIES FOR CONVEX
PROFILE

and the local absolute continuity follows.
Now, (4.2.7) implies

(fi(s) = (s +h))

min(I(s+h),I(s)) < N
1
=% Vf(z)|du.
h it amyereps o | T @
Letting h — 0,
0
e/
i M) <55 Vf(x)|dp.
CREYEIE s g [ 9@
Let us consider a finite family of intervals (a;,b;),i=1,...,m, with

O<ay<by<ags <by<--<ay<by<1. Then

_ )/ o
[ulggm(ai,bn( fi) (5)1(s)ds < fUMm(ai,bi) (85 f{f|>fff’(s)} lvf(m)‘dﬂ(x))ds

1f{ Fwdsisrien} v 1)

f FE )< FI<LE (az) } |V f(x)|du(z) (by condition (4.2.1))

I
MS

)

I
Mz

1

7

\

Vi(x du(x
1<7«<m{f,u(b )<‘f| f#( )}| f( )| /"L( )

i:l( (a i *
< fo VFI, (s)ds.

Now by a routine limiting process we can show that for any measurable set
E c (0,1) with Lebesgue measure equal to ¢ we have

|
[y @iass [ v s

Therefore

[HrryO1oy sas< [ (v, 0) (s (42.8)

where the second rearrangement is with respect to Lebesgue measure. Now, since
* . .
|V f], (s) is decreasing, we have

(V£ ()" (s) =1V £, (),

and thus (4.2.8) yields

LR OI0) (s < [ 1915 (s)ds.
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(i4i.) - (iv.) Assume first that f e Lip(Q2) is positive, and bounded, with
m(f) = 0. By (iii) we have that f;f" = f; (since f > 0) is locally absolutely
continuous and f;(1/2) =0 (since m(f) =0). Let 0 <s <z <1/2. Then

1/2 /2 r1/2 ,
L@ldn= [ gr@az= [ [y @z -
:fl/Qz(—f;)’(z)dz—sﬁl/z(—f;)'(z)dz+s'[01/2(—f;)/(2’)dz
:[ )I(z)dz+5/1/2(—f*),(2)d2
0 < ) '

/2 o Y 1/2_*,ZZ
serens2 I(z) (=) (2)1(2)dz [o (-1 (2)d

<) [ Cnyenee s [Ty e

Since
s [P R G) = s - £11/2)) < 5 056,

we get
L1r@Nans i) [ @G +s0se(f)
<) [ (CHYOI0) (Wt + 505, (f)
<i(s) [ P19 A ()t + s0se,(f) (by (4.2.3)
= Bi(s) [ VI (@)l dp+sOseu(f)
In the general case, we follow [7, Lemma 8.3]. Apply the previous argument

to f* = max(f,0) and f~ = max(—f,0), which are positive, Lipschitz and have
median zero, and we obtain

fw (@) dp < Bi(s) fw} V£ (@)l dp + sOscu(f*),

oy V@l s (o) [ 195G+ sOseu(57).

Adding the two 1nequahtles and since Osc“(f ) + Osc,(f) < Oscu(f), we get
(4.2.4).

(iv) = (i.) This part was proved in [7, Lemma 8.3], we include its proof for
the sake of completeness. Given a Borel set A c ) we may approximate the
indicator function x4 by functions with finite Lipschitz seminorm (see [8]) to

derive p(A) < Bi(s)pu* (A) + s. Therefore, if p(A) =t,
t—s<pi(s)u"(A)
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thus the optimal choice should be

I = sup 51(3)

4.3 Sobolev—Poincaré and Nash type
inequalities

The isoperimetric inequality implies weaker Sobolev—Poincaré and Nash type
inequalities. In what follows, we will analyse both.

4.3.1 Sobolev—Poincaré inequalities

The isoperimetric Hardy operator ()7 is the operator defined on Lebesgue mea-
surable functions on (0,1) by

Qi = [ o<i<ap,

I(s )
where I is a convex isoperimetric estimator. In this section we consider the
possibility of characterizing Sobolev embeddings in terms of the boundedness of

Qr.

Lemma 4.3.1. Let Y, Z be two q.r.i. spaces on (0,1). Assume that there is a
constant Cy > 0 such that

|Qrfly <Colflz- (4.3.1)
Then there exists a constant Cp >0 such that
HQIfHY < Cl Hf“Zu
where Qg is the operator defined on Lebesgue measurable functions on (0,1) by
Qrf(t) = f 0<t<1.
)7 ( )’

Proof. Since

Qrf(t) = X(0,1/2) ) Qrf(t) + x(1/2,1) (¢t )_/ f(s ) ( )

= X(0,1/2) (D) Q1 f(t) + x(1/2,1)(t) ft f(s)ma

it is enough to prove the boundedness of x(1/2,1)(t) ft f(s)l(s)
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For t € (1/2,1), we have that

f ()1(3) f /(s )I(s) f;_tf“—s)f(flfs)

1/2
:_/ f@a —s) () (since I(s) =I(1-5)).

Thus
1/2 s 1/2 s
HX(l/Q,l)(t)[ f(S)IC(lS) Y= X(1/2,1)(t) /_ (s ) y
=1[X(/2, 1)(1_75)/ faa- (since |-y is r.i)
- osm® [ f(l—s)I(S) )

<C HX(071/2)(75)f(1 - t)HZ
<CF®) (X1 -1, (since |5 isr.i)
<C HX(1/2,1)(t)f(t)HZ
<Cflz-
O

Theorem 16. Let Y be a q.r.i. space on (0,1), and let X be an r.i. space on
Q. Assume that there is a constant C' >0 such that

lQrfly <Clflx- (4.3.2)
Then, for all g € Lip(Q2), we have that

inf | (g v =< Mvallx-

Proof. Given g € Lip(f2), by part 2 of Theorem 15, g;f is locally absolutely
continuous on (0,1). Thus, for ¢ € (0,1), we have that

|97 (£) - g% (1/2)] = ‘[ ~g%) (s)ds| = ‘[ -g;) (S)I(S)I()
=[@r (o) 010) @)

Then

llggi &) = gz a2l = Qi (€ gf)’c)f(-)) @),
< H —g/L (HI( )H (by (4.3.2) and Lemma 4.3.1)
<[Ivgllx (by (4.2.3)).

73



CHAPTER 4. SYMMETRIZATION INEQUALITIES FOR CONVEX
PROFILE

Therefore

inf (g - )}, ()], = it (- ) )],

<[l ) - g /2l
<|IVallx-

O

Theorem 17. Let X be an r.i. space on Q. Assume that either axy >0 or that
there is a ¢ > 0 such that the convex isoperimetric estimator I satisfies

[t1/2 Ic(lz) Sc%, 0<t<1/2. (4.3.3)

Then, for all g € Lip(Q2), we have that

(g T2 <livglly (1.3.0

inf
ceR 5

Moreover, if Y is a q.r.i. space on (0,1) such that

lQrfly <Iflx, (4.3.5)
then for any p-measurable function g on ), we have that
. s 1)
Iully = gu(t)T ‘ -
X
In particular, for all g € Lip(Q2), we get
. " . < i 1()
inf (9= )l =inf (g -e) (D=~ h 11Vl x -

Proof. We associate to the r.i. space X the weighted q.r.i. space Z on (0,1)
whose quasi-norm is defined by

I£l7 = |7 (™2

X

We claim that there is a C > 0 such that

1Q1flz<Clflx

and therefore (4.3.4) follows by Theorem 16.
Case 1: ay >0:
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sl = | "2 (" 5 >1(5)) () |
= I(tt) /1/ If(s) (smce Qr|f|(t) is decreasing)
_ I(tt)f £(5) I(s)ds
< ]t " |f(s)] % ~ (since E decreases)
X

<|flg (since ay >0).

Case 2 : The convex isoperimetric estimator satisfies (4.3.3).
Consider Q; defined by

I(t)

Qrf(t) = =2Qrf(t).

~ We claim that Qr:L'(0,1) - L'(0,1) is bounded, and 3
Qr:L*(0,1) > L*(0,1) is bounded, and so by interpolation (see [53]) @ will
be bounded on X. Thus

lQrflz < 1Qrlfllz =
Hl(t)

I(t)
HT‘

(since Qr|f|(t) is decreasing)

= |Qr 1) ¢
<|fl%

and Theorem 16 applies.

We are now going to prove the claim.

By the convexity of I, Q is increasing for 0 < t < 1/2, thus

s I(t)
fo —dt <1(s),
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and therefore

@il < [ @ U5l (e
[ e
[0 ),
< [irlas

= £l

Similarly,

|Qrf ., < sup Q1 (If]) (t)
O<t<1

< sup 1D >|ﬁ

o<t<1/2 1

1) i ds
S||f||ooo<stl<111’/2( t [t I(S))

<c|fl (by (4:33)).

To finish the proof of the theorem it remains to show that

(4.3.6)

£l =

Let Cy be the constant quasi-norm of Y, then

(4.3.7)
<4CY | fr ()X 0./0 @)y -

Since f; is decreasing,

* 1 t . .d 1 1/2 I d
O ® <15 [, 5OT =05 fy HOx00) = 63
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Thus
12 Oxoum®ly <[l @: (f;(-)mo,l/@(')ﬂ) w2 (43.5)
Y
N G = I CEE)
X
S ONSOUS §
X
<o)
X
Combining (4.3.7) and (4.3.8) we obtain (4.3.6). O

Remark 4.3.1. If g € Lip(Q2) is positive with m(g) =0, then it follows from the
previous theorem that
I(t)

gu(t)—=

< ||V .
2 <11vglx

X

4.3.2 Nash inequalities

In this section we obtain Nash type inequalities. We will focus on the following
type of probability measures.

Definition 4.3.1. Let p be a probability measure on £ which admits a convex
isoperimetric estimator I.

1. Let a>0. We will say that u is of a-Cauchy type if

I(t) = ¢, min(t, 1 - ),

2. Let 0 <p< 1. We will say that p is of extended p-exponential type if

1-1/p
I(t) = C,U' min(t, 1- t) (log m) .

In both cases ¢, denotes a positive constant.

Theorem 18. The following Nash inequalities hold:

1. Let p be of a-Cauchy type. Let X be an r.i. space on Q with oy > 0.
Let 1 < g < oo satisfy 0 < 1/q < ax. Then for all positivef € Lip(2) with
m(f) =0, we have

1 = min (11 £l + 1] o0 @ (G7)r0).
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2. Let u be of extended p-exponential type. Let X be an r.i. space on §) . Let
B >0. Then for all positive f € Lip(Q) with m(f) =0, we have

[ £lx = H!VfW+1 HfHB“

1 )ﬁ(*_l))

Proof. Part 1. Let f e Lip(2) be positive with m(f) = 0 and let w(t) = /e
(0<t<1/2). Let r>1 and let 8> 0 be chosen later. Then

w(t)

w(t)
* 1/a - -B/a

ganuﬁ/ X+rﬂwathmf@an

=7 || e [ g e ()

S T O T sup(tl/q O] i 1

<r Lﬂﬂfﬁ”x+rﬁHﬂ!mHtwalmxmraﬂﬂH

% - " Bl t
S THCE PR T R 20

1£1x = 17

<|lrr =2 (4.3.9)

(W(t)

(t) ) X{w>7‘}(t)

X

ay (Y (228))

24 O IS VO

Let 0<1/g <7 < ayx. By Lemma 2.2.1,

‘/Ti -Bla-1/q dx(t) ¢X(r_a) m g Bla=1/g+=1
0

trtl- 7 = oY 0

At this stage we select 0 < 8 < a(y-1/q). Then
fr_a gPla=taty=1 o pma(=Bla=1/q+y)
0

and thus
J(r) < g (r e,

Inserting this information into (4.3.9) and using Remark 4.3.1, we get

oo 3 (7).

Il <r|frce]  +

<r[IVfllx +1f
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1_
Part 2. Let f e Lip(2) be positive with m(f) = 0 and let w(t) = (ln%)” !
(0<t<1/2).Let r>1and > 0.

. @) w(
I = 130 < 022 (—) o) 8
X H MHX Y (b () {w>r} X
1 14
<ol () e (m y
t X _
<r H|Vf|||X(1og(%)ﬁ(%_1)) +7?|flx (by Remark 4.3.1).
We finish by taking the inf for r > 1. O

Remark 4.3.2. Let X be an r.i. space on Q with oy >0. Let 1 < q < oo be such
that 0<1/q < ax. Then

LY (Q)cA(X)c X (Q).
In fact, by Lemma 2.2.1,

¢X(t) gt

q,° 0 t1+1/q

1
g = [ 02 ag)y

The last integral is finite since taking 0 <1/q <~y < ay, we get

/1 ¢X(t) fltl/q+'y—1 ¢X(t)dt$ /1t1/q+y—1 < 00,
0

t1+1/q 0 tv 0

4.4 Examples and applications

In this section we will apply the previous results to the probability measures
introduced in Examples 4.1.2, 4.1.3 and 4.1.4.

4.4.1 Cauchy type laws

Consider the probability measure space (R",d, ) where d is the Euclidean dis-
tance and p is the probability measure introduced in Example 4.1.2. Such mea-
sures have been introduced by Borell [9] (see also [7]). Prototypes of these prob-
ability measures are the generalized Cauchy distributions®:

1 —(n+a)
du(zx) = E((1+|m|2)1/2) , a>0.

5These measures are Barenblatt solutions of the porous medium equations and ap-
pear naturally in weighted porous medium equations, giving the decay rate of this non-
linear semigroup towards the equilibrium measure, see [98] and [19].
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A convex isoperimetric estimator for these measures is (see [15, Proposition
4.3))
I(t) = min(t, 1 - t)**/e

Obviously for 0 <t < 1/2, we have

12 ds t
\/t gl+l/a = tl+l/a’

Thus by Theorem 17, given an r.i. space X on R"™ we get

) min(t, 1 - t)*/e
t

=|Ivllx,  (geLip(R")).
X

1nf

‘(g
Proposition 4.4.1. Let 1 <p<oo, 1 <qg<oo. Forall fe Lip(R™) positive with
m(f) =0, we get

1.
11z g < IV A1lpq

2. Foralls>p

[ £lp.q = 11V £l 5 g [ £1s00 o
where 3 = a(— - —)

Proof. 1) By Theorem 17 we get

Now by [53, Page 76] we have that

G e A [T O) e I A s A 0) B Vi

2) is a direct application of Theorem 18. O

Remark 4.4.1. If in the previous proposition we take p=q =1, we obtain

11 e o =V Al (4.4.1)

If%=l+$, then we get

3

7] strzen < 1A, s (44.2)

For p>1 and s = oo, we have that

11, = WV £llo = IFIET (4.4.3)

Inequalities 4.4.1 and 4.4.2 were proved in [72, Proposition 5.13]. Inequality
4.4.3 was obtained in [72, Proposition 5.15].
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We close this section with the following optimality result:

Theorem 19. Let o > 0. Let X be an .i. space on (0,1) and let Z be a q.r.i.
space on (0,1). Assume that for any probability measure p of a-Cauchy type in
R"™, there is a Cy, > 0 such that for all positive f € Lip(R™) with m(f) =0, we get

17l < Cullv Ll
Then for all g € Lip(R™)

g;:of)@H

Proof. Let u be the Cauchy probability measure on R defined by

du(s) = Lmds =p(s)dr, selR.

2(1+|s) %
It is known (see [15, Proposition 5.27]) that its isoperimetric profile is given by
L(t) = o (H(t)) = a2V min(t,1 - )", te[0,1],

where H is the distribution function of u, i.e. H : R - (0,1) is the increasing
function given by

H(r) = f m o(t)dt.

Consider the product measure " on R". By Proposition 5.27 of [15] the
function

¢ . 1+1
nl%mm(t,l—t) +l/a

is a convex isoperimetric estimator of u™ (¢, denotes a positive constant depend-
ing only on «).
Given a positive measurable function f with suppf c (0,1/2), consider

I(t) =

)= [0 e,

and define
u(z) = F(H(x1)), x eR"
Then,
H'(z1)
0] = )] = |11 5| = e,

Let A be a Young’s function and let s = H(x1). Then,
[ AG @) @) = [ AGE @) )
= [ At
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Therefore, by [6, exercise 5 p. 88]
[Vl (t) = f*(2).

Similarly
1 ds
*n t = f .
Since m(u) = 0, by hypothesis we get
1 ds .
[ o ‘Z = el
<Cun IV £15n ‘)‘(
~Cn IF 5
=Cuw | fll5-
Finally, from
a2l fapl/e
() = = 1)
we have that o
Ca un
1Q1flz < —i 57w 1%
and the results follow from Theorem 17. O

4.4.2 Extended sub-exponential law

Consider the probability measure on R” defined by

dpp(z) = ie_V(m)pd:L‘ = o(z)dz
Zp
for some positive convex function V : R" - (0,00) and p € (0,1).
A typical example is V(z) = [z|P, and 0 < p < 1, which yields to sub-
exponential type law.
A convex isoperimetric estimator for this type of measure is (see [15, Propo-
sition 4.5)):

1-1/p
min (¢,1 —t) ) '

By Theorem 17, given an r.i. space X on R" with ay >0, we get

I(t) = cpmin (¢,1-1) (log

. 1-1/p
nf . cpmln(t,l—t) <10gm)
g S i

<lIvallx, (g€ Lip(R")).

X

In the particular case that X = L™9 we obtain the following proposition.
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Proposition 4.4.2. Let 1 <r < oo, 1 <qg<oo. For all positive f € Lip(R™) with
m(f) =0,

1.
”fHLT,lI(logL)l—l/P = Hlvf|”r,q :

2. Forall 3>0

o SIS IS

Theorem 20. Let p € (0,1). Let X be an r.i. space on (0,1) and let Z be a
q.r.i. space on (0,1). Assume that for any p-extended sub-exponential law p in
R"™ there is a C,, > 0 such that for all positive f € Lip(R™) with m(f) =0,

£l <

Then, for all g € Lip(R™),

9 (1)

I(t)‘

Proof. Let i be a probability measure on R with density

~Isl?

dpp(s) = ds =p(s)ds, seR.

p

Its isoperimetric profile is (see [15, Proposition 5.25])

1 1-1/p
I#p(t)=cp(H_1(t)):cpmin(t,1—t) (logm) y tE[O,l],

where H is the distribution function of p, i.e. H :R — (0,1) is defined by

H(r) = [ w o(t)dt.

Consider the product measure ™ on R". By proposition 5.25 of [15], there exists
a positive constant ¢ such that the function

. 1-1/p
I(t) = cmin (t,1-1t) (log m)

is a convex isoperimetric estimator of p).
Let f be a positive measurable function f with supp(f) c (0,1/2). Consider

F@)= [ )75 e,

1y ( )’

83



CHAPTER 4. SYMMETRIZATION INEQUALITIES FOR CONVEX
PROFILE

and define
u(x) = F(H(x1)), x eR"™.

Using the same method as used in Theorem 19, we obtain

* * * _ 1 dS
Py (0= 10 and iy 0= [ ) s
Since m(u) = 0, by hypothesis we get
1 ds .
ﬁ f(S)Iup(S) Z"uuﬁ A
=Cup |17 (D5
=Cup [ fllx -
Finally, from
L, (t)~I(t)
we have that
|Qrflz=1flx-
and Theorem 17 applies. O

4.4.3 Weighted Riemannian manifolds with negative
dimension

Let (M™,g, ) be an n-dimensional weighted Riemannian manifold (n > 2) that
satisfies the CD(0, N') curvature condition with N < 0. (See [72, Secction 5.4].)
A convex isoperimetric estimator is given by

I(t) = min(¢,1-¢)"YV.

Obviously for 0 < ¢ < 1/2 we have

12 ds Lt
/t 51N = 4-1/N"

Thus by Theorem 17, given an r.i. space X on R" we get

*mint,l—t_l/N
(9-¢), ( t)

=|Ivdllx,  (geLip(R™)).
X

inf
ceR

In particular, if 1 <p < oo, 1 <q<o0)and X = LP9 then for all positive
f e Lip(R™) with m(f) =0, (1<p<oo,1<g<00),
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I/

where v = % for any p, g satisfying % <p<-N and % =
Now by Theorem 18, we have that

va 21V /]

pq’

_B_ 1
pa < IVHllpg 1£]5e

If

where s > p and § = a(% - %)
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