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Resum

La descripci6 de les propietats basiques dels nuclis a partir dels seus constituents més fonamen-
tals, els quarks i els gluons, és un dels principals objectius de la fisica nuclear, perd degut al
comportament singular de QCD a baixes energies, solucions teoriques en aquest rang han estat
impossibles durant molts anys. La finalitat d’aquesta tesi doctoral és 'estudi de les interaccions
entre dos barions, incloent aquells d’estranyesa diferent de zero, els anomenats hiperons, a partir
de la teoria fonamental de la interacci6 forta, la Cromodinamica Quantica (QCD). Donat que a
baixes energies la constant d’acoblament de QQCD adquireix un valor molt gran, no és possible
aplicar les técniques pertorbatives, i s’han d’utilitzar altres métodes alternatius. En el nostre cas,
fem servir lattice QCD (LQCD), proposat per K. G. Wilson [1] Pany 1974.

Si ens fixem només en el sector dels quarks up i down, els tnics quarks estables que formen
protons i neutrons, podem trobar una immensa quantitat de dades experimentals provinents de
I’estudi de la dispersié de dos nucleons o dels nivells d’energia de nuclis atomics. Aixd permet
construir models fenomenologics que, juntament amb técniques de sistemes de molts cossos,
s’utilitzen per estudiar una gran varietat de problemes. El problema amb aquests models és
que no hi ha una connexi6 directe amb QCD, fet que va motivar que S. Weinberg, ’any 1990,
introduis el concepte de les teories de camp efectives (EFT) [2], que permeten descriure processos
en el régim energétic no-pertorbatiu a partir de les simetries inherents de la teoria fonamental,
QCD. Tot i aquest aveng, els graus de llibertat que s’utilitzen sén components efectius i no els
fonamentals (és a dir, nucleons i no quarks i gluons). El Lagrangia efectiu es construeix a partir
d’operadors que reflecteixen aquelles simetries, acompanyats de coeficients de baixa energia (LEC),
que encapsulen tota la fisica que no es té en compte de forma explicita, i s’Than de determinar
ajustant els calculs fets utilitzant EFTs a les dades experimentals corresponents.

Si anem més enlla dels sistemes nuclears convencionals i considerem barions que contenen
quarks strange, observem que son inestables i es desintegren mitjancant processos febles. Un dels
ambits cientifics on els hiperons juguen un paper important és el de 'astrofisica nuclear, ja que
aquests son determinants a ’hora d’estudiar 'estructura i dinamica de les estrelles de neutrons.
Nombrosos estudis teorics demostren que quan s’introdueixen hiperons a 'equacié d’estat de
Pestrella, la seva massa maxima es situa per sota del valor observat (al voltant de dues masses
solars), llevat que s’introdueixi una interaccié repulsiva entre hiperons i nucleons.

Aquest problema, conegut com hyperon puzzle, ha motivat diverses propostes teoriques per a
la seva solucio [3-5], i esta lligat per una banda a la falta de dades experimentals de dispersio
entre hiper6-nucled i hiperé-hiperé que ajudin a determinar amb millor precisié les interaccions
entre barions en el sector estrany, ja que entren necessariament en la resolucié de I'equaci6 d’estat,
i per altra, al desconeixement de la forga a tres cossos en preséncia d’hiperons.

Degut a aquestes limitacions, tots els models teorics fan servir la simetria de sabor SU(3) que
permet relacionar quantitats de les quals tenim dades experimentals a canals menys o totalment
desconeguts. Per exemple, les dades dels sistemes amb estranyesa 0 i —1 es poden utilitzar per fer
prediccions pels canals amb estranyesa —2, —3 i —4. Com que aquesta simetria és aproximada (els
tres quarks no tenen la mateixa massa), la EFT també ha d’incorporar termes que contribueixen
al trencament de SU(3), perd degut a la poca quantitat de dades experimentals, només un LEC
s’ha pogut determinar [6]. El coneixement insatisfactori d’aquestes interaccions fa necessari el
desenvolupament i aplicacié de métodes alternatius, més directes, com és el de LQCD. Aquest



formalisme ens permet solucionar les equacions de QCD fent servir un espai-temps discret i
utilitzant métodes numerics a gran escala. La peculiaritat que fa que LQCD sigui I’eina ideal per
investigar la interaccio hipernuclear forta és que, a diferéncia del que passa a la natura, podem
“desconnectar” la interacci6 feble i programar tnicament el Lagrangia fort, fent que els hiperons
es converteixin en particules estables i eludint la principal complicacié en ’estudi experimental
d’aquests sistemes. No obstant aixo, també hi ha obstacles en estudis numeérics d’aquest tipus,
com és per exemple la degradacié del senyal en sistemes de més d’un bario, fet que comporta
realitzar calculs amb valors de les masses dels quarks lleugers per sobre dels valors fisics.

En aquesta tesi demostrem la viabilitat d’aquest tipus de calculs i la seva importancia a ’hora
d’estudiar sistemes de dos barions (malgrat fer-ho amb unes masses dels quarks up i down que
donen lloc a una massa del pi6 de 450 MeV), i aixi determinar les propietats de la interaccio, com
poden ser els desfasatges de dispersio, els parametres de dispersi6 a baixa energia (longitud de
dispersio i rang efectiu), les energies de lligam o els LECs que descriuen la interacci6. D’aquesta
manera, LQCD pot proveir d’informacié que pugui complementar la que obtenim directament de
les dades experimentals, i ajudar a delimitar millor els models fenomenologics i teories efectives
de les forces hipernuclears.

L’estructura de la tesi és la segiient. Al Capitol 2, hi ha una introducci6 al formalisme de
LQCD, passant primer per la teoria fonamental en el continu, QCD, per després posar-la en el
reticle i fer les modificacions necessaries per tal de poder utilitzar les técniques de Monte Carlo i
extreure’n observables. N’hi ha de dos classes: podem calcular les energies d’un sistema (a partir
de funcions de correlacié de dos punts) i també calcular la interaccié del sistema amb un corrent
extern (a partir de funcions de correlaci6 de tres punts). Per acabar, aquest capitol repassa el
meétode de Liischer [7,8], que ens ajuda a calcular els desfasatges de dispersio i I’energia de lligam
a partir de les energies extretes quan tenim un sistema dins d’un volum finit.

Al Capitol 3, ens centrem en 'estudi estadistic de les funcions de correlacioé de dos punts en
relacié a 'obtenci6 els nivells d’energia. Primer descrivim detalladament 'algoritme que s’ha
desenvolupat especificament per ajustar les dades de LQCD a una suma d’exponencials [9]. Per
tal de fer una estimaci6 dels errors sistematics, fem un estudi exhaustiu variant la quantitat de
dades que s’inclouen en I’ajust, aixi com el nombre d’exponencials. En aquest capitol també
discutim altres métodes que ajuden a reduir la contaminacié dels estats excitats, i finalitzem
descrivint diferents métodes per a l'estimacio dels errors de les funcions de correlacio.

Al Capitol 4, comencem amb un resum de la situacié actual sobre el coneixement, tant
experimental com teodric, de la interaccié de dos barions. També repassem tots els calculs de
LQCD realitzats, i comparem els diferents métodes utilitzats (es poden dividir en dos, el métode
directe i el métode del potencial). A continuaci6é passem a descriure les diferents EFTs que volem
estudiar. Donat que estem interessants en el régim de baixa energia, aquestes teories només
contenen operadors de contacte, sense cap intercanvi de mesons (pionless EFTs). Estudiem dos
casos: suposant que hi ha simetria de sabor SU(3) [10,11], o que hi ha simetria de spin-sabor
SU(6) [12]. La primera treballa amb valors iguals de les masses dels tres quarks up, down i strange
(fet que es pot justificar davant de la gran diferéncia amb la massa del segiient quark més massiu,
el charm, ~ 1 GeV per sobre de la del strange), i la segona és una predicci6 en el limit d'un gran
namero de colors (QCD assumeix l'existéncia de tres carregues de color). L'tltima part d’aquest
capitol presenta els resultats principals de la tesi. En concret, estudiem sistemes amb estranyesa
entre 01 —4, isén NN, XN (I =3/2) i EZ amb spin singlet i triplet, ¥¥ (I = 2) i ZX (I = 3/2)
amb spin triplet, i ZEN (I = 0) amb spin singlet. Els calculs s’han realitzat treballant amb tres
volums diferents (en la direccié espacial, van des de 2.8 fm fins a 5.6 fm) i amb un sol valor
de l'espaiat del reticle (0.1167 fm) [13]. Els nivells d’energia de cada volum es poden fer servir
per determinar els desfasatges de dispersi6 utilitzant el formalisme de Liischer, revelant trets
interessants sobre la naturalesa de les forces entre dos barions quan les masses dels quarks prenen
valors no fisics. Concretament, els parametres de dispersié obtinguts ens permeten determinar els
LECs de les EFTs, i en particular els coeficients relacionats amb el trencament de la simetria de
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sabor SU(3). Malgrat la diferéncia en massa reflectida en el trencament de simetria, els coeficients
obtinguts resulten ser compatibles amb zero, possibilitant I'estudi de la simetria spin-sabor, i
observem que les interaccions entre dos barions presenten simetria SU(6). Aquesta simetria ja es
va observar en un estudi previ [14], on les tres masses dels quarks prenien els mateixos valors,
generant un pi6 amb una massa de ~ 806 MeV. Mentre que l'estudi a 806 MeV va posar de
manifest la simetria accidental SU(16), és a dir, que amb un sol LEC es van poder descriure tots
els canals d’interaccié bari6-barié amb estranyesa 0 fins a —4, en el present estudi a 450 MeV no
I'observem amb tanta claredat. Sera interessant veure com evoluciona la manifestacié d’aquestes
simetries a mesura que ens acostem al punt fisic. En aquest capitol també es discuteixen canals
pels quals no ha estat possible extreure els parametres de dispersié directament de les dades
de LQCD. En aquests casos, hem utilitzat els valors dels LECs determinats préviament per a
determinar els valors corresponents. Dins d’aquest capitol, també presentem les energies de lligam
dels sistemes, i juntament amb els resultats a 806 MeV, les extrapolem fins al valor fisic de les
masses dels quarks utilitzant dues dependéncies funcionals molt simples per a poder comparar
amb les prediccions dels models fenomenologics o EFTs, i també observar quina és la tendéncia a
mesura que reduim la massa dels quarks. Per exemple, s’observa el caracter repulsiu dels canals
YN (35)) i EZ (39)), tal i com prediuen la majoria de models, com també l'atraccié en els canals
=Y (15y) i E= (19y). La dispersi6 observada entre les diferents prediccions teoriques, aixi com
les conclusions contradictories a qué arriben diferents models, posen de manifest la necessitat de
realitzar estudis de LQCD a prop del punt fisic en el futur immediat.

Finalment, les conclusions de la tesi es presenten al Capitol 5, seguides d’un conjunt d’apéndixs
amb taules i figures que s’han omés en el text principal per facilitar la seva lectura.
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Abstract

Nuclei make up the majority of the visible matter in the Universe; obtaining a first principles
description of the nuclear properties and interactions between nuclei directly from the underlying
theory of the strong interaction, Quantum Chromodynamics (QCD), is one of the main goals
of the nuclear physics community. Although the theory was established nearly fifty years ago,
the complexities of QCD at low energies precludes analytical solutions of the simplest hadronic
systems, let alone the features of the nuclear forces.

Until the beginning of the century, the only way to overcome this handicap in the low-energy
regime was to use phenomenological descriptions of nuclei or effective field theories (EFTs). While
they have been very successful, these approaches rely heavily on experimental data. In contrast
to what happens in the study of nucleon-nucleon interactions, where the amount of experimental
data is overwhelming, the study of hadronic systems beyond the up-down quarks sector becomes
more limited. This is because hyperons (baryons containing the next lightest quark, the strange
quark), are unstable against weak interaction processes, making the experimental study of the
interaction between hyperons and nucleons, and among hyperons, very difficult.

In this thesis we follow the lattice QCD (LQCD) approach, according to which QCD is solved
non-perturvatibely in a discretized space-time via large-scale numerical calculations. Specifically,
the interactions between two octet baryons are studied at low energies with larger-than-physical
quark masses corresponding to a pion mass of m, ~ 450 MeV and a kaon mass of my ~ 596
MeV. The two-baryon systems that are analyzed have strangeness ranging from S =0 to S = —4
and include the spin-singlet and triplet NN, XN (I = 3/2), and EZ states, the spin-singlet XX
(I =2) and EX (I = 3/2) states, and the spin-triplet ZN (I = 0) state.

Due to the inherent large noise in multi-baryon calculations (mitigated by the use of unphysical
quark masses), the finite-volume energies are extracted using a robust fitting methodology, where
in order to reliably estimate the systematic uncertainties, both the fitting form and the fitting
range are varied. Then, the corresponding S-wave scattering phase shifts, low-energy scattering
parameters, and binding energies when applicable, are extracted using Liischer’s formalism. While
the results are consistent with most of the systems being bound at this pion mass, the interactions
in the spin-triplet XN and Z= channels are found to be repulsive and do not support bound states.
Using results from previous studies of these systems at a larger pion mass, an extrapolation of the
binding energies to the physical point is performed and is compared with available experimental
values and phenomenological predictions.

The low-energy coefficients in pionless EFT relevant for two-baryon interactions, including
those responsible for SU(3) flavor-symmetry breaking, are constrained. The SU(3) flavor sym-
metry is observed to hold approximately at the chosen values of the quark masses, as well as
the SU(6) spin-flavor symmetry, predicted at large N,.. A remnant of an accidental SU(16)
symmetry found previously at a larger pion mass is further observed. The SU(6)-symmetric
EFT constrained by these LQCD calculations is used to make predictions for two-baryon systems
for which the low-energy scattering parameters could not be determined within the present
LQCD study, and to constrain the coefficients of all leading SU(3) flavor-symmetric interactions,
demonstrating the predictive power of two-baryon EFTs matched to LQCD.
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CHAPTER 1

Introduction

The description of the basic properties of nuclei from their fundamental constituents, quarks
and gluons, is one of the key objectives of nuclear physics. At the most fundamental level, the
strong interaction binds quarks together forming nucleons (IV), according to the rules of Quantum
Chromodynamics (QCD), which combined with Quantum Electrodynamics (QED), the theory of
the weak interaction, and the much weaker gravity, dictates how elementary particles interact
with each other. For many years, QCD has been elusive to theoretical solutions in the energy
regime characterizing nuclear processes. The strength of the interaction between quarks and
gluons increases as the characteristic energy of a process decreases [15,16], and at nuclear scales,
perturbative techniques based on coupling expansion cannot be applied to find solutions of the
theory starting from the elementary degrees of freedom.

Since the up and down quarks are the only stable quarks, a vast amount of data from
scattering experiments and spectroscopy are available [17] to constrain theoretical studies of
nuclear properties and interactions. These have proceeded by combining many-body techniques
with phenomenological models describing the interaction of point-like nucleons [18]. Examples of
such successful approaches are the Urbana vy, [19] and Argonne vq4 [20] and vqg [21] potentials,
or boson-exchange models inspired in Yukawa’s meson theory [22], like the Nijmegen [23,24], the
CD-Bonn [25] and the Stadler-Gross [26] potentials.

Aiming at a model-independent description of the strong interaction, S. Weinberg introduced
at the beginning of the 1990s a new formulation [2| which, over the years, has become established
as an efficient and systematic way of studying nuclear systems from first principles. This effective
field theory (EFT) approach is especially useful when different energy scales can be identified in
the physical problem under study, and it is based on retaining only those degrees of freedom that
appear explicitly below the largest energy scale that characterizes the process. A small parameter
can be then formed from the ratio of the given scales. For example, in the study of NN interaction
at low energies, a convenient parameter is constructed from the ratio of the typical momentum
carried by the nucleons to the chiral symmetry breaking scale (approximately the nucleon mass).
The effective Lagrangian is then constructed by incorporating all allowed operators respecting
the symmetries of the underlying QCD interactions and organized in increasing order according
to an expansion in the small parameter, and therefore, as a power expansion on the momentum.
Each term of the expansion is accompanied by a low-energy coefficient (LEC) that encapsulates
the physics that is not explicitly retained, corresponding to energies beyond the largest scale
identified in the problem, and which is determined by fitting EFT calculations to experimental
data. Therefore, the predictive power of the method relies mainly on two things: the presence of
sufficiently separated energy scales and the availability of precise experimental data for a given
physics process. For example, two groups, the Bochum [27,28] and Idaho-Salamanca [29] groups,
have precisely extracted the phase shifts for the lowest partial waves and the low-energy scattering
parameters of NN up to fifth order using chiral effective field theory (yEFT), and the sixth order
is being explored [30].



2 Chapter 1. Introduction

Beyond nucleons we find hyperons (Y'), particles with at least one strange quark, which are
expected to appear in the interior of neutron stars [31]. The main problem found when dealing
with hyperons is that unless the strong interactions between hyperons and nucleons are sufficiently
repulsive, the equation of state (EoS) of dense nuclear matter will be softer than for purely
non-strange matter, leading to correspondingly lower maximum values for neutron star masses.
While experimental data on scattering cross sections in the majority of the Y IV channels are scarce,
there are reasonably precise constraints on the interactions in the AN channel from scattering
and hypernuclear spectroscopy experiments [32,33|, and they indicate that the interactions in this
channel are attractive. Given that the A baryon is lighter than the other hyperons, it is likely the
most abundant hyperon in the interior of neutron stars. However, models of the EoS including
A baryons and attractive AN interactions [34] predict a maximum neutron star mass that is
below the maximum observed mass at 2M [35-39].! Several remedies have been suggested
to solve this problem, known in the literature as the “hyperon puzzle” [3-5]. For example, if
hyperons other than the A baryon (such as 3 baryons) are present in the interior of neutron stars
and the interactions in the corresponding YN and Y'Y channels are sufficiently repulsive, the
EoS would become more stiff [41,42]. Another suggestion is that repulsive interactions in the
YNN,YYN and YYY channels may render the EoS stiff enough to produce a 2M neutron
star |34,41,43-45]. Repulsive density-dependent interactions in systems involving the A and other
hyperons have also been suggested, along with the possibility of a phase transition to quark matter
in the interior of neutron stars; see Refs. [3-5] for recent reviews. Given the scarcity or complete
lack of experimental data on YV and Y'Y scattering and all three-body interactions involving
hyperons, SU(3) flavor symmetry (SU(3);) is used to constrain EFTs and phenomenological
meson-exchange models of hypernuclear interactions. In this way, quantities in channels for
which experimental data exist can be related via symmetries to those in channels which lack
such phenomenological constraints. For example, the lowest-order effective interactions in several
channels with strangeness S € {—2,—3,—4} were constrained using experimental data on pp
phase shifts and the X"p cross section in the same SU(3) ¢ representation in the framework of
XEFT in Refs. [6,46,47]. However, only a few of the SU(3) j-breaking LECs of the EFT could be
constrained [6]. To date, the knowledge of these interactions in nature remains unsatisfactory,
demanding more direct theoretical approaches.

During the last twenty years major formal, technological and algorithmic advances have enabled
rigorous exploration of the low-energy regime of QCD using large-scale numerical calculations.
By performing a numerical evaluation of the equations of QCD in a discretized space-time, lattice
QCD (LQCD) has been used to compute hadronic properties with high precision, in exceptional
cases with more accuracy than that given by experiments [48]|. Specific to nuclear physics, it
has allowed a wealth of observables, from hadronic spectra and structure to nuclear matrix
elements [49-51], to be calculated directly from interactions of quarks and gluons, albeit with
uncertainties that are yet to be fully controlled. In the context of constraining hypernuclear
interactions, LQCD is a powerful theoretical tool because the lowest-lying hyperons are stable
when only strong interactions are included in the computation, circumventing the limitations
faced by experiments on hyperons and hypernuclei. Nonetheless, LQCD studies in the multi-
baryon sector require large computing resources as there is an inherent signal-to-noise degradation
present in the correlation functions of baryons [52-57|, among other issues as discussed in a
recent review [51]. Consequently, most studies of two-baryon systems to date [13,14,56,58-76]
have used larger-than-physical quark masses to expedite computations, and only recently have
results at the physical values of the quark masses emerged [77-79], making it possible to directly
compare with experimental data [80]. The existing studies are primarily based on two distinct
approaches. In one approach, the low-lying spectra of two baryons in finite spatial volumes are

Very recently, the gravitational wave signal GW190814, originated from the merger of a 23 M, black hole and
a 2.6M, compact object, was reported [40], where the nature of the compact object is a subject of discussion. If
this compact object was a neutron star, it would have been the most massive one known, imposing a mass-limit
constraint very difficult to fulfill for the majority of existing nuclear EoS models.



determined from the time dependence of Euclidean correlation functions computed with LQCD,
and are then converted to scattering amplitudes at the corresponding energies through the use of
Liischer’s formula [7,8| or its generalizations [81-97|. In another approach, non-local potentials
are constructed based on the Bethe-Salpeter wavefunctions determined from LQCD correlation
functions, and are subsequently used in the Lippmann-Schwinger equation to solve for scattering
phase shifts [98].

While LQCD studies at unphysical values of the quark masses already shed light on the
understanding of (hyper)nuclear and dense-matter physics, a full account of all systematic
uncertainties, including precise extrapolations to the physical quark mass, is required to further
impact phenomenology. Additionally, LQCD results for scattering amplitudes can be used to
better constrain the low-energy interactions within given phenomenological models and applicable
EFTs. In the case of exact SU(3); symmetry and including only the lowest-lying octet baryons,
there are six two-baryon interactions at leading order (LO) in pionless EFT [99,100] that can
be constrained by the S-wave scattering lengths in two-baryon scattering [10]. LQCD has been
used in Ref. [14] to constrain the corresponding LECs of these interactions by computing the
S-wave scattering parameters of two baryons at an SU(3) flavor-symmetric point with m, ~ 806
MeV. Strikingly, the first evidence of a long-predicted SU(6) spin-flavor symmetry in nuclear and
hypernuclear interactions in the limit of a large number of colors (N,) [12| was observed in that
study, along with an accidental SU(16) symmetry. This extended symmetry has been suggested
in Ref. [101] to support the conjecture of entanglement suppression in nuclear and hypernuclear
forces at low energies, pointing to intriguing aspects of strong interactions in nature.

The objective of this thesis is to extend the previous studies to quark masses that are closer
to their physical values, corresponding to a pion mass of ~ 450 MeV and a kaon mass of ~ 596
MeV, and further to study these systems in a setting with broken SU(3); symmetry as is the
case in nature. Therefore, it provides new constraints that allow preliminary extrapolations to
physical quark masses to be performed, and complements previous independent LQCD studies
at nearby quark masses [56,58-60,62,63,66,69,70,102,103]. The LQCD results presented here
are used to constrain the leading SU(3); symmetry-breaking coefficients in pionless EFT. This
EFT matching enables the exploration of large-N, predictions, pointing to the validity of SU(6)
spin-flavor symmetry at this pion mass as well, and revealing a remnant of an accidental SU(16)
symmetry that was observed at a larger pion mass in Ref. [14]. Strategies to make use of the
QCD-constrained EFTs to advance the ab initio many-body studies of larger hypernuclear isotopes
and dense nuclear matter are beyond the scope of this work. Nevertheless, the methods applied
in Refs. [104-106] to connect the results of LQCD calculations to higher-mass nuclei can also be
applied in the hypernuclear sector using the results presented.

The structure of this theses is organized as follows. Chapter 2 gives a brief introduction of QCD,
followed by a description of the LQCD method. For that, the discretization of QCD is explained,
together with the observables that can be extracted (energies and matrix elements). Finally, the
study of scattering processes in finite volume is detailed, with an appropriate summary of the
necessary group-theoretical tools. Chapter 3 is devoted to the main tools to analyze the correlation
functions, including several more sophisticated methods to reduce excited state contamination.
Chapter 4 is focused on the baryon-baryon interaction. First, a summary of the present status
of the field, both experimentally and theoretically, is presented. After the EFT Lagrangians
that will be constrained are explained, the main LQCD results are showed, which are the lowest-
lying energies, the S-wave scattering parameters, and the binding energies (with a preliminary
extrapolation to the physical point) of several two-baryons channels, followed by the constraints
that these results impose on the LECs of the EFTs. To conclude the thesis, Chapter 5 summarizes
the work. Several appendices follow to supplement the thesis, and are omitted from the main
body for clarity of presentation. Appendix A shows all the relevant group-theoretical relations
between the point (and double) and continuum angular momentum groups relevant for the states
studied in this work. Appendix B presents the derivation of the exponentially-accelerated version
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of the Z-function. Appendix C tabulates the scattering parameters predicted by the available
theoretical models for the baryon-baryon channels studied in this thesis, as well as the binding
energies extracted from fully-dynamical LQCD calculations. Appendix D explicitly states the full
SU(3); decomposition of all octet baryon-baryon channels. Appendix E presents an exhaustive
comparison between the results obtained in this work and previous results presented in Ref. [66]
for the two-nucleon channels using the same LQCD correlation functions, as well as with the
predictions of the low-energy theorems analyzed in Ref. [107]. Appendix F includes relations
among the LECs of the three-flavor EFT Lagrangian of Ref. [11] and the ones used in the present
work, as well as a recipe to access the full set of leading symmetry-breaking coefficients from
future studies of a more complete set of two-baryon systems. Appendix G contains additional
figures and tables related to the LQCD results presented in Section 4.3.



CHAPTER 2

QCD on the computer

2.1 Quantum chromodynamics

More than two centuries have passed since the beginning of nuclear physics, with the accidental
discovery of radioactivity by H. Becquerel in 1896. A great deal of experiments and theoretical
breakthroughs were needed to pinpoint the fundamental forces behind very distinct processes and
elaborate what we know today as the Standard Model (SM). Some of these milestones, relevant
for this thesis, are the first proposal for the description of the strong force by H. Yukawa [22], the
discovery of the first strange particles, the K% meson' by G. D. Rochester and C. C. Butler [108]
and the A baryon by V. D. Hopper and S. Biswas [109]. In order to understand and organize
the large amount of particles discovered, the eightfold way was proposed by M. Gell-Mann [110]
and Y. Ne’eman [111], followed by the more fundamental quark model by M. Gell-Mann [112]
and Z. Zweig [113]. The proposal of a new quantum number, later on called color charge, by
W. Greenberg [114] and M. Y. Han and Y. Nambu [115], was one of the last steps before the
definition of the QCD Lagrangian by H. Fritzsch, M. Gell-Mann and H. Leutwyler [116].

From that point forward, it is known that the degrees of freedom of QCD are quarks and
gluons. Mathematically, the quarks are spin—% Dirac spinors « € {1,2,3,4} that carry color
a€{1,2,3} and flavor ¢ € {up, down, strange, charm, bottom, top} indices, 9§ ,, and transform
under the fundamental (triplet) representation of SU(3),. as

Y(x) = ¢ (2) = Ua)p(x) = e 9% Tog(z), with Qz) € SU(3),, (2.1)

where g is the strong coupling constant, 6,(x) is the parameter of the transformation that depends
on the position (to account for the local gauge invariance), and T, are the generators of the
SU(3). Lie algebra, with a € {1,...,8} (the number of SU(N) generators equals the dimension
of the adjoint representation, N2 — 1 = 8 for N = 3), which can be written as T, = \,/2, with )\,
being the Gell-Mann matrices [117|. These generators are traceless hermitian matrices, normalized
such that Tr(T,T,) = 304, obeying the commutation relation [T}, T,] = ifypT;, where fyp, are
the structure constants of SU(3)..

The mediators of the interaction, the gluons, are spin-1 gauge bosons that are usually written
as A, = T, Aj,. They transform under the adjoint (octet) representation of SU(3),. as

Ay(z) = Al(z) = Qa) A, ()2 (z) + ; [0,0(2)] (). (2.2)

The Lagrangian of QCD has to be invariant under these local gauge transformations, and it can
be written as

- . 1 »
ﬁQC’D = Z T,Z)q (l’yuDu — mq) ?j)q — ZGZI/G&M s (23)
q

!That is the reason why the strangeness quantum number is negative, since the kaon was given S = 1 although
it carries an anti-strange quark.
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where ¥# are the Dirac matrices, m, are the masses of the quarks, and the covariant derivative
D,, contains the term that couples the quark and gluons, D,, = J,, + igT A},

The purely gluonic part is written in terms of the gluon field strength tensor G}, = J,A;, —
O AL — g fabcAzAf,, where the last term is characteristic of non-Abelian theories (no such term
appears in the QED Lagrangian), and is responsible for the three- and four-gluon self-interactions.
The reason why these type of interactions appear is due to the fact that the gluon is charged
with color (the photon does not have electric charge), so it is able to interact with other charged
particles, like quarks and other gluons. Since a term of the form m,A, A" is not gauge invariant,
gluons are massless particles.

Another term that we have not included in Eq. (2.3) but is allowed by gauge invariance is
one proportional to GeuyaﬁGﬁngﬂ, known as the #-term. This term, unlike the others, violates
CP-symmetry, and the value of 6 (specifically, the combination §" = 6 4 argdet m,) has been
constrained experimentally with the electric dipole moment of the neutron, giving an upper limit
of |#'| < 10710 [118]. The reason why the value of 6 is so small is still not understood, and it
is known as the strong CP problem. There are additional terms in the Lagrangian of Eq. (2.3),
such as the gauge fixing term (with the fictitious Faddeev-Popov ghosts) and the corresponding
counterterms, but they are not relevant for the subject of this thesis, LQCD [119].

One of the most striking features of QCD is how the value of g depends on the energy scale
of the process. This is known as asymptotic freedom, and it was discovered by D. J. Gross,
F. Wilczek [15] and H. D. Politzer [16] (the three of them were awarded the Nobel Prize in
Physics in 2004). At very high energies (or very small distances) the coupling constant becomes
small, so the quarks and gluons interact very weakly, and perturbation theory can be used to
study processes in this energy regime. However, at low energies the situation is the opposite,
with g increasing in value as the energy decreases to the point where g ~ O(1) (around Agep)
and perturbation techniques are no longer adequate. In this regime, the quarks and gluons are
bound inside color-singlet hadrons, known as confinement. The most common hadrons are the
mesons (pair of quark-antiquark) and baryons (three quarks), although more exotic ones, like
pentaquarks or glueballs, are not prohibited by QCD.

Since perturbation theory is no longer applicable at low energies, several alternative methods
and models have been developed to circumvent this problem. Examples are the use of phenomeno-
logical models and EFTs for the nuclear sector as mentioned in Chapter 1. The one we will focus
on in this thesis is LQCD, the only non-perturbative method in which quantities are computed
directly using quarks and gluons, and is systematically improvable.

2.2 Discretization of QCD

The formalism of LQCD was first introduced by K. G. Wilson [1], and it is based on the path
integral formalism of R. P. Feynman [120], where observables are computed as vacuum expectation
values of operators,

(O) = % fpgquzDAu O e'Saco | (2.4)

with Z being the QCD partition function, Z = { DyDyDA,, e’ecp and Sgcp the QCD action,
SQCD = Sd4$ ‘CQC’D‘

Notice that this formalism resembles the one used in statistical mechanics (see Ref. [119])
except the imaginary unit in the exponential, which renders an oscillatory factor, troublesome
for numerical evaluations. A solution to this problem is to perform a Wick rotation [121], which
transforms the (3 + 1)-dimensional Minkowski field theory to a 4-dimensional Euclidean field
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theory. Under this rotation,

, = diag(+1, -1, —1,—1) - i) = 6, = diag(+1, +1, +1, +1)

t=$0—>—1wflE) —ir, x; —>x£ ), with i€ {1,2,3},
o —iol®, 8-, (2.5)
P oA E Ly iy B

Ay —iAP 4, AP
(E)

Note that, with the new metric tensor 7,,’, in Euclidean space-time one does not need to worry
about the position of the indices, since there will be no extra —1 factors when raising or lowering

them. If we apply these changes to Eq. (2.3), the QCD Lagrangian becomes
Locp = Z g (W'D, —my) 1y — ZwaGa’W
q

=Zzz3q (i’ Do + 17" D; — my) g — ( G5 GE; + GG

1 (2.6)
- qu (74 + Vz(E)D( : + mq> wq - Z <G£1?)GG( e + G( e Ggf)a>
N E E
=[S IR ) v+ e | - e,
q
and the Euclidean QCD action is expressed as
Socp = Jd‘*;p Locp — J(i)dfjd?) (—L92p) = Jd‘* B Lodn =iS9en (2.7)

making the phase in Eq. (2.4) real. Therefore, and omitting the superscript (E) for simplicity,
1 _ .
)=~ JD@Z)DM)AM O e Saop (2.8)

Similar changes occur in the partition function. With the current form, one can identify e“@cp
as a probability distribution function and apply Monte Carlo methods to perform this multi-
dimensional integral. Before we get to this point, we have to discretize Sg¢ D2

The simplest way to discretize QCD is by using an isotropic hypercubic lattice A,

A= {nu = (nl)n27n3vn4) 0< Ny, Ng, N3 < La 0< Ny < T}v (29)

where L is the spatial extent and T is the temporal extent (with total volume V = L3 x T'). The
lattice spacing b in this case is the same in both directions.? The discretization of QCD has two
purposes: to make it amenable for computational calculations, and to introduce an ultraviolet
cutoff (inverse of the lattice spacing), regularizing the theory. As will be discussed later, to
make the connection to the physical world, the limits of zero lattice spacing b — 0 and infinite
volume L — o0 have to be taken. The calculations with non-zero b and finite L have to be chosen
carefully: the mesh has to be fine enough so that it resolves the hadronic scale (b « Agep), and
the spatial extent must be large compared to the typical range of the hadronic interactions under
study, which is set by the Compton wavelength of the lightest particle exchanged (for the NN
interaction, this implies L » m;!).

2For a complete introduction and development of lattice gauge theories, see Refs. [122-126].
30ther types of geometries are also used, like anisotropic lattices (where the temporal extent has a finer lattice
spacing) [127,128] or asymmetric lattices [129,130].
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Within this formulation, the quarks, spin—f objects with Dirac, color and flavor indices, reside
on the nodes of the lattice, 1)(n). Due to the finite volume, boundary conditions (BC) are applied
to both fields, quarks and gluons (discussed with more detail below). On the spatial direction,
one typically applies periodic BC to both fields, although more sophisticated choices, like twisted
BC [83,131], are also possible. For the temporal direction, anti-periodic BC are imposed to the
quarks quarks (that are fermions) while periodic BC are imposed to gluons (bosons), so as to
ensure the correct statistics.

To illustrate some of the problems inherent in the discretization method, we discuss below
the simplest approximation, the so-called naive discretization, for the free quark case, for which
the QCD action reads

[atv@era, +mu@ vt ¥ i { [w<n+m—w<n—ﬂ>]+mw<n>}, (2.10)
neA

where the integral is now a sum over the lattice sites, and the derivative has been discretized by
a symmetric finite difference. We can further simplify this expression by using the Dirac operator
M (n,m),

Y G [ (w,m—aw,m)man,m} bm) =6 S G M m)p(m) . (210)

n,meA n,meN

To look at the spectrum, it is easier to go to momentum space,

/b d4p )
_ ip(n—m) 2.12
b= | 212

where the limits of the integration correspond to the first Brillouin zone (BZ), (—m/b, 7/b]. The
Dirac matrix can thus be written as

1 /. - i
M(p) = 7“27) (elp#b — e_lp#b> +m = %'y“ sin(p,b) +m, (2.13)
whose inverse is related to the quark propagator,

- 1 —datsin(p,b) +m
M~ (p) = = .

i . =1 -3 5 - (2.14)
pyisin(p,b) +m grsin(p,b) +m

In the limit m — 0, the poles of the propagator one finds are the usual p, = (0,0,0,0), expected
in the continuum theory, plus 15 unphysical poles at the corners of the BZ, p, € {(7,0,0,0),.
(3%, % 73)} These extra poles are the so-called doublers, and are purely lattice artifacts [132].
The reason these doublers appear is explained by the Nielsen-Ninomiya no-go theorem [133], which
states that one cannot define an hermitian, translational invariant, local and chirally symmetric
lattice regularized gauge theory without doublers.

There are several ways to remove these unwanted states. Since in Chapter 4 the lattice results
shown are computed using the Wilson approach [132], we will focus on this one, and the rest will
only be mentioned. The proposed solution by Wilson consisted in adding the following irrelevant
operator, —%br&@“@uw , with 7 being the Wilson parameter, which is usually set to 1 (note that
the added term vanishes in the limit b — 0). The corresponding discertized version is

T

- % 7(”) (5n+;1,m - 25n,m + 5n—ﬂ,m) ¢(m) ’ (215)

with the momentum-space Dirac operator being

M(p) = b’y sin(p,,b) %Z [1 —cos(p,b)] +m. (2.16)
m
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If we compute the propagator and look at the poles, we see that the original pole is undisturbed,
while the doublers acquire an extra factor proportional to 7/b, which in the continuum limit will
become infinitely massive and decouple from the theory. The usual way to write the (free) Wilson
action is in terms of x = (2mb + 8r)~1,

SW = b4 Z Qﬁ(n)M(’H, mW(m) ) M(n7 m) = 5n,m — K [(’I” - 7u>5n+ﬂ,m + (T + 7“)5n—ﬂ,m:| )
n,meN
(2.17)
where we have redefined ¢ — v/2kb .
We are ready now to introduce the gluons into the calculation in a gauge invariant way. Finite
differences contain terms like 1)(n)y(n + 1), which transform like

b(n)(n+ 1) = @' ()Y (n+ p) = b(n)Q'(n)Qn + p)(n + i) # (n)b(n + ). (2.18)

For these terms to be invariant under a local gauge transformation, we need to introduce an
additional field, U,,(n), transforming as

U,(n) = U, (n) = Q(n)Uu(n)QT(n + ). (2.19)

Now t(n)U,(n)i(n + fi) is invariant under local gauge transformation. In the continuum, such
object already exists, and is the path-ordered exponential integral of the gauge field A, along a
curve C' connecting two points = and v,

Uz,y) =P el (2.20)

Therefore, we can interpret Uu(n), named link variables, as the lattice version of the gauge
transporter connecting the points n and n + fi, taking the following form U, (n) = 904" with

Ul(n) = U_,(n — f1). Then, the Dirac operator of the (gauge-invariant) Wilson action is

M(”? m) = 5n,m - R [(1 - Vu)Uu(n)csn-i-ﬂ,m + (1 + ’7#)U—u(n)5n—ﬂ,m] . (2‘21)

An important property of this operator is the 45-hermiticity, which implies v>M (n,m)vy> =

M'(m,n). This property will come in handy later, when dealing with propagators and correlation
functions for mesons, but most importantly it forces the determinant of M (n,m) to be real.

The Wilson action is only correct up to O(b) discretization errors. To improve the situation
(avoiding calculations with very small b), one can introduce higher-dimensional operators to the
action that cancel the O(b) errors. This is known as the Symanzik improvement program [134].
For the Wilson action, this correction was computed by B. Sheikholeslami and R. Wohlert [135]
by adding the following operator,

SV = §Y Begy Y 90n) 550,0Gu(nb(n), (2.22)
neA

where the coefficient cgy, has to be tuned so that it cancels the O(b) errors [136], 0, = [v,,7.1/2,
and G, (n) is the gluon field strength tensor. This term is usually called the clover term due to
the way G, (n) is discretized, resembling a clover leaf,

n) = n) — n
Q) = % o Cw) =5 [Qum) — Qum] (2.29)
Q,uzx(n) = P,uzz(n) + PZ,,H(’I’L) + Pfl/u(n) + Pfufu(n) :

The objects PW(n) are called the plaquettes, and will be discussed later, in the context of the
discretization of the purely-gluonic action.

This clover-improved action, although it removes the problem of the doublers, breaks chiral
symmetry explicitly. Despite this, it is widely used in the LQCD community, resulting in some
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remarkable results. As an example, the BMW Collaboration has computed the mass-splittings
between iso-multiplets [137] in total agreement with experimental data, and in some cases with
better precision.

As mentioned before, there are alternative ways to remove the doublers besides the Wilson
approach. These are summarized below:

— Twisted-mass fermions [138,139] are a variant of the Wilson fermions, where the quarks
are rotated in flavor space by some angle, which can be tuned to remove the O(a) lattice
artifacts. However, it breaks isospin symmetry (see Ref. [140]). Using this formulation, the
ETM Collaboration was able, for example, to make a full flavor decomposition of the spin
and momentum fraction of the proton [141].

— Staggered fermions [142] do not remove explicitly the doublers, but simply re-distribute
them among lattice sites, leaving in the end 4 doublers (called tastes, similar to flavors but
unphysical), which are removed using the so-called “fourth-root procedure” (see Ref. [143]).
These type of fermions are used, for example, to study thermodynamical properties, like
the QCD equation of state [144,145].

— Domain-wall [146-149] and overlap fermions [150,151] are formulations whose main purpose
is to maintain chiral symmetry (more specifically, a lattice version of it, known as the
Ginsparg—Wilson equation [152]) at the cost, for example, of adding an extra dimension for
the case of domain-wall. The main problem with these formulations is that they are 10 — 100
times computationally more expensive than the rest. As an example, the RBC/UKQCD
Collaboration used domain-wall fermions to compute the K — 7mm decay [153].

Now we can focus on the discretization of the gauge part of the action. To maintain gauge
invariance, we have introduced the link variables U, (n), which are related to the A, fields.
Working with only link variables, the only gauge invariant object is the trace of a path ordered
closed loop, also called Wilson loop, TrW,...,,(n) = Tr[U,(n) - - Ul (n)]. The simplest case is the
plaquette (introduced previously for the clover term), which has the following form,

P,n)= {1 P, (n)=U,(n)U,(n+ @)U\ (n+ D)UY (n). (2.24)

With this simple loop, we can write the action as

1 1
jd4x4waG“”“’ — A Z Z Re Tr 3 [1-P,(n)], (2.25)

neA p<v

where 3 = 6/g%. It can be shown (using the Baker-Campbell-Hausdorff formula and performing
a Taylor expansion of A, around n) that the discretized version is correct up to O(b?). The
Symanzik improvement program [134] can also be applied here, where now the higher-dimensional
operators correspond to larger Wilson loops, which for the case of the Liischer-Weisz action [154]
correspond to rectangular and parallelogram-shaped loops (besides the plaquette),

Py(n) = {3 SLW:ﬁZ {ZcoReTr%[l—Ppl(n)]

neN  pl

Ry(n) = ¥ +Den ReTr 3 [1 - Ry (n)] (2.26)

Y ama|

Gpg(n) = L_’ +262ReTr%[1—Gpg(n)] }
Py

In order to recover the original action, a relation between the coefficients ¢; has to be satisfied:
¢o + 8¢y +8cy = 1. By choosing specific values for these coefficients, as it is the case of the Iwasaki
action [155], where ¢y = 1 — 8¢y, ¢; = —0.331, and ¢y = 0, the error can be reduced to O(b).
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2.3 Extracting observables

With the action discretized according to the previous section, we can now rewrite Eq. (2.4) as
A 1 — A — _ QLW (7Y _ GSW (o), 4]
=7 f DYDYDU, O, U) e 5" = FH W), (227)

where we have split the action into the gluonic and the quark parts. Since quarks are anticommuting
variables (they are fermions), they are described by Grassmann numbers. As such, and given the
form of the quark action S = 34)(n)M (n, m)y(m), one can perform the integral over ¢ and
1 analytically, and Eq. (2.27) is now written as

(0) = % J DU, O[M Y (U), U] det [M(U)] e 5" (), (2.28)

All the dependence on ¢ and v has disappeared: the quark action in the exponential gives rise to
the determinant of the Dirac operator (similar for Z), and the fields in the operator O have been
contracted via the Wick theorem [156] to quark propagators (M ~1(U)) that only depend on the
link fields.

As mentioned before, the only possible way to compute this integral is via Monte Carlo
methods. Summarized below are the steps in a typical LQCD calculation:

(i) If we want to perform the integral in a stochastic manner, we have to generate a set of gauge
field configurations {U} sampled from the distribution function % det [M(U)] e S" ),
This is usually done via Markov chain Monte Carlo algorithms, such as the hybrid Monte
Carlo algorithm [157,158], but new ideas using machine-learning based methods are starting
to appear that do not suffer from critical slowing down [159-161].

(ii) Most of the observables require the computation of quark propagators (except the purely-
gluoinc ones, like the study of the spectrum of glueballs). This is done by solving the
following linear equation (where we have made all the indices explicit),

DM (2, y)SE (y, 2) = ¢85 (x, 2) (2.29)
y,b,8

where S is the propagator, M is the Dirac operator and ¢ is the source (usually a point-
source written as a delta in position, color and spin-space). Due to the sparsity of the
Dirac operator (there are only nearest-neighbour interactions), Krylov subspace solvers,
such as the BiConjugate Gradient Stabilized, Bi-CGStab [162] or the Generalized Minimum
Residual Method, GMRES [163], are used. The convergence of these methods can be related
to the condition number of the Dirac matrix, which is the ratio between the largest and
the smallest eigenvalue. Since the smallest eigenvalue is proportional to the mass of the
lightest quark, as we approach the physical point the condition number increases rapidly,
entering a region where these types of solvers are known for critical slowing down. In
order to reduce the value of the condition number and increase the speed of convergence,
preconditioners are used [124,126]. Examples are the even-odd preconditioning [164], domain
decomposition [165], and the multigrid method [166-169], which is the most widely used in
current LQCD calculations at (or near) the physical point.

(iii) Once we have generated enough gauge configurations {U}, we can approximate the integral
in Eq. (2.28) by the mean value of the operator O over the set of configurations,

Netg
Z O({U},). (2.30)
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Since we have a finite number of N, an (statistical) uncertainty has to be assigned to
the result. Other sources of uncertainty can be cast into the systematics, and can come
from the extrapolation to b — 0 and L — o0, or from the choice of fitting method used to

extract O.

(iv) In order to compare the results of LQCD calculations to experimental values, we need to
express them not in lattice units, but in physical units, for which we need to know the value
of the lattice spacing, b. However, its value is not known a priori since the configurations in
the first step are generated by fixing the gauge coupling g, and there is no analytical relation
between the two (one can compute the running of g with b, but only perturbatively). To
compute b, a dimensionful quantity X that is assumed to be insensitive to the quark masses
is compared to its experimental value, so that b = (bX)a4()/Xexp- Typical quantities used
to determine b are: the mass of some heavy baryon (e.g., Q or 1), the pseudoscalar decay
constants (e.g., fr or fx) or the Sommer scale 7, related to the static quark potential (for
a summary, see Ref. [170]).

Several simplifications to these steps have been done in the past for computational purposes.
The roughest one, known as quenching, consists in setting det [M(U)] = 0 during the gauge
generation. Physically, this is equivalent to turning off the sea-quark effects. Halfway between
the quenched and fully dynamical calculations are the partially quenched ones, where the masses
of the sea quarks are different than the masses used for the valence quarks in the propagators.
An analogous approach entails the use of a mixed,action, where the action for the sea quarks is
different than the one for valence quarks (e.g., in Ref. [171], staggered sea quarks and domain-wall
valence quarks were used by the NPLQCD Collaboration to study K scattering).

Besides the techniques described above, other improvements are available, like the tadpole
improvement [172] or the APE [173], HYP [174], and stout [175] smearings of the gauge links.
Another important improvement consists in using smeared quark sources and/or sinks. Since we
know that hadrons are not point-like, to construct better operators with larger overlap to the
ground-state and reduce contamination from excited states, smearing profiles can be applied to
the quark source in Eq. (2.29). Among the several choices proposed, the Gaussian smearing [176],
which is the one used in Section 4.3, takes the form

O(x,2) = Y [00y + H (2,9)16(y, ). (2.31)
y
where H(z,y) = Zi:l U, ()8 41 p + Ul(x — [1)8, ;4 is the hopping term, and « is a constant.

If this procedure is repeated N times, then the shape becomes closer to a Gaussian, with {«, N'}
being the parameters that determine the shape and size of the source. To understand how this
procedure works, in Fig. 2.1 we show the weight that each point (in a two-dimensional lattice)
acquires after each iteration of Eq. (2.31).

& 4 & &

Figure 2.1: Qualitative description of the iterative procedure to smear the source (or sink) in a
two-dimensional lattice, with the height of the bars represent the relative weight. Starting with a
delta function, as N increases, the shape gets closer to a Gaussian.

Another difficulty that is faced when trying to compute the properties of hadrons is the
inclusion of electromagnetic (EM) interactions. That is because Gauss’s law is not satisfied in a
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finite volume with PBC. There are several proposals to circumvent this problem (see Ref. [177]
for a comprehensive discussion). For the studies of nuclear systems (A > 2), the most common
technique is the use of uniform EM background fields, where the EM fields are added to the
gauge ensembles after its generation. For example, this technique was used by the NPLQCD
Collaboration to study the magnetic moments [178] and polarizabilities [179] of light nuclei, as
well as the study of the first nuclear reaction cross section with direct input from LQCD, the
radiative-capture process np — ~yd [180]. Very recently, a dynamical QCD + QED calculation
studied two- and three-baryons systems ((besides multi-pion and kaon systems) [9], where instead
of using EM background fields, the spatial zero mode of the photon is removed on every time
slice.

The most important objects calculated on the lattice are two-point and three-point correlation
functions. The first ones are used for extracting the energy levels of the system, while the second
ones to extract matrix elements. In the following subsections, we will discuss how to relate
physical quantities with lattice objects.

2.3.1 Two-point correlation functions

The two-point correlation functions are objects that give us the amplitude for the time evolution
of a state, from its creation at a point in the lattice (source) to its annihilation at another point
in the lattice (sink). Appropriate interpolation operators are used to: i) create a state out of the
vacuum with specific quantum numbers (flavor, spin, parity, charge conjugation,...) so that it
couples to the desired state (X,), ii) annihilate at the sink (Xpg). This object can be written as

Cop(7,p) = ), e P(Xp(2,7)X4(0,0)), (2.32)
X

where the sum over x projects the state to a definite momentum value p. There is a vast
bibliography on operator construction [181-184| to study both ground- and excited-states for
mesons and baryons. In order to understand how these functions are computed, we can use local
operators of baryons (all the quarks are placed at the same point), which are the ones used to
study the ground-state energy of systems (like in Section 4.3). The simplest operator one can use
for the proton is

N(2) = e |0 ()5 () | (@) (2.33)

where {a,b,c} are color indices and C' = 77, is the charge-conjugation matrix in Euclidean
space-time, which together with 5 produces a spin-zero diquark object. The projected correlation
function is then expressed as (again, making explicit all the spinor indices)

Fﬁa<No¢ (CC, T)NB(()? O>>
—capecaeTaal {15 (@, 7)[C5 58 (@, 7) f ut (@, 7)uh (0,0) {5 (0,0)[Cs ], (0,0) )

o, L]
:Eabcedefr,@a [075]’}/6 [075]77C<U’C}L/(m7 T)dg (ZB, T)thg(w, T)ﬂ%(o’ O)Cli;;(o’ O)Z_fg(o’ 0)> (234)

:6abcedefr[3a [C75]76 [075]77C [SZf;C(:Bv ) 0, 0)53,657] (:Bv 75 07 0) gc,locﬁ (:Bu 75 07 0)

—554 4(®,7:0,0)S5, (x,7;0,0)S

u»’Yﬁ u7a<(m7 7-; 07 O):| .

In the previous expression we have introduced a projector I', which can take two forms,

1 1 :
Funpol = 5(1 + 74) ) Fpol = Z(l + 74)(1 + 175(7 : 3)74) ) (235)

where I',,,,1 only projects to positive-parity states, while I',,; additionally projects the spin of
the state to the polarization direction s, which is usually taken in the z-direction. The allowed
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Wick contractions (only two possibilities for the proton) are shown in Eq. (2.34), which are shown
schematically in Fig. 2.2.

U &—>—8 U U U
U 6—>—o u — u :><: U
d &—>—@ (| d &e——eo (|
(0,0) (z,7) (0,0) (z,7)

Figure 2.2: Wick contractions for the two-point correlation function of the proton.

As the number of particles increases, the number of contractions grows. Naively, this number
grows factorially with the number of quarks, but it can be reduced by using symmetries to
remove duplicate and vanishing contributions. These techniques have been applied to multi-
meson [185-189| (up to 72 pions) and multi-baryon [55,64,190-192] (up to A = 28 nucleons)
systems.

In order to relate Cy,, (7, p) with the energy levels of the state, we need to write its spectral
decomposition (we will drop the dependence on p and « for the moment). Using the Hamiltonian
evolution operator,

X (r)2u(0)) = - Tr [T 25 0)e 2, (0)] (2.36)
T

with the normalization factor Zp = Tr e TH and T being the temporal extent of the lattice. The

trace can be evaluated by inserting a complete set of states (with the normalization {(njn) = 1),

Tr | T 25(0)e ™. 2,(0) | = Xmlem D8 25(0)nynle ™™ 24 (0) jm)

—(T—-1)E, —7E S (2'37)
=Ze m(m| X(0) [0y e~ En (| X4 (0)|m),

and similarly for Zp = Tre T = ¥ (n|e™TH|n) = 3 e TEx. The case n = 0 represents the
vacuum, which we take as a reference value. In particular, we choose Ey = 0 and {0|0|0) = 0.
Note that in the limit 7" — oo the denominator in Eq. (2.36) tends to 1. We can consider two
limits for the sum in Eq. (2.37): one for 7 fixed and T'— oo (forward propagation) and another
for T'— 7 fixed and T' — oo (backward propagation),

Z<0\XB )| XA (0)[0) €™ 4 3 (| X (0)]0)(0] X4 (0)[my e TP o (2.38)

where the dots denote higher excited states contributions. It can be showed [124,193] that the
backward propagating state is the charge-conjugated version of the forward propagating state.
For mesons, these are the same states, and taking the pion as an example, one can write

CE(7) = [O|X )2 e o= (T=mma | (2.39)

For baryons, the charge-conjugated state has opposite parity, giving for the case of the nucleon
(with Nt having positive parity and N~ negative parity)

Cop(7) = (1 +74) [A+@7TMN+ + A_e*(T*T)MN—]
(2.40)
— (1 =74) [Afe‘TMN* + A+€_(T_T)MN+] P

where the constant A is proportional to [(0O|NT)[2. It is easy to see that projecting with T'yp01,
which picks only the positive forward propagating state, we can remove the contamination coming
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Figure 2.3: Top row: two-point correlation functions for the pion (left) and proton (right). Bottom
row: effective mass plots for the pion (left) and proton (right).

from the second line. The contamination from backward-propagating states is not relevant for
baryonic systems, with negative parity state masses much heavier than their positive counterparts
(in nature, N* ~ 939 MeV while N~ ~ 1535 MeV), and where the analysis of correlation functions
involves only 7 < T'/2.

The top left panel of Fig. 2.3 shows the correlation function of the pion, where the forward
and backward propagating states have the same mass, giving rise to a symmetric function, with
the same slope on both sides with respect to the center. The top right panel shows the correlation
function of the nucleon, where the backward state, associated to the opposite parity nucleon
state, shows a steeper slope.

An alternative way to visualize the correlation functions is via the effective mass plot (EMP),
which is defined as

1 Cth(T)
M(T) = T—Jln [CW} , (2.41)

where 7; is a non-zero integer that is introduced to stabilize the function (usual values for this
parameter are 1 < 7; < 5 [54]). In the limit 7 — o0, this function plateaus to the ground state
energy of the system, making it easier to read it off. In the bottom panels of Fig. 2.3, the effective
mass plots for the pion (left) and nucleon (right) are shown.*

For multi-hadron systems, it is interesting to form the ratio of the correlation function
describing the multi-hadron system with respect to the product of correlation functions of its

4For mesons, since both forward- and backward-propagating states have the same energy, more appropriate
forms of the effective mass functions are available, as for example

M(r) = L arccosh [ (2.42)

Copt (T + 71) + Cope(T — 75)
T ’

202pt (T)

where now the change in sign at 7 = T'/2 shown in the bottom-left panel of Fig. 2.3 disappears.
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constituents. For the case of two baryons, B; and B,, this ratio reads

_ 031132 (7)
Cp, (1)Cp, (1)

We can construct an equivalent of the EMP for multi-baryons, called an effective energy-shift

function,

L { Rp, B,(T) }

77 | BB, (T + 7))
which in the limit 7 — o0 it plateaus to AEp p, = Ep p, — Mp, — Mp,.

From Fig. 2.3, we notice the different statistical behavior between meson and baryon correlation

functions. This was first highlighted by G. Parisi [52] and G. P. Lepage [53], later on studied in
detail for light-nuclei by the NPLQCD Collaboration [54-56,194] and also by M. L. Wagman and
M. J. Savage [57,195,196], motivated by previous works on the statistical properties of correlation
functions [197-204]. To understand this different behavior, we have to focus on the variance of
the correlation function, which for an operator O is defined as Var(Q) = (O?) — (O)2. As we
have done in Fig. 2.2, where we have shown schematically the contractions leading to (O) in the
case of the proton, in Fig. 2.4 we show the corresponding contractions corresponding to (O?).

RBlB2 (7) (2.43)

AEp p,(T) = (2.44)

SUISES

S, 12 o
S e s
_|_

LSS ase
S

Figure 2.4: Wick contractions and quark re-organization for the quantity (O?) in the case of the
proton correlation function. The dots denote additional contractions.

As can be seen from the Fig. 2.4, the long-time behavior of (0?) will be dominated not
by the propagator of a proton and anti-proton, but by lighter three pion state (3m, < 2My).
Then, the ratio between the mean value and the square root of the variance, also known as the
signal-to-noise ratio or StN, is

7TMN
sin = D ° — e T(My—gma) (2.45)

= Var(0) e T

where the explicit exponential degradation with time of the signal is manifested. If we compute the
same quantity for the pion, we see that both (0?) and (©0)? are dominated by two pions and StN
ratio becomes a constant (no degradation). A similar degradation appears for the isovector mesons
(like the p), with a decay that goes like e~ 7(™»~™x) and for states in higher partial-waves [87]. If
we go beyond the two-flavor sector and look at baryons with non-zero strangeness, we see that the
degradation is less severe. For example, with the physical values of the meson masses, the StN of
the cascade baryon (2 = {ssu/ssd}) degrades with the difference of Mz — 3 (2my + m,,) ~ 550
MeV, smaller than the difference for the proton, which is My — 3m, ~ 740 MeV (see Refs. [54-50]
for a detailed investigation of the noise scaling is one-, two- and three-baryon systems including
strangeness).

The situation worsens as we increase the number of baryons. In Ref. [54] it was shown
that the StN for a system with A nucleons goes as e~ T[AMN=3mo)]  This puts a limit on the
atomic number of the nucleus that can be studied on the lattice for which a reasonable signal
can be extracted. The largest value has been computed by the NPLQCD Collaboration, with
A = 4 in Ref. [64], although at a heavier-than-physical pion mass, where the difference between
My and m, is smaller, reducing the degradation of the signal. To reach larger systems, the
energy levels of two- and three-body systems extracted directly from LQCD [64,69] can be used
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Figure 2.5: Binding energy per nucleon B/A as a function of the mass number A from LQCD [64]
and many-body calculations [104-106] at m, ~ 806 MeV, together with experimental values [207,
208).

to fix the coefficients of pionless EFT, and then compute the binding energy with many-body
methods (the potentials extracted with LQCD have also been used to study larger nuclei in
Refs. [205,206], however, the three-nucleon force was neglected in these studies). The use of this
simpler EFT, compared to yEFT, is motivated by the unphysically large value of m used in
the lattice calculations, which allowed to consider pion-exchange as short-range effects and the
nucleons as the only relevant degrees of freedom. This was first done in Ref. [104], where effective
interaction hyperspherical harmonics and auxiliary-field diffusion Monte Carlo techniques were
used to study “He, ®He, °Li, and ®Li nuclei, followed by Ref. [105] reaching 0. The doubly magic
isotopes “He, 160, and “°Ca were studied in Ref. [106] using a discrete variable representation
of the EFT in the harmonic oscillator basis. In order to compare all these results, the binding
energy per nucleon is plotted in Fig. 2.5 for the systems computed at m, ~ 806 MeV together
with the physical values of B/A for the most common stable isotopes in nature [207,208|. It is
interesting to note that a similar behavior is seen, where for small nuclei a rapid increase in B/A
is observed, while for larger nuclei this value seems to stabilize. An alternative method to study
larger systems is via nuclear lattice EFT [209], where xYEFT is regularized on a lattice (with
similar techniques used as in LQCD), and calculations of nuclear systems can be performed after
the two- and three-body LECs are fitted to experimental data.

Let us go back to the spectral decomposition of the two-point correlation function, and look
more closely to the proton (and without considering the backward propagating state),

Cop(7,p) = Z e_im'pFﬂa<O|Xa(m, 7')/'\_,’5(0, 0)|0). (2.46)

x

Again, inserting a complete set of states |n, k, s) (where now in addition tp n we have included
the momentum k and the spin s indices) and using the Hamiltonian and translation operators to
shift the interpolating operator X, (x, ) to X,,(0,0),

Cop(1,p) = D. D e ®P™ T 5 (0]X,(0,0)|n, k, s)(n, k, 5|X5(0,0)[0ye " *) . (2.47)

x nk,s

Defining the overlap factor Z, as (0|X,(0,0)|n,k,s) = Z,(k)U,(p,s), with U,(p, s) being a
spinor, we have

Copt (T, D) Z Zu( FBQZ _m'(p_k)Ua(k:,S)Uﬁ(k,s)e_TE"(k). (2.48)

nk,s x
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If we perform the sum over x and k, we project all momenta to p. Finally, by summing over spin,

Y Ua(p,8)Us(p, ) = [E(P)7s —1p- ¥ + Mylas, (2.49)
we obtain .
Cop (7. D) Z Zo(P) Z3 (P)T sl Ea(P)ya — ip - ¥ + Myag e ™0 ®
= Z Z,(P) 23 (p) Tr{T[Ey(p)ys — ip -y + My]}e ™) (2.50)

= ZZn p n p ]:n(F)e_TEn(p) s
n

where the trace, F,(I'), can be evaluated using the gamma-matrix properties, leading to
FuTunpol) = 2[Ey(p) + My] for the case where I' only projects to positive parity, and F,(I',o1) =

[E.(p) + My] when, in addition, the spin projection is made. Nevertheless, these factors are not
explicitly shown and are usually absorbed into the overlap factors. In the next chapter, we will
discuss how to fit this two-point correlation function to extract the energy levels of the system.

2.3.2 Three-point correlation functions

In order to extract matrix elements (ME), we need to couple the quarks (or gluons) fields to
external currents by calculating a three-point correlation function. The most common definition
is the following,

Cape(T, 7', PP Ze wr T PRI, (01X, (2, 7) Q(y, ') X5(0,0)[0) (2.51)

with Q being the current inserted at time 7/, and p and p’ the initial and final state momenta
(with the transferred momentum being ¢ = p’ — p). Focusing on bilinear operators, Q = q®q,
and for currents that do not change the quark flavor, we can draw schematically the contractions
in Fig. 2.6 (again for the case of the proton).

-

U o—%@%«o u U &——0 U
U &—>—0 u + u 6—m—0 u -+
d &e————e0 ( d &——>—0 (|
0,0) (y,7) (x,7) 0,00 (y,7) (=.7)

Figure 2.6: Possible Wick contractions for the three-point correlation function of the proton
interacting with an external current of the form Q = udu.

Now we see that besides the usual connected diagrams, there is also the possibility of having
disconnected diagrams, which originate in the Wick contraction of the quarks in the operator
®. As we can see in Fig. 2.6, these disconnected diagrams start and finish at the same spatial
point, meaning that we will have to compute all-to-all propagators, which are more expensive
that the point-to-all propagators from Eq. (2.29), since the whole Dirac matrix has to be inverted
(stochastic methods are used to evaluate these type of contributions, e.g., see Ref. [210]). These
disconnected contributions can be cancelled if certain combinations of @ are made, as we will see
below.

Among the possible Q operators, hadronic form factors (more specific, their corresponding
charges), tell us about the internal structure of the hadrons as well as their interaction with
other particles. For example, the electromagnetic form factors tell us about the charge and
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magnetic distribution of the hadron, and they are fairly simple to access experimentally using
electron-proton scattering [211]. On the other hand, if we want to study the spin and gluon
structure of the hadrons, nuclear reactions like double $-decay, or the interaction with scalar
particles (dark matter candidates), QCD plays an important role, and for some of these quantities
there is no clean extractions from experiments. Related to these quantities we have three different
currents giving scalar, axial and tensor ME.

Scalar ME

Weakly interacting massive particles (WIMPs) are possible dark matter candidates, an extension
of the SM. One of the problems when trying to study experimentally the interaction between
WIMPs and nuclei is the large uncertainty in the spin-independent ME interaction, the scalar
ME or sigma terms, which are defined as the ME of the scalar quark currents between hadronic h
states,

Orh = Mygq <h"L_I,’U, + d_d|h>7

0o = my (hlsl) (2:52)

where m,,; is the average of the up and down quark masses. What is more interesting is that in a
LQCD calculation at m, ~ 806 MeV the scalar ME for multi-hadronic states were found to be
different from the naive estimation assuming a sum of free nucleons [212], so quantifying these
differences for light nuclei with LQCD with high accuracy will be needed for experiments using
big elements (like xenon, germanium or argon) as detectors [213].

Also, scalar ME are used to access the strange content of the hadron. In principle, if we only
consider hadrons with no strange valence quarks (like the proton or deuteron), the net strangeness
is zero. However, the valence quarks are surrounded by a sea of ¢q pairs, and computing the
vacuum contributions of this sea to observables is pertinent.

Experimentally, the o, has been extracted from pion-nucleon scattering experiments, o, ~
45 MeV [214], but the o,y is not directly accessible. Instead, the flavour-singlet quantity
09 = Myq {N|itu+ dd — 23s|N) can be extracted from octet baryon mass splittings, giving a value
of g = 36(7) MeV [215]. However, when trying to use these two quantities to extract oy, one
gets large uncertainties. Therefore, a direct LQCD calculation can be very illuminating.

Axial ME

The hadron axial structure is characterized by the hadron axial form factors found in the ME of
the axial-vector quark current, A%* = (17“75%((] [125],

5
wmﬂwwwwﬁawwﬂwﬂmwww”%@%

2
S (2.53)
178 e () | Unp. )
2mh T h\#> )
where Q? = —¢?, 7% is the isospin Pauli matrix,” and the form factors G%(Q?), G%(Q?) and

GE‘F(QQ) are the axial, induced pseudoscalar and tensor form factors respectively.

In the forward limit Q% = 0, the axial form factor gives the hadronic axial charge G 4(0) = g4.
Experimentally, the nucleon axial charge has been measured with great accuracy, with a value
of g4 = gz_d = 1.2723(23) [216]. This axial current also allows us to study [-decay processes,
although it requires a current that changes quark flavor. On the lattice, we can simplify this
calculation by using isospin symmetry with the raising and lowering operators Ti,

(plarH~Pdlny = (play v d(T_T.)|n) = (plant+Pd T_|py = (play"y u — dy'~yPdlpy,  (2.54)

5For this example, since we work in SU2)¢, ¢ = (u d)" and we use the Pauli matrices 7%, but for SU(3)y,
g = (uds)" and we shall use the Gell-Mann matrices.




20 Chapter 2. QCD on the computer

where we have transformed the ME for the neutron -decay to an isovector axial proton ME (in
which the disconnected diagrams cancel with each other since the masses of u and d are set to be
the same).

Tensor ME

The matrix element of the tensor quark current, T%*" = gioc* %aq can be parametrized by three
form factors [217],

Ch(p!, )T |h(p, 8)) = Uy(p', 8') [if’“”H%@ )+ WE (@)
nhq” — gtn? ) (2.55)
+ QY | i),

where n# = p'* + p#. Again, in the forward limit, the tensor charge is defined as Hy(0) = gr.
Tensor charges are involved in the quark electric dipole moment, a new source of CP violation in
some beyond-SM models [218,219], since the two sources in the SM (the f-term and the complex
phase in the quark mixing matrix) are too small to explain the unbalance between matter and
antimatter.

This quantity is accessible through the quark transversity distribution A (x), which measures
the number of quarks with transverse polarization parallel to that of the hadron minus that of
quarks with antiparallel polarization. The first moment of h;(x) is related to gy [220],

1
|| dotha() =@ = g (2.56)
where h;(z) is the antiquark transversity distribution and z is the Bjorken variable (related to
deep inelastic scattering). The most recent values obtained using this approach are given in
Ref. [221] using data from COMPASS, HERMES and JLab, with g = g7~ = 0. 617929 for the

(—0.51)
isovector nucleon tensor charge, and g% = gqj‘fd = 0.17&8:;8 for the isoscalar one (both at 90%

C.L.). It should be said that the future upgrade of JLab to 12 GeV is expected to improve the
precision up to one order of magnitude [222]. Given the challenging experimental extraction of
the tensor charge, its estimation with LQCD calculations is extremely helpful.

All these charges have been computed in the single-baryon sector, as compiled in the most
recent FLAG summary [48], as well for two- and three-nucleon states [212]. One can extract these
charges from the spectral decomposition of Cs,,

C3pt T, 7_ Z 2 Z el:ck: —iy-(k'— k)rﬁ

z,y nk,s mk’ s’
x {0|X,(0,0)[m, k', s")(m, k', '|Q(0, 0)|n, k, s)(n, K, 5|X5(0,0)[0)
(=) By (k) = B ()

(2.57)

X e

where we have taken p = p’ = 0 (and dropped the p and p’ labels) for simplicity. The operator
bracket gives us (m, k', s'Q(0,0)[n, k,s) = U, (K, s")®,5Us(k, 5)gs, with gg being the charge.
Therefore,

Cap(1,7') = Z ZoZ3 Te[D(Egyy + My)®(Eyyy + My)]e™ T B En gy

nm
_ N (2.58)
= Y ZnZaFan (T, @)™ 7T e En gy
nm

We note that while for scalar currents, 2.7:“nm(Funpol, 1) = ﬁnm(Fpol, 1) = (Ey + My)(E, +
My ), the axial and tensor currents have to be computed using Iy, since ]i'nm(Funpol, YY) =
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fnm(l“unpol, o) = 0. Thuse, using I',,}, we see that for the axial current, fnm(Fpol, v o s;

and for the tensor current, fnm(Fpol, o) oc €745, This means that if we polarize our state in

the z-direction, we have to pick 427° and ¢!'? in order to get a non-zero measurement.
Explicitly writing the first terms of the sums in Eq. (2.58), we see that (and again absorbing

Fu (T, @) into the Z factors),
Copt(1,7') = g9 [ 2,255 + Z,ZFe T

+ ZyZte BBy | g grem (o) BT B ] : (2:59)
which tells us that in order to reduce exited state contamination, 7/ and 7 have to satisfy
0 « 7" « 7. Appropriate ratios of Cs,(7,7") over Cy,(7) can help cancel higher-excited state
contributions [223].

The background field method, used in studies of the magnetic properties of nuclear systems,
can also be applied to compute matrix elements. However, in this case, instead of modifying the
gauge-field configurations, the propagator is modified by including the insertion of the operator
Q, leading to the compound propagator [224],

S\ (@,y) = S (x,y) + A Zs 2)0,55) (2,9), (2.60)

g

where ), is a constant number. The use of this compound propagator implies a sum over the
time 7/ where the operator is inserted, and multiple insertions are possible. To understand the
difference with the previous method, let us draw the contractions depicted in Fig. 2.7 where we
replace the up-quark propagators by the corresponding compound ones.

U &—>—0 U U &—>— >0 U U &>—>—0 U
U GFAAPPIAALAG U = U &——>—0 U + U &—>—0 U + U 6>—>—0 U
d &e———e d &e——e (| d &e——e (|

O(\) O(\L) O(A2)
(0,0) (z,7) (0,0) (z,7) (0,0) (z,7) (0,0) (z,7)

(u)

Figure 2.7: Contributions that appear when using the compound propagator S in a proton.

When constructing correlation functions with these compound propagators, Cg Ao e will
have contributions from the two-point correlation function as well as from three-point correlation
functions with as many insertions of the operator as number of valence quarks of flavor ¢ has the
hadron (the disconnected diagrams have to be computed separately). This means that we can
write Cg, ), B8 2 polynomial in A,

Co(7) = T X[ Ol 20,00

, (2.61)
+ A0 D, <0!Xa(wﬁ){@¢>q}(y,T’)XB(O,0)|0>] +0(\3).

Yy 7'=0

For example, for the case of the proton, Cg, A, is a polynomial of maximum order A2 and \;. In
order to disentangle each contribution, since multiple A, are used in the calculation, a system
of equations with a Vandermonde matrix for the coefficients is obtained, which has an exact
analytical solution. This technique has been extensively used by the NPLQCD Collaboration
for the study of multi-baryon systems (for a detailed discussion, see Ref. [51]), where the usual
propagators are replaced by the compound ones. The most recent results obtained with this
method correspond to the calculation of the momentum fraction of *He [225] and of the axial
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charge of the triton [226], which only need the evaluation of the O(),) contribution. Processes
that require the (’)()\g) components are, for example, double-/3 decays [227,228|.

Looking at the spectral decomposition of Cg, Mooy we see that, compared to Eq. (2.58), the
q
sum over 7’ yields different time-dependence for the ground state as well as different excited-state

contamination,

_ Z an:l 9 e—TEn ZT: e—T’(Em—E“)

nm '=0
—TFE, —7E
e T n e m
=Y Z. 7 +
2 nZm 9o 1 — eBa—Fn 1 — eEan—FEn
nm

C’<I>,/\q oA,

(2.62)

5 e—‘rEn e—TEm
- YAz w4 Y Y L | o+ o |
n

n m#n

Again, appropriate combinations and ratios of Cg )\q‘
cleanly [225]. O%)

All these matrix elements obtained from the lattice are computed in the “lattice” scheme.
What this means is that the lattice itself is a regularization scheme (the lattice spacing imposes
an ultraviolet cutoff, A, = b~!), so the observables computed in the lattice will be regularized
in this particular scheme. These are what we call bare operators. If we want to compare these
observables to their continuum counterparts, we need to switch to an appropriate renormalization
scheme, which is usually the modified subtraction scheme (MS) at a scale u = 2 GeV [124] (typical
renormalization scale used when dealing with experimental data),

and Cjy,; can help extract g more

O3 (1) = Z (1, b)O3™ (0) (2.63)

where Zg is called the renormalization constant, which depends on the lattice action used and the
operator, but not on the external states in the ME. To be precise, the renormalization procedure
is divided in two steps, since one cannot apply the MS scheme directly on the lattice. First, a
non-perturbative calculation of Zg is done on the lattice using a specific scheme, such as the
RI-MOM scheme (Regularization Independent MOMentum subtraction scheme [229]). Then, a
perturbative matching between the RI-MOM and MS schemes is performed.

Since the lattice version of QCD is written in Euclidean space-time, the original Lorentz group
is replaced by the orthogonal group O(4), which is further reduced due to the discretization of
space-time to the hypercubic group H(4) < O(4) [230]. Just as it happens with the angular
momentum (we will give more details in the next section), since H(4) is a finite group, mixing
between different operators is possible, and Zg(p,b) is, in general, a matrix with non-zero
off-diagonal elements, rather than just a number.

2.4 Scattering in finite volume

Computing the relevant parameters in the description of the interaction of two (and more)
hadrons directly from QCD is one of the goals of nuclear physics. Typically, phase shifts are
determined from scattering experiments by parametrizing the scattering amplitude at low-energies
as a function of the energy in the center-of-mass (c.m.) frame. For baryon-baryon processes, a
common parametrization below the ¢-channel cut is the effective range expansion (ERE) [231-233],
which for the case of S wave can be written as

1 1
E*cot §(k*) = —= + §rk*2 + PE* + O(k*9), (2.64)
a

where a is the scattering length, r is the effective range, and P is the leading shape parameter.
For other types of processes, like the study of resonances, different parametrizations are more
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suitable (e.g., see Ref. [234,235]). When trying to study scattering processes with LQCD, we have
to confront the Maiani-Testa no-go theorem [236], which states that scattering matrix elements
cannot be extracted from infinite-volume Fuclidean correlation functions except at kinematic
thresholds. An easy way to circumvent this problem is by computing correlation functions at
finite volume. The method was formalized by M. Liischer [7,8|, who extracted S-wave scattering
elements from the discrete spectrum of the two particle state in a finite three-dimensional box
below inelastic thresholds. Before diving into the formalism, we need to understand how do the
spin, orbital and total momentum of the system get modified when it is put in a box.

2.4.1 Angular momentum group theory

The study of angular momentum on the lattice requires some knowledge of group theory. A
summary of the main concepts (taken from Refs. [237-242|) and useful definitions are given below.

Elements of group theory

Definition 1. A collection of elements A, B, C, ... form a group when the following four conditions
are satisfied:

(i) The product of any two elements of the group is also a member of the group.

i)
(i)
1)
)

The associative law applies to the product of three elements, i.e., (AB)C = A(BC).
(iii) There exists a unit element E (or identity element) such that FA = AE = A.

(iv) Each element has an inverse element which is also a member of the group, i.e., for every
element A there exists an inverse element A~! such that A=A = AA~! = E.

Definition 2. The order of a group h is the number of elements in the group.

Definition 3. A subgroup is a collection of elements within a group that by themselves satisfy
the group postulates.

Definition 4. Two groups G and G’ are isomorphic when to each element of G there corresponds
one, and only one, element of G, and conversely (one-to-one correspondence).

Definition 5. Two groups G and G’ are homomorphic when to each element of G there corre-
sponds one, and only one, element of G’, but to each element of G’ there corresponds at least one
and possibly more than one element of G (many-to-one correspondence).

Definition 6. If a group G contains two subgroups GG, and G}, whose elements commute, and if
every element of G can be written uniquely as a product of the elements of G, and G}, then G is
the direct product of G, and G, and is written G = G, ® Gy,.

Definition 7. An element B conjugate of A is by definition B = X AX !, where X is some
member of the group.

Definition 8. A class is the totality of elements which can be obtained from a given group
element by conjugation. For an Abelian group, since all members are selfconjugate, the number
of classes is equal to the order h of the group.

Definition 9. A representation of an abstract group is a substitution group (matrix group with
square matrices with nonvanishing determinants) such that the substitution group is homomorphic
(or isomorphic) to the abstract group. We assign a matrix II(A) to each element A of the abstract
group such that II(AB) = II(A)II(B). These representations are not unique.

Definition 10. The dimensionality of a representation is equal to the dimensionality of each of
its matrices.
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Definition 11. If by means of the same equivalence transformation, all the matrices in the
representation of a group can be made to acquire the same block form, then the representation is
said to be reducible; otherwise it is irreducible. An irreducible representation (irrep) cannot be
expressed in terms of representations of lower dimensionality.

If IT is a reducible representation, then the reduction is expressed by writing

1= @m,11?, (2.65)

where each m; is a positive integer that indicates how many times the representation matrix
H(i)(R) appears along the main diagonal of II(R). The number of non-equivalent irreps is equal
to the number of classes. Furthermore, there is a restriction on the dimensions of the irreps. If [;
is the dimension of the ith irrep and h the order of the group, then

Miz=h. (2.66)

Definition 12. The character of a representation matrix IIU)(R) is the trace of the matrix. The
character for each element in a class is the same.

The usual way to summarize the information on the characters of the representations of a
group is using the character table. In a character table we list the irreps as columns and the class
as rows. Looking at Eq. (2.65), it follows that the character y of II is related to the irreducible
characters by a similar equation. If y(R) denotes the character of II for an element in a class R
then

X(B) = Y mix(R). (2.67)

It is obviously of interest, given R, to be able to deduce the m;, which can be done if the
irreducible characters () (R) are known,

1 i
my =3 Snpx O (R)*x(R) (269
R
where ng denotes the number of elements in class R.

Angular momentum in the continuum

In the continuum, the relevant group is the O(3) group, which is the full three-dimensional
rotation group. This group includes 3 x 3 real matrices with determinant Det = +1. This means
that O(3) does not only include the proper rotations (matrices with Det = +1), but also the
improper rotations (with Det = —1). These improper rotations correspond to proper rotations
combined with a spatial inversion (also known as parity). Therefore, O(3) = SO(3) ® C;, where
the group C; contains just two elements: the identity element F and the inversion element I.

Since O(3) is the direct product of SO(3) and Cj, each irrep of O(3) can be regarded as the
direct product of an irrep of SO(3) with an irrep of C;. We already know the irreps of SO(3),
there are an infinite number of irreps with dimension (2L + 1), which are labeled by integer
angular momentum L € {0, 1,2,...}. For the group C}, since it is an Abelian group with two
elements, there will be two 1-dimensional irreps, which separates states between proper and
improper states of parity. Then, the character of the irreps of O(3) is given by

in[(L+1)0
X (8, proper) = M X (8, improper) = (

B 1 8in [(L + %) 9]
sin () 1

2.69
sin () (2.69)
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If we want to include half-integer angular momentum (required for fermions), we need to
consider the double cover representation of SO(3), which is SU(2). This can be argued as follows.
If we look at the first expression in Eq. (2.69), under the rotation 6 + 27,

sin[(J+3)(0+2m)]  sin[(J+3)0]cos[(J+3) 2]

X0 +2m) = sin (”%) - sin (g) cos() ' (2.70)

For integer values of J, cos [(J + %) 27r] = —1, while for half-integer values of J it takes the value
+1. Therefore, we have the important relation

Y0+ 27) = (—=1)>xD(0), (2.71)

which implies that for integer J, a rotation by 6,0 + 27,60 + 4x, ... yields identical characters,
but for half-integer values of J, we have

YO +21) = —xD0), X0+ 47) = xD(0). (2.72)

The need to rotate by 47 rather than by 27 to generate the identity operation leads to the
concept of double groups. For the improper rotations with half-integer J, the change of sign in
Eq. (2.69) depends on the parity (P) of the system. If P = +, no modification is required, but
if P = —, one needs to multiply by (—1). The same will happen when J comes from coupling
orbital angular momentum L to spin s. For the rest of the discussion and for simplicity, we will
use J = L (s = 0) for J integer (and parity (—1)%).

An interesting property of () (0) that will be used later on is to see what happens when
J — J+ 12n,

sin[(J + %) 0] cos(12n6) + cos [(J + 3) 6] sin(12n)

sin (g) '
The rotations relevant for the lattice are only 6 € {m,7/2,7/3} (and multiples). Therefore,
cos(12nf) = 1 V6, and

X120 (9) = (2.73)

X(J+12n)(9) _ X(J)(g) + cos [( )

6] sin
sin (3)

(12n0)  (X(6) + 24n(=1)>"7, 6 = 2mn
X(J)(G), otherwise
(2.74)
Angular momentum on the lattice

The lattice is symmetric with respect to a set of rotations that form the octahedral group O,
which is a subgroup of the continuum rotational group SO(3) (if we boost the system, or use
an asymmetrical lattice, the symmetry will be broken down to a more restrictive one). The
octahedral group consists of 24 group elements, each corresponding to a discrete rotation that
leaves invariant a cube, which are enumerated in the following 5 classes:

— E: identity.

— 8C}5: rotations of +£27/3 about the four body diagonals.

— 3C5: rotations of m about the coordinate axes.

— 6C}: rotations of +7/2 about the coordinate axes.

— 6C%: rotations of 7 about the six axes parallel to the six face diagonals.

If we consider spatial inversion, we get the octahedral group Oy, where O;, = O ® C;. With the
inclusion of inversion, we get 24 more group elements, which are also organized into 5 classes:
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I: inversion

— 81C3 = 8S54: rotations of +27/3 about the four body diagonals + inversion.

— 3IC, = 30y,: rotations of m about the coordinate axes -+ inversion.

— 6IC, = 6S,: rotations of +7/2 about the coordinate axes -+ inversion.

— 6IC, = 604: rotations of ™ about the six axes parallel to the six face diagonals + inversion.

Therefore, Oy, has 48 elements divided into 10 classes. This will correspond to 10 irreps (5 irreps
for each parity), which are denoted as Aij, A%, E*, Tli, T;L, with respective dimensions 1, 1,2, 3, 3.

When the objects that are rotated involve half-integer values of the angular momentum, the
group elements double, forming the double octahedral group O,? . The elements of this group are
labeled with a horizontal line over the name of the element. The doubling of the elements does
not mean that the classes also double (e.g., if it is a class of rotation by 7, the original elements
and the elements of the double group are members of the same class). Therefore, there will only
be 6 more classes, with 6 more irreps, GI—F, G;—r, H*, with respective dimensions 2, 2, 4.

When we boost the system inside the lattice, the Lorentz transformation deforms the cubical
volume and only some subgroups of the original O,? group survive. Since we only work with
boosts of the form d = (0,0, n), the relevant symmetry groups are the tetragonal point group Dy,
(if both particles have the same mass) and Cy, (if both particles have different masses). For a
more general boost, the relevant point and double groups are summarized in Refs. [81,243]. The
tetragonal point group Dy, has 8 x 2 (including parity) elements grouped into 10 classes, and the
corresponding irreps are denoted as Az—r, A%, Bf—r, B;—r, E*, with respective dimensions 1,1,1,1,2.
For the double tetragonal group th, there are only 4 more classes, so 4 more irreps, GI—F, G;-r,
with respective dimensions 2,2. The tetragonal point group C,, has 8 elements (the spatial
inversion is not an element) grouped into 5 classes, with the irreps denoted as Ay, Ay, By, By, E
with respective dimensions 1,1,1,1,2. For the double tetragonal group Cf (also known as Dic,),
there are only 2 more classes, so 2 more irreps, G, G5, with respective dimensions 2, 2.

The character tables of OP, Dﬁ and Cg) are shown in Tables A.1, A.2, and A.3, respectively,
from Appendix A, where the values of 8 are also included.

Decomposition of the angular momentum

In order to determine the decomposition of the angular momentum in the continuum into the
corresponding lattice group, we have to extract the coefficients m; from the combination of the
characters of SO(3) (see Eq. (2.69)) and the characters of the corresponding point (double) group
(see Tables A.1, A.2 and A.3) into Eq. (2.68). For example, let us try to compute the case J =0
for the group O}?. Starting with A,

1 —+ _
M = gy e (R (R)
R
1 + .
= % Y (B (4r) + x4 (E)x© (27) + 8y ™M ((;'3) 027 /3) + - - ] (2.75)

1
=gl 1+ 11801 )+ ] =1,

while for the rest of the irreps we get My = Mps = = My = 0. Therefore, J — 0 is

only described by the A] irrep. Doing the same for angular momentum up to J < 12, we get
Table A.4 for the group Oh , Table A.5 for the group D4h and Table A.6 for the group CL.
Having calculated the values for J < 12, Eq. (2.74) allows us to find the J + 12n values:
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J + 12n integer J 4+ 12n half-integer
ob 1) @n(Af ® AT ®2F* @ 3T ®3TY) I'Y) @2n(GT ® GF @ 2HY)
DE TV @3n(Af ® AT ® Bff ® Bf @2E*) ') @ 6n(GT ® GF)
cP T @3n(A,®A,® B, ® B, ®2E) ') @ 6n(G, ®Gs)

where T'/) is the corresponding decomposition of the angular momentum J.

However, when working on the lattice, we have the inverse problem: we want to know the
momentum content of a lattice energy eigenstate transforming as a single irrep of the corresponding
point group (the operators are build to transform correctly under the point groups, and not
the full rotation group). In other words, we want the inverse of the correspondence given by
Eq. (2.68) and Table A.4. The results for the group O}? are given in Table A.7, for the group
Dg1 in Table A.8, and for the group Cfv in Table A.9. It is interesting to see that the groups
that do not have inversion as an element, mix partial waves with opposite parity.

2.4.2 Liischer’s formalism

When two hadrons are put inside a box with periodic BC, the energy levels of the system, now
quantized, will shift from the free-particle values due to their mutual interactions. The relation
between these finite-volume levels and the infinite-volume scattering parameters, below three-
particle production, was first presented in Refs. [7,8], and later generalized to two-hadrons with
non-zero momenta and non-zero spin [81-97,244-246] and even three-particle states [247-253|.
Throughout this section as well as in Section 4.3, where the results will be discussed, we will
assume that the box is larger than the range of the interaction of the system [254], given by
the lightest particle that can be exchanged, which for all the baryon-baryon channels studied
in this work is the pion, so m L » 1 (corrections that take into account these effects have been
computed [255,256]).

We will follow the notation of Refs. [87,93,94|, where two-baryon systems are labeled by
the strangeness content, spin s and orbital momentum L, both coupled to give a total angular
momentum J. The Liischer’s quantization condition (QC) is given by

det [(M™)~! +6G"] =0, (2.76)

where M® is the infinite volume scattering amplitude. In the non-relativistic limit, for channels
with no partial-wave mixing (like in the NN spin-singlet state), it has the following form,

ssLs
LLl;s 2T e205° 1 27 1

o 5L,L’5L,J = Mk‘* cot 55_,5 _

0 -

i5L,L/5L,J : (2.77)

where M is the reduced mass of the system, k* is the momentum of each baryon in the c.m.
frame, and 655 is the scattering phase shift. When partial-wave mixing is possible (like in the
NN spin-triplet state), some paramerization of the scattering amplitude has to be used, like
the Stapp-Ypsilantis-Metropolis (or barred) [257], the Blatt—Biedenharn [258,259], the Bryan-
Klarsfeld-Sprung [260-263] or the Kabir-Kermode [264] parametrization. In this work we will use
the Blatt—Biedenharn one, which has the following form,

i s . isL's
YL 21 cos?(e;)e27" + sin?(e;)e2r T — 15 5
( )JM] - Mk* 2i L,J-1YL" J+1>
(2.78)
. :sLs B
MEYIEVIF s _ 21 cos(ey) sin(e ;) (207" — 2107 5 5
( )JMJ - Mk* 2 L,J—1YL" J+1 >
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where now we have two scattering phase shifts and a mixing angle ¢;. This parametrization is
usually written in terms of the & matrix,

M*
S=1+i K

:<cos<eJ> —sin<ej>) (5 0, ) (cos(w) —sin(eJ)>‘ =
sin(e;)  cos(ey) 0 205 ) \sin(e;)  cos(ey)

The second term, 6GV, is a function of the finite-volume energy levels, and has the following
form,

MOO

iMk*

. A(FV
[6GY 1 sat, Lot st = 7538/ [5JJ/5MJMJ/5LL/ + 1F§MJ?L;J/MJ,7L/] ) (2.80)
with
FV —=(FV
FSo vt = 2 (Lms sulIMp(Em's sv| T M) T
m,m/ v
) |L+L| =
— —1)m V2041
v | )3/2 ver+ner+1) Y YR -
' qyT : q! (2.81)
I=|L—L/|
1 - -
L 1 U L I d /1. .2
m=—1
where ¢ = k;ﬁs (here L, is the spatial size of the lattice, to avoid confusion with the angular mo-

mentum L), (L'm/; sv|J' M) are Clebsch-Gordan coefficients, and < b bk > are Wigner
my Mg M3

37 symbols [265]. The generalized Z function is defined through the equation

Vim (T
Zﬂn(s;QQ) = Z (’r’;n_()g)s> (2.82)
'I"GPd q
where Y, (r) = |r|'Y,,,(#), with Y}, () being the spherical harmonics, and the summation is
over the set

Pd={7'|r=&_1(n—ad),neZ3}. (2.83)

To understand where this relation comes from, and introduce the other new quantities, we have
to give some definitions. Let us consider a system of two hadrons (with masses m; and my) in
a finite box with spatial dimensions L? with periodic BC. The system, in the laboratory frame
(LAB), is given a non-zero total three-momentum P, which has to satisfy the following condition
(in the non-interacting case),

2
T4, derzd. (2.84)

P=P1+P2:L
S

Then, the energy eigenvalues for this system are given by E = 1/m? + |p1|2 + \/m3 + [p,]2. In
the c.m. frame (denoted with an asterisk =), the total momentum is zero, and the relative one is

27
p* =pi =—-p;, p* = L—n*, n*e 7. (2.85)
S
Knowing that the total four-momentum squared is invariant, the relation between the LAB and
c.m. frames is

E** = E? - pP?. (2.86)
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The c.m. frame moves with a velocity v = P/E with respect to the LAB frame. Therefore, the
momenta p; and p* are related via the standard Lorentz transformation,

p1=9(p" +vEY), py=A(-p" +vE3), (2.87)
where the boost factor 4 acts in the direction of v (which is the same direction as d),

n-d

. A1 -1
m=amptnL, ATm=yT kL, ny = g

d, n,=n-n|, (2.88)

and ET and E3 are the energy eigenvalues of the particles 1 and 2 in the c.m. frame, respectively.

To extract them, knowing that Ef = y/m? + |p*|2, we can write p* in terms of E* and my g,
and then substitute it back to £,

1 E* 2 _ .2

For E5, we get the same as for £, but with m; and m, interchanged. To know the values of the
allowed momenta p* in the c.m. frame for the non-interacting case, we use Eqs. (2.84), (2.87)
and (2.89),

- - . E PE* m2 — m2
p* =4"'p —vE} =4 (py —E}) = 4 1[1’1— <1+12)]

E*E 2 Ex?
p 22 (2.90)
=457 {P1—2<1+IE*22>] =5 (py —aP),
where we have defined a = % (1 + mjg;ﬁ) Thus, we see that p* is quantized to the values

p* = 2r, with r € P, shown in Eq. (2.83).

The sum in (2.82) converges when Re(2s) > [ + 3, but can be analytically continued to the
whole complex plane, since we are interested in evaluating the zeta function at s = 1. This is
shown in Appendix B, where a convenient expression has been derived to exponentially accelerate
the numerical evaluation of the function. The symmetry properties of the zeta function Zl‘fn
follow directly from the definition in Eq. (2.82) and the properties of the spherical harmonic
functions under symmetry operations:

(i) Under the interchange m <> ms, it can be shown that
{rlr=4""In—a(my,my)d]} = {—r|r =471 [n—a(my,m)d]} (2.91)
which, using Y;,,(—7) = (=1)'Y},,,(#), results in

2" (510?) = (F' " (7). (2:92)

m m

(ii) A consequence of the previous result is that for odd [ the Z-function must vanish when
my =myord=0,
Zm(5:¢°) =0 for I odd. (2.93)

(iii) The property Y;_,,, = (—1)™Y}* translates directly to

2R (s:¢%) = (1" [28,(s:¢")]" (2.94)

(iv) For d =0 or d = (0,0,n), the system is symmetric under rotations around the z-axis by
/2, 0 = o+ /2,50 Vi, (0,0 + 7/2) = f(0)emETT/2) =Y emm2,

22 (s;¢°) =imZ2 (s:¢>) = 22 (s;¢°) =0 form #0,4,8,... (2.95)
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(v) For d = 0 or d = (0,0,n), the system is symmetric under a mirror reflection about the
J:Z—plane, ¥ — 2m — ¥, SO lem(97 90) = }/lm(ea 2m — QO) = }/2;7,(0’ 90))

Zi(s:4°) = ZL,.(5:0%). (2.96)

(vi) Additional relations between non-zero Z;,,, can be found by looking at the symmetries of the
spherical harmonics. For any rotation matrix R corresponding to each symmetry operation

of the point group,
l

Vim(RrT) Z R) Yy (1), (2.97)

where Dgﬂ,(R) is the Wigner D-matrix [8] (this matrix is written in terms of the Euler
angles of the rotation, which can be read off from, e.g., Ref. [96]). Then, by looking at
Eq. (2.82), we see that

Z2 (s;4%) Z D R)Z2 /(s;4°). (2.98)

For example, if we look at the group O,? (with d = 0), we obtain that Z5y(s; ¢%) = 0. Other
possible relations are

5 7
244 S, CI 14340 S, q 364(8§q2) = _\/;260(33(]2)7
(2.99)
/14 1 /65
384 S; CI ﬁzso 3 q 288(3§q2) = 3 5280(33(]2)'

For the relations between Z;,, with higher values of [ and other point groups, see Refs. |87,
92,93, 266|.

A useful short-hand notation that we will use later on when writing the QCs is the following,

1

Y = AT = Z0(156%). (2.100)
The QC in Eq. (2.76) is written in the basis |JM;L), not suitable for lattice calculations,
where we work in the basis of the irreps I" of the point (or double) group. This basis can be
written as ['ovJL), with o € {1,...,dimI'} and v € {1,..., N(I', J)}, where N(I', J) denotes the
multiplicity of J in the irrep I'. The basis vectors [['ovJL) can be decomposed in terms of the

|JM ;L) basis,
TovJL) = ZCFW |JM L), (2.101)

where the coefficients 05% can be read off directly from Tables A.10, A.11, and A.12, in which the
basis vectors of Oy, Dy, and Cyy, are listed (only for integer values of total angular momentum).
The matrix elements of §G" in the new basis are given by

<F0’VJL‘(5gV’ IO'IV/J/L/> = Z (CSO]\ZV )* 51]\;;, [6g ]JMJL;J'MJ/L’ . (2102)
My, M s

A similar block-diagonalization procedure is presented in Refs. [87,93]. According to Schur’s
lemma [267], 6GY is partially diagonalized in this new basis,

(TovJL|6GY [T'o"V/ T L'y = 6p1:6 401 [0GY 1 1 yr s - (2.103)
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and Eq. (2.76) can thus be rewritten as
N
[T det { ([M‘”]ﬁL > 5110+ [5QV]5LV;J,L,V,} ~0, (2.104)
r

which is independent of o. For practical reasons, the matrices are truncated in the space of total
angular momentum J and orbital momentum L. Now let us look in detail at the different QCs
for baryon-baryon systems in both spin-singlet and spin-triplet states. Since we will study the
systems at very low energy, we will only need the relevant irrep that couple to the lowest J value
(like the A; for J =0). A full list of the QCs for all the irreps in both NN spin channels can be
found in Refs. [93,94].

Spin-singlet states

For spin-singlet states, no mixing between different partial waves is possible, and the parametriza-
tion of the scattering amplitude in Eq. (2.77) can be used, simplifying the QC,

det [5JJ,5W, cot 8, — }f?’] ~0. (2.105)

For the Oy, group, A is the only irrep that couples to J = 0. Evaluating Eq. (2.105) up to J = 4,
and using the short-hand notation z,,, from Eq. (2.100),

108
cot & 0 200 240
det ( 0150 cot § ) N 108 ’ 560 =0. (2.106)
'y \/ P20 Zo0 + 135740 + 11760 + 793 %80

Assuming that the phase shift from higher partial waves (like L = 4) vanish, the QC reduces to

cotdig) — 290 =0 — k¥ cotdig, = —==Zg0(1;¢ 2). (2.107)

f L

Boosts of the form d = (0,0,2n) will be used in the present work. Ref. [93] showed that,
in the non-relativistic limit, systems with equal masses and with boost given by d = (0,0, 2n)
behave as if they were boosted with d = (0,0,0). While this is no longer true when masses are
unequal, the same QC, given by Eq. (2.107), can be used when higher partial waves are neglected,
a reasonable assumption in the low-energy regime. Therefore,

k* cot dig, = ——z4(1;4%). (2.108)

\/“L

Spin-triplet states

For spin-triplet states, the strong interaction mixes different partial waves for a given J value,
L=J-1,...,L+ 1, and some type of parametrization of the scattering amplitude has to be
used, like Eq. (2.78). Now, for the O} group, Tfr is the only irrep that couples to J = 1. Let
us analyze the mixing between the S and D waves, which can be done by taking J = 1 as the
maximum value. Rewriting the QC in terms of the S-matrix (see Eq. (2.79)),

det s (i— FOVT) 4 (14 FEVTO) | 0, (2.109)

where FFVIT) only has diagonal entries, both being z5y. The two phase shifts from the
Blatt-Biedenharn parametrization are usually called the a-wave d,, and the 3-wave dg. While
the first one is predominantly S wave with a small admixture of D wave, the second one is
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predominantly D wave with a small admixture of S wave. For this case, if we do not consider
contamination from the dg since it is expected to be small, we get

cotd, — 290 =0 — Ek*cotd, fLZOO(l %), (2.110)
and we recover Eq. (2.107). The same argument made for the spin-singlet states with boosts of
the form d = (0,0, 2n) applies here too.

In order to have access to the mixing parameter €;, one has to go to a boosted frame. In
Ref. [94] it was shown that the QC for the irreps A5 and E* from the group Dy, gives us access
to both ¢, and €;. In Ref. [66], the NPLQCD Collaboration attempted to extract this mixing
parameter by building correlation functions of the deuteron with boost d = (0,0,1). The AJ
irrep was accessed by projecting the spin in the perpendicular direction of d (j, = 0), while the
E™ irrep was obtained from the corresponding parallel spin projections (j, = +1). However,
since the energy difference between these two irreps was statistically consistent with zero, no
useful bound was placed on €.

For clarity, the d, will be denoted as dsg, for the rest of the thesis.

2.4.3 Binding energy extraction

As first explored in Ref. [82], being later on expanded in Refs. [88,268-270], Liischer’s formalism
can be applied to extract the binding momenta from the finite-volume ground-state energies.

The bound states in the infinite-volume limit correspond to poles of the scattering amplitude.
Since we are dealing with the region k*? < 0, we define the binding momentum as k* = ix(*) (so
that x(®)? > 0), and the pole position can be obtained from

k¥ €0t 8 i) + %) = 0. (2.111)

However, in finite-volume this relation gets modified. We can start by expanding Eq. (2.82)
for the I = 0 and m = 0 case in the region where ¢?> < 0. This expansion was first derived in
Ref. [271], and it uses the Poisson summation formula given in Appendix B (Eq. (B.4)),

Z "2

To compute this integral, we separate the contribution in the sum coming from m = 0 and the
rest. For the first one, we keep s different from 1, since the integral is only convergent for s > %,
but in the end we analytically continue it to s = 1,

3 12TrmAr7ad
fd FEog T e

3
g 3 1 v 3/2—s,.3/2 I'(s—35) so1 3/2 2
d s = — — \V —q*. 2.113
i f T(wz p) Tw( 7 T(s) T q ( )

For the second one we do not have this problem and we can set s = 1 from the beginning,

emi2ramd—iznlimliy/ = (9 114)

e 3 127rm( r—ad)
d°r 2l
VA m;éO |7“|2 47T Z

m=#0 |7m|

Combining both expressions we get’

2 . o
zh(1;4) = ( 21/ —q? + Z “Qmm'de—2mm|v—q2> . (2.115)

m;éO

5The different sign in the first exponential compared to Ref. [88] comes from the different sign in the definition
of P, in Eq. (2.83).
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Inserting this relation into either Eq. (2.107) or (2.110), and setting k* = ik, we obtain the
following QC,

1
[ym|

) 1
e~ lrmisk _ ZFd(mL), (2.116)

67127ram-d

1
k* cot Ops_;, + K = I Z
m#0

where the infinite-volume relation (2.111) is recovered when taking the limit L — oco. In this
limit, a perturbative solution to Eq. (2.116) can be found [82, 88|,

72 o
k7] = £+ T FARIL) + 0 L), (2.117)

where Z? is the residue of the scattering amplitude at the bound-state pole. This expression can
be used to extract £(®) by fitting the finite-volume values |k*| obtained with different boosts d.

An alternative way to extract the binding energies in lattice calculations is by first constraining
k* cot 0 using higher energies besides the ground-state value, and then solving Eq. (2.111) to
extract x(®). This approach, therefore, requires an intermediate step compared with the first
method, but does not require a truncation of the sum in Eq. (2.117). These two approaches will
be discussed in Section 4.3.3.
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CHAPTER 3

Analysis of two-point correlation
functions

3.1 Extraction of the ground-state energy

As we have discussed in the previous chapter, the two-point correlation functions constructed
have spectral representations in Euclidean spacetime,

C(r) = 2 Zxe ™, (3.1)

where all quantities are expressed in lattice units. F, is the energy of the nth eigenstate |F,) and
Z, is an overlap factor. The lowest-lying energies of the one- and two-baryon systems required
for the subsequent analyses can be extracted by fitting the correlation functions to this form.
To reliably discern the first few exponents given the discrete T values and the finite statistical
precision of the computations is a challenging task. In particular, as mentioned in Section 2.3.1,
a well-known problem in the study of baryons with LQCD is the exponential degradation of the
signal-to-noise ratio in the correlation function as the source-sink time separation increases—an
issue that worsens as the masses of the light quarks approach their physical values. Another
problem that complicates the study of multi-baryon systems is the small energy separation
between the excited states in the finite-volume spectrum, that leads to significant excited-state
contributions to correlation functions. To overcome these issues, sophisticated methods have been
developed to analyze the correlation functions, such as the generalized pencil-of-function [272] and
matrix-Prony [54] techniques, as well as signal-to-noise optimization techniques [273|. Ultimately,
a large set of single- and multi-baryon interpolating operators with the desired quantum numbers
must be constructed to provide a reliable variational basis to isolate the lowest-lying energy
eigenvalues via solving a generalized eigenvalue problem [274,275] (all these methods are related,
as shown in Ref. [276]). Such an approach is not yet widely applied to the study of two-baryon
correlation functions, given the large amount of computational resources that are required,, but
progress is being made. In Refs. [74-76], a partial set of two-baryon scattering interpolating
operators were used to study the two-nucleon and H-dibaryon channels with results that, in
general, disagreed with previous works at similar pion masses [14,60,64,73].! Investigations
continue to understand and resolve the observed discrepancies [14,50,51,277-280].

3.1.1 Exponential fitting

The straightforward fitting strategy consists in using Eq. (3.1) to fit the calculated correlation
functions. Given that correlation functions are only evaluated at a finite number of times and

'These first variational calculations have been performed at the SU(3) ¢ symmetric point, and will be interesting
to see if a bound state is seen or not at lower pion masses [13, 66,69, 70].

35
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with finite precision, the spectral representation has to be truncated to a relatively small number
of exponentials and in a given time range. These choices introduce systematic uncertainties that
have to be included in the final result in order to have a good estimation of the total uncertainty.
The approach that we will describe, and use later on in Section 4.3, was used for the first time in
Ref. 9], and then applied to other works [13,225,226].

The first step in this approach is fixing the time range [Tyin, Tmax] t0 perform the fit. Due to
the StN problem with multi-baryon correlation functions, the points at large Euclidean time do
not significantly contribute to the x? as compared to the points at earlier times. Therefore, the
result should be quite insensitive to the value of 7,,,,, which can be fixed to a single value during
the whole fitting process. In order to find the optimal 7,,,, value, several conditions have to be
satisfied. The first is that the chosen 7., is such that the StN has not degraded to the point
where estimations of the correlation functions are not reliable. To achieve this, we fix a threshold
value for the noise tolerance, the inverse of the StN, Var[C(7)]/C(7). In our calculations, this
value is fixed to tol, e = 0.1. Another fact that we have to take into account is that due to
limited statistics, the mean value of the correlation function might become negative, points that
must be avoided in the fitting procedure. Finally, we could have the situation where very large
values for 7 are reached, like 7 > T'/2, where contributions from the opposite parity state become
important. Therefore, we also have to impose a limit on 7, fixed by toliep,,, which is set to
be smaller than 7'/2 (in practice, when working with baryonic systems, this last condition is
not needed since the StN goes above tol, ;. before T'/2). The value of 7., does have a big
impact in the calculation, since excited states contamination is more noticeable at short times.
In order to explore its effects, we sample 7,,;,, over a range of values. The smallest value is fixed
by the temporal nonlocality in the lattice action, and given that for the improved action used
in Chapter 4 the transfer matrix involves fields on two adjacent timeslices [154], T, = 2 is
required. As for the largest value, the minimum length of the fitting window, 7,jateau, is introduced
as a free parameter, SO Tyin < Tmax — Tplateau- 11 this study, we chose T atean = 5, Which means
that a minimum of five points are fitted. Therefore, for each correlation function to be fitted,
Tinin 18 Tandomly sampled between [2, Tyax — Tplatean) for @ maximum of Ngyg = 200 times or after
all possible choices have been explored. N

The next step is to compute the covariance matrix C?T , for the time range selected previously,
{7,7"} € {Timin> - - - » Tmax ), and for as many different operators {7, j} € {1,..., Ny} available (as it
will be explained in Section 4.3, different smearings are used, producing two different correlation
functions) from the n € {1,..., Nycas} number of correlation functions computed C% (7). This
matrix will be used during the x? minimization step, and its calculation will be discussed in
detail in the next section. However, it is appropriate to note that fits with a large number of
points may render the covariance matrix ill-defined if not enough statistical ensembles are used
during the evaluation due to finite sample-size fluctuations, making it impossible to compute
the inverse, needed for the y?. Shrinkage techniques [281-283] are available to better estimate
the underlying covariance matrix in these situations. For that, the estimator CN:]T , is defined as a

combination of the original covariance matrix CT]T , and a well-conditioned matrix, which is taken

to be a diagonal matrix, with its elements taken from diag(CijT ),

Cl,(N)=(1-=-XNC2, + A/ CE Cl) 101507 (3.2)
where A is the shrinkage parameter. The two extreme values of this parameter are A\ = 0, where
we recover the original matrix, and A = 1, where all the off-diagonal elements are set to zero
and we have an uncorrelated covariance matrix. In the infinite-statistics limit, the optimal value
of X is zero, but for a finite ensemble, a nw parameter A\* is defined, which reduces the average
mean-squared difference between CZJT ,(A) and the underlying covariance matrix,

2

A* = min <Z2, 1) , (3.3)
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Therefore, the covariance matrix with the optimal shrinkage parameter is given by CZ]T,()\*) With
this matrix, we can build the x? to minimize and obtain the fit parameters.

With the spectral decomposition from Eq. (3.1), it is evident that the function f to fit can be
written as f(1;E, Z) = Yo _, Zne TEr, where e is the number of total excited states included,
and {E, Z} are the parameters (energies and overlap factors) to fit. While the values of Z are
different for different operators, the values of E are set to be the same (different operators might
have different overlap to the ground- and excited-states, but the energy of these levels has to be
the same). Then,

N,

Tmax op .
= Y Y [Co-rmEz)|con]] ¢ -] 35)

77 =Tin HJ=1 TT
Again, depending on the error estimation procedure used, the average value of the correlation
function C"(7) will be computed differently (as explained in Section 3.2). In particular, for the
analysis presented here, we choose the bootstrap method. Given the linear Z dependence of f,
variable projection (VarPro) techniques [284,285] can be used so that only the E parameters
enter in the non-linear minimization procedure. For a given value of E, the Z factors can be
obtained by solving a system of linear equations. This can be seen if we write Eq. (3.5) in matrix

form, and imposing that the partial derivative with respect to Z is zero,

N
0Z

TE,

=[Cc-x2z]"¢'[c-X2] — 0= z=(X'¢'X)'x7¢'Cc, (36

where X is the matrix with components e~7*n, whose columns contain the different energy levels
(different n) and rows the different times 7 and operators (as said before, given n, the value
E, is the same for different operator choices). Another technicality is that to ensure a positive
spectrum and avoid degenerate levels, the parameters that enter into the optimization procedure
are not E, directly but log E for the ground state and log(F\, — E\_) for the excited states,
with 1 <k <e.

In order to fix the number of excited-states e to include in the function f, the first fit is
performed with only one exponential for the ground state (e = 0). Then, additional exponentials
are added until there is no further improvement according to some information criteria. In our
case we use the Akaike information criterion (AIC) [286], but other are available, like the Bayesian
information criterion [287]. When comparing two models, the AIC value for each one has to be
computed. For a model with e excited states,

AIC(e) = x*(e) + 2Nparam(e) , (3.7)
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where Npgram i the number of parameters fitted. Then, to penalize overfitting the data, we
impose that AAIC = AIC(e) — AIC(e — 1) < —ANgy¢(e), where A is a free parameter and
Nyo(€) = Npts — Nparam(€) is number of degrees of freedom, with N the number of points
included in the fit. Let us assume the following criterion: we want the reduced y?, X(Qiof = X?/Ngof,
to improve by O(1) when adding an extra exponential to the calculation, Then, for this condition

to hold, A must fullfill the following relation,

Nyot(e) — Nyor(e — 1)
Naof(e)

X(%Of(e) - X?lof(e - 1) - [2 - Xchof(e - 1)] < _'A7 (38)

v~

«1

which leads us to x3.;(e) ~ x3,;(e — 1) — O(1) when A ~ O(1), as we required.? Therefore, if
AAIC < —ANgy(e), we accept the model with e excited states and compute the one with e + 1,
otherwise, we reject it and keep the one with e — 1 excited states.

After the model has been selected, with fitted parameters {Ef A }, and before the confidence
intervals of these parameters are computed, we conduct two tests. Within the first one we impose
that the value of x3 ; has to be smaller than some specific tolerance tol,2 (in our case set to 2).
Within the second test we require that fits resulting from different optimization algorithms must
reproduce the energies within the same absolute tolerance (toly, = 107° in the present study).
For this last test, the Nelder-Mead (NM) and gradient-based Newton solver (CG) are compared.

Once these two checks have been passed, the confidence intervals of the parameters are
computed using bootstrap resampling methods (as it is explained in the next section), and Ny
bootstrap resampled ensembles are generated, {Eb’f ,Zb }. Afterwards, the 68% confidence
intervals for the energies are extracted by using the %th and %th quantiles (Q) of the difference
between {E*/, Z"f} and the central values {Ef, Z/},

_ Qs/6(E™ — ET) — Q,5(E™ — EY)

SEf
2 )

(3.9)

with a similar expression for §Z/. With the bootstrap ensemble and uncertainty computed, two
checks are performed: i) the results of an uncorrelated y? minimization (this can be done by
setting A = 1 in Eq. (3.2)) must agree with {Ef, Z/} within a tolerance of tol..,, = 50 (with
o being E/ or §Z/), and ii) the bootstrap median (computed with Q1/2) must reproduce the
mean within a tolerance tol,,.q = 20.

In Fig. 3.1, as a summary, a flowchart of the fitting algorithm for a specific [T,pin, Tmax] Tange
is shown. This algorithm has been implemented with the Julia language |288], together with the
Optim package [289).

Once all the possible values of 7, have been used ip (or Ny fits have been performed),
a list of N, accepted fits is obtained. The final step is to combine them and give a reliable
estimation of the associated statistical and systematic uncertainties. The only quantity that will
be extracted, being the one we are interested in, is the ground-state energy E,. For that, we have
to define some weights for each result, wy, that takes into account the quality of the fit and its
accuracy (see Ref. [290] for a Bayesian framework). The quality will be given by the p-value,

F(]\/vdof/Qv X?‘/Q)
['(Ngot/2)

Py = Prob(x} 4ot < X*) = (3.10)
where I'(z,y) is the upper incomplete gamma function, I'(z,y) = SZO dtt*~le~t, and X?p is
computed inserting the {Ef, Z/} values in Eq. (3.5). The statistical uncertainty is chosen to be
the 68% confidence region (SE(J)c . In terms of these quantities, the weights and the mean energy

2In our case, we set A = 0.5, but other values were explored and consistent results were obtained.
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Figure 3.1: Flowchart representing the steps of the fitting algorithm for a fixed time range. After
a fit is accepted (green box) or rejected (red box), the procedure is repeated for a different 7,,;,.
The blue variables are the free parameters of the algorithm (see text for details).
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value read

—2
f
pf ((5E0> acc
wp = ek Z wyEf. (3.11)
Zf,dccl pf/ (5E0 )

In the present work, we define the statistical uncertainty as that of the fit with the highest weight,
while the systematic uncertainty is defined as the average difference between the weighted mean
value and each of the accepted fits,

A
0By = 0B "N 5B~ 2 ( —E0>2. (3.12)

An alternative way to extract the energy of the system is by using the EMP as defined in
Eq. (2.41), based in the assumption that the overlap to the ground state is stronger than the one
to excited states, which allows us to use as a fitting function a constant, Ej, plus exponentials to
account for excited states contributions.

In previous works (as in Ref. [66]), the energy shift in the finite-volume energies of two
interacting baryons, AEy = FEy — Mp — Mp,, where Mp — Mp, corresponds to the energy of
the two-baryon system in absence of interactions, was obtained by a constant fit to the effective
energy-shift function given by Eq. (2.44). In these calculations, time ranges for the two-baryon
and single-baryon correlation functions are required to be described by a single-state fit. This is
due to the fact that, if both correlation functions are not, cancellations may occur between excited
states (including the finite-volume states that would correspond to elastic scattering states in the
infinite volume), either in the correlation function or in ratios of correlation functions, producing
a “mirage plateau” [277] (see further discussion in Section 4.1). To minimize this problem, here
the two-baryon and single-baryon correlation functions are fit to multi-exponential forms within
the same fitting range, and afterwards the energy shifts are computed at the bootstrap level, in
such a way that correlations between the different correlation functions are taken into account.
The use of correlated differences of multi-state fit results is particularly convenient for automated
fit range sampling, since the number of excited states can be varied independently for one- and
two-baryon correlation functions, unlike fits to the ratio in Eq. (2.43). Despite this fact, consistent
results were obtained with fits to the ratio in Eq. (2.43) in the allowed time regions.

3.1.2 Generalized pencil-of-functions method

Before discussing the variational method, there are a few improvement that we can do in order
to remove excited state contribution at early times, since at late times the StN may make it
impossible the extraction of the ground-state energy. When only a single type of operator has
been computed, such method is the generalized pencil-of-functions method (GPoF) [272,291,292].
In this method, a set of linearly-independent operators is created via the time evolution operator,

Xs (1) = e‘STH.?\,’(T)e_‘STH = X(T +07). (3.13)
Then, a correlation function matrix can be build with the two operators, X and Xj_,

Gamer(r) = (DT KO0
X0
)

)
(Xs, (1) ); (X5 ()X57(0)>> (3.14)

_ ( (X(7) v
(X(1+ 6T Y'(—o7)) C(t+01) C(1+207)

) (X(1)X(=b7)) >:< C(7) C(T+5T)>
)X
where in the last step we have used the time-translation invariance of the correlation functions.
This procedure can be generalized and make a larger matrix by using multiple d7 shifts, X5,

(0)) {(X(r+or
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Figure 3.2: Effective mass plot for the proton, comparing the results using the single correlation
function Cy,,(7) and with a 2 x 2 GPoF matrix Cpep(7) (using §7 = 2) showing the ground-state
(n = 0) and excited-state (n = 1) energy levels.

and it can also be applied to three-point correlation functions [272]. Once this matrix is build,
the generalized eigenvalue problem (GEVP) can be solved (discussed in Section 3.1.4) and the
energies can be extracted. In order to illustrate this method (as well as the following ones), the
data from Ref. [293] will be used. In Fig. 3.2, the EMP for the proton is shown, comparing the
raw Cy, () correlation function data with the results from a 2 x 2 GPoF analysis with §7 = 2.
It can be seen that while the excited state contamination for small 7 is reduced for the ground
state, the errors also increase faster at earlier times than the simple correlator. From Fig. 3.2 it
can be seen that the excited state cannot be extracted reliably, and more suitable methods, like
the variational method, are better when dealing with these states.

3.1.3 Prony method

The other method that can be used to separate the different energy levels of the correlation
functions is the Prony method [294,295|, which was first applied to LQCD data in Refs. [296,297],
and later on generalized for multiple correlation functions in Ref. [54], known as the matrix-Prony
method.

Starting with the case were we only work with a single type of correlation function, we
can assume that only e excited states contribute to C(7), and therefore it can be written as
C(1) = Y5_o Zne B0 = 3¢ _ Z,&7, where we have written &, = e . We have two ways to
proceed: the analytical approach and the linear prediction. For the first one [296,297], the idea is
to extract the e + 1 energies &, analytically from 2(e + 1) time-shifted correlation functions. For
example, if we assume e = 0, then we have to solve the following system of equations,

<C(C;(?l)> - (5?;1) Zo- (3.15)

The solutions are Zy = £j/C(7) and {§; = C(7+1)/C(7), and we see that we recover the definition
of the effective mass function (2.41). If we now set e = 1, we have to solve the following system
of equations,

(C(T) | ng €T+1
Cr+1)| & & Z,
C(t +3) or3 grd
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For this case, the solutions are (only for &, and &;)

o = LEVE T o 1+ OO +2).
y=C(r)C(r+3)—C(r+1)C(r +2), (3.17)
z2=C(1+2)?-C(T+1)C(1 +3).

Due to the Abel-Ruffini theorem, this is the maximum amount of states e for which a general
algebraic solution can be found. For 2(e + 1) > 5, numerical methods have to be employed to
find the solution, and as it can be seen in Ref. [297], it is not very stable numerically.

The second approach, the linear prediction [54,296,297], starts by forming an (e + 1)th order
polynomial, with £, as the roots,

e e+1
&) =]JE€-%) = Z P&, with py = 1. (3.18)
n=0
Since &, are roots, p(&,) = 0, we can rewrite the polynomial as
e+1
— D €T, with m>e+1. (3.19)

With this last expression, we can write the correlation function as the following,

e e+1 e+1

:izngg:—ZZankfg;* Zpk (r—k), with 7>e+1. (3.20)
n=0 n=0 k=1

This is the reason why this method is called linear prediction, since we predict C(7) in terms of
the correlation function at earlier times. Once the values of p, have been obtained by solving
Eq. (3.20), they can be used to solve for the roots of the polynomial p(§). An easy example to
see how this works is by setting e = 0, and we get

Citr+1)+pC(r)=0 and p(§) =&+ py, (3.21)

and again we recover the effective mass function.
For the matrix-Prony method [54], we assuming we have computed N different correlation
functions, so we can write them in a vector form,

e(r) = (CHr) - CN(1))

Since correlation functions can be written as a sum of exponentials, we want to build an operator
such that ¢(7 + 7;) = T'e(7) (similar to the linear prediction approach). Defining T = M1V,
we get the following relation,

n (3.22)

Mec(r+ 1) =Ve(r). (3.23)

A simple solution for the matrices M and V is

T+, -1 T+T, -1
M = [Z C(T/+Tt)CT(7'/)] , V= [2 C(T/)CT(T/)] . (3.24)

The value of 7, has to be large enough to make the matrices inside the brackets full rank (this
happens for 7y = N). With these matrices, a GEVP can be solved,

Mu® = (M)t Vu®, (3.25)
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Figure 3.3: Effective mass plot for the proton, comparing the results using the two different
correlation function Cé\%w

()\Opmny) and excited-state (Afrony ) eigenvalues.

(1) and with the matrix-Prony method, showing the ground-state

with u® being the general eigenvectors and )\, = e the general eigenvalues (again, this system
will be discussed in Section 3.1.4). The parameter 7, can be varied to improve stability. For
the demonstration here, we will use two correlation functions (so 7y = 2) for the proton with
different smearings: a narrow (N) and a wide (W) Gaussian profile at both source and sink.
Then, according to Eq. (3.25), these correlation functions can be written as

(gii@) = (ﬁi) (o)™ + 21 (ff;ﬁ) ()7 (3.26)

In order to extract the energy \,, we need to find the correct combination of CN/W () with the
components of the eigenvectors u%; w (the remaining overlap factors Z/, are not important since

we will work with effective masses, so in the ratio they will cancel). With a bit of algebra, we see

that
. uk.CW (1) = ul,CN(r . uS. C (1) = u%.CN (1
()\0) o N - (1) II/V - ( )’ ()\1) or N S (1) Il/V S ( ) (327)
Upn Uy — Un Uy UN Uy — Un Uy

In Fig. 3.3, the EMP for the proton is shown, comparing the raw Cj,,(7) correlation function
data with the results from a matrix-Prony analysis with {7, 7} = {2,3}. Like in the GPoF,
the effective mass for the ground-state reaches the plateau at small times, but the excited state
cannot be reliably extracted.

3.1.4 Variational method

In order to make a reliable extraction of the spectrum of a system, a variational study [274,275]
with an hermitian correlation function matrix should be constructed and then diagonalized to
obtain ground-state and excited-state energies. The advantage of using an hermitian matrix is
that the energies extracted are an upper limit on the underlying energy levels, removing the issue
of the “mirage” plateaux.

The idea here is that starting with a set of operators X; (with ¢ € {1,..., N}) we can produce
a new basis £* (with a € {1,...,N}) which couple to a single energy eigenstate, such that
0|E¥n) = d,q. These new operators can be build using the left and right eigenvectors of
correlation function matrix C(r) = C;;(7) = {0|X;(7)X;(0)|0), which we assume they are the
same since Cj; is a real and symmetric matrix. Labeling the eigenvectors as u®,

N
£ = uf'X;. (3.28)
i=1
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In order to see how we can extract these eigenvectors, we can look at Cij(T)u;?‘,

C.

i

(7)ug = 01X (T)X; (0)[0)yu = <0 (7) (X; (0)u)[0) = (0], (r)E%(0)[0)
= e TEO1A )]0y = 3 e TE (0] )60 = ¢ T2,

_ C_TEO‘Zae_(TO_TO)Ea — e_(T_TO)Eae_TOEaZa <329)

= ¢~ (T7T0)Fa N e e (01X jm)(m|£2(0) = ¢ T e (0].X; () X (0) [ 0)uf
m

J
= 6_(T_TO)EO‘ Cl] (To)u‘? .

After some manipulation, we have ended up with a GEVP problem. We can identify the general
Fa (although in reality it will have contributions from higher energy
states, since it is impossible to create a basis of operator to span the whole Hilbert space), and
the general eigenvectors are u®. There are several strategies when trying to solve this system,
since if we transform C(7)u® = \,C(7y)u® to C~1(1)C(7)u® = A\, u® to be a conventional
eigenvalue problem, the matrix C~1(7,)C(7) is no longer hermitian, so then we could get
imaginary eigenvalues and the eigenvectors may not be orthogonal. One possible solution is to
use the Cholesky decomposition of C(7y) [298], C(7) = LL', with L being a lower triangular
matrix. Then,

eigenvalues as \, = e~ (770

C(t)u® = \,LL'u® = L7'C(r)u® = \,L'u® = L7'C(r)L''L'u® = \,L'u®. (3.30)

Redefining the eigenvectors to be @® = L'u®, the matrix that needs to be diagonalized is
L~'C(7)L'', which is hermitian. Another solution is to use the trick C~V/2(1,)C"%(ry) =
1 [297],

C(1)C 2 (r0)C2(1p)u® = A, C(7p)u”

3.31
C'2(1)C(1)C (1) C 2 (rp)u® = Ao C (1)u” .

where now the eigenvectors are redefined to be @® = CV2(y)u®, and the matrix that needs

to be diagonalized is C''/?(7,)C(7)C~'/?(7,), which is also hermitian. While some works study
directly the eigenvalues A, to extract the energies, the recent works on two-baryon systems [74-76|
reconstruct a diagonalized correlation function matrix [299],

Caa (T) = uaT (Trefv TO)C(T>ua(Tref7 TO) . (332)

where the eigenvectors u®(7,ef, 79) are extracted from the GEVP with a fixed {7 = 7, 79} A
detailed discussion on the variational method can be found in Ref. [300].

In Fig. 3.4, the EMP for the proton is shown, comparing the raw Cy,,(7) correlation function
data (in this case, a matrix where at the source or sink we can have narrow N or wide W
Gaussian smearing) with the results from computing the diagonalized correlation function matrix
C(7) with {7, 70} = {4,2}. Now, comparing with Figs. 3.2 and 3.3, the excited state can be
extracted, although with much larger uncertainty than the ground state (in order to study excited
states, better suited operator are available, like with displaced quarks, instead of using different
smearings). Also, the uncertainty in the ground state does not grow as fast as compared to using
the GPoF or the matrix-Prony methods.

A tricky issue with the variational method is that one should include all possible operators
that can couple to the states of the specific study, otherwise some levels will be missed. This can
be seen in the mesonic sector when studying the p resonance [234], because if only bilinear G®q
operators or two-pion operators are included, some levels are missed or misplaced, and it is not
until both types are used in a variational study that the resonance is observed.
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Figure 3.4: Effective mass plot for the proton, comparing the results using correlation functions
from the matrix Cy,,(7) and from the variational analysis, showing the ground-state Cy,(7) and

excited-state éll(’i‘> diagonalized correlation functions.

3.2 Error estimation

The analysis of statistical uncertainties is one of the key steps in LQCD, since only a finite amount
of gauge configurations are produced to extract observables. Moreover, these configurations are
not completely independent from each other, so correlations are present and have to be dealt
with.

Assuming we have computed N samples of some variable X, {z,...,zy} (with LQCD, the
usual starting point is the correlation function), the sample mean, variance, and covariance with
another variable Y are given by

1 IR
7=NZ$17 U%ZWZ(%—E)27 Clz,y) =
i—1

As we have seen in the previous chapter, the correlation functions are usually manipulated and
inserted into functions, like the effective mass. Then, when we look at some function f, the
average value, labeled as f(X), can be computed by using f(Z) (and not f(x) = >, f(z;)/N,

since it is a biased estimator [301]), and the uncertainty can be obtained via error propagation,

a
dx

(z; —2)(y; —9). (3.33)

uMz

(3.34)

If@ = %%
=T

However, as the number of variables in f increase, and there are correlations between the data,
this formula is no longer practical, and alternative methods have to be used. In our case, such
methods are resampling methods, the jackknife and bootstrap method, both widely used in the
LQCD community (for an extended and detailed discussion, see Refs. [204,301,302]).

3.2.1 Jackknife method

With the jackknife resampling method, the starting point is to create the jackknife samples :1:ZJ
(1€ {1,...,N}), which are defined by taking the average of the variable X without the ith sample,

1

ij N1 N (3.35)
y#z

Then, the mean value of the function f and its estimation of the uncertainty is

b 1Y N-1& _2
FX) === 2 fal), ohy=—— 2 |f@) -] - (3.36)
=1

i=1
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An easy check that we can perform is to see that if f(z) = x, we recover the expressions from
Eq. (3.33),

_ 1Z ; 1S/ N 1 N 1
xr = — Xr;, = — xr — €Z,; = xr — r =2
Nt T Na\N - T N TN T N
N N 2
N -1 2 N-1 N _ 1 _
U%ZTZ(QJ;]—QC) = Z(N—lx_N—lxi_gE) (3.37)
i=1 i=1

_ 1 S N2 2
= N(N_DZ;(%—:U) =05.

As pointed out in Ref. [301], a better estimator for f(X) that includes 1/N bias correction is
given by
_ —=J
J(X)=Nf@) = (N=-1f;. (3.38)

Also, this method can be used to compute the covariance matrix, needed when performing some
x? minimization for the fitting of the correlation function. It is given by

&L s = LS ) =T [rwh -7, (3.39)
, = H-T[reh -7,

=1

A generalization of the jackknife method is based on not only subtracting one sample from
the set, but m, ending with N,, = N/m jackknife samples.

3.2.2 Bootstrap method

The bootstrap resampling method, compared to the jackknife one, creates Ny bootstrap samples
B (e {1,..., Nyoot}), where each one originates from randomly selecting from the original

sample N points (with repetitions allowed),

N
1
B e
Lo = 77 Lrand(1,N) = 77 Ny Zj, (340)
N Z,Zzl N 2

where n$* is the number of times z; appears in the ath bootstrap sample, with the constrain that
> ns = N, and it follows a binomial distribution [301],

N' a —no
P(n§) = )!p”i (1—p)N—ni, (3.41)

ndl(N —nf

with the probability p that x; is chosen being p = 1/N. With this method we can also write how
to compute the mean value of the function f and its estimation of the uncertainty,

Nboot N 1 Nboot _B

: > -7 ea)

B 1 B
fla), o5~ 1 Nboot =

O

In the case of f(z) = x, we recover the known formulas, and focusing only on the mean value,

1 Nboot 1 N 1 Nboot 1 N

_ B a _

T=—" Ty = — nglez,=—=>» z;, =72, (3.43)
Nboot ;1 “ N ,;1 (Nboot ();1 ' > ! N ,;1 !

where we have assumed that Ny, is very large so we can use the mean value of a binomial
variable, which is Np (and with p = 1/N, we get 1).
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For this method, there is also a better estimator for f(X), reducing the bias from the order
of 1/N to 1/N? [301], which is

FX) = 2f@) ~ F., . (3.44)
The covariance matrix can also be estimated with bootstrap,
CPLf (). S )] = s NZ 1@ =72 || 1w - 77| (3.45)
T N -1 Nboot a=1 “ * Yo vl ’

What is interesting with the bootstrap resampling method is that we can look at the distribu-
tion function of f(z), and compute the errors with the quantiles (as it is done in the Section 3.1.1).
Also, the confidence regions of the parameters from some non-linear fit can be extracted easily.

3.2.3 Hodges—Lehmann estimator

One possible issue that we might encounter with LQCD data is the presence of outliers in the
correlation functions due to the fluctuations in a finite-size sample. For these cases there exists what
are called robust estimators, which are more resilient to these outliers than the usual estimators,
like Eq. (3.33). An example of these is the Hodges-Lehmann (HL) estimator [303]. The starting
point, similar to the bootstrap method, is to generate Ny, HL samples xEL (med{l,...,Nun})
taking N random points from the original sample, compute the pairwise averages (known as the
Walsh averages [304]) and take the median,

T+ T,
.TEIL = Median [{ : 5 J }] , with #; = Zyapqy) and 1<, < N. (3.46)

Then, a robust estimator of the median is defined as

—HL .
f(X) ~ f, = Median [{f(z);")}] - (3.47)
For the uncertainty associated to this estimator and the computation of covariance matrices, the
median absolute deivation (MAD) is used,

1 . —HL
Orx) = @T@Medlan[{lf (") = Fo 1}, (3.48)

C( f(x), £(y)] = Median[{(f(«I") — F2 ) (f (i) — 7, O,

where ®~1(2) = 0.67449 is the inverse of the gaussian cumulative distribution function (this
factor is needed to convert to the usual error definition of ~ 68% coverage, since the MAD only
covers ~ 50%). In Appendix E, a detailed comparison with the bootstrap method is performed,
and for additional discussions applied to LQCD, see Refs. [66,204].
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CHAPTER 4

The baryon-baryon interaction

4.1 Present status

In order to see what is the current knowledge of the interaction between two baryons at low
energies, let us summarize the present status in the three main fronts: experimental, theoretical
and lattice. For a review on some of these topics, see Refs. [5,32,33,305].

Experimental front

Up until the last decade, the main source of information that could be extracted in the laboratory
about two-baryons was coming from scattering experiments and the study of hypernuclei. Focusing
on the first type, the standard set of data used for constraining theoretical models is composed
of 36 points, 35 of which are total cross sections: 12 for Ap — Ap [306,307], 4 for XTp — Xtp
and 7 for X~p — X 7p [308], 6 for ¥7p — X% and 6 for X"p — An [309]. The last point used
is the inelastic capture rate of ¥ p at rest [310,311]|. It is interesting to notice that all the
experimental data used is from around 1970 (older data is also available, see [17]) with quite large
uncertainties, and only for systems with only one strange quark (none for S < —2). Additional
points at slightly higher energies are usually included: 7 for Ap — Ap and 4 for Ap — X% [312],
3 for X7p — X7 p [313], and 3 for XFp — X p [314], bringing the total number of points to 53.
For systems with S = —2, there are some upper limits on the total cross section for the channels
E7p — =7 pand Z7p — AA [315], and other in-medium values [316,317|. Additional experiments
are running to increase the number of data points, such as the E40 at J-PARC [318] for the X*p
elastic and inelastic channels. This has to be compared to the total amount of data for the NN
channels, with 6713 points (2996 for pp and 3717 for np) for energies below 350 MeV [319, 320],
and they do not only include total cross sections, but also differential cross sections, analyzing
powers, depolarizations...

An alternative way to learn about two-baryon interactions is by means of the femtoscopy
technique, in which two-particle correlation functions in momentum space are measured in high-
energy collisions [321]. This correlation function can be computed theoretically, so comparisons
with theoretical models [322,323] as well as extraction of scattering parameters are possible. The
first application of this method to hyperon physics was performed by the STAR, Collaboration
with heavy-ion collisions, where the p—A correlation function was extracted [324], although with
large uncertainties. Several studies have followed by other collaborations, mainly HADES and
ALICE. The channels that have been studied are p-A [324-327], A-A [327-329], p-X° [330],
p—=" [331] and p—Q~ [80,332|. The most important contribution of this method is the possibility
to access experimentally systems with S < —2, almost impossible for scattering experiments.
Although some constraints on the scattering parameters for AA have been imposed (although
with quite large uncertainties) [329], at the moment the data extracted from femtoscopy is used
to compare with other theoretical or lattice predictions. In the future, the upcoming Runs 3
and 4 of the LHC will allow ALICE to increase statistics for the p-A and p-X° channels, access

49
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new ones, like the coupled channel NA-NY (the first experimental evidence has been reported in
Ref. [333]) or 2-€, and study three-body forces [334].

Other observational means to constrain these interactions, such as radius measurements of
neutron stars, their thermal and structural evolution, and the emission of gravitational waves in
hot and rapidly rotating newly born neutron stars, can be used to indirectly probe the strangeness
content of dense matter and provide complementary constraints on models of hypernuclear
interactions [3].

Theoretical front

There are several approaches to describe the baryon-baryon interaction. They can be divided into
three different types: meson-exchange models, quark models, and effective field theories. For all
the cases, since there is only data to fit for systems with one strange quark, the parameters for
more strange systems are related via the use of symmetries, like SU(3) flavor for meson-exchange
and EFTs or SU(6) spin-flavor for the quark models.

The meson-exchange models were the first ones to appear, with two major groups working
on it, the Nijmegen and Jiilich groups. The first group released the models for hyperon-nucleon
physics called ND [335,336] and NF [23|, where a hard-core in the potential for small distances was
used, and the exchanged mesons included in the models were pseudoscalar, vector and two-pions.
In the NF model, the scalar mesons were also included (older meson-exchange models are also
available, see Ref. [337]). These models were improved by allowing a soft-core potential, with
NSC89 [338] and the famous NSC97 [339,340], which has five different variations (models a through
f) due to some freedom on the parameters. The final form, called extended soft-core, besides
other improvements, allows two-meson exchanges. These are ESC03 [341]|, ESC04 [342, 343],
ESCO08 [344-347] and ESC16 [348,349]. The second group, only focused for S = —1 systems, has
released three versions [350-352| based on the NN Bonn model [353], where SU(6) symmetry
relations are used to constrain coupling constants. Another model based on meson-change is the
Ehime potential [354-356], which is similar to the previous models, but it also incorporates data
from hypernuclear spectroscopy in the fitting.

The second type of approach is non-relativistic quark models, which are based on the resonating-
group method [357-359]. The most known versions are F'SS [360-362] and fss2 [363,364], although
other versions like RGM-F and RGM-H are also available [361,362,365-367].

Lastly, the EFT approach is a model-independent technique based only on the symmetries
of the fundamental theory, QCD, and due to assigning a power counting to each contribution
makes it possible to sort the terms by order and estimate the error that one makes by ignoring
higher-order terms. This approach was first applied in Ref. [368] to study hyperon-nucleon
scattering with a NLO EFT, which followed a similar EFT as in Ref. [10]. With yEFT, like in
the NN sector, studies at LO [47,369,370] and NLO [6,46,371-373] of baryon-baryon systems
up to S = —4 have also been performed. In these studies, several values of the cutoff are used
to assess the uncertainty, as well as the difference between the LO and NLO results to address
convergence issues (more detailed studies of uncertainty quantification in EFTs are available for
the NN sector [374-376]).

Before going into the lattice part, it is interesting to see the predictions of the scattering
parameters all these theoretical models make (and more not explained here), and compare them
to the few extractions from experimental data. All the values are tabulated in Appendix C
in Tables C.1-C.7 for the channels that will be studied later on plus AN and AA, and plotted
in Fig. 4.1 for the cases where both the scattering length and effective range are computed.
Moreover, the first two panels in Fig. 4.1 are for the NN channels, with the scattering parameters
computed with the same models as the ones used for the hyperon channels (so not specific for
NN) [23,335,340, 344, 361,377-381] as well as the experimental values 25|, showing how the
quality and quantity of the data fitted makes a differences in the final values.
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Figure 4.1: Scattering length and effective range predicted by different theoretical models as well
as constraints from experiments for different two-baryon systems.

Lattice front

The search for complementary inputs besides experimental data on baryon-baryon scattering
has lead LQCD to be an important tool to help constrain theoretical models. The first study of
two-baryons was done in the NN sector in a quenched calculation with unphysical quark masses
by the CP-PACS Collaboration [67,382]. After this initial work, several groups and collaborations
have dived deeper into the baryon-baryon interaction, using two different methods: the direct and
the potential method. The differences and issues between these two methods will be discussed
after a summary of all the works up until the present time.

Ten years later after the CP-PACS paper, the NPLQCD Collaboration studied the NV systems
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in finite volume in detail [82] considering both scattering and bound states, and also presented
the advantages of using LQCD to approach hypernuclear physics [383]. The same collaboration
made the first fully-dynamical calculations for the nucleon-nucleon [58] and hyperon-nucleon [59]
systems with a pion mass of around 350, 490 and 590 MeV (the Ap system was investigated in a
very preliminary study with a quenched calculation in Ref. [384]). These works were followed
by a high statistics analysis of several baryon-baryon systems with strangeness between 0 and
—4 [56,62] at a pion mass of 350 MeV, with special interest in the H-dibaryon [60,61] (some
previous quenched calculations on this system are summarized in Ref. [61]). Specific to the XN
channel, in Ref. [63] they extrapolated the interaction to the physical point via the assumption of
mass-independence of the LECs and applied the result to estimate the ¥~ energy shift in dense
nuclear matter. In Refs. [14,64,65] the baryon-baryon interaction was studied at the SU(3)
symmetric point (m, ~ 806 MeV) with a different action compared to the previous analyses,
and in Refs. [13,66] a similar study was conducted but at a lower pion mass, m, ~ 450 MeV,
which provided some insights into SU(3) symmetry breaking effects. This last work [13] will be
thoroughly explained in Section 4.3. Also, together with the QCDSF Collaboration, the two- and
three-nucleon channels (besides multi-pion and kaon systems) where studied in a LQCD-+QED
calculation for the first time [9].

Another collaboration which has worked in the two-baryon sector is the PACS-CS Collab-
oration, with several works focused only on the nucleon-nucleon interaction: first a quenched
simulation [68], which came after the first quenched LQCD calculation of *He and “He [190]
(although a fully-dynamical three-baryon calculation was already published [55]), followed by
fully-dynamical ones with lower quark masses, around m, ~ 510 [69] and 300 MeV [70].

The other two groups which use the direct method to study two-baryons are the CalLat
Collaboration and the Mainz group. The former, also focused on the nucleon-nucleon sector
like PACS-CS, studied the scattering parameters from higher-partial waves in Ref. [73,385], and
performed a variational study of the NN systems in Ref. |[74]. The latter pioneered the use of the
variational method [75,386] and also performed the first continuum extrapolation (b — 0) [76] for
two-baryon systems, all focused on the H-dibaryon state.

Finally, the last collaboration, HAL QCD, has pursued the study of two-baryon systems
with a different method, the potential one. The first studies using this method were quenched
calculations |71, 387-389], followed by a fully-dynamical study of the baryon-baryon interaction
at the SU(3); symmetric point [72,102,390] as well as with broken SU(3) [103,391]. This
collaboration has also presented the results for two-baryon systems with the quark masses closest
to their physical values (m, ~ 146 MeV). While some preliminary results were presented in
several conferences (e.g., Ref. [392-394|), the published ones are for the AA and NE systems [79]
(with some previous works with decuplet baryons, Q€ [77,395] and NQ [78,396]). The PACS-CS
Collaboration has worked with HAL QCD on some works related to the AN system [397,398].

In Fig. 4.2, a summary of the parameters of the gauge-field ensembles used in fully-dynamical
calculations made by all the collaborations is shown (similar to the ones in Ref. [399] for single-
hadron physics). The parameters selected are the pion mass m,, spatial extent L, lattice spacing
in the spatial direction b, (this clarification is needed for the anisotropic calculations) and the
quantity (2m% —m2)Y2, which is proportional to the strange quark mass (see Eq. (4.30)). In
all of these plots, the physical point is indicated with a cross or an arrow labeled with “phys.”,
and in the left-bottom panel the SU(3); case (m,, = my = m,) with a dashed line. Some of the
ensembles have been used more than one time (e.g., “NPLQCD 15”7 was first used in 2015 in
Ref. [66] and later on re-analyzed in 2020 in Ref. [13]) and by more than one collaboration (e.g.,
“NPLQCD 13” was first used by the NPLQCD Collaboration in Refs. [64,65] and later one re-used
by the CalLat Collaboration in Ref. [73]), so they are labeled by their first use (collaboration and
year) in a published work. In Tables C.8-C.15 from Appendix C, the binding energies computed
by all these collaborations (only for fully dynamical calculations) are summarized.

Discrepancies in the spectrum of baryon-baryons systems between the two methods are
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Figure 4.2: Summary of the gauge-field ensemble parameters of fully-dynamical LQCD calculations
for two-baryon systems.

present (as seen in the tables in Appendix C), in particular whether there are bound-states or
not at heavier-than-physical quark masses. A summary of these can be found in the following
reviews [50,51], and we recapitulate them here:

— The direct (or Liischer) method relies on extracting the finite-volume energy levels of
the system directly from two-point correlation functions, and then apply Liischer QCs,
which are model independent, to extract phase shifts and binding energies. The principal
criticism [277,400,401] is that two-baryon correlation functions are contaminated by small
elastic excitation gaps (few MeV) at ~ 1 fm (usually the region of the plateau where
the fits are performed), and cancellations between these excited states produce a “mirage”
plateau, requiring quite large times (~ 8 fm, which lie right on the noise region) to correctly
extract the ground-state energy. This incorrect identification is then observed in the phase
shift extracted, with some unphysical behaviors. These criticisms have been refuted in
Refs. [13,14,278,279|, where one of the arguments is the volume-independence of the bound
ground-state energies, indicating that it is unlikely that the contamination from excited
states is the same in all the volumes studied (since this contamination comes from scattering
states, which are volume dependent). In Ref. [280], they showed that with high-enough
statistics, their correlation functions are operator independent, and that optimized operators
can reduce excited state contamination and produce a plateau at early times. One possible
way to face to this issue is via the use of a variational basis, as in Refs. [74-76] (one
should note that an incomplete basis of operators was used in all these works, missing the
hexaquark-like operators). Another possible explanation of the discrepancies may be related
to discretization errors, not studied until Ref. |76], where quite large lattice spacing effects
on the binding energy of the H-dibaryon are seen.

— The potential (or HAL QCD) method first computes the Bethe-Salpeter wavefunction of
the two-baryon system from two-point correlation functions, then extracts the non-local
potential, parametrized in a truncated velocity (derivative) expansion, by solving the
Schrodinger equation in the infinite volume. Then, with the potential, the phase shift and
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binding energy can be computed. This method has two variants: the time-independent [387]
and time-dependent [402| one. The difference between both methods is that the latter, which
is the one currently used by HAL QCD, allegedly does not require ground-state saturation
(in contrast to the former one and the direct method). Several criticisms for unaccounted
systematic uncertainties in this method are collected and discussed in Refs. [194,403-406],
and answered in Refs. [407,408|. The most important ones are the following: the potential
(and phase shift) computed is only defined at the energy extracted from the correlation
function, not for all values of k™. Then, the expansion in velocity has momentum-dependent
coefficients, and its convergence is not clear. The other issue is that the potential is not a
physical quantity [409] and is operator-dependent in its short-distance behavior. Also, its
long-distance behavior is qualitatively different from the expected one from meson-exchange
models in some channels, like QN and Q€ [410].

Progress is being made to try to understand the differences, as mentioned before. Regarding
the lattice results that will be showed later on in this chapter, although they do not come from
a variational study, all possible consistency checks have been examined on the validity of the
extracted energies (see Section 4.3.4).

4.2 Effective description of two baryons at low energies

In this section we describe the two effective field theories that will be used to describe the
interaction between two octet baryons. Two assumptions will be considered: exact SU(3);
symmetry, due to the similarity in the light and strange quark masses (although symmetry
breaking terms will be included and studied with LQCD data for the first time), and SU(6)
spin-flavor symmetry, predicted in the limit of large number of colors N,.

4.2.1 Assuming SU(3) flavor symmetry

The Lagrangian for the low-energy interactions of two octet baryons under the assumption
of SU(3),; was first constructed in Ref. [10] using the heavy-baryon chiral EFT (HByEFT)
formalism [411], and consists of two-baryon contact operators at LO. These interactions have
also been studied in chiral perturbation theory (yPT) in Refs. [369,412], where in addition to
the momentum-independent operators at LO, the pseudoscalar-meson exchanges are included in
the interacting potential. At LO, all terms in both HBYEFT and xPT are SU(3); symmetric.
At NLO, there are two types of contributions: the SU(3)j-symmetric interactions, obtained
by the addition of derivative terms to the LO Lagrangian, and the SU(3); symmetry-breaking
interactions, denoted by SUH3]; in the following, that arise from the inclusion of the quark-mass
matrix. The NLO extension of the two-baryon potential within xYPT was first presented in
Refs. [11,371] and includes interactions in higher partial waves.

In this thesis, two-baryon systems are analyzed at low energies; therefore only S-wave
interactions are considered. Also, the EFT considered is a pionless EFT [99,100] in the hypernuclear
sector, so only contact terms are used. The octet-baryon fields are introduced as a 3 x 3 matrix
in flavor space,

2 A +
B~ =0 —y/2A

that transforms under the chiral symmetry group SU(3);, x SU(3)p as B — UBU' [10]. At LO,
we need two baryon fields B and two adjoint baryon fields B' (with no external fields), which can
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be arranged in seven different ways,

= Tv(B}B;B}B;), O, = Tr(B,B;B}B;),

= Tv(BB}B;B;), O, = Tr(B,B}B;B;), (42)
= Tv(B}B;) Tv(B}B;), O = Tr(B|B;) Tr(B}B;), '
= Tr(B}B}) Tr(B;B;),

where the indices 7 and j denote spin indices (up and down). The last term, O, can be eliminated
via the Cayley-Hamilton identity [413], which for a general 3 x 3 A; matrix reads

0= ) Tr(A;ApA3A40) — > Tr(A1AxAy) Tr(Ay) — ) Tr(A;Ay) Tr(A3A,)

6 perm 8 perm 3 perm (4 3)
+ Z TI' A AQ) TI'(A3) TI'(A4) (A ) TI'(AQ) TI'(A3) TI'(A4)
6 perm

Since in our case the baryon matrix is traceless, as it can be seen in Eq. (4.1), Tr(4;) = 0, and
the previous relation becomes

D1 Tr(A Ay AzAy) = > Tr(AAy) Tr(AzAy) . (4.4)

6 perm 3 perm
Substituting 4, = B}, A, = B;-, Az = B;, and Ay = B;, we get

Tr(B)B}B;B;) + Tr(B BB} B;) + Tr(B}B}B;B;) + Tr(B} B;B} B;) + Tr(B;B} B} B;)

4.5
+ Tr(B; B} B, B;) = Tr(B]B}) Tr(B;B;) + Tr(B] B;) Tr(B} B;) + Tr(B,B;) Tr(B} B;) . (45)

We notice that on the left hand side of Eq. (4.5), there are some terms that are equal (using the

cyclic property of the trace),

Tr(B)B}B;B,) + Tr(B} B, B, B;) + Tr(B,B| B} B;) + Tr(B; B} B} B;)
= Tv(B}B}B;B;) + Tr(B|B]B;B;) + Tr(B| B} B; B;) + Tr(B} B} B, B;)
—— | ——

(4.6)
iej ad]
= 2Tr(B|B}B;B;) + 2Tr(B| BB, B,) ,
and we find that
Tr(B]B}) Tr(B;B;) = Oy = Oy + Oq + 205 + 20, — O5 — O . (4.7)

Therefore, the LO Lagrangian will be

£SO _ o T(BIB,BLB;) — ¢, Te(BIB; B} B;) — ¢3 T(B| B} B, B;)
— ¢, Tr(B} B} B;B;) — ¢5 Tr(B}B;) Tr(B}B;) — ¢ Tr(B,B;) Tr(B}B;) .
The coefficients ¢; are known as Savage-Wise coefficients in the literature [10]. Comparing this

form to the one in Ref. [11], where if we only consider the terms relevant in the non-relativistic
limit, the LO Lagrangian is

51(\?1)9L =a; Tr (BB, B2B5) + a1 Tr(B, By, Bs) + as 1 Tr (B, B;) Tr(ByBs)
+ ay o Te[ By (757" B) 1B (v57,8)2] + a1 3 Tr[By (6" B)1 By (0, B)s]
+ Qg9 TT[Elgz(%’Y“B)l(%%B)z] + ag 3TT[B By (" B); (0,B)s]
+ ago Tr[gl(’Yﬂ”B)l] TT[BQ(%’Y“B) I+ a33Tr[Bl(o“”B)1]Tr[ (U vB)al

(4.8)
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where here B is the baryon matrix with the baryon fields being full four-component spinors.
Although this Lagrangian has apparently more terms than Eq. (4.8), if we only consider the
large components of the spinor (the two upper ones), one can see that the terms a; 5 and a; 3 are
proportional to one another (they lead to terms like Bg(akB)Z-B; (0B);, with oy, being the Pauli
matrices, and together with the Majorana exchange operator (04, B);(0},B); = 2B; B, — B, B; [414],
we can write these terms without the o;, matrices), reducing the total number of terms down to
six, so both descriptions are equivalent.

The reason why there are only six terms can be understood from group-theoretical considera-

tions. In the spin-flavor decomposition of the product of two octet baryons with J& = %Jr, the 64
existing channels can be grouped into six different irreps,
8R8=27T08,P1H®10D10D8,. (4.9)

There are several ways to find out which two-baryon states belong to which irrep. One possibility
is to use the SU(3); Clebsch-Gordan coefficients [415,416], to use the quadratic and cubic SU(3)
Casimir operators, as well as the V-spin, U-spin, and isospin raising and lowering operators [64],
or to compute the coefficients using the Lagrangian in Eq. (4.8) for all the two-baryon systems,
and diagonalize the flavor matrix, giving directly the combination of baryons and ¢; for each irrep.
This last procedure was used in Refs. [13,14], and as an example, let us look at the ¥¥ channels.
For this case, we have to consider the following flavor matrix,

DR IEED b SCEND Sas SuulND Y10 DRuND 3L SUENED L) Sl Sand DusliD Vand SUNNED Dud Din
DI Paa X
»+yo
D3RS S
Yoyt
»0y0
»oy-
Yot
»-no
)3 S

)
@)

. (4.10)

coocococooo
OO O OO XO XO
OO KO KO XOO
OO O OO XO XO
SO X O MO X oo
oo xoooo

OO X O MO X

OO X OO OO
MO OO0 o oo

where the X denote the non-zero entries 3,3, — 313} in this matrix, like StX* — ET2F or
»0%0 — ¥+~ Focusing only in the spin-singlet case, we compute the following matrix elements

o Z’2|£gg SUB); |X13,) with the states having the correct spin wavefunction, which in this case
is %(EIE% - E%Z;), and we get the following coefficient matrix,

2c, 0 0 O O O O 0 O
0 ¢4 0 ¢cg, O O O O O
0 0 ¢cg 0 ¢« 0 cg 0 O
0 ¢4 0 ¢y, O O O O O
0 0 ¢« 0 ¢p O ¢« 0O 0 [, (4.11)
0 0 0 0 0 ¢4 0 cyg O
0 0 ¢cg 0 ¢« 0 ¢cg 0 O
0 0 0 0 0 ¢4 0 cyg O
0 0 0 0 0 0 0 0 2y
where cy = ¢y —cg+c5—c¢5, cg = —Cc3+cy4+c5—c¢g, g = —¢; + o —c3+ ¢4 and ¢p =

¢1 — €y — 3 + ¢4 + 2¢5 — 2¢6. Diagonalizing this last matrix, and writing the eigenvectors in terms
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of the basis {STXT, 2+¥0 ... X=X~} the eigenvalues are
Syt sy
VA0S + 250\ EE 0+ 5957), UL oo — ey hes—cq),
\JA(ETET - 25050 + $5)

VAEIST - 2450), [H(2x0 - 505,
VA(EEr -2

{\/g(2+2_+2020+2_2+)} : —C1 +CQ—3C3+3C4+2C5—266.

(4.12)
Oa

Looking at the results we see that the diagonalization has constructed the three isospin structures
(I =2 (top), 1 (middle) and 0 (bottom)), and that the flavor-antisymmetric wavefunction (middle
one) has a null eigenvalue since it cannot have spin zero, as expected (if we do the same calculation
but for spin-triplet states, we get the opposite results). The isospin I = 2 channels belong to the
27 irrep, and we know that because after we apply this same procedure to all the baryon-baryon
channels, we find that there are 27 channels with the coefficients 2(¢; — ¢y + ¢5 — ¢g). For
the channel with I = 0, it is somewhat more intricate, because it can couple to other flavor
channels (mainly AA and ZN), so we have to repeat this procedure again, and see that we get the
isospin I = 0 flavor combinations for the irreps 27, 8, and 1. This procedure can be automated
using Mathematica [417] together with the grassmann package [418], and the combination of
Savage-Wise coeflicients for each irrep are

¢®D = 9(cy — ey + 5 — ), 1 = 9(ey + o+ 5+ ¢g) s

1
8s) = g(*401 +4cy — Beg + Bey + 6c5 — 6¢g), 10 =2(—¢p — ey + 5+ ¢5) (4.13)
M = g(—c + g — 8¢z + 8¢y + 35 — 3cg) ¢®a) = 3¢q + 3¢y + 265 + 2¢4

zl-ata 3 4 5 6)> 3 4 5 6

As we will see later on, this combination is the one that we can access with LQCD data, and
since we do not study all irreps, in principle we cannot invert this relation and compute each
¢; separately. In Appendix D, the full flavor decomposition of all two-baryon channels in their
SU(3) ¢ irreps is shown.

Focusing our attention now to the NLO terms, if we look at the non-relativistic Lagrangian
from Ref. [11], we see there are 19 terms with different derivative structures. However, here we
are only focused on systems that are in the S wave, so we need find out which terms contribute
to which partial wave. Instead of derivatives, we will work with momenta, with p (p’) being the
momentum for the initial (final) baryon in the c.m. frame. Applying the same limit as we did for
the LO terms (keeping only the large component of the spinor), we get several combinations of
the momenta and Pauli matrices: p?, p, p-p/, (p-0)(p'-0’'), (p-0)(p-0’) and (p x p') - &, where
the prime in the o is to indicate that it acts on a different baryon field. Following Ref. [419], in
order to disentangle and identify all the partial wave contributions in each operator, we expand it
in spherical harmonics,

O(p,p') = Z Oty ([P 1) Year, (B)Yrar, (B') . (4.14)
LM, L'M,

where the coefficients Opy, .1/ My, are given by the relation
Onarysioy (P19 = [ dDas Vi, 01V, (0)0(0.9). (4.15)

We have labeled L (and M) the angular momentum of the initial baryons, and L’ (and M)
the angular momentum of the final baryons. Since we just want to see which L (and L’) have
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non-zero contribution to the scattering, we do not have to find the exact form of Oy, .r My just
look which coefficients are different from zero. Also, to expand these terms, it is useful to use the
spherical basis,

A+1 - _%(Am + iAy) Ar R
Ay = A, = Ay =45 AN (A), with me (+1,0). (4.16)
A =14, -i4)

The relation between the upper and lower indices coordinates is A,, = (—1)™A™™, and the
product of two vectors is A-B =, A,B™ =3, (-1)"A,,B_,, for the scalar product and
(A X B)y = —iV23, Clm1 1y Am, B™? for the vector product (where Ci%l jym, 1S the
Clebsch-Gordan coefﬁc1ent) Since here we are dealing with vectors (p and o), these are rank 1
tensors, so we can couple them, A, B, = > ;. C{%.h@ [A® B] s, with 0 < J < 2 (the same

for the inverse relation, [A® Bl = 2, m, c{M A, B, ,with [A® B]yg = ——=A- B or

Imq;Imo“imy = myo %

[A® Bl = ﬁ(A x B) s, for example). Let us start with the ones where the momentum and

spin are not coupled. For the term p?, we have

fdpdp Yiv, (P )YL’M’ (p')p* = Jdpdp Yin, (P )YL’M’( 5 ) p? VAT Yo (P) VAT Yy (P) o
4.17

= 4mp? Jdﬁ Y7, (P)Yoo(P) Jdﬁ, Y, (B)Yoo(p') P*61001,00/000170
So when we have p? or p? alone, they contribute to the S wave. Next, if we look at p - p/,

| 948V, )Y, 06 8) = S0 [ 0V, 0)p [ BV, (08
o " (4.18)
= TPl S0 [ 4 Vi, (0)YinB) [ df Viiag, (50Vi o (8) < 1Pl 1511001

This term contributes to the P wave. Now to the coupled terms, if we look first at (p-o)(p’ - o’),

(p-o)(@' o) = D) (1™ ™py 0 Py,

my,msa
= D D=y om0, P @D
my,my J,M
- Z Z L € DIl @ e S A S [ 13 28 B2 (4.19)
my,my J,M
- Z Z(_ See n]‘fl,l mQU—mlal—mg[p®p/]JM
my,my J,M
= Z(_l)Mﬂ][U®‘7/]J—M[p®p/]JM,
JM

The first contribution will come from J =0 (and M = 0),

(- )' ) 7= [ @ o lulp © Pl = 50 o) 0P (4.20)
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This term (we know from before) contributes to the P wave. Next, the J = 1 term,

P-o)p o) T Y D)Mo ulp@p v
M

M—-1 1-M / 1M /
2<_1) Z Clml;lmzamlamg Z Clm3;1m4pm3pm4

M mq,mMoy mg,My

M— —-M M
Z [Z(_l) 1Cllml;lmz Cllm3;1m4] O-m104”2pm3p;n4

my,Mg,M3,My M

Z [Z(_l)Mcllel;lmgcllrj\r{S;lm4

my,mg,mg,my | M

4r . R
|p|‘p/|? Z [Z(_l)MCIIMml;lmQCllrj\é;lmALI Jmla;n2ylm3 (p)Y1m4 (p/) :

my,mo,m3,my | M

/ /
Om, Jm2pm3pm4

(4.21)
This also contributes to the P wave. Finally, the J = 2 term,

P-o)p o) 2N (DM 20 @0y mlp @D lanr
M

M—-2 2—M / 2M /
Z(_l) Z Clml;lmZUmlamz Z Clm3;1m4pm3pm4

M my,mo mg,my

D [Z(—1)M —ep M Cfﬁ‘fggm] O, Oy Py P,

my,Mg,M3,My M

Z [Z(_l)Mcllyml;l—mQCll%;lmAI

my,mg,mg,my | M

4 R R
|p|‘p/|? Z [Z(l)Mcleml;lmQC%%;lmALI O-mlo-;nQYlmg (p)Y1m4 (p/) )

my,M3,MMg,Mmy M

/ /
Om, 0m2pm3pm4

(4.22)
which also contributes to the P wave. Next, we have (p- o)(p - o’), which is pretty similar to the
previous one changing p’ — p,

(p-o)p-o)= Z ()" o®0'l;—ulP®Pljar- (4.23)
JM

The first contribution will come from J = 0 (and M = 0),

(0-0)(p ') 7= [o @ kolp @l = 500 (1.24)

This term contributes to the S wave. Next, the term for J = 1, since we will get p x p = 0, it
will vanish. Then, the J = 2 term,

=2, 24T

(p-o)(p-o') —p'5 2D o @ 0",y [Vi(B) © Yi(B)]aws - (4.25)

M

The last object can be written as

(21; +1)(2l5 + 1)
Aw(2L + 1)

[V, (P) ® Y, (B)]1ar = \/ Cl0a,0Yr (B) - (4.26)
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Then,

p2412( DM [0 ® 0]y p Y1 () @ Y1 (D) ]ons = p24£\/107r2 Mo ® 0'lo—arYor (D)

3
8 8 .
=p \/72 M 2 U®U]2 mYon (P) = \/ 152 Z (— )MC12m¥1m20m10;n2Y2M(P)

M mq,mo
/87T
m +1my 2 My +my / ~
Z ! 2Ctlml ;1meg JmlamQ Y2 —mi—msg (p)
m17m2
8w 2m
1t+mg * A
- p \/ Z 1my;1mey Umlo—m2Y72m1+m2 (p) :
m17m2

(4.27)
This term is responsible for the 35; — 3Dy (and 3D; — 39;) channel. Finally, the (p x p') - &
term,

. 1
(p X p/) 0= _1\/§ Z (_1)m30177n7§?11m2pm1pm2 —msg

my,mg,m3

. 4 1 . .
_1\/5’]9"]7/‘? Z ( )mdclnrzr?lmQYlml (p)Y1m2 (p/)g—m3 )

my,mg,m3

(4.28)

which is responsible for the Py — 3P, (and 3P, — 'P;) channel.

After analyzing all the terms and knowing that the ones that contribute to the S wave have
p? and p?, the SU(3) ¢ preserving NLO Lagrangian, following the organization of the LO terms
in Eq. (4.8), has the form

LA g Tr(BV?B,;B}B; + h.c.) — & Tr(B|V’B;B}B; + h.c.)

— & Tr(B]BIV?B;B; + h.c.) — & Te(B|BIV?B;B; + h.c.) (4.29)
— &[Tr(BV?B;) Tr(B]B;) + h.c.] — &[Tr(B{V’B;) Tr(B}B;) + h.c],
where the same relations in Eq. (4.13) hold for lirep) - replacing ¢; with é.

For the SUA3]; term, as pointed out in Ref. [11], we need to introduce the quark mass matrix
X

m, 0 0 m2 0 0
x=2By| 0 my O |~| 0 m2 0 , (4.30)
0 0 my 0 0 2m3%—m?2

where By is proportional to the quark condensate, and we have used the Gell-Mann—Oakes—Renner
relation [420] to write this matrix in terms of the meson masses instead of the quark masses,

m2 ~ (my +my)By = 2m;By, m3% ~ (m, +m)By, (4.31)
with m; = m,, = my. Since this part of the Lagrangian breaks SU(3) ;, we will not have six terms,
and we need to find all possible combinations with Eq. (4.8) and x. Again, this was first written
in Ref. [11] (the relations between both sets of SU{3]; coefficients are presented in Appendix F
in Table F.1), but following the organization of the LO terms, we get

LT _ X Tx(BixB, B} B;) — ¢ Te(BixB;BLB)
- C§ Te(B]B;xB;B;) — ¢\ Tt(B|B;xB]B;)
f i i i
— cX Tr(B;xB;B;B; + h.c.) — ¢ Tr(B;xB;B;B; + h.c.) (4.32)
— X Tr(B)BjxB;B;) — ¢ Tr(B|BjxB,B;)

— ¢y Tr(B)B}B;B,x) — ¢}, Tr(B} B} B; B, x)
- Tr(BTXB ) Tr(B}B;) — ¢, Tr(BjxB;) Tr(B}B,) .
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Now, when we compute the elements <B’ B|L B BW'C | By
of ¢’s that are accompanied with m? e — m?2, and the ones with only m?2
example to understand why, like X p (15,),

Bsy), we will separate the contributions
2. Let us look at an

), SLH3T,
HplLp ™ TS gy = 2(c — ym + 20 — & — &y + m

X

(4.33)
=2(cy — ¢}

)(m¥k —m2) +2(cf — ¢ +cf —cf — 4 + ofy)ma

2 are the symmetry breaking terms and Vary for different

The terms proportional to m%{ ms

channels belonging to the same irrep (we will write them as ¢X = ¢}(m3; — m2) for simplicity),
while the rest (proportional to m2) are the same for all the channels in the same irrep, and
therefore reabsorbed in the LO terms.

Therefore, the total Lagrangian that we will use is the following,
Lpp = LG50 4 LRS00 4 ST (4.34)

In Section 4.3.5, the specific LECs that we will have access to with the LQCD data available will
be discussed.

4.2.2 Assuming SU(6) spin-flavor symmetry

In the limit of SU(3) flavor symmetry and large N,, two-baryon interactions are predicted
to be invariant under an SU(6) spin-flavor symmetry, with corrections that generally scale as
1/N, [12] (this symmetry was previously discussed in Refs. [421-423] in a different context). In
the two-nucleon sector, this encompasses the SU(4) spin-flavor Wigner symmetry [424-426|, with
corrections that scale as 1/N?2 (a recent study has proven again that this is an approximate
symmetry at the physical point [427], but it is only seen at an optimal momentum resolution
scale). Under SU(6) group transformations, the baryons transform as a three-index symmetric
tensor UHP where each SU(6) index p is a pair of spin and flavor indices (icr). At LO, only two
independent terms contribute to the interacting Lagrangian of two-baryon systems:

EggSU(G) _ _a(\IJLVp\I;,U«VP)2 _ b‘I’Lua‘I’WT‘I’Tp&‘I’péU ’ (435)

where the baryon tensor can be expressed as a function of the octet B and decuplet T" baryon
matrices,

e = gl k) - O"BV + \/ﬁ (Ba “"876 + Bg,jem €ik T Bw kewaﬁ zj) . (4.36)
Here, o, 3,7, w are flavor indices, 4, j, k are spin indices, and the Levi-Civita tensor € is in either
flavor or spin space depending on the type and number of indices.

In order to understand why there are only two terms (and not more) and why the baryons are
written as a symmetric tensor, we will derive the SU(6) spin-flavor symmetry of the nuclear (and
hypernuclear) forces from group-theoretical arguments. For that, we will use the books [428, 429],
together with the Mathematica package LieArt [430,431] to do all the group-theory calculations.

The main idea behind is that if we assume SU(3); symmetry together with SU(2); spin
symmetry, all the baryons will have the same mass (either with spin % or %) This means that all
these objects remain unchanged under transformations of the unitary group SU(6), which has
as subgroups the product SU(3); ® SU(2);. Therefore, now the quarks will be dimension-six
objects, since they live in the fundamental representation,

¢ =i = (ut Wb dl @b st s (4.37)

Now we have to discover in which irrep from SU(6) the baryons (octet and decuplet) live. We
can start by taking the product of three 6,

6R6R6=270056@20. (4.38)
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In order to identify in which irrep, we have to write them in terms of the irreps from the product
of the subgroups SU(3); ® SU(2) ;. From the SU(3) sector, we have the product of three 3,

3®3®3=10028®1, (4.39)
and from the SU(2); sector, we have the product of three 2,
20202=4@22. (4.40)

To known which multiplet lives in which SU(6) irrep, we can use symmetry arguments. To know
the symmetry of each irrep, we can use Young tableaux, which will tell us the following:

— If we only have a row of boxes, the irrep is totally symmetric (SS).
— If we only have a column of boxes, the irrep is totally antisymmetric (AA).
— If it is in between, it will have mixed symmetry (SA).

First, let us draw the SU(6) tableaux,

70 - 1 56 - [TT7, 20— @ (4.41)

So 70 is SA, 56 is SS and 20 is AA. For the SU(3), representations,

10 >[T11], 8—H1 15 @ (4.42)

where 10 is SS, 8 is SA and 1 is AA. And for the SU(2); representation,

4 [T, 2-[0 (4.43)

where 4 is SS and 2 is SA.
In order to obtain SS, we can take the product of (SS,SS), (AA,AA) and (SA,SA); for AA, we
can do (SS,AA) or (SA,SA); and for SA, we can do (SS,AS), (AA,AS) or (AS,AS). Therefore,

70 — (10,2) @ (8,2) @ (8,4)® (1,2), 56 — (10,4)® (8,2), 20— (8,2)® (1,4). (4.44)

We can see that the only irrep where the octet (8,2) and decuplet (10,4) live is the 56 irrep.
Therefore, since 56 is completely symmetric, the baryons can be written as a completely symmetric
tensor [12,429], like in Eq. (4.36).

When looking at the interaction of two baryons, we have to perform the tensor product of
two 56 to see how many parameters will be needed to describe it,

56 ® 56 = 462 ® 490 ® 1050" ® 1134’ . (4.45)

Contrary to Ref. [12], we see that in principle it should depend on four parameters, and not only
two. We can try to understand that if we write these irreps in terms of the corresponding ones
in SU(3)y ® SU(2);. In Ref. [432] we can find the classifications of octet and decuplet baryons
in terms of SU(3); ® SU(2); irreps, but we repeat this exercise here for completeness. For the
product of two octets (we already know the decomposition, given in Eq. (4.9)) we have

8R8=27T010010D8,®8,d1, 202=1®3. (4.46)

In order to know if an SU(3) ¢ irrep can be in any of the two spin states, we need to know
the symmetry of both, so that when we have two identical particles, the wavefunction will be
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antisymmetric (Pauli principle). Let us start with spin, which is easier. We can write the spin
wavefunction (with maximal projection of the third component for simplicity),

1, 1\1 1
11, 4+1) =[5, +3)l3: +3) (4.47)
1|1 411 1 1 _1\1 41 :
10,00 = 55 (I3, + D3, —9) — |3, —Dl5: +3)) -
We see that the spin-1 wavefunction (3 irrep) is symmetric, while the spin-0 wavefunction (1
irrep) is antisymmetric. For the SU(3) irreps, we need to know at least one channel with two
identical particles that belongs to that irrep, so that we can then assign the symmetry,

27 pp 10: (227 =727,
10: T(np pn), 8,: AA, (4.48)
8, 7@(2 Y -¥0%7), 1: AA.

We see that the irreps 27, 8, and 1 are symmetric with respect the exchange of both baryons,
while the irreps 10, 10 and 8, are antisymmetric with respect the exchange of both baryons, and
the combinations we can do are the following,

BB — BB: (27,1),(8,1),(1,1),(10,3),(10, 3),(8,3). (4.49)
Now let us look at two decuplets,
1010 =35028P27d 10, 404=193P587. (4.50)
Again, starting first with the spin part,
|37 +3> = |%7 +%>‘%, +%>7
2,42 = & (\3 DD - 13,4013 +D)
|1 +1> \/ |27 3>|7 _7>+| 2>|25 %>)
0,0)= L (5 +DIE—H— 13 —Dl3 +D 1

(4.51)

We see that the spin-0 and spin-2 wavefunctions are antisymmetric (1 and 5 irreps) and the
spin-1 and spin-3 wavefunctions are symmetric (3 and 7 irreps). For the particle contents of the
SU(3) irreps,
35:
27 .

(A++A+ ATATT) | 28: Q07

E*OZ*Jr - E*+E*O) . (452)

7
=* , 10:

0= 1
= ﬁ(
Since the irreps 28 and 27 are symmetric and the irreps 35 and 10 are antisymmetric, the
possible combinations are

TT —TT: (28,1),(28,5),(27,1),(27,5),(35,3),(35,7), (10, 3),(10,7) . (4.53)
The only possibility left is the interaction between an octet and a decuplet baryon,

8®10=35027T1088, 2®04=3D5. (4.54)

Since here we have two different fermions, the Pauli principle does not apply, and any combination
is allowed,

BT — BT : (35,3),(27,3),(10,3),(8,3),(35,5), (27,5), (10,5), (8,5) . (4.55)
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For the crossed channels (BB — TB, BB — TT and TB — TT), the possible irreps will be the
ones that are common between the initial and final states. As a summary,

BB — BB : (27,1),(8,1),(1,1),(10, 3),(10, 3), (8,3),

BB - TB:(10,3),(8,3),

BB — TT: (27,1),(10,3), (4.56)
TB —TB: (35,3),(27,3),(10,3),(8,3),(35,5), (27,5),(10,5),(8,5) , '
TB —TT : (35,3),(27,5),

TT —TT: (28,1),(28,5),(27,1),(27,5),(35,3),(35,7),(10, 3),(10,7) .

From the SU(6) tensor product, decomposing the four irreps into SU(3); ® SU(2); multiplets
gives

= (10,1)®(27,3)® (28.7) ®(35,5),
490 = (1,1)®(8,3) ® (10,3) ® (10,3) ® (8,5) ® (10,7) ® (27,1) ® (28,1)
®(27,5) @ (35,3),
1050” = (8,1) ®(8,3) ® (10,3) ® (10,3) ® (10,5) ® (27,1) ® (27,3) ® (27,5) (4.57)
®(28,5) @ (35,3) @ (35,5) ® (35,7),
1134 = (1.3)®(8,1) ®2(8,3) ® (10, 1)@ (10, 1) ® (10,3) ® (8,5) ® (10, 5)
@ (10.5) ®2(27,3) ® (28.3) ® (27,5) ® (27.7) @ (35.1) @ (35,3) @ (35,5),

where the gray-colored numbers are non-physical states (with symmetric wavefunctions). For
example, the combination (28, 7) is not possible because 28 has a symmetric flavor wavefunction
and 7 also has a symmetric spin wavefunction, and with the combination of both a total symmetric
wavefunction is prohibited by the Pauli principle. The only irreps that survive are the ones that
contain only physical states, therefore we are left with two, 490 and 1050”, meaning that we
only need two coefficients to describe the baryon-baryon interaction, as in Eq. (4.35).

We can match the SU(6) LO Kaplan-Savage coefficients a and b to the SU(3) ; LO Savage-Wise

coefficients ¢; by computing <BiB§|Egj)B’SU(6)\BlBQ>,

2b 1 2b 1
27) _ A10) _ 9,
c 2a 27+O<N2> 2a 27+O<N2>
2b 1 14b 1
cBs) — =2 (10) _ =7 il
2a—|—3+(’)<Nc>, c 2a + 27+(’)<NC>, (4.58)
2b 1 2b 1
D —9, 22 (8a) — =2 il
2a 3+O<NC>, c 2a+27+(9(Nc>.

4.2.3 Matching the LECs to the scattering amplitude

In order to constrain the LECs with the LQCD data, our approach is to match them to a momentum
expansion of the scattering amplitude. We will follow the formalism from Refs. [433,434], where
they work for simplicity with a toy model: heavy spinless baryons Bi in the non-relativistic limit
(with masses M, and M,), whose interaction are characterized by a scale A. Then, the EFT
will describe scattering at a c.m. momentum k* « A using contact interactions in a derivative
expansion,

VS v I NP, V2 -
’C:Bl(160+2J\4—1>B1+B2<160+2M2>BQ

+ (%)4_13 {Co (BIB2>2 + Céi) <BJ{VBZ>2 + Céii) [16 (BIBQ)Q} N } 7
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where the ellipses denote higher derivative terms. The mass scale ;/2 is introduced because we
will use dimensional regularization for the loop integrals. Also, if the spacetime dimension is D,
one can check that the couplings Cs,, will have the same dimensions no matter the value of D,

[S] = adim. — [£] = MP — [B] = M2 — [Cy,] = M2+ (4.60)

From Section 2.4, we know that the scattering amplitude M can be written in terms of the
phase shift,
27 1

~ M K*cotd — ik*
We also known that k£* cot§ has an expansion (ERE) for k* « A. Writting Eq. (2.64) slightly
differently,

M (4.61)

. 11 ,& (k2"

kE* cot§ = . + §A Z T (A2> , (4.62)
n=0

where a is the scattering length and r = ry is the effective range. For the baryon-baryon

interaction, all r, are of the order O(1/A), but a can take any value. Therefore, the radius of

convergence of the momentum expansion of M will depend on the size of the scattering length.

We will study two cases: the first one will be for natural interactions, with |a| ~ 1/A, and the

second one for unnatural interactions, with |a| » 1/A.

Scattering length of natural size

For natural interactions, |a| ~ 1/A and |r,| ~ 1/A, and M has a simple momentum expansion,

M(E*) = M(0) + M (0)k* + %M”(O)k“ T

2ra  2mia? . 27
= —— + ~ k’ + —=
M M M

_ 2]\7; [1 —iak* + (% 7a2) B2 4 O(k*3/A3)] ‘

{(—a)?’(—i)Q — Tf] E*2 4 O(K*3 /A% (4.63)

This expansion converges for momenta up to k* ~ A,

1 k*  k*2

Mgttt

(4.64)
and this is the expansion we want to reproduce with the EFT from Eq. (4.59).

The scattering amplitude M will be given by the sum of all the Feynman diagrams of this
theory. At tree level, the S-wave amplitude is given by

. AN & *2n,
1-/\/ltree =1 <§> Z CQn(M)k ) (465)
n=1

with Cj,, being linear combinations of the couplings in the Lagrangian. The full amplitude will
be given by the following diagrams,

Co ok
w DO K
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First we can integrate gy by forming a contour closing the one pole in the upper half of the
complex plane and using the Residue theorem,

le

_ (P q i i
In = 1(2) J(z )Dq quOE 2 L E

2.
T~ 5t Hieg t a0 - 5y Tie

p4-D dP 1q

5) f(QTF)Dq (271) ZRes )

<
= PO o
|

%-ﬁ-(%—%—l—k)—%—i—ig
<:U’ 4—D f dD—lq an U A4—D dD—lq q2n
~\9 D—1 T <*> J D—1 .
2 (27) E—%Q(M%+M%)+1e 2 CMP T E - 2 e
We can separate d”~1q between a radial and an angular part in (D — 1)-spherical coordinates,

I (M>4DJ delq q2n _ (M>4DJdQD IJ‘OO dq qD—2 q2n
to\2 @mPlEp— L 4ie 2 b CmPtt g

QM + iE
4—D bl 0 2n+D—2
O
2 emP- (&) ) T E 2‘1]\; + ie
(4.69)
Focusing on the integral (and not the factors in front), we can rearrange it,
2n+D 2 q2n+D72 2n+D 2
f dg— —2Mj dq:_sz
2ME — ¢% + ie q—2ME
Lot e gnebe (4.70
== dq——F7——.
_ i q
2MFE —ic Jo i T 1
Applying the following change of variables p = ¢2/(=2ME — i¢), we get
—2M Y —9ME —ic (=2ME — ig)"+ "z pnt 2
—2ME — 2\/p p+1
B D3 (4.71)
~ ~ ~ . (D=3 prt 2
=-—-M(—2ME)"(-2MFE — P d
(2N EY 0 | ol
This integral can be solved using the beta function,
°O I'(a)T(v)
Bla, :J dpp®tp+1) 47 =~~~ 4.72
(c; ) , (p+1) T (ot ) (4.72)
We can identify « and -,
- D-1 3—-D
Pl p+ ) T = (p+ 1) = a=n+ 5 1=y (4.73)
If we collect everything, we get
D1 D-1 3-D
p\4-P 2 2 y y oo (n+ 2T (552 —n)
I, = (7) —N)(—2ME)"(—2ME — ic) 2
o= (5) i D RATEY ) e

_ (Conny(2ntBy(—airE — o2 L ST (R — ) (w2

(4.74)



4.2. Effective description of two baryons at low energies 67

We can still simplify the gamma functions in the numerator by using the following relation,

I'(z)

P(l+2)=2l(z) = T(z-1)=_—7. (4.75)
Looking at specific values of n,
e (2 (52)
n=1: r<1+D2_1>r<3_2D—1>=3_2D21P<D2 )r( 5 >
- (5 (550) - (55 (357).
2 (2 B (352 0] - e (1 25 (352 ) O
S (55)s(52) - (25)e(052).
n=n F<n+D2_1>F<3_2D—n>:(—1)”F<D2_1>I‘<32D>
Therefore,
I, = (~2001)(~231 E)" (201 E - >D3(3DHZ;(%:Z;fij)%Zing .
— (—2M)(2ME)"(—2ME — )D3F< . ><(’;f));1.

We have to define a subtraction scheme to avoid divergences. In this case, we can use the minimal
subtraction scheme (MS), which accounts for removing the 1/(D — 4) poles before taking the
limit D — 4. Since the integral does not have such poles, the result is

NS _ (_oNT) (20T E)" QMEF(;) L (o) @B V2N E ((42\)”

. (4.78)
— i(2ME)"V2ME <2M> .

47

Since we are in the non-relativistic limit, the energy of the system in the c.m. frame is

k*? /{3*2 k:*2 _
E:2M1+2M2:2M = k*? =2ME. (4.79)

So,

IS —i(2ME)"V2ME <24M ) =i <M> frantl (4.80)

T 2

We can see that the factors of ¢ inside the loop get transformed to factors of £*. This means that
to compute the Feynman diagrams in Eq. (4.66), we can use the tree level amplitude (4.65) for

the vertices, and for each loop,
ME*
™S = 4.81
1<%), (4.81)
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and the sum of bubble diagrams gives
M= Z CQn k*?n + Z 0271, k*QnIMS Z C k*2n o

==Y Colp) k;*2”[ — SN Oy () + (IMSZC km) +] (4.82)
=3 Con(WE? = O (kP

L+ IMS YOy (k2 (Aéfr*) 3 Cop(p)ks2n

In this scheme, the power counting goes as follows: each vertex of Cy, V" counts as k*2", while
each loop adds a k*. So, we can expand the amplitude in powers of k*,

e}
M= M,, M,~OFE")), (4.83)

n=0

where each term, M,,; is given by the diagrams with L < n loops, and it can be equated to the
low energy scattering parameters from Eq. (4.63) to find out the values of Cy,,. So,

My = >< = —Cp, (4.84)
M
_ 21 g
My = >Q< iCf o k" (4.85)
M 2
My = ><+>©©< = |-Cy+C3 <2) k*2 (4.86)
7'('

Then, if we compare Egs. (4.84)-(4.86) with Eq. (4.63),

2ma 21 ra? ra
C = 3 5 C = = — = —_ . 487
0 M 2 M 2 0 9 ( )
In general, Csy,, will have a size of
2r 1
IV s

Since each consecutive Cy,, is smaller than the previous one, this EFT is completely perturbative.

Scattering length of unnatural size

Now let us consider the case where |a| » 1/A and |r,| ~ 1/A. We can see that if we use the previous
expansion of M, Eq. (4.63), the radius of convergence has now decreased to k* < 1/]a| « A, and
also the couplings are very large, Cy,, ~ 2ma™*!/ MA™. This is not a problem of the EFT, but
rather of the subtraction scheme used.

Instead of expanding the amplitude like Eq. (4.63), now we have to expand it in terms of
kE*/A but retaining ak™* to all orders,

27ra

M = v [1 —iak™* + <% - CL2) K+ O(k*g/Ag)]

_ 2]\Z(a—lcﬂk a3k*2+~~-)[H%(“—iazk*_“3"7*2+"')k*2+"'] (4.89)

:_2771- 1 1+1T/2 k*2+ (T/2)2 k*4+ .
E+1k* (

M L+ik* Loy ig)?
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If £* > 1/|al, we get
11k k*
~— 4.
k*+A+A2+A3+ (90)
We can see that instead of scaling as {k*0, k*1 k*2 ...}, now it scales as {k*~1 k*0 k*1 .. J.
Therefore, the amplitude computed via the EFT should take the form

M

M= Y M,, M,~OF"). (4.91)

n=—1

So, for example, if we want to get M_;, we cannot have single diagrams, since we know form
the previous derivation that they contribute with positive powers of k*. In order to get 1/k*, we
have to sum an infinite number of bubble diagrams,

-C,
M, = ; + -0 (4.92)
1 >< ><>< m 1+iME

To find Cj, we can compare this expression with Eq. (4.89), and we also get Cy = 27a/M, like
before. But if we look more closely, we can see that each diagram in the bubble expansion
gets bigger and bigger, (2ra/M)(iak*)”, with L being the number of loops. Even if the total
sum is a small number, each new term is bigger than the previous one. This is not a good
expansion parameter for an EFT, since |ak™| > 1. Without a good expansion parameter, we
cannot determine the size of a particular diagram, so we do not know which ones contribute at a
particular order.

The size of the contact interactions depends on the renormalization scheme, so we have to
revisit the MS scheme (not the dimensional regularization). Also, since M _; scales as 1/k*, our
new subtraction scheme must also produce a C( such that it scales as 1/k*. The one proposed
by D. Kaplan, M. Savage, M. Wise [433,434]| and U. van Kolck [99] is called power divergence
subtraction (or PDS) scheme (also known as KSW-vK scheme), which consist in removing from
the dimensional regularized loop not only the divergences coming from 1/(D —4) poles (as in MS,
which correspond to log divergences), but also poles from lower dimension (which correspond to
power law divergences at D = 4).

In our case, looking at the loop integral I, in Eq. (4.77), we see that it has a pole with
D = 3 + 2¢, with ¢ being a small parameter,

W2)' T a1 2M(2ME)" p/2
(4m)l+s S 47

I, = (=2M)(2ME)*(—2ME — i)°T' (=) ( +0(%.  (4.93)

This means that we have to add the following counterterm,

MQ@RME)"
o, =————— 4.94
" D-3 2n’ (4.94)
and the total integral becomes
PDS Y n M 7%
I,7°> =1,+4dI, =(2ME) o (p + k™). (4.95)
7r

The PDS scheme maintains the nice feature of MS that powers of ¢ inside the loop integration
are replaced by powers of the external momentum £*. Also, setting u = 0 we recover the result
obtained by the MS scheme.
In this scheme, the full amplitude is
- C k_*?n
M= 2, Can (1) (4.96)

14 (4 k%) Y Oy ()k*20
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There are several ways to find the value of C in terms of the scattering parameters. One of them
is by imposing that the amplitude is independent of the subtraction point p. But we can do the
same as we did for the natural case, where we find which diagrams are the ones contributing
at each order. To do that, we first need to see what is the size of Cy, for p » 1/|a|. Using a
rearranged version of Eq. (4.61),

2 27

k*cotd = ik* + —— = —— — . ,
co i Y TS Cy (o) p (4.97)

Expanding k* cot § with the ERE and in the limit g » 1/|a|,

S e+ o
et S ()
2 n A2 M *2n
=0 2 Con(p)k (4.98)
_ 27T i . @k” Cz CoCy oy
Cy C2 c3 '
Therefore, with r,, ~ 1/A,
2 2 2 2
Mu MA,LLQ MA2M3 MAnlunJrl

So, if we take u ~ k*, then Cy,, ~ 1/k***1. We also have insertions of V2", which count as k*?",
so each vertex will count as Cy,, V2" ~ k**~1 and each loop contributes a factor of k*. Therefore,
the leading order, M_;, which scales as 1/k*, is the sum of bubble diagrams with C, vertices,

T SO so G
1+ (4 +ik*)C

and the rest will come from perturbative insertions of derivative interactions, dressed to all orders
with Cjy. These dressed propagators are (we will write [ =T PDS for simplicity)

i ) ><>©< — 1-Cy+IC;—TI?°C3 +---. (4.101)

We need to be careful, because these dressed propagators will need to be connected with a
derivative interaction, so in some cases we will have to add an extra loop,

M

(L1—1ICy+I?C§ + -+ )(—Cok*)(1 — ICy + I*C§ + - -+)

1 ) (4.102)
_ _ *
1 +ICO( Cok™)

I —Cyk*?
= . 2
PG T B+ k)G

Again, if we compare Egs. (4.100) and (4.102) with Eq. (4.89) to write Cy,, in terms of a and r,,,

—CO o 1 o 1
=TT e Co=— 1 )
_Cgk*2 B 27r r/2 o2 o = 2r 12 o /2 (4.103)
M (E k)2 IR SRR p
[1 + (u+1k*)00] @ a P QM

Recapitulating, we have seen that for natural interactions, we can set y = 0, corresponding to
a tree-level expansion of the scattering amplitude. For the unnatural case, the expansion does
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not converge for momenta larger than a~!, and in the KSW-vK scheme p is introduced as a
renormalization scale for the s-channel two-baryon loops appearing in the all-orders expansion of
the amplitude with LO interactions. Since a pionless EFT is used, a convenient choice is p = m,
and the relations between the coeflicients defined in Sections 4.2.1 and 4.2.2 and the scattering
parameters are

1 i
BB i
_ + = P2 (irrep) 4 X ) 4.104
[ Op, B, H] 27 (C 03182) ( )
—2 ~
TN N S R ) (4.105)
2 s, 5, 2

with Eq. (4.104) being the relation for the LECs that accompany momentum-independent
operators, with contributions from LO and NLO STH3]; terms in the Lagrangian, and Eq. (4.105)
the LECs from momentum-dependent operators, with only contributions from NLO SU(3);
terms.

Although the KSW-vK power counting has been very useful to study the NN and other nuclear
systems, it suffers from convergence issues in the spin-triplet channels [436], and alternative schemes
have been developed [437], which combine the KSW-vK and Weinberg power counting [2,438|.
A different approach to learn about the LECs is to first build the potential of the two-baryon
system and then solve the Lippmann-Schwinger equation to compute the scattering amplitude
with the contact interactions regularized with a cutoff (e.g., see Ref. [369]).

4.3 Lattice results for m, ~ 450 MeV

This work continues, revisits, and expands upon the study of Ref. [66]. In particular, the same
ensembles of QCD gauge-field configurations that were used in Ref. [66] to constrain the low-lying
spectra and scattering amplitudes of spin-singlet and spin-triplet two-nucleon systems at a pion
mass of ~ 450 MeV are used here. The same configurations have also been used to study
properties of baryons and light nuclei at this pion mass, including the rate of the radiative capture
process np — dry [180], the response of two-nucleon systems to large magnetic fields [439], the
magnetic moments of octet baryons [440], the gluonic structure of light nuclei [441], and the gluon
gravitational form factors of hadrons [442-444].

For completeness, a summary of the technical details is presented here and a more detailed
discussion can be found in Ref. [66]. The LQCD calculations are performed with n; = 2 + 1
quark flavors, with the Liischer-Weisz gauge action [154] and a clover-improved quark action [135]
with one level of stout smearing (p = 0.125) [175]. The lattice spacing is b = 0.1167(16) fm,
determined using quarkonium hyperfine splittings [445]. The strange quark mass is tuned to
its physical value, while the degenerate light (up and down)-quark masses produce a pion of
mass m, = 450(5) MeV and a kaon of mass my = 596(6) MeV. Ensembles at these parameters

Table 4.1: Parameters of the gauge-field ensembles used in this work. L and 71" are the spatial
and temporal dimensions of the hypercubic lattice, § is related to the strong coupling, b is the
lattice spacing, my s is the bare light (strange) quark mass, N, is the number of configurations
used and N,

Src

L3xT B bmy bm, b [fm)] L [fm] T [fm] m,L m,T N,

is the total number of sources computed. For more details, see Ref. [66].

fg N, src

243 x 64 6.1 —0.2800 —0.2450 0.1167(16) 2.8 75 64 170 4407 1.16 x 106
323 x96 6.1 —0.2800 —0.2450 0.1167(16) 3.7 112 85 255 4142 3.95x 10°
483 x 96 6.1 —0.2800 —0.2450 0.1167(16) 5.6  11.2 128 255 1047 6.8 x 10
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with three different volumes are used. Using the two smallest volumes with dimensions 243 x 64
and 323 x 96, two different sets of correlation functions are produced, with sink interpolating
operators that are either point-like or smeared with 80 steps of a gauge-invariant Gaussian profile
with parameter p = 3.5 at the quark level. In both cases, the source interpolating operators
are smeared with the same parameters. These two types of correlation functions are labeled SP
and SS, respectively. For the largest ensemble with dimensions 483 x 96, only SP correlation
functions are produced for computational expediency. Table 4.1 summarizes the parameters of
these ensembles.
Correlation functions are constructed by forming baryon blocks at the sink [192],

B (pmiw0) = )€ S (@, 7 m0) S (@, 7 m0) S (@, i mg) whye, (4.106)
X

where Sq(zf I s a quark propagator with flavor g € {u,d, s} and with combined spin-color indices

n,n € {1,..., N,N,}, where N, = 4 is the number of spin components and N, = 3 is the number
of colors. The weights wg,gj,  are tensors that antisymmetrize and collect the terms needed to
have the quantum numbers of the baryons B € {N, A, ¥, =}. The interpolating operators for the
single-baryon systems studied in this work are local, i.e., include no covariant derivatives, and are
similar to Eq. (2.33). Explicitly,

\J abc 1 a a c
appag (1’) =€ ’ E[ual ('r)dg’g (.CC) - dal (‘,r)ugég (x)]uOég (.73),
R 1
Aoy agay (2) = G“bcﬁ[ugl(l‘)dg@ () = dg, (2)ug, (2)]s8, (2) | (4.107)
i:alagag, (.%') = Eabcugl (w)uI;ZQ (x)sg3 (x) )

= b b

Eajapay (¥) = €755, (@) sa, (@)ug, (),
where «; denote spin indices and a, b, ¢ denote color indices [182|. Only the upper-spin components
in the Dirac spinor basis are used, requiring only specific a; indices: py(x) = Nyg1(z), Ay(x) =

Aqar, E?(x) = \/%[EHQ(UU) — Yy91(2)], and E?(w) = \/5[5112(37) — Ei21(2)]. The neutron,
.7, and =~ operators are obtained by simply interchanging v <> d in the expressions above.
The sum over the sink position  in Eq. (4.106) projects the baryon blocks to well-defined
three-momentum p. In particular, two-baryon correlation functions were generated with total
momentum P = p; + py, where p; is the three-momentum of the ith baryon taking the values
p; = Zn with n € {(0,0,0), (0,0, +1)}. Therefore, P = 2Xd, with d € {(0,0,0), (0,0, +2)}.?
Additionally, two baryon correlation functions with back-to-back momenta were generated at the
sink, with momenta p; = —py = Q%n This latter choice provides interpolating operators for the
two-baryon system that primarily overlap with states that are unbound in the infinite-volume limit,
providing a convenient means to identify excited states as well. The construction of the correlation
functions continues by forming a fully antisymmetrized local quark-level wavefunction at the
location of the source, with quantum numbers of the two-baryon system of interest. Appropriate
indices from the baryon blocks at the sink are then contracted with those at the source, in a
way that is dictated by the quark-level wavefunction, see Refs. [64,192] for more detail. The
contraction codes used to produce the correlation functions in this study are the same as those
used to perform the contractions for the larger class of interpolating operators used in previous
studies of the SU(3) flavor-symmetric spectra of nuclei and hypernuclei up to A =5 [64], and
two-baryon scattering [14,65,66].>

In this study, correlation functions for nine different two-baryon systems have been computed,
ranging from strangeness S = 0 to —4. Using the notation (***'L, I), where s is the total spin,

2For the rest of the thesis, d = (0,0, +2) will be denoted as d = (0,0, 2) for brevity.
3The same code was generalized to enable studies of np — dy [180], proton-proton fusion [224], and other
electroweak processes, as reviewed in Ref. [51]
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L is the orbital momentum, J is the total angular momentum, and I is the isospin, the systems
are

S= 0:NN(S,, I=1), NN (35,, I =0),

S=-1:3N (S, I=3), EN(S,, I=3),

=—2:3%% (%S, 1=2), EN (35, I =0),
3)

. 2
S=—4:22(18,1=1), 2235, 1=0).

Under strong interactions, these channels do not mix with other two-baryon channels or other
hadronic states below three-particle inelastic thresholds. In the limit of exact SU(3) flavor
symmetry, the states belong to a single irrep of SU(3): 27 (all the singlet states), 10 (triplet
NN), 10 (triplet XN and ZZ), and 8, (triplet ZN). In the rest of this work, the isospin label
will be dropped for simplicity.

4.3.1 Low-lying finite-volume spectra of two baryons

The first step is to analyze the two-point correlation functions for the single octet baryons IV,
A, ¥ and =. The EMPs for these correlation functions, and for each of the ensembles studied
in the present work, are displayed in Fig. G.1 of Appendix G. The bands shown in the figures
indicate the baryon mass which results from the fitting strategy explained in Section 3.1.1, with
the statistical and systematic uncertainties included, and the corresponding numerical values
listed in Table 4.2.

To compute the binding energies as well as constrain the LECs, we need the values of the
masses in infinite volume. A very extensive study on finite-volume effects on baryons (as well as
mesons) was performed by the NPLQCD Collaboration [446] (following previous studies for the
nucleon [447,448]). With our current values of m, and L (listed in Table 4.1) such that m L » 1
(known as the p-regime), and observing the similarity of the values of the masses across the three
different volumes, it is expected that there will be small (or imperceptible) finite volume effects.
In the limit m_L >» 1, the volume dependence of the octet baryons can be described by

e—mﬁL

myL ’

ML) = MY + e (4.108)

where M 1(900) and cp are the two fit parameters. This form incorporates LO volume corrections
to the baryon masses in heavy-baryon chiral perturbation theory (HBxPT). The values in the
last row from Table 4.2 are obtained using this form, and all the values cp are of O(1) but
consistent with zero within uncertainties (e.g., for the nucleon, cg = 3(4)(7) L.u.). In physical
units, My ~ 1226 MeV, M, ~ 1313 MeV, My, ~ 1346 MeV and M= ~ 1414 MeV. While the A

baryon is not relevant to subsequent analysis of the two-baryon systems, the centroid of the four

Table 4.2: The values of the masses of the octet baryons. The first uncertainty is statistical, while
the second is systematic. Quantities are expressed in lattice units (L.u.).

Ensemble My |Lu.] My lu] My [Lu.] M= |lu.]
243 x 64 0.7261(08)(15 0.7766(07)(13 0.7959(07)(10 0.8364(07)(08
323 x 96 0.7258(05)(08 0.7765(05) (06 0.7963(05)(06 0.8362(05)(05

483 x 96 0.7250

o0 0.7253(04
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octet-baryon masses is used to define appropriate units for the EF'T LECs, hence M, is reported
for completeness. The extrapolation is shown in Fig. 4.3.

In order to check that higher-order terms proportional to e‘ﬁmﬁL/\/?me or e ™kl /m L,
ignored in Eq. (4.108), do not contribute in this study, we can compare our fit with the explicit
form given in Ref. [446]. For the case where only 7 loops are considered (NLO SU(2); ® SU(2)g

HBxPT), the finite volume corrections 0Mp = M](S,V) (L) — MJ(BOO) are

2 9 Fy(m,L) + 2" ”FA(m L, AANL),

(™) _
My _(D+F)8f7r o f?

r 3m3 C? 3m3
sM) = = 4D fWFA(m L, AppL) + 5o waA(mﬁL, AsinL),
(m) _ 2 m 23 7T
SM) = AD? S Fa (oL Aps L) + 4F* L5 F(m. L) (4.100)
Cc? m3
+ — 3 or waA(m L AE*EL)
3 2
() o 9m; C? 3m3
Mz’ = (D—-F F L F L, Azs=L
Mz = ( )87rf7% N(mw)+34f7r almzL, AzxzL).

Including K and 7 loops (NLO SU(3);, ® SU(3)g HBXxPT), the corrections are

9
(SMJ(VK’T]) (D —F)? s S Fa(my L, AxnL) + (D + 3F)? almyL, AyL)
8T fK 8 fK
m3 3
D —3F L)+ 2 K L, AssnL
+( )an w(m,L) + Infl (myL, AsxyL),
3
SM™ = (D + 3F) i - Fa(mycL, AyaL) + (D = 3F)2 K By (myc L, Azy L)
drf2 A fie
m3 m3
+D22 ;QFN(an) +0227rf Fa(mpgL, AzspL) ,
n K
3 2 3
5M§K’") (D - F)? mig - Fa(mgL, AysL) + (D + F)? Fa(mgL, AzxpL)
4 2. 47TfK
y p (4.110)
+ D? L Fy(m, L) + C?—LFx(m, L, Agss L)
2 fn dmfi =
3
+02 FA(mKL AAEL) +CQ K FA(mKL AH*EL)
3nfE 6 f&
SMUD — (D 1 P22 b (g L AgeL) + (D — 3F)25 By (myc L ApeL
(D +F) A(mg L, Ag=L) + ( )* almpL, ApsL)
87er 8 fK
3 2 m%
+ (D + 3F myL) +C my, L, Azxz L
+ (D43 myL) + O Fa(my L, Azia)
3 m3
+ C? Fa(mgL, AgszL) + C*—L - Fa(mgL, AqzL).
o P, Avil) + O (L, Ao=L)
The functions Fy and Fa are defined as follows,
1 e—\n|x
FN({E) = = Z )
Gn;eo |n|x
(4.111)

Ki[|n|zB(w, 7)] }

]

Fa) = 5 X [ awste, ) {5, Dolalnlso, 2] -

n;éO
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Figure 4.3: The octet baryon masses as a function of the spatial extent L. The inner (outer)
bands show the statistical (statistical and systematic) uncertainty from the fit to Eq. (4.108), and
the lines show the expected behavior given by Eqs. (4.109) (dashed), with only the contribution

(5Mgr), and (4.110) (dash-dotted), with both contributions 5Mgr) + 5M](3K’77).

with B(w, z) = Vw? + 2wz + 1 and K,,(z) are the modified Bessel functions of the second kind.
The other quantities used are the SU(3)-symmetric axial couplings {D, F,C} = {0.79,0.47,1.47}
with the fitted experimental values [449], the meson decay constants { f, fr, f,} ~ {132,160, 160}
MeV (also physical values), Ayg = My — Mp, and the masses of the mesons and decuplet
baryons are taken from Ref. [66] (m,, is fixed via the Gell-Mann-Okubo relation [117,450],
Sm% = 4m%( —m2). The masses of the octet baryons are taken from Table 4.2. The expected

behavior given these functions is also plotted in Fig. 4.3, shown with a dashed line (6 M gr)) and

a dash-dotted line (6 M gr) + oM g{ﬂ?)). We can see that there is a complete agreement between
Egs. (4.109)-(4.110) and their large-L limit Eq. (4.108), and higher statistics, specially for the
L = 24 ensemble, would be needed to clearly identify the finite-volume effects.

The results for the two-baryon energy shifts are shown in Fig. 4.4, obtained using the fitting
methodology described in Section 3.1.1. For display purposes, the effective energy-shift functions,
defined in Eq. (2.44), are shown in Figs. G.2-G.10 of Appendix G, along with the corresponding
two-baryon effective energy functions, defined in Eq. (2.41). The associated numerical values
are listed in Tables G.1-G.9 of the same appendix.® In each subfigure of Figs. G.2-G.10, two
different correlation functions are displayed: the one yielding the lowest energy (labeled as n =1

“The channels within the figures/tables are sorted according to the SU(3); irrep they belong to in the limit of
exact flavor symmetry, ordered as 27, 10, 10, and 8,, and within each irrep according to their strangeness, from
the largest to the smallest.

SFuture studies with a range of values of the lattice spacing will be needed to extrapolate the results of
two-baryon studies to the continuum limit. Nonetheless, the use of an improved lattice action in this study
suggests that the discretization effects may be mild, and the associated systematic uncertainty, which has not been
reported in the values in this paper, may not be significant at the present level of precision. A recent work on the
H-dibaryon has found quite large discretization effects [76], a system that is not studied here.
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Figure 4.4: Summary of the energy shifts extracted from LQCD correlation functions for all
two-baryon systems studied in this work, together with the non-interacting energy shifts defined
as AE = /m? + |p1|2 ++/m3 + |pa|2 — my —my, where |p;|? = |py|? = 0 corresponds to systems

2 _

that are at rest (continuous line), [p;|? = |py|? = (3)? corresponds to systems which are either
boosted or are unboosted but have back-to-back momenta (dashed line), and |p;|> = 0 and

4

Ipo|? = (°F)? corresponds to boosted systems where only one baryon has non-zero momentum
(dashed-dotted line). The points with no boost have been shifted slightly to the left, and the ones
with boosts have been shifted to the right for clarity. Quantities are expressed in lattice units.

in Tables G.1-G.9) corresponds to having both baryons at rest or, if boosted, with the same

value of the momentum, and the one yielding a higher energy (labeled as n

= 2 in the tables)

corresponds to the two baryons having different momenta, e.g., having back-to-back momenta or
one baryon at rest and the other with non-zero momentum. While the first case (n = 1) couples
primarily to the ground state, the latter (n = 2) is found to have small overlap onto the ground

state, and gives access to the first excited state directly.

As a final remark, it should be noted that the single-baryon masses and the energies extracted
for the two-nucleon states within the present analysis are consistent within 1o with the results
of Ref. [66], obtained with the same set of data but using different fitting strategies. Despite
this overall consistency, the uncertainties of the two-nucleon energies in the present work are

generally larger compared with those reported in Ref. [66] for the channels

where results are
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available in that work. The reason lies in a slightly more conservative systematic uncertainty
analysis employed here. The comparison between the results of this work and that of Ref. [66] is
discussed extensively in Appendix E.

4.3.2 Low-energy scattering phase shifts and effective range parameters

The values of k* cot § at given k*2 values are shown for all two-baryon systems in Fig. 4.5, and
the associated numerical values are listed in Tables G.1-G.9 of Appendix G. These values have
been obtained using the QCs derived in Section 2.4.2. The validity of Liischer’'s QC must be
verified in each channel, in particular in those that have exhibited anomalously large ranges, such
as XN (39,), in previous calculations. The consistency between solutions to Liischer’s condition
and the finite-volume Hamiltonian eigenvalue equation using a LO EFT potential was established
in Ref. [63] for the YN (35;) channel and at values of the quark masses (m, ~ 389 MeV) close to
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Figure 4.5: k* cot § values as a function of the squared c¢.m. momentum k*? for all two-baryon
systems studied in this work. The darker uncertainty bands are statistical, while the lighter
bands show the statistical and systematic uncertainties combined in quadrature. The different
Z-functions are shown as continuous and dashed lines. Quantities are expressed in lattice units.
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those of the current analysis. The conclusion of Ref. [63], therefore, justifies the use of Liischer’s
QC in the current work for this channel.

As mentioned before, the energy dependence of k* cot § can be parametrized by an ERE below
the t-channel cut, and since the pion is the lightest hadron that can be exchanged between any
of the two baryons considered in the present study, k; ., = m,/2. The scattering parameters
can be constrained by fitting &* cot § values obtained from the use of Liischer’s QC as a function
of k*2. To this end, one could use a one-dimensional choice of the y? function, minimizing the
vertical distance between the fitted point and the function,

Z [(E* cot d); — f(a_l,r, P, /74:1’-“2)]2

2 b
i 9;

xX*(a™t,r, P) =

(4.112)

where® f(a=! r, P,k*?) corresponds to the ERE parametrization given by the right-hand side of
Eq. (2.64), and the sum runs over all extracted pairs of {k}?, (k* cotd),}, where the compound
index 7 counts data points for different boosts, n values of the level, and different volumes.
Each contribution is weighted by an effective variance that results from the combination of the
uncertainty in both k¥? and (k* cotd);, o2 = [§(k* cot 6);]? + [0k}?]?, with 6z being the mid-
68% confidence interval of the quantity z. The uncertainty on the {k}2, (k* cot §);} pair can be
understood by recalling that each pair is a member of a bootstrap ensemble with the distribution
obtained in the previous step of the analysis. To generate the distribution of the scattering
parameters, pairs of {k}2, (k* cot §);} are randomly selected from each bootstrap ensemble and are
used in Eq. (4.112) to obtain a new set of {a~!, r, P} parameters. This procedure is repeated N
times, where N is chosen to be equal to the number of bootstrap ensembles for {k}?, (k* cot );}.
This produces an ensemble of N values of fit parameters {a~!,r, P}, from which the central
value and the associated uncertainty in the parameters can be determined (median and mid-68%
intervals are used for this purpose).

Alternatively, one can use a two-dimensional choice of the x? function.” Knowing that the
E* cot 0 values must lie along the Z-function, as can be seen from Eq. (2.76) and Fig. 4.5, one could
take the distance between the data point and the point where the ERE crosses the Z-function
along this function (arc length) in the definition of x2. Explicitly,

*2 *2 *2 2
ClatrP) ZEDZ[{ki , (k* cot d);}, {fg fla™',r, PK?)}] 7 (4.113)
i 9
where O'ZZ is now defined as
O(k* cot 6) ’
02 = [5(k* cot 5),]2 + | LE_c00)i 6k, (4.114)
ak*z k*Q,k*Q

and Dz[{z,, Y.}, {zs, yp}] denotes the distance between the two points {z,,y,} and {x},y,} along
the Z-function. The quantity K*2 is the point where the ERE (f in Eq. (4.113)) crosses the
Z-function. To obtain this point, and given the large number of discontinuities present in the
Z-function, Householder’s third order method can be used as a reliable root-finding algorithm [451],

1 F "
~ 2 2d(1,0Y) - fla~tr PEY) = F(K) — 0 : K22, — K22 43 )

(1/F)" , (4.115)

K2

\fL

where Q = K*L/2m. The starting point is set to be KF? = k2, and the number of primes over
1/F indicates the order of the derivative computed at the point K?. The stopping criterion
is defined as |K*2,; — K}2| < 1075, which occurs for m ~ O(10). Since the extraction of this
point requires knowledge of the scattering parameters, the minimization must be implemented
iteratively.



4.3. Lattice results for m, ~ 450 MeV 79

0.2

e
-

k* cot § [Lu.]
o
>

|
<
=

e

—0.2 ]

—0.01 0.00 0.01
k*2 [Lu.]

0.2 FEE

0.1F

0.0

k* cot ¢ [Lu.]

—0.1F

702 .

—0.01 0.00 0.01 —0.01 0.00 0.01 —0.01 0.00 0.01
k2 L] k2 L] k2 L]

0.2

o
=

k* cot § [l.u.]
o
)

0.1 F

0.2 i . . 2 . . i
—0.01 0.00 0.01 —0.01 0.00 0.01
k2 L] k2 L)
243 % 64 : —0=— d = (0,0,0) == d=(0,0,2) Two-parameter ERE: stat. / stat.+sys.
323 x96: =o= d=(0,0,0) == d=(0,0,2) W Three-parameter ERE: stat. / stat.+sys.
483 % 96 : —o— d = (0,0,0) =0= d=(0,0,2) - —/=k*2 — = t-channel cut

Figure 4.6: k* cot d values as a function of the c.m. momenta k*?, along with the band representing
the two- (yellow) and three-parameter (red) ERE for the two-baryon channels shown. The bands
denote the 68% confidence regions of the fits. Quantities are expressed in lattice units.

Computing the Z(‘)io function each time it is called during the root-finding algorithm may not
be the best procedure for a fast evaluation and extraction of the scattering parameters. The
solution proposed here is to precompute this function for all £*? possible values, which for our
case k*? € [~0.05,0.2] Lu. with a step of Ak*? = 2-107% Lu. (resulting with 1.25 - 10° evenly
distributed points). The value of the tolerance used in Householder’s method is set to be the
same as Ak*2. Then, the distance function Dz is computed by approximating the arc length as
a sum of small straight lines,

- 2 b—1
DZ[{an ya}7 {xba yb}] = f \/@dw ~ Z \/(.’L’n - $n+1)2 + (yn — yn+1)2 , (4116)

and the derivatives of the Z-functions are computed via finite differences. For example, expanding

5The inverse scattering length can be constrained far more precisely compared with the scattering length itself

given that a~! samples can cross zero in the channels considered. As a result, in the following all dependencies on

a enter via a7 1.

"We thank Sinya Aoki for suggesting that we further explore this choice of x?.
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Figure 4.7: The two-dimensional 68% and 95% confidence regions (C.R.) corresponding to the
combined statistical and systematic uncertainty on the scattering parameters = and r for all
two-baryon systems that exhibit bound states, obtained from two-parameter ERE fits. The
prohibited regions where the two-parameter ERE does not cross the Z-function for given volumes
(as well as the infinite-volume case) are denoted by hashed areas. Quantities are expressed in
lattice units.

Eq. (4.115),
(1/F()" _ F(a)F"(x) ~ 2F (@) F'(2)? )
(1/F(x))"  F(xz)2F"(x) + 6F'(z)3 — 6F (x)F'(z)F"(x)’ '
and only focusing on the Z part of F' (the derivatives of the ERE function f can be computed
analytically, since it is a polynomial in k*2), we get

F'(x0) ~ [F(z41) — F(z_1)],

F'(w) ~ 5 [F(wyy) - 2F(x) + F(a_y)], (4.118)

F"(x0) ~ S[F(249) = 2F(x4q) + 2F(x_1) — F(z_5)],

N =N =N =

with z, being the evaluation point of F' (which is K}2) and {z,,,...,7_5} the shifts Ak*? away
from z;.
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Table 4.3: The values of the inverse scattering length a !, effective range r, and shape parameter
P determined from the two- and three-parameter ERE fits to k* cot § versus k*? for various
two-baryon channels (see Fig. 4.6). Quantities are expressed in lattice units.

Two-parameter ERE fit Three-parameter ERE fit

a! [Lu] r[Llu] a! [Lu] r [Lu.] P [lu]
NN (o) 0.084 58550 —24 55000 005350 (C5) 15455 8035 Cieo

(+25)(+14) (+6.7)(+6.0)
EN (1) 0.079 750 Ta) —28 55 ) - - -
8 (So)  0.040(" N 5855 oy 0059 50 100750 5630500 Cago)
=8 (So) 00610 ) 247300E 0062500 1065108 46950 (o
ZE (1) 0.058 oD 460D 0.075 S 10,90 MDD B8t L20
WV sy sl 05 el Bl s s
—_ (+07)(+11) (+1.7)(+1.7) (+14)(+23) (+3.5)(+4.8) (4+220)(+310)
=N (351) 0'086(—10)(—13) 3'0(—0.9)(—1.6) 0'080(—21)(—22) 12'2(—3.0)(—4.5) 307(—190)(—170)

This second choice of x? function has been used in the main analysis of this work, however,
the use of the one-dimensional y? function is shown to yield statistically consistent results (within
1o) for scattering parameters, as demonstrated in Appendix G. A similar approach was taken in
Ref. [74].

For a precise extraction of the ERE parameters, a sufficient number of points below the
t-channel cut must be available, for positive or negative k*2. In general, for the channels studied
throughout this work, there are only a few points in the positive k*? region below the ¢-channel cut
(starting at kj2,, ~ 0.018 Lu.). For a non-interacting system, states above scattering threshold
have c.m. energies \/m% + k*2 4 \/’m% + k*2, with the c.m. momenta roughly scaling with the
volume as k*? ~ (2n|n|/L)?. With the minimum value of [n|? used in this work (|n|?> = 1),
only the states from the ensemble with L = 48 are expected to lie below the t-channel cut
(472/48% < kj2.,). This behavior is consistent with the data. Comparing with the results of
the analysis at m, ~ 806 MeV in Ref. [14]|, where lattice configurations of comparable size
(in lattice units) were used, the larger value of the pion mass resulted in the position of the
t-channel cut being moved further away from zero, and the majority of the lowest-lying states
extracted in that study remained inside the region where the ERE parametrization could be used.
Therefore, with only ground-state energies available for the analysis of the ERE in the ensembles
with L € {24,32}, the precision in the extraction of scattering parameters is noticeably reduced
compared with the study at m, ~ 806 MeV in Ref. [14]. Inclusion of the shape parameter, P, does
not improve the fits, and although the scattering lengths remain consistent with those obtained
with a two-parameter fit, the effective ranges are larger in magnitude, and the uncertainties in
the scattering parameters are increased. Moreover, the central values of the extracted shape
parameters are rather large, bringing into question the assumption that the contribution of each
order in the ERE should be smaller than the previous order. However, uncertainties on the
shape parameters are sufficiently large that no conclusive statement can be made regarding the
convergence of EREs. In one case, i.e., the XN (15,) channel, the three-parameter ERE fit is
not, performed given the large uncertainties. For these reasons, while the scattering parameters
are reported for both the two- and three-parameter fits in this subsection, only those of the
two-parameter fits will be used in the EFT study in the next subsection.

Fits to k* cot d as a function of k*? in various two-baryon channels are shown in Fig. 4.6,
along with the correlation between inverse scattering length and effective range in each channel
depicted in Fig. 4.7 using the 68% and 95% confidence regions of the parameters. The areas
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Figure 4.8: Summary of the inverse scattering length a=! (left panel), effective range r (middle
panel), and ratio r/a (right panel) determined from the two-parameter ERE fit for the two-baryon
systems analyzed. The background color groups the channels by the SU(3) irreps they would
belong to if SU(3 ) symmetry were exact (orange for 27, green for 10, and blue for 8,). Quantities
are expressed in lattice units.

Table 4.4: The values of the ratio of the effective range and scattering length, r/a, determined
from the two-parameter ERE fit to k™ cot § values in each channel.

r/a
NN (18,) SN (1Sp) ¥ (1S,) =% (1Sp) =2 (1)) NN ()  EN(S)
(4+0.5)(40.3) (+43)(+27) (4+06)(+04) (+13)(+05) (4+02)(+05) (+22)(+12) (+10)(+07)
_0‘2(706)(71‘3) _0‘22(760)(737) 0‘23(708)(704) 0‘15(722)(711) 0‘27(707)(703) 0‘03(731)(723) 0‘26(706)(713)

in the parameter space that are prohibited by the constraints imposed by Eq. (2.76) are also
shown in Fig. 4.7, highlighting the fact that the two-parameter ERE must cross the Z-functions
for each volume in the negative-k*? region. For fits including higher-order parameters, these
constraints are more complicated and are not shown. For the SN (35;) and ZZ (39;) channels,
the ground-state energy is positively shifted, i.e., AE = 0, and only the values of k*? associated
with the ground states are inside the range of validity of the ERE. As a result, no extraction of
the ERE parameters is possible in these channels given the number of data points. Results for
the scattering parameters obtained using two- and three-parameter ERE fits in the other seven
channels are summarized in Table 4.3, and are shown in Fig. 4.8 for better comparison in the
case of two-parameter fits.

The inverse scattering lengths extracted for all systems are compatible with each other (albeit
within rather large uncertainties), signaling that there may exist enhanced flavor symmetries at
this pion mass at low energies, a feature that will be thoroughly examined in Section 4.3.5. The
effective range in most systems is compatible with zero. Furthermore, the ratio r/a can be used
as an indicator of the naturalness of the interactions; for natural interactions, r/a ~ 1, while
for unnatural interactions r/a « 1. At the physical point, both NN channels are unnatural and
exhibit large scattering lengths, with |r/a| being close to 0.1 for the spin-singlet channel, and
0.3 for the spin-triplet channel. From Table 4.4, the most constrained ratios are obtained for
the X% (15y), 2= (19y), and =N (39;) channels, for which 7/a ~ 0.2 — 0.3, indicating unnatural
interactions at low energies. For other channels, the larger uncertainty in this ratio precludes
drawing conclusions about naturalness. Alternatively, naturalness can be assessed by considering
the ratio of the binding momentum to the pion mass, as this quantity is better constrained in
this study, see Table 4.6 in the next subsection. The values for () /m in each of the bound
two-baryon channels are between 0.2 and 0.4, indicating that the range of interactions mediated
by the pion exchange is not the only characteristic scale in the system, suggesting unnaturalness.
However, at larger-than-physical quark masses, pion exchange may not be the only significant
contribution to the long-range component of the nuclear force, as is discussed in Ref. [65]. For
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Table 4.5: The values of the parameters @, 7, P from a two- or three-parameter polynomial fit
for two-baryon channels that exhibit smooth and monotonic behavior in £* cot 0 as a function of
k*2 beyond the t-channel cut. Quantities are expressed in lattice units.

Two-parameter polynomial fit Three-parameter polynomial fit

at![lu] 7 [Lu.] a![lLu] 7 [Lu.] P [Lu.]
(+12)(+09) (+2.7)(+0.8) (+08)(+11) (+1.3)(+2.5 (4+100)(+98)
¥y (1) 0.038E_16;E_05; 6.2§_2_6)E_0_7; 0.044E_12;E_07) 10.9(( 2_6))((_0_6) 331(_12035_80;
- +08)(+07 +1.7)(+0.5 +11)(407) +1.6)(+1.8 (+43)(+25
2% (1S) 0.043(103505) 6.3 1 1 1g) 0.052(11;E07) 77 (10 173(46)537)
—_ (4+03)(408) (4+0.9)(+0.5) (+03)(406) (+0.7)(+1.3) (4+23)(+31)
== (150) 0‘047(—07)(—03) 6'9(—0.3)(—0.9) O‘053(—06)(—04) 8‘9(—0.9)(—1.0) 149(723)(728)
(+12)(+07) (+2.3)(+1.0) (+12)(+09) (+2.2)(+2.0) (+89)(+62)
NN (35)) 0.038(_16)(_07) 7.2(_1.9)(_1.3) 0.051(_13)(_08) 8.3(_3.1)(_2.4) 265(_66)(_72)
(+22)(+16) (+1.2)(+0.9) (+23)(+31) (+2.9)(+4.3) (+27)(+16)
LN (351) 0'073(—20)(—21) 3‘5(—1.2)(—0.8) 0~085(—39)(—19) 5'2(—5.6)(—3.2) _8(—14)(—15)
—_= (+17)(+14) (+4.3)(+1.0) (+22)(+29) (+14)(+22) (+87)(+62)
== (351) 0‘20(—09)(—18) _2'6(—2.9)(—6.1) 0'25(—14)(—13) 1(—15)(—10) _19(—54)(—88)
— (4+05)(+02) (+0.2)(+0.4) (+02)(+04) (4+0.5)(4+0.3) (+08)(+08)
EN (%)) 0-059(701)(705) 6-9(70.3)(70.3) 0066(704)(703) 7~1(70.3)(70.5) 36(711)(704)
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Figure 4.9: k* cot § values as a function of the c.m. momenta k*?, along with the bands representing
the two- and three-parameter polynomial fits for two-baryon systems under the assumption that
there is a smooth and monotonic behavior in k* cot § as a function of k*2 beyond the t-channel
cut. Quantities are expressed in lattice units.

these reasons, both natural and unnatural interactions are considered in Section 4.3.5 when
adopting a power-counting scheme in constraining the LECs of the EFT. In Appendix E, the
results for the NN channels are compared with the previous scattering parameters obtained
in Ref. [66] using the same correlation functions, as well as with the predictions obtained from
low-energy theorems in Ref. [107]. Through a thorough investigation, the various tensions are
discussed and resolved.

Although the ERE is only valid below the t-channel cut, one may still fit the k* cot ¢ values
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beyond this threshold using a similar polynomial form as the ERE in Eq. (2.64). To distinguish the
“model” fit parameters from those obtained from the ERE, two- and three-parameter polynomials
are characterized by two {a~!,7} or three {a~!,7, 15} parameters. Such forms are motivated by
the fact that in most channels, k* cot § values as a function of k£*? exhibit smooth and monotonic
behavior beyond the ¢-channel cut, as is seen in Fig. 4.5. The only exceptions are the spin-singlet
NN and XN channels, for which such a polynomial fit will not be performed. The results of
this fit, using the same strategy as described above for ERE fits, are shown in Table 4.5 and
Fig. 4.9. In the next section, the EFTs and approximate symmetries of the interactions will
be utilized to make predictions for the inverse scattering length in channels for which ERE fits
could not be performed, i.e., U N (39;) and Z=Z (35;) channels, and in those cases, the scattering
length is found consistent with the a~! values obtained from this model analysis. It should
be emphasized that such a polynomial fit beyond the ¢-channel cut is only one out of many
applicable parametrizations of the amplitude, and a systematic uncertainty associated with
multiple model choices and model-selection criteria needs to be assigned to reliably constrain
the energy dependence of the amplitude at higher energies. More precise LQCD results may
be required to identify non-polynomial behavior in k*2. This is analogous to the efforts to
uniquely identify non-analytic terms in chiral expansions, such as in 7-7 scattering, where very
high-precision calculations are required to reveal the logarithmic dependence on m_, e.g., see

Ref. [452].

4.3.3 Binding energies

A negative shift in the energy of two baryons in a finite volume compared with that of the
non-interacting baryons may signal the presence of a bound state in the infinite-volume limit.
However, to conclusively discern a bound state from a scattering state, a careful inspection of
the volume dependence of the energies is required. As discussed in Section 2.4.3, Liischer’s QC
can be used to identify the volume dependence of bound-state energies. Alternatively, LQCD
eigenenergies in a finite volume can be matched to an EFT description of the system in the
same volume to constrain the interactions. The constrained EFT can then be used to obtain the
infinite-volume binding energy, e.g., see Ref. [453,454]. This approach is more easily applicable to
the multi-baryon sector, however it relies on the validity of the EFT that is used.
Expanding Eq. (2.117) for the boost vectors d used in this work, it reads,

d=(0,0,0) : k"] = &)+ T {6€_H< 'Ly Gy/2e V2L L %e—ﬁ”( ’L] . (4.119)

2
o0 2 0
[46”( 'L —cos(47ra)e_'m< 'L
Y

d=(0,0,2) : [k*| = s+

o0 8 o]
o2 VRIL = cos(4ma)e” V PPH+1R)L

VyE+1

8 / @
+————=cos(4dra)e” V2L (4.120)
VY2 +2

The values of v deviate from one at the percent level.® Therefore, all systems considered are
non-relativistic to a good approximation. Only the first few terms in the sum in Eq. (2.117),
corresponding to |m| € {0, 1,+/2}, are considered in the volume extrapolation performed below,
with corrections that scale as O(G_QK(OO)L )

Alternatively, as mentioned in Section 2.4.3, one can compute () by finding the pole location

in the S-wave scattering amplitude,

k* cot 5|kz*:in(°°> + H(OO) =0. (4.121)

8The largest value of v is found in the NN (!Sy) system with L = 24, where v ~ 1.015.
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Table 4.6: The infinite-volume binding momenta x(®) for bound states obtained either by using
the extrapolation in Eqgs. (4.119) and (4.120) or from the pole location of the scattering amplitude
as in Eq. (4.121). Quantities are expressed in lattice units.

() [Lu]
d=1(0,0,00 d=(0,02) d={(0,0,0),(0,0,2)} —k*cotd|m_;.co

NN (i5) 00770000 0.072( 1T 0.075( 0000 0.076{ 75033
NN () 0.073 10 0.083( 000 0.080( 0002 0.072(" 100
u3 (180)  0.068 150 007200 00690 EY 0.047(" 1210
=% (5y)  0.078 " gg)0e) 00800 08T 0.079( "0 or) 0.066{ "1 "1
22 (1S))  0.086 o) Foo)  0.086( 0] o) 0.086{ 03 ) 0.069" o) 05)
NN (%8y) 0.0720 100 0.0761 0008 0.07aft D 0.064{ 300 08)
EN (%81)  0.108( 0000 0.106( 030 0.107 o) 0o 0.101{ 020

Table 4.7: Binding energies for bound states in MeV. The values are obtained using x(*) from
the volume-extrapolation method with a combined fit to d = (0,0,0) and d = (0,0, 2) data. The
uncertainty from scale setting is an order of magnitude smaller than the statistical and systematic
uncertainties quoted.

B [MeV]
NN (%) BN (1) 23 (%So) EX (%Sp) EE (%) NN (%)) EN (%))
(+2.0)(+2.3) (+3.1)(40.9) (+2.1)(+2.0) (+2.1)(+1.6) (+1.5)(+1.4) (+2.4)(+1.5) = o(+1.5)(4+2.2)
13'1(—&1)(—044) 14'3(—30)(—2.8) 10'2(—19)(—2.3) 12'8(—16)(—2‘2) 14'9(—140)(718) 12'7(—244)(—17) 2‘)'3(—1.5)(—22)

To obtain (™) the scattering amplitude has to first be constrained using Liischer’s QC as
discussed in the previous subsection, and then be expressed in terms of an ERE expansion. This
approach, therefore, requires an intermediate step compared with the first method, but does not
require a truncation of the sum in Eq. (2.117).

Results for the infinite-volume binding momenta x(*) are shown in Table 4.6. The columns
labeled as d = (0,0,0) and d = (0, 0,2) correspond, respectively, to fitting separately the values of
k* with no boost, or with boost d = (0,0, 2), using Egs. (4.119) or (4.120). The column labeled as
d = {(0,0,0),(0,0,2)} is the result of fitting both sets of k* values simultaneously, i.e., imposing
the same value for x(*®) and Z?2 in both fits. The last column shows the x(*) values obtained
using Eq. (4.121), with the parameters listed in Table 4.3 as obtained with a two-parameter ERE
fit to k* cot §. The results obtained with the different extractions of k* are seen to be consistent
with each other within uncertainties. The largest difference observed is in the ZZ (1S) channel,
with a difference between the volume-extrapolation and pole-location results of around 1.50. The
agreement between the two approaches suggests that the higher-order terms neglected in the sum
in Eq. (2.117) are not significant.

The binding energy, B, is defined in terms of the infinite-volume baryon masses and binding
momenta as

B =M™ + M™ — \/ MR ()2 — \/ MR (02 (4.122)

where MZ.(OO) is the infinite-volume mass of baryon i obtained from Eq. (4.108). This quantity is
computed for all systems that exhibit a negative c.m. momentum squared in the infinite-volume
limit, i.e., those listed in Table 4.6. The binding energies in physical units are listed for these
systems in Table 4.7. The binding energies of the two-nucleon systems computed here are
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consistent within 1o with the values published previously in Ref. [66] using the same LQCD
correlation functions. The same two-baryon systems studied here were also studied at m, ~ 806
MeV in Ref. [14], and were found to be bound albeit with larger binding energies. While the
results at m, ~ 806 MeV were inconclusive regarding the presence of bound states in the 10
irrep, the N (39;) and ZZ (39;) systems are found to be unbound at this pion mass. The results
obtained in the present work can be combined with those of Ref. [14] obtained at m, ~ 806 MeV
to perform a preliminary extrapolation of the binding energies to the physical pion mass.? This
enables a postdiction of binding energies in nature in cases where there are experimental data,
and a prediction for the presence of bound states and their binding in cases where no experimental
information is available.

At the beginning of this chapter we have seen that for systems with non-zero strangeness,
experimental knowledge is notably limited in comparison to the nucleon-nucleon sector, and
almost all phenomenological predictions are based on SU(3) flavor-symmetry assumptions. For
the systems analyzed here, the predictions from all these models are:

— The 'S, and 35; ¥ N channels do not exhibit bound states in any of the models listed
above. The spin-singlet state behaves in a similar way to NN (1S;), and the interactions
are slightly attractive, while those in the spin-triplet channel are found to be repulsive.

— For the EN (39;) system, almost all the models find that the interactions are slightly
attractive, but only a few exhibit a bound state.' Among the most recent results are
“ESCO08a” [344] which gives B = 0.9 MeV*# and “ESC08c1” [345] which gives B = 0.5 MeV+.
There is one LQCD calculation of this system near the physical values of the quark masses
performed by the HAL QCD Collaboration [79], and no bound state is observed.

— The “NSC97” model [340] finds a bound state for the ¥ (1S,) channel, with binding
energies ranging from 1.53 to 3.17 MeV. xEFT at NLO [6] finds a binding energy between
0 and 0.01 MeV (no bound state is found with ESC or quark models in this channel).

— The ZX (1S;) system is found to be bound in the “NSC97” model [340], with a binding
energy between 3.02 and 16.5 MeV, and by yEFT [6,47], with a binding energy between
2.23 and 6.18 MeV at LO and 0.19 and 0.58 MeV at NLO. With the quark model “fss2” [364],
although the interaction in this system is found to be attractive, no bound state is predicted
(similar to the “ESCO08c1” model [345]).

— Using meson-exchange potentials, with “NSC97” [340] the 2= (1S;) state is bound with
a binding energy between 0.1 and 15.8 MeV, and with “Ehime” [356] between 0.23 and
0.71 MeV (no bound state is found with “ESCO08¢c1” [345]). xEFT [6,47] also finds this
state to be bound with a binding energy of 2.56 — 7.27 MeV at LO and 0.40 — 1.00 MeV at
NLO. The quark model “fss2” [364] does not find a bound state. In the ZZ (35;) channel,
no bound state is found with meson-exchange potentials, except for “Ehime” that finds a
deeply bound state with a binding energy of 9 — 15 MeV. “fss2” [364] finds this channel to
be repulsive.

The quark-mass dependences of multi-baryon spectra have not been studied extensively in
the literature. For the octet-baryon masses, it was found that LQCD calculations performed with
2 + 1 dynamical fermions are consistent with a linear dependence on the pion mass at unphysical

9The results in the literature for the binding energies of two-baryon systems obtained at larger-than-physical
quark masses must be compared with the results of the current work with caution, as the use of different scale
setting schemes makes a comparison in physical units meaningless, unless the physical limit of the quantities are
taken, as can be seen in Ref. [76].

10Gince the binding energies are not explicitly computed in these references and only the S-wave scattering
parameters are reported, binding energies are computed here using Eqgs. (4.121) and (4.122), assuming a two-
parameter ERE for k* cot 8. These are marked with the symbol *.
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Table 4.8: Extrapolated binding energies at the physical quark masses for bound states in MeV
using two different forms, linear and quadratic in m..

NN (S) TN () IL(Sy) En () EZ=(lS;) NN () EN ()

h; (+6.3) (+7.8) (+6.1) (+5.7) (+4.5) (+6.1) (+5.4)
By (mz™®) 64755 8475 L0y 597y 967, —09 ¢ 11T
h; (+4.6) (+5.7) (+4.2) (+3.8) (+3.0) (+4.3) (+3.8)
Beuaa(ma™) 9.9 5 L5y 58005 9500 12475 637, 18977

values of the quark masses, compared to the HBYPT prediction of quadratic dependence at
LO [403,455,456]. Nonetheless, recent precision studies near the physical values of the quark
masses appear to be more consistent with chiral predictions [457]|. In the two-baryon sector the
situation is more complicated. On the theoretical side, yEFT was used in Ref. [458] to extrapolate
LQCD results to the physical point, assuming no dependence on the light quark masses for the
LECs of the EFT (at a fixed order). The same premise was taken in Ref. [63] to determine the
I = 3/2 XN interaction at LO, which was used to address the possible appearance of X~ hyperons
in dense nuclear matter. In the absence of a conclusive form for the quark-mass extrapolation of
two-baryon binding energies, two naive expressions with linear and quadratic m, dependence
were used in Ref. [61] to extrapolate the binding energy of H-dibaryon to its physical value. In
Refs. [459-461], under the assumption that the H-dibaryon is a compact 6 valence-quark state
(and not a two-baryon molecule), yEFT was used to extrapolate the binding energies, resulting
in an unbound state.

Two analytical forms with different m_ dependence are used here to obtain the binding
energies at the physical light-quark masses, using the results presented in Ref. [14] at m, ~ 806
MeV and those listed in Table 4.7 for m, ~ 450 MeV:

0 1
Blin(mﬂ') = Bl(in) + Bl(in) My, (4123)
0 1
Bquad (mTF) = B(Elu)ad + Béu)ad m721’ ’ (4124)
0) p1) O 1) .
where B}, ', B}/, BGluad and Bquad are parameters to be constrained by fits to data. These fits

are shown in Fig. 4.10, along with the experimental value and predictions at the physical point.
The binding energies extrapolated to the physical point, i.e., By, (m2™*) and Bquad(mfrhys), are
summarized in Table 4.8.'' It should be emphasized that given the lack of knowledge of the
quark-mass dependence of binding energies, the preliminary extrapolations performed here are
only to point out an emerging trend in the binding energies toward the physical point, and they

do not provide conclusive predictions.

These extrapolations highlight some interesting features. The values obtained at the physical
point are consistent with the experimental values for the NN channels. The rest of the binding
predictions are at the same level of precision as the phenomenological results. The ZZ (1S;)
and ZN (39;) channels are more consistent with being bound than the other channels, using
both extrapolation functions. Moreover, the XN (35;) channel was found not to support a
bound state in this study, a conclusion that is in agreement with phenomenological models. The
same conclusion holds for Z= (39), noting that only in one model, namely “Ehime”, a different
conclusion is reached [356]. The spread of results and some contradictory conclusions in the
models motivate the need for LQCD studies of these states at near-physical values of the quark
masses in the upcoming years.

HPerforming fits to dimensionless ratios of the binding energies to the baryon masses (to minimize the effects of
non-zero lattice spacing) do not change the qualitative conclusions presented in the text.
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Figure 4.10: Extrapolation of the binding energies of different two-baryon systems, using the
results obtained in this work and those at m, ~ 806 MeV from Ref. [14]. For comparison, the
results with values obtained using one-boson-exchange models or yYEFTs are also shown (and
where needed, are shifted slightly in the horizontal direction for clarity).

4.3.4 Validity of the extraction of the lowest-lying energies and the corre-
sponding scattering amplitudes

In Refs. [277,462], several criteria were presented to validate studies of two-baryon systems that
rely on the extraction of finite-volume energies from Euclidean LQCD correlation functions for
use in Liischer’s formalism. The results of the present work are examined and validated with
regard to these criteria. Similar investigations were performed in Refs. [14,278] for the study of
the NPLQCD Collaboration at m, ~ 806 MeV in Ref. [14].

— Interpolating-operator independence: The two different source-sink operator structures,
denoted SP and SS, yield the same energies for both the ground and the first excited states
obtained in this work. This consistency can be verified by examining the late-time behavior of the
effective energy and effective energy-shift functions constructed from the SS and SP correlation
functions in Figs. G.1-G.10. Moreover, the c.m. momenta k*? obtained from the correlation
functions with d = (0,0,0) and d = (0,0,2) must be consistent, up to negligible relativistic and
small O ((m? — m3)/E*?) corrections [88], a feature that is observed in the results presented here,
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Figure 4.11: The values of k*? for all systems analyzed in this work. Quantities are expressed in
lattice units.

as shown in Fig. 4.11. The largest difference is seen in the NN (1S;) channel for the n = 2 level
on the ensemble with L = 24, for which the c.m. momenta in the unboosted and boosted cases
exhibit a ~ 20 difference.

— Consistency between ERE parameters for k** < 0 and k*? > 0: In the two-baryon channels
studied in this work, there are not sufficient data points for k* cotd below the ¢-channel cut
to extract precise scattering parameters, as pointed out in Section 4.3.2. Nonetheless, for the
cases for which two sets of data at positive and negative values of k*2 are available, the ERE fits
obtained by fitting to all k*? versus only fitting to k*? < 0 values are fully consistent with each
other, as is shown in Fig. 4.12.

— Non-singular scattering parameters: None of the scattering parameters extracted show
singular behavior, as can be seen from the values in Table 4.3.

— Requirement on the residue for the scattering amplitude at the bound-state pole: In order to
support a physical bound state, the slope of the ERE as a function of k*2 must be smaller than
the slope of the —v/—k*2 at the bound-state pole. This can be understood with the following
argument. Near this bound-state pole, the S matrix can be represented in the form [463]

=

S ~in™) ~ oy

(4.125)

where ﬂg is real and positive for physical poles. Also, as we have seen in Section 2.4.2, the S
matrix can be written as

. 2ik* S(k*) + 1
Sk*)—1=¢" —1=—"" 5 k*cotd = ik*=t—— 4.126
(k) c k* cot d — ik* B (S (4.126)
Replacing Eq. (4.125) into Eq. (4.126), we get
*7i-Lbjoo) +1 —iB2 + k* — ix(™
k¥ cotd ~ ik* T — it —h . (4.127)
_ %y —ipE — k* + ik(®©)
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Figure 4.12: k*2cotd values as a function of the c.m. momenta k*?, together with bands
representing the two-parameter ERE using all the energy levels (ground state n = 1 and excited
states n = 2) in lighter yellow, or using just the ground state in darker yellow. Quantities are

expressed in lattice units.

With Eq. (4.127), we can put some constrains on the slope of the ERE near rw(®),

Differentiating the first term, we get

_d dk*  d
e K cot 8l o = g o

L d [k
1
2i5(%) dk* —ify — k¥ + ik(*) ¥ —ig(00)

[k* COt 6]]47*:1[{(00)

1 - 24(©) 1 1
= 1 = ——.
2ik(*) 182 2k(®) B2

(4.128)

(4.129)
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Figure 4.13: Comparison between the two-parameter ERE and the slope of —v/—k*2 at k*? =
—£(®)2 where k() is taken from the d = {(0,0,0), (0,0,2)} column of Table 4.6. Quantities are
expressed in lattice units.

The second term is

v

dk‘*2

1
S - = — . 4.130
k*2=—p(0)2 |: 24/ —k*2 ] L*2 — o (00)2 24/ k()2 2£() ( )

Collecting both terms, we get

[k* cot § — (—\/—k*Q)] S (4.131)

k#2 = jc(00)2 IBb

dk*Q

which means that the slope of the ERE around the bound-state pole has to be smaller than the
slope of —v/—k*2. The two slopes and associated uncertainty bands are depicted in Fig. 4.13 for
all two-baryon channels and the two-parameter EREs obtained, demonstrating that the needed
inequality is satisfied. The values of binding momenta used in this analysis are taken from
Table 4.6 (the d = {(0,0,0), (0,0,2)} column).

— The absence of more than one bound state with an ERE parametrization of amplitudes:
None of the systems analyzed exhibit more than one bound state; i.e., the ERE does not cross
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the —v/—k*2 curve more than once. Therefore, applying the ERE parametrization of the S-wave
scattering amplitude in all channels appears to be justified.

— Constrained range for ERE parameters in the presence of a bound state: If the system
presents a bound state, the ratio 7/a must be smaller than 1/2 for the two-parameter ERE to
cross the —v/—k*2 function once from below, which is the condition for a physical bound state.
This can be easily seen by equating both expressions,

—_ - —

_7+7
a 2 a 2 r

A R S 5 SN €2 BN C B e Vil TN
If we want to get a real solution, r/a < 1/2. Moreover, the ERE must cross the Z-functions
corresponding to different volumes to satisfy Liischer’s QC, introducing more constraints on
scattering parameters. With the use of the two-dimensional y? in this work to fit the k* cot d
values, the confidence region of the ERE parameters does not cross these prohibited areas, as was
demonstrated in Fig. 4.7.

4.3.5 Constraints on the EFTs LECs

As mentioned in Section 4.3.2, given the large uncertainties in the scattering parameters (in
particular in the effective range), the ratio r/a shown in Table 4.4 is not well constrained, and
does not conclusively prove unnaturalness in all channels. Since in at least two channels the
interactions seem unnatural, in the following both the natural and the unnatural cases will
be considered in expressing relations between LECs and the scattering parameters, given by
Egs. (4.104) and (4.105). The corresponding LECs for each two-baryon channel are given in
Table 4.9.

Two sets of inputs can be used to constrain the numerical values for the LECs: 1) the
scattering parameters {a~!,r} obtained from two-parameter ERE fits in Section 4.3.2, tabulated
in Table 4.3, can be used to compute LECs of both momentum-independent and momentum-
dependent operators (method I), and 2) the binding momenta from Section 4.3.3 can be used to
compute the corresponding scattering length, related at LO by —a~! + x(®) = 0, and this single
parameter can be used to constrain the LECs of momentum-independent operators (method II).
This second method is motivated by the fact that £(*) is extracted with higher precision than the
parameters from the ERE fits, therefore enabling tighter constraints on the LECs of momentum-
independent operators. The results for both types of LECs are presented in Table 4.10, and are
depicted in Fig. 4.14. Results are presented in units of 2w/Mpg for the momentum-independent

Table 4.9: The LECs of the LO and NLO pionless EFT that contribute to the scattering amplitude
of the various two-baryon channel. The first three columns are total angular momentum (.J),
strangeness (5), and isospin (/).

J S I Channel SU(3); LO SU(3); NLO SU{3); NLO
0 0 1 NN D é@n A(cy = cf)
-1 § 3N 7 &@n 2(cX — cf)
-2 2 ¥% @D é@n 0
-3 % = c(27) &27) 2(cf — X + ¢, — )
-4 1 EE 27 &) Alcf — 5 + el — o)
1 0 0 NN (10) &(10) 4(cX + )
-1 2 %N 10 ¢1o) —2(cX + )
-4 0 EE (10 ¢10) —A(cf + & —cfy — )
-2 0 EN c(8a) é(8a) 2(2¢X + 2¢f + 2¢X + 2¢8 + 2¢§ + 2¢); + ) + o)
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Table 4.10: LECs of the momentum-independent and momentum-dependent operators as they
appear in Table 4.9 for the two-baryon channels, obtained by solving Eq. (4.104) in units of [%]

for the momentum-independent operators, and Eq. (4.104) in units of [%] for the momentum-
B

dependent operators, where Mp is the centroid of the octet-baryon masses. clirrep) are only
determined using method I.
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Figure 4.14: LECs obtained by solving Egs. (4.104) (upper panels) and (4.105) (lower panels)
under the assumption of natural (left panels) and unnatural (right panels) interactions. The LECs
of momentum-independent operators are in units of []\2/[—7;] and those of the momentum-dependent
operators are in units of [%], where Mp is the centroid of the octet-baryon masses. The
B
gray-circle markers denote quantities that are extracted using the ERE parameters (method I),
while black-square markers are those obtained from scattering lengths that are computed from
binding momenta (method II).

operators and 47> /M%g for the momentum-dependent operators, where Mp is the centroid of the
octet-baryon masses, Mp = 1My + My + 2 My, + 1Mz = 0.78583(23)(30) Lu.

As can be seen from the values of the LECs that are obtained, the NLO SU(3); coefficients
have large uncertainties, and are mostly consistent with zero, because the effective ranges used to
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Table 4.11: The values of the momentum-independent SU(3); coefficient ") and specific linear
combinations of the STX3]; coefficients €. Quantities are expressed in units of [%], where Mp
is the centroid of the octet-baryon masses.
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Figure 4.15: The LO SU(3); LEC ¢ (upper panels) and NLO SUA3); LECs c3 p, (lower
panels) under the assumption of natural (left panels) and unnatural (right panels) interactions,
in units of []\24—7;], where Mp is the centroid of the octet-baryon masses. The gray-circle markers
denote quantities that are extracted using method I, while black-square markers show results
obtained from method II. See the text for further details.

constrain them have rather large uncertainties. Another feature of the results is that assuming
the interactions to be unnatural leads to better-constrained parameters in general, as a non-zero
scale p in the left-hand side of Eqs. (4.104) and (4.105) reduces the effect of uncertainties on the
scattering lengths (this was also observed in Ref. [14] for systems at m, ~ 806 MeV). Furthermore,
as is expected, the values obtained with method II have smaller uncertainties than the ones
obtained from method I, given the more precise scattering lengths, although the method is limited
to LO predictions. Another anticipated feature is that in the cases where the effective range is
resolved from zero within uncertainties (e.g., in the Z= (15,) channel), the values from method II
are slightly different from those obtained from method I, indicating the non-negligible effect of
the NLO effective range contributions that are neglected with this method.

It should be noted that the input for scattering parameters is not sufficient to disentangle the
LO SU(3); and NLO STH3]J; coefficients in general, hence the clirrep) 4 c’él 5, entry in Table 4.10
and Fig. 4.14. For the systems that belong to the 27 irrep, since the spin-singlet pairs { NN, XN}
and {Z¥, ==} depend on the same SU(3); LO and SU{3]; NLO LECs but with different linear
combinations of the coefficients, a system of equations can be formed to separate each contribution.
The results are shown in Table 4.11 and Fig. 4.15, along with the result for the 33 channel for
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comparison purposes, as there is no contribution from STH3] interactions for this channel at this
order. From these results, it can be seen that the values of the symmetry-breaking coeflicients
¢y —cf and ¢f — ¢} + ¢f, — ¢fy are compatible with zero. Together with the observation that the
scattering lengths and binding energies in all of the systems are similar within uncertainties, it
appears that the SU(3) flavor symmetry remains an approximate symmetry at the quark masses
used in this study. These observations in the two-baryon sector are consistent with those in the
single-baryon sector as presented in Ref. [66] at the same quark masses. There, they looked at
the Gell-Mann-Okubo mass relation [117,450], since its violation results from SU(3); breaking
transforming in the 27 irrep of SU(3) flavor symmetry, which can only arise from insertions of the
light-quark mass matrix or from nonanalytic meson-mass dependence induced by loops in xyPT.
The quantity they studied was dgno = MLB(MA + %ME — %MN — %ME) Using the values of the
masses from Table 4.2, we find that dgyo = 0.0008(13)(12), consistent with the value computed
in Ref. [66] and an order of magnitude smaller than the experimental value, d¢\ o ~ 0.0076.

In Table F.2 from Appendix F, the full list of relations needed to independently constrain
all 24 different LECs that appear at LO and NLO are shown, demonstrating that the proper
combinations of 18 two-baryon flavor channels are sufficient to extract all these LECs. These
channels will be the subject of upcoming LQCD studies toward the physical values of the quark
masses.

The a and b coefficients can also be matched to scattering amplitudes in a momentum
expansion at LO. Since at least some of the SU(3),; symmetry-breaking LECs ¢} were found
to be consistent with zero in this study, one can assume an approximate SU(3); symmetry in
general, and relate the SU(6) LECs a and b directly to the LECs of the LO SU(3) ;-symmetric
Lagrangian for given irreps using Eqgs. (4.58). A priori, the relative size of the Kaplan-Savage
coefficients, a and b, is unknown, and only experimental data or LQCD input can constrain these
LECs. As is seen in Egs. (4.58), the contribution from the b coefficient to the LO amplitude is
parametrically suppressed compared with that of the coefficient a. As a result, if b in Eq. (4.35)
is comparable to or smaller than a, there remains only one type of interaction that contributes
significantly to the scattering amplitude, a situation that would realize an accidental SU(16)
symmetry of the nuclear and hypernuclear forces. The first evidence for SU(16) symmetry in the
two-(octet)baryon sector was observed in a LQCD study at a pion mass of ~ 806 MeV [14], and
the goal of the present study is to examine these predictions at smaller values of the light-quark
masses. Such a symmetry is suggested in Ref. [101] to be consistent with the conjecture of
maximum entanglement suppression of the low-energy sector of QCD.

In order to extract a and b, states in the 27 and 10 irreps can be combined with those in
the 8, irrep, allowing for six possible extractions.!? The results are shown in Table 4.12 and
Fig. 4.16. As seen in Eqgs. (4.58), the contributions from the b coefficient are suppressed by at
least a factor of 3 compared with those from the a coefficient, and thus the rescaled coefficient
b/3 is considered.

Considering that the results presented should be valid only up to corrections that scale as 1/N,,
individual values of the coefficients a and b/3 obtained from different pairs of channels exhibit
remarkable agreement, indicating that the SU(6) spin-flavor symmetry is a good approximation at
these values of the quark masses. A correlated weighted average of the results is obtained, following
the procedure introduced by Schmelling [464] and used by the FLAG collaboration [465], and is
shown as the pink bands in Fig. 4.16. The average of a series of values {z;} with uncertainties
{o;} is computed as:

o2
Taverage = Z Tiw;, Ww; = Z 10_72 ) ngerage = 2 wichij ) Cij =004, (4'133)
i V] ]

where, since the different values of z; (and their uncertainties) are correlated, a 100% correlation

2Note that the ERE parameters were obtained in the previous section only for two-baryon channels belonging
to the {27,10,8,} irreps.
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Table 4.12: The leading SU(6) LECs, a and b/3, obtained by solving a given pair of equations in
Egs. (4.58). The last column shows the results of a constant fit to the LECs obtained in each
case as described in Eqgs. (4.133). The spin specifications are dropped from channel labels for
brevity, but one clarification is necessary: in the first pair of two-baryon channels, NN refers
to the spin-singlet case, while in the last pair, it denotes the spin-triplet case. Quantities are
expressed in units of [AQ/[—’;], where Mp is the centroid of the octet-baryon masses.

LEC 4 Method {NN,ZN} {ZN,EN} {EX,EN} {EX,EN} ({E2,2N} {NN,EN} Combined
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Figure 4.16: The leading SU(6) LECs, a (upper panels) and b/3 (lower panels), under the assump-
tion of natural (left panels) and unnatural (right panels) interactions, in units of [%]’ where Mp
is the centroid of the octet-baryon masses. The gray-circle markers denote quantities extracted
using the ERE parameters (method I), with the light pink band showing the averaged value,
while black-square markers show results obtained from scattering lengths that are constrained by
binding momenta (method IT), with the dark pink band showing the averaged value.

is assumed when computing agverage. For asymmetric uncertainties in x;, the following procedure

is used to symmetrize them: a value z; = CEJ_F?)) is modified to ¢ + (u — [)/4 with uncertainty
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Table 4.13: Predicted SU(3); LECs, clirrep) - ag well as the Savage-Wise coefficients, ¢;, obtained
from the Kaplan-Savage SU(6) coefficients a and b using the relations in Egs. (4.58) and (4.13).
Quantities are expressed in units of [1\2/177;]’ where Mp is the centroid of the octet-baryon masses.

/"L Method 0(27) 0(85) C(l) C(TO) 0(10) c(8a)
(+12) (+73) (+73) (+12) (+57) (+12)
0 I _35(—12) 17(—73) _76(—73) _35(—12) 7(—57) _24(—12)
_ox(+3) (+17) e (+17) _ox(+3) (+14) _10(+3)

II 25(_3) 6(_17) 50(_17) 25(_3) 0(_13) 19(_3)
(+1.2) (+7.9) (+7.6) (+1.2) (+6.2) (+1.2)
. I 9.5(712) 18.0(77.5) 2.7(778) 9.5(71.2) 16.2(75_9) 11.2(71.2)
4 (+0.6) (+4.2) (+4.3) (+0.6) (+3.3) (+0.6)
II 10.7(_0.7) 21.1(_4_3) 2.4(_42) 10.7( 0.7) 19.0( 3.3) 12.8(_0.7)

¢ Method cy Co C3 Cy Cs Co

(+28) (+12) (+13) (+19) (+24) (+12)

0 I 18l 8y Yy T2 L) 8y
_11(+6) (+3) (+3) _ o(+4) __o(+6) = (+3)

1 ey 9 5(-3) (1) 2(<o) 5(-3)
_q (+2.9) (+1.3) (+1.4) 5 (+1.9) (+2.7) 4 o(+1.3)
. I 3.0( 3.0) 1.3(71.3) 1.4(71.4) 2.0(72.0) 7.7(72.5) 1.3(71.3)
” (+1.7) (+0.7) (+0.8) (+1.1) (+1.4) (+0.7)
11 —3.6(_1'6) 1.6(_0'7) 1.7(_0.8) —2.4(_1.1) 9.()(_1.4) —1.6(_0'7)

o = max|(u + 31)/4, (3u +1)/4].

Given the uncertainty in /3, no conclusion can be drawn about the relative importance of
a and b/3. We will return to the question of the presence of an accidental SU(16) symmetry
shortly.

Given the extracted values of a and b/3, several checks can be performed, and several
predictions can be made. The simplest check is to compute all of the LO SU(3); LECs, clirrep)
using the relations in Eqgs. (4.58). The results are shown in the first rows of Table 4.13 and the
upper panels of Fig. 4.17. Columns with hashed backgrounds are the coefficients whose values
were used as an input to make predictions for other coefficients, presented in panels with solid
colored backgrounds. These input coefficients (C(27), 10) and C(Sa)) can be reevaluated using
the average values of a and b/3, which therefore gives back consistent values but with different
uncertainties (for ¢7 the average of the values given in Table 4.11 is computed). The large
uncertainties in the ¢®s), ¢ and ¢19 coefficients are due to the fact that b/3, with a larger
uncertainty than a, is numerically more important in these cases; see Egs. (4.58). Additionally,
the Savage-Wise coefficients ¢; can be computed by inverting the relations in Eqs. (4.13), and the
resulting values are presented in the last rows of Table 4.13 and the lower panels of Fig. 4.17.
Due to large uncertainties in the natural case, no conclusions can be made regarding the relative
size of the coefficients. In the unnatural case and at the chosen value of the renormalization scale,
the cx coefficient has a larger value than the rest of the coefficients. The relative importance of ¢y
is a remnant of an accidental approximate SU(16) symmetry of S-wave two-baryon interactions
that is more pronounced in the SU(3) j-symmetric study with m, ~ 806 MeV in Ref. [14]. Tt will
be interesting to explore whether the remnant of this symmetry remains visible in studies closer
to the physical quark masses.

The values of the SU(6) coefficients a and b allow predictions to be made for the scattering
lengths of the systems that could not be constrained in this study by an ERE fit, namely the
YN (3S;) and ZZ (3S)) channels. Using the (™) coefficients computed previously, the relations
in Eq. (4.104) can be inverted to obtain a~!, assuming that the values of ¢y are negligible compared
with those of ¢(irrep) (an observation that is only confirmed for given linear combinations of these
LECs but is assumed to hold in general given the hints of an approximate SU(3); symmetry in
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Figure 4.17: The predicted (filled markers) LO SU(3) coefficients clirrep) (ypper panels), as well
as Savage-Wise coefficients ¢; (lower panels) reconstructed from the SU(6) relations are compared
with the directly-extracted LECs (empty markers) under the assumption of natural (left panels)
and unnatural (right panels) interactions, in units of [AQ/[—’;], where Mp is the centroid of the
octet-baryon masses. The gray-circle symbols denote quantities that have been extracted using
the scattering parameters obtained from the ERE fit (method I), while black-square symbols
denote those that are obtained from scattering lengths constrained by binding momenta (method
II). The hashed background in the upper panels denotes coefficients whose values were used to
constrain a and b, and hence are not predictions.

Table 4.14: Predicted inverse scattering lengths, a=!, for the systems where an ERE fit was not
possible, using the SU(6) LECs a and b. Quantities are expressed in lattice units.

7 Method ag}\, (35,) agé (35,)
. I ~0.02" ) ~0.02* 30
1 0.06" 3 0.05(3)

. I 0.140) 0150
i il 016,02 0170707

this study). This exercise leads to consistent results for the inverse scattering length for systems
for which the ERE allowed a direct extraction of this parameter, while it provides predictions for
the channels shown in Table 4.14. For the case of natural interactions, the scattering lengths
are not constrained well, although they are consistent within uncertainties with those in the
unnatural case, demonstrating the renormalization-scale independence of the scattering length.
For the unnatural case, both methods are consistent and give rise to inverse scattering lengths
that are positive and larger than those obtained for the rest of the systems studied in this work.
This is in agreement with the parameters found when fitting the results for £* cot 9 in these
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channels beyond the t-channel cut, see Table 4.5.
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CHAPTER b

Summary and conclusions

Nuclear and hypernuclear interactions are key inputs into investigations of the properties of matter,
and their knowledge continues to be limited in systems with multiple neutrons or when hyperons
are present. As it can be seen by the summary of the present status of the field, the major
limitations come from the lack of experimental data, resulting in contradictory predictions of the
scattering parameters between different theoretical models. In recent years, LQCD has reached
the stage where controlled first-principles studies of nuclei are feasible, and may soon constrain
nuclear and hypernuclear few-body interactions in nature. The present work demonstrates such
a capability in the case of two-baryon interactions, albeit at an unphysically large value of
the quark masses corresponding to a pion mass of ~ 450 MeV. It illustrates how Euclidean
two-point correlation functions of systems with the quantum numbers of two baryons computed
with LQCD can be used to constrain a wealth of quantities, from scattering phase shifts to
low-energy scattering parameters and binding energies, to EFTs of forces, or precisely the LECs
describing the interactions of two baryons. This same approach can be expected to be followed
in upcoming computations with the physical quark masses, and its output, in form of both
finite-volume energy spectra and constrained EFT interactions, can serve as input into quantum
many-body studies of larger isotopes, at both unphysical and physical values of quark masses;
see e.g., Refs. [104-106| for previous studies in the nuclear sector. By supplementing the missing
experimental input for scattering and spectra of two-baryon systems, such LQCD analyses can
constrain phenomenological models and EFTs of hypernuclear forces.

In Chapter 2, we have introduced the method of lattice QCD, starting with a brief description
of the fundamental theory in the continuum, QCD, and then applying the changes in order to make
it possible to compute observables using Monte Carlo techniques. These observables are mainly
the energies of the system and its interactions with external currents. While in this thesis we have
only studied the first type of observables via the construction of two-point correlation functions, a
short explanation is given on how three-point correlation functions behave as well as some relevant
results for nuclear physics. Also, in this chapter, we have shown how the finite-volume energies
can be mapped to the scattering phase-shifts using the Liischer’s formalism |7, 8|, with some
detail on the group theory involved when systems are put in a finite volume and the subsequent
modification of the angular momentum. Using the same formalism, we have also presented how
the ground-state energies obtained with different volumes can be extrapolated to infinite volume,
leading to the binding energy of the system.

In Chapter 3, we have discussed how to extract the energy levels of two-point correlation
functions, with special emphasis in systems where noise is significant, as it is the case of few-baryon
systems. First, we described a method that has been developed to robustly fit lattice data to an
sum of exponentials, including a reliable estimation of the systematic uncertainty, by varying the
number of exponentials as well as the fitting range [9]. Then, we moved on explaining how other
methodologies remove excited-state contamination at early times. We discussed the generalized
pencil-of-functions [272], the matrix-Prony [54], and the variational [274,275] method. We have
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also detailed the different ways in which the errors of the correlation functions can be estimated,
like the jackknife and bootstrap resampling methods, and also more robust estimators, like the
Hodges—Lehmann estimator.

In Chapter 4, we have presented the experimental and theoretical status of the baryon-baryon
interaction, listing all the relevant contributions and comparing all the theoretical predictions of
the scattering parameters. We have also discussed and compared the different LQCD methods
and results relevant for the present work, namely the direct method and the potential method.
We then moved on to describe the different EFTs that have been constrained with the lattice data.
Since our focus is on the low-energy physics regime, we only consider pionless EFTs (consisting
only of contact interactions) assuming SU(3) flavor [10,11] or SU(6) spin-flavor symmetry [12].
We have complemented this section with group-theoretical arguments for justifying the number
of operators included at each order. In the last part of this section we explained how can use the
results extracted from the lattice (mainly the scattering parameters) to constrain the low-energy
coefficients of the EFTs, which depends on whether the two-baryon system is natural or unnatural.

The last section of Chapter 4 includes the computation of the lowest-lying spectra of several
two-octet baryon systems with strangeness ranging from 0 to —4. These results have been
computed in three different volumes, using a single lattice spacing, and with unphysical values of
the light-quark masses [13]. Assuming small discretization artifacts given the improved LQCD
action that is employed, the results reveal interesting features about the nature of two-baryon
forces with larger-than-physical values of the quark masses. In particular, the determination
of scattering parameters of two-baryon systems at low energies has enabled us to constrain
the LO and NLO interactions of a pionless EFT, for both the SU(3) flavor-symmetric and
the symmetry-breaking interactions. While the two-baryon channels studied in this work only
allowed two sets of leading SU(3) flavor symmetry-breaking LECs to be constrained, and those
values are seen to be consistent with zero, the present study is the first of this type of analysis
to access these interactions, extending the previous EFT matching presented in Ref. [14] at
an SU(3) flavor-symmetric point with m, = mg ~ 806 MeV. Given the limited knowledge
of flavor-symmetry-breaking effects in the two-baryon sector in nature, this demonstrates the
potential of LQCD to improve the situation. Finally, the observation of an approximate SU (3)
flavor symmetry in the two-baryon systems within the present work led to an investigation of the
large- N, predictions of Ref. [12], through matching the LQCD results for scattering amplitudes
to the EFT. In particular, the S-wave interactions at LO have been found to exhibit an SU(6)
spin-flavor symmetry at this pion mass, as also observed in Ref. [14] at a larger value of the pion
mass. Both of the two independent spin-flavor-symmetric interactions at LO have been found
to contribute to the amplitude. Nonetheless, the extracted values of the coefficients of the LO
SU(3) flavor-symmetric EFT suggest a remnant of an approximate accidental SU(16) symmetry
observed in the SU(3) flavor-symmetric study at m, ~ 806 MeV [14].

It will be interesting to examine these symmetry considerations in the hypernuclear forces at
the physical values of the quark masses, particularly given the conjectured connections between the
nature of forces in nuclear physics and the quantum entanglement in the underlying systems [101].
While no attempt is made in the current work to constrain forces within the EFTs at the physical
point, a naive extrapolation has been performed using the results of this work and those at
m, ~ 806 MeV, with simple extrapolation functions, to make predictions for the binding energies
of several two-baryon channels. The obtained results for ground-state energies of two-nucleon
systems are found to be compatible with the experimental values. Furthermore, stronger evidence
for the existence of bound states in the Z= (15,) and ZN (35;) channels is observed compared
with other two-baryon systems. Such predictions are in agreement with current phenomenological
models and EFT predictions. However, conclusive results can only be reached by performing
LQCD studies of multi-baryon systems at or near the physical values of the quark masses, and
upon taking the continuum limit using multiple values of lattice spacing, a program that will be
pursued in the upcoming years.



APPENDIX A

Group theory tables

This appendix contains the relevant tables for the group theory calculations needed in Section 2.4.
These are the character tables for the groups OF (Table A.1), DD (Table A.2), and CI) (Table A.3);
the decomposition of the angular momentum from the continuum to finite volume (and vice
versa) for the groups O (Tables A.4 and A.7), DY (Tabls A.5 and A.8), and C1) (Tables A.6
and A.9); and the basis vectors needed to diagonalize Liischer’s QC into the different irreps for
the groups O (Table A.10), DE (Table A.11), and C (Table A.12).

Table A.1: Character table for the double group O}? )

oP | E E 8C, sCy 3% 6o, 6o, %% 1T ss, 3, %" g5, 65, O%

3C, 6C% 35, 67,
A1 o1 1 1 1 1 1 o1 11 1 1 1 1 1
AF 1111 1 1 -1 -1 111 1 o S |
Et]2 2 1 -1 2 0 0 0o 2 2 -1 -1 2 0 0 0
{3 3 0 0 1001 1 -13 3 0 0o -1 1 -1
|3 3 0 S S | 13 3 0 S | 1
AT |11 1 1 1 1 -1 -1 m e L |
Ay |11 1 1 o S S R R - | -1 1 1
E-]2 2 - -1 2 0 0 0o 2 2 1 1 2 0 0 0
w3 3 0 0o -1 1 1 13 30 0 S R | 1
T, |3 3 0 o -1 -1 -1 1 3 3 0 0 1 1 1A
Gil2 2 1 -1 0 V2 V2 0 2 1 -1 0 V2 v2 0
Gyl2 2 1 -1 0 V2 V2 0 2 1 10 /2 V2000
H* | 4 -4 -1 1 0 0 0 0 4 -1 1 0 0 0 0
Gl |2 -2 1 -1 0 V2 V2 0 -2 -1 1 0 V2 V2 0
Gy | 2 2 1 -1 0 V2 V2 0 -2 -1 1 0 V2 2 0
H-| 4 -4 - 1 0 0 0 0 -4 1 10 0 0 0
0 |4r 27 2n/3 4n/3 w w/2 3w/2 w© 4m 2r 2r/3 4n/3 9w w/2 37/2 7
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Table A.2: Character table for the double group th.
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%%1 — o 7 o~ - o o o o o
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20%1 4 o 7 o= o o o o o
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Table A.3: Character table for the double group Cﬁ.

E

0
0

NI
V2

-2
-2

V2

D
C4v

Gy

0 ‘477 2 w/2 3m/2 o«
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Table A.4: Decomposition of angular momentum J < 12 according to the irreducible representa-
tions of the OF group.

J op J op

0| Af Ll et

1|17 3 | H*

2 | ET@®T > | GyoHT

3| A, 0T ©T, I Gr®Gy @ H*

4 |AfoEToT 0T S | Gy @2H*

5| E-@2Iy Ty 4| GieG; @2H*
6 | AfOA®ETOT @27 8| Gi ®2G; @2H*
7 | Ay @ E- @217 ©2T, L GieGy ®3H*
8 | AT ®@2E* @ 2T @ 2T i 2Gf @Gy @3H*
9 | Af @A, ®E- @317 @27y Y 2G{ ®2G; @3H*
10 | A @ A @2ET @ 2T @ 3Ty 2| Gf @2G; @4H*
11| Ay ®@2E- ®3T] © 3Ty B | 2G{ ®2G; @4H*

Table A.5: Decomposition of angular momentum J < 12 according to the irreducible representa-
tions of the Dﬁl group.

J Db J Db

0| A L |Gt

1 | A, ®E~ 3 | GfaGy

2 | Af @B ®Bf @ Ef > | Gy ®2Gy
3 | A, ®B] ®B; ®2E~ T | 2Gf 2G5
4 | 24 © A ® B} ® B ®2E* 3 | 3GT ®2G3
5 | Al ®24; @ Bl @ B, ®3E~ 4| 3G ®3Gy
6 | 247 ® AT ®2B] ®2B; ®3E~ 8| 3Gy @4Gy
7 | A] @24, ®2B] ®2B; ®4E~ 8 4G @ 4Gy
8 | 3A] @245 ®2B] ® 2B ®4E~ i | G @ 4Gy
9 | 2A] ®3A;, ®2B] ®2B; ®5E~ Y| 5Gy @5Gy
10 | 3A7 ®245 ®3B] ® 3B ®5E™ 2| 5G{ ®6Gy
11 | 247 ®3A; ®3B; ®3B, ®6E~ B | 6G{ ®6Gy
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Table A.6: Decomposition of angular momentum J < 12 according to the irreducible representa-
tions of the CL group.

J cp J ch

0 | A |G

1 |AQF 51 GreG,

2 | Ay®B,®B,dE 51 Gi@2G,
3| A4,@®@B,®B,®2F 126G, @26,
4 |24, A, DB, ® B, ®2F 513G, @26G,
5 |24, ®A,®B, @B, ®3E 313G, @36,
6 | 24, ® Ay ®2B, ® 2B, ®3E 813G, @46,
7 | 24, @Ay ® 2B, ®2B, ®4FE 814G, @46,
8 | 34, ®24, ® 2B, ®2B, ®4FE 1 5G;, @46,
9 | 34, ®24,®2B, ®2B, ®5E 215G, ®5G,
10 | 34, @24, @3B, @3B, ®5E 4 | 5G, @66,
11 | 34, ®2A, ® 3B, ®3B, P 6E B 6G, @6G,

Table A.7: Inverse decomposition of angular momentum J < 12 according to the irreducible
representations of the O,? group (the number in parentheses indicates the multiplicity of that J
in that irreducible representation).

op | J op | J

A 10,4,6,8,10,. .. A7 | 9,...

AS 1 6,10,... A | 3,7,9,11,...

ET | 2,4,6,8(2),10(2),... E= | 5,7,9,11(2),...

Ty | 4,6,8(2),10(2),. .. 7 | 1,3,5(2),7(2),9(3),11(3),...
5 | 2,4,6(2),8(2),10(3), Ty | 3,5,7(2),9(2),11(3),

op | J

Gt 335498 50.20.3.%

Gy | 3,2, 48,38(2), 8,1, 12(2), Z(2),

H* | 5,3,5,52), 52,52, 506), % (3), 5 (4), 5 (4),
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Table A.8: Inverse decomposition of angular momentum J < 12 according to the irreducible

representations of the Dﬁl group (the number in parentheses indicates the multiplicity of that J
in that irreducible representation).

Dy, | J Dy, | J

Al 10,2,4(2),6(2),8(2),10(3),... A] | 5,7,9(2),11(2),

AT | 4,6,8(2),10(2),.. A 1 1,3,5(2),7(2),9(3),11(3),
Bf | 2,4,6(2),8(2),10(3), By | 3,5,7(2),9,(2)11(3),

By | 2,4,6(2),8(2),10(3), By | 3,5,7(2),9(2),11(3),

E* | 2,4(2),6(3),8(4),10(5), E- | 1,3(2),5(3),7(4),9(5),11(6),
Dy | J

GT | 3:3:3:3(2),503),503), $(3), $(4), 1 (5), 5(5), 3(5), 5(6),

Gy | 3.3(2),5(2),5(2), 53), $(5), 2(4), ¥ (4), 2(5), 5 (6), £(6),

Table A.9: Inverse decomposition of angular momentum J < 12 according to the irreducible
representations of the CI) group (the number in parentheses indicates the multiplicity of that .J
in that irreducible representation).

ch J

A 10,1,2,3,4(2),5(2),6(2),7(2),8(3),9(3),10(3), 11(3)

Ay | 4,5,6,7,8(2),9(2),10(2),11(2),.

B |2,3,4,5,6(2),7(2),8(2),9(2),10(3),11(3),

By | 2,3,4,5,6(2),7(2),8(2),9(2),10(3),11(3), ...

E |1,2,3(2),4(2),5(3),6(3),7(4),8(4),9(5),10(5),11(6),. . .

Gl %7 %’ %7 %(2)7 %(3)7 %(3)7 1?(3)7 %(4% 177 5)7 % 5)7 % 5)7 %(6)7
Gy | 3:3(2),5(2),5(2), 5(3), 5(5), T (4), T (4), 5(5), 5 (6), T (6),
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Table A.10: Basis vectors up to J = 4 for the Oy, group [96]. The index v has been omitted from
the table since for J < 4, the multiplicity is always N(T",J) = 1.

r|J|o] Basis in terms of |JM)
A 01 0,0)
41 V2L, 0y + 30 (|4,4) + |4, —4))
Ay 31 1(13,2) - [3,-2))
5|1 2,0y
s 2 3(2,2) + [2,-2)
L1 5(14,2) + [4,-2))
2 VI5|4,0) — V22 (14,4) + |4,~4))
1 1,0
1|2 5 (11,1 — [1,-1))
3 (LD +1,-1)
1 3,0y
o3 ]2 ¥3(3,1)—3,-1) — Y2 (13,3~ 3,-3))
3| =8B (13, 1)+ (3, 1)) — &5 (3,3) + |3, —3))
1 — L (14,4 — 4,-9))
402 —1(4,3)+4,-3) — YT (|4, 1) + |4, —1))
3| —1(14,3)—[4,-3)) + T (|4,1) — |4, 1))
1 ~ 25 (12,1) + [2,-1))
2 |2 — = (12,1) — [2,-1))
3 3(2,2) - [2.-2))
1 55 (13,2) +13,-2))
Ty [ 32| ¥2(3,1)—3,-1) + %2 (13,3) - [3,-3))
3| B (I3, 1)+ 3, 1)) — 3 (3,3) + |3, —3))
1 ~ L (14,2) - 4,-2))
402 =140+ 14, —1) + ¥ (|4,3) + 4, —3))
3| —1(14,1)—[4,-1)) — DT (|4,3) — |4,-3))
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Table A.11: Basis vectors up to J = 2 for the Dy, group [96]. The index v has been omitted
from the table since for J < 2, the multiplicity is always N(T', J) = 1.

r ‘ J ‘ o ‘ Basis in terms of |JM)

A, 0|1 0,0)

2 |1 12,0)

Ay |11 1,0)
By |2]1| 5(22+2-2)
By|2|1| 5(22-12-2)
R D
oL 2] ILD+L-1)
, 1] HED+R-D)
2| H(2D-[2,-1)

Table A.12: Basis vectors up to J = 2 for the Cyj, group |92]. The index v has been omitted from
the table since for J < 2, the multiplicity is always N (T, J) = 1.

r ‘ J ‘ o ‘ Basis in terms of |JM)

0|1 0,0)
Al 11 1,0)
2 |1 12,0)
B |21 %(|2,2>+|2,—2>)
By | 2|1 %(—]2,2>+|2,—2>)
R RS
gl 12 LD —ilL-1)
) 1| 55 (=il2,1) + |2, -1))
2




110 Appendix A. Group theory tables




APPENDIX B

Evaluation of the Z-function

There are several ways to rewrite Eq. (2.82) to make it more suitable for numerical evaluation. In
his papers |7,8], M. Liischer already proposed an integral version of the Z-function (a generalization
to boosted systems with unequal masses was presented in Ref. [81]). In the following we will
discuss three versions of the Z-function that can be found in the literature [89,466,467|, and how
they relate with each other. We will work the more general case of boosted hadrons with unequal
masses (it is easy to take the limit to zero boost and equal masses). We should note though
that each of these versions were preceded by works where unboosted systems [468|, asymmetric
lattices [84,130] or equal masses [469] were considered. The starting point is Eq. (2.82),

Zt (si%) = )] () (B.1)

2 _ 42
2, TP =

The first step in all the derivations is to rewrite the denominator of Eq. (B.1), 1/ (]r]Q — qz)s,
using the integral form of the Gamma function I'(s)/x® = SSO dtts~tet®,

1 — —
Zlm(s q F(s Z Vi (r J dt 5 1e—t(rlP=a?)
reP,
1 . B o (B.2)
2, Yim(r U dt et f d 1o~ Le i~ )] .
P<S rely 1
The second integral can be explicitly evaluated for s = 1,
—(Ir[—¢?)
— 2_ 1 e
Z Vim{® J e~ te o) 2 yzm(r)m- (B.3)

'r'eP rePy

To evaluate the first integral we use the Poisson summation formula,

Z f Z Jdgmf 127rn:1:. (B4)

nezs nezs3

By changing the sum over P, by the sum over integers, 3, .p f(r) = 2,5 f(r(n)), with
r(n) = 4 1 (n + ad), the first integral takes the form

( )J dit5~ 1 tq Z fd -'I:yl ) —tlr( ;c)|2€i27rn.a:. (B5)

nez3
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Changing the integration variables from x to r, so = 4r — ad and d*z = vd®r,

(s )J dt t51ete” Z fyd?’ry *t|7‘|26i27rn-(’%'fad)

nezs
_ L f dt tsfletq2 Z eiQﬂan-dfd3r |,r|lYlm(,f,)€*t|7"26127fn'(’AW') (B6)
F(S) 0 nez3
1
= VJ‘ dttsfletqQ Z 6127ran-df ‘T‘Qd"r’(ﬁ t|r|? |,,,|le9 Yim( ) 1k:7“7
F(S) 0 nez3

with k = 279n, and where we have rewritten n-(47) = (n)+n,)-(yr|+7.) = yn-rj+n r =

(4m) - r. The angular integral can be performed by expanding e?*” in spherical harmonics,

| a2 vin et = [ dg, vin 4w§] S i M) Vi (R) i ()

=0m/=-U

—MZ ST Rl Yo >me<mmm (B.7)

=0m/=-U

6ll’g:nm/
= 4 iy ([k||r]) Vi (k) ,

with j;(x) being the spherical Bessel functions. Now, the integral over |r| can be analytically
computed, which gives

© 2 . 17T3/2kl_2
[ ettt = - (7)" (5) e e, (B

2t
Collecting all the terms, the first integral looks like

1 32, |k t .
g s—1 tq? —i2ran-d | | — k|2 /4t
() L dtt® e E e (t) i <2t> Y (k) e

nezs N ,
Vim (k/2t) (B.9)
1 , 3/2 .
_ 2 s—1 _tq? —i2man-d (T - 2 —m2|n)?/t
Is) fo dtt’ e Z e (t) " Vi (mm/t)e .

neZz3

In the case of s = 1, the integral over t is finite for all n except for n = 0. In this case, the
divergence occurs only for [ = m = 0, since V},,,(n = 0) o€ d;90,,,0- Then, splitting the sum between
n = 0 and n # 0, and looking at the n = 0 part,

32 1 v o (! 2
sl tq = == 5=5/2¢la . B.10
J dtt ) \/4—6105m0 F(S) 9 J;) dtt e 5[05m0 ( )

Up to here, all derivations follow these steps'. The differences between the different versions
appear in the way this divergent integral is computed:

e In Ref. [89], by adding and subtracting t*~%? into the integral,
J dt t5=%/2¢ld” J dt 5~ 5/2 '’ f dt =% (B.11)

the first integral becomes finite for s = 1, while the second integral, which comes out

3/2
finite only for s > 3/2, Sé dt t5—5/2 4 ﬁ, can be analytically continued to s = 1,
1 s—1
5—3/2 —2.

'In the case of Ref. [466], the steps are slightly different, but the final result is the same.
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e In Ref. [466], the exponential is replaced by its Taylor expansion,

1 2\p rl
f dt t55/214° =J dt = Z (a ') f dttstr5/2 (B.12)
0 p=0 p=0 p- 0

Again, the integral is finite only for s > 3/2, but it is analytically continued to s = 1,

E o stpo 3/2 E —1/2 (B.13)

e In Ref. [467], the divergent integral is integrated by parts, and in the last step it is analytically
continued to s = 1,

1 2 1 —3/2
[ vt = S - [ e
tq2

1
Cind Q) I f dt etqQQt_l/Zq2 = —2¢7 +J dtS—/227§q27
0

To recover the result from Ref. [130], one has to perform another integration by parts,

2 2

1 tq 1
—2¢7 4 Jo dt 57 2tq% = 2¢7 (2> — 1) — Jo dt ml‘ltz ! (B.15)

Therefore, the final version can be written as

! : 3/2 )
2, (10%) = [ et 3 et (1) rim e
0

nez3
n#0
1 2
fodt (e —1) =2 (B.16)
e—(Ir1*—a%) T 2
1 (@®)*
+ Z ‘7°|272 + 75 Z;O:o =172 qp1 0100m0 »

TGPd

So tiJQ 2tq® — 2e7°

where each row inside the curly brackets represents the result of each version. The fist and third
integral give the same result [417],

1 1 ote?
1 q
J dt —— (et — 1) — f dtS2tq® — 2e7 = 28 [—1 + /2D (@)] . (B.I7)
0 t3/2 $3/2
where D(z) is the Dawson integral [470], which is defined as D(z) = ¢~ §o dy ¥’ For the sum,

the result is .
1 2)p 11
Z 12 ¢ ,) = -2, <—2; 23612) ) (B.18)

where | F (a; b; x) is the confluent hypergeometric function of the first kind [471],

LF (a3 b 2) Z (Z’J’;p with (9), = T(9 + p)/T(9). (B.19)

E

In Ref. [472], the relation between the Dawson integral and | Fy is shown,

D (\/?2) = Ve ™ F, <; ;;ff) : (B.20)
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The only piece left is to relate | F} (—%; %; q2) with | F} (%, %; qz), which can be done using the
following recurrence relation [471],

biF) (a;b;2) — b Fy(a—1;b;2) —x Fy (a;0+ 1;2) = 0. (B.21)

Setting a = b = 1, and combining Eqs. (B.18) and (B.20),

11 11 13
—2\F (=551 ) = =21 (5556 ) + 41 Py 555:4
2°2 2'2 2'2 (B.22)
—2¢% 4 4 \/2D < /q2> ,
which is exactly Eq. (B.17).
To conclude, just note that an intermediate version between the raw and accelerated form

can be found in early studies of baryon-baryon interactions [82,383|, where the evaluation of the
Z-function by brute force takes to the following form,

A
. 1
Zoo(l;qz) = AIEICI)O <Z m — 47TA> . (B23)
n=0



APPENDIX C

Summary tables of baryon-baryon
channels

This appendix contains summary tables of the scattering parameters predicted by phenomenolog-
ical models and EFTs for different two-baryon systems: AN (Table C.1), ¥N (Table C.2), AA or
H-dibaryon (Table C.3), ¥3 (Table C.4), EN (Table C.5), Z% (Table C.6) and Z= (Table C.7).

This appendix also contains summary tables of the binding energies, as defined in Eq. (4.122),
for the same systems (including NN) computed with fully dynamical LQCD calculations: NN
(Table C.8), AN (Table C.9), ¥N (Table C.10), AA or H-dibaryon (Table C.11), £¥ (Table C.12),
EN (Table C.13), =X (Table C.14) and ZZ (Table C.15). Some results, by SU(3) symmetry,
are applicable to different channels belonging the same irrep (e.g., the CalLat Collaboration is
only focused on the NN channels, but since their calculations are performed with n; = 3, their
results also apply to other channels belonging to the 27 irrep). In these tables, there are three
additional symbols: T indicates that Liischer’s formalism is used to compute the binding energy,
I indicates that a continuum extrapolation is performed, and § that only the potential is shown
(no physical quantity, like the energy shift or the phase shift).

The references in the tables are sorted chronologically.
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Table C.1: Scattering parameters for the AN (I = 1/2) system

Reference arV(CS0) [fm] PANCS0) || aANCS1) [fm] PANCSY (]
ND73 [335] Nijmegen hard-core model —2.46 £+ 0.32 2.03 +0.10 —1.18 + 0.06 2.40 +0.09
ND77 [336] Nijmegen hard-core model —1.90 +0.30 3.72+£0.34 —1.96 +0.11 3.24 £0.11
NF78 [23] Nijmegen hard-core model —2.29 3.17 —1.88 3.36
Jiilich 89 [350] Jitlich model (models A and B) —1.60, —0.57 1.33,7.65 —1.60,—1.94 3.15,2.42
NSC89 [338] Nijmegen soft-core model —2.78 2.88 —1.41 3.11
Jiilich 94 [351] Jiilich model (models A, A, B and B) —2.04-- — 0.40 0.64---12.28 212 —1.33 2.43---3.91
Fujiwara et al. 96 [361] SUg quark model (RGM-H, FSS and RGM-F) —5.34,-5.39,—2.03  2.46,2.26, 3.05 —1.04,—-1.02, —1.66 4.92,4.20, 3.26
Ehime 98 [354, 355] Ehime model (sets 2, A and B) —2.76,—-2.71,-2.65  3.19,3.21,3.24 —2.064,—1.95,-1.80  3.46,3.56,3.71
NSC97 [339, 340] Nijmegen soft-core model (models a- - - f) —2.51---—0.71 3.03---5.86 —2.18---—1.75 2.76 - - - 3.32
Korpa et al. 02 [368] EFT NLO —2.50 1.61 —1.78 1.42
ESCO03 [341] Nijmegen extended-soft-core model —2.119 3177 —1.824 2.846
Jiilich 04 [352] Jiilich model —2.56 2.75 —1.66 2.93
ESC04 [342] Nijmegen extended-soft-core model (models a- - - d) —2.073--- —1.941 2.998---3.570 —1.858 -+ — 1.537 2.773---3.133
Polinder et al. 06 [369] xEFT LO A = 550---700 MeV —-191---—1.90 1.35---1.44 —-1.23...—1.22 2.05---2.27
fss2 07 [364] SUg quark model (isospin and particle basis) —2.59, —2.59 2.83,2.83 —1.60, —1.60 3.01,3.00
ESCO08 (344, 346] Nijmegen extended-soft-core model (models a” and c) —2.70, —2.46 2.97,3.14 —1.65,—1.73 3.63,3.55
Haidenbauer et al. 13 [371] XEFT NLO A = 450---700 MeV —291--- =290 2.56---2.86 —1.70--- —1.48 2.62---3.44
ESC16 [348] Nijmegen extended-soft-core model —1.88 3.58 —1.86 3.37
Haidenbauer et al. 20 [373] xEFT NLO A =500---650 MeV —291---—-2.90 2.65---3.10 —1.52.-.—1.40 2.53---2.62
Ren et al. 20 [473] Relativistic YEFT LO A = 20 GeV —2.94 —1.44 —1.41 1.61

Le et al. 20 [474] YEFT NLO A = 600 MeV 4,455 - ~1.22,-1.15,1.09 -
Alexander et al. 68 [306] ERE approx. (CERN, Saclay bubble chamber) \H.mwww w.mwww \H.aww”w w.wwwwq
Sechi-Zorn et al. 68 [307] ERE approx. (CERN, Saclay bubble chamber) Iw.oww%o m.ow%% Iw.www”m w.mwﬂo.m
Tan 69 [475] ERE approx. (BNL) - . —2.0+0.5 3.0 £ 1.0
HIRES 10 [476] ERE approx. (COSY) —2437038 + 04 22175054+ > 04 1567029 +04 37708+ >04

COSY-TOF 17 [477]

Gasparyan et al. procedure (COSY) - -

~2,55%07% + 0.6 + 0.3
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Table C.3: Scattering parameters for the AA (I = 0) system.

n

g5

=

=

3

pe

(]

o

mu 1 1

= Reference aMCS0) [fm)] rAAMS0) [fm|

)

m ND [478] Nijmegen hard-core model —10.629 - --14.394 1.300- - - 6.863

mu NF [478] Nijmegen hard-core model —3.960 - - - 23.956 0.975- - - 8.828

mm NSC89 [478] Nijmegen soft-core model —0.25,-2.10, —1.11 7.2,1.9,3.2

S

z Ehime 98 [355] Ehime model (sets 2, A and B) ~3.09, —3.64, —3.40 2.89,2.73,2.79

m NSC97 [340] Nijmegen soft-core model (models a- - - f) —0.53--- —0.27 7.43---15.00

T Filikhin et al. 02 [479] Nijmegen models (ND, NSC and ESC00) —0.31--- — 10.60 2.93..16.6

—

m Hiyama et al. 02 [480] NF+NAGARA event —0.575 6.45

m ESCO03 [341] Nijmegen extended-soft-core model —2.94 2.53

A ESC04 [342] Nijmegen extended-soft-core model (models a- - - d) —1.323--- —1.081 4.401---4.482

O ESC04 [343] Nijmegen extended-soft-core model (models a, d) —3.804, —1.555 2.420,3.617

rm fss2 07 [364] SUg quark model (isospin and particle basis) —0.821,—0.808 3.78,3.83

W Polinder et al. 07 [370] XEFT LO A =550---700 MeV —1.67---—1.52 0.31---0.82

Ahny ESCO08 [344, 345, 347] Nijmegen extended-soft-core model (models a”, ¢l and ¢) —0.88,—-0.97,—0.853 4.34,3.86,5.126
Valcarce et al. 10 [481] Chiral constituent quark model —2.54 -
Haidenbauer et al. 16 [46] XEFT NLO A = 500---650 MeV —0.70--- —0.61 4.56---6.95
Li et al. 18 [482] Relativistic yEFT LO + HAL QCD potential —0.60 3.73
ESC16 [349] Nijmegen extended-soft-core model —0.439 9.533
Yoon et al. 10 [483] Watson’s procedure (KEK-PS E522) —0.107935 + 0.04 13.90211%:50 +9.48
STAR 15 [328] Femtoscopy (Au-Au, RHIC) (free \) 1.10 + 0377968 8.52 + 256209
Morita et al. 15 [478] Femtoscopy (Au-Au, RHIC) (w/o and w %.0-decay) —1.25---—0.56,—1.25---0 35--7,—00---00
Ohnishi et al. 16 [484] Femtoscopy (Au-Au, RHIC) (fixed and free ) —0.79 £ 0.47[£0.11],1.10 £ 0.24  1.76 £+ 11.62[£0.86],8.51 &+ 2.14
ALICE 19 [329] Femtoscopy (p-p and p-Pb, LHC) see Fig. 4.1 for 1o region
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Table C.6: Scattering parameters for the =X (I = 3/2) system.

Reference a==(%0) [fm] r=2050) [fm]
NSC97 [340] Nijmegen soft-core model (models a- - - f) 2.32---413  1.17---1.46
fss2 07 [364] SUg quark model (isospin and particle basis)  —4.63,—4.70  2.39,2.37
Haidenbauer et al. 10 [47] XEFT LO A =550---700 MeV 2.74..-428 0.81---0.96
ESCO08 [345] Nijmegen extended-soft-core model (model c1) —2.80 2.45

Table C.7: Scattering parameters for the Z= (I = 1 for 1S, and I = 0 for 35;) system.

Reference af=05) [fm]  rEEC%) [fm]  @ZECSD [fm]  #EESD) ()]
NSC97 [340] Nijmegen soft-core model (models a- - - f) 238---17.28 1.29---1.85 0.27---0.48 2.80---10.18
Ehime 01 [356] Ehime model (g=z, = 1.82 and 1.7776) 7.41,7.41 1.73,1.75 1.83,1.83 0.66,0.65
fss2 07 [364] SUg quark model (isospin and particle basis)  —1.43,—-1.43  3.20,3.17 3.20, 3.20 0.218,0.218
Haidenbauer et al. 10 [47| XEFT LO A =550---700 MeV 247---392 0.75---0.92 0.52---0.63 1.04---1.11
ESCO08 [345] Nijmegen extended-soft-core model (model c1) —7.25 2.00 0.53 1.63
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Table C.8: Summary of the binding energy B for the NN systems obtained from LQCD
calculations. An asterisk means that the corresponding reference does not find a bound state.

Reference ng by lfm] m, [MeV] L[fm] V —>ow BN (50) [MeV]  BNNS1) |MeV]
NPLQCD 06 [58] 241 0125 [593-354] 25 no * sk
NPLQCD 10 [56] 241 0123 390 2.5 no * sk

HAL QCD 10 [390] 3 0121 [1014-834]  1.93 no 8 38
NPLQCD 12 [62] 241 0123 390  [20-40] yes  7.1(5.2)(7.3) 11(5)(12)
HAL QCD 12 [102] 3 0121 [1171-469] 3.9 1o * 3k
PACS-CS 12 [69)] 241 0.09 510 [29-5.8]  yes  74(1.3)(06)  11.5(1.1)(0.6)
NPLQCD 13 [64] 3 0.145 806 [3.5-7.0]  yes  15.9(27)(27)  19.5(3.6)(3.1)
HAL QCD 13 [103] 241 0091 [701-411] 29 no * 3
PACS-CS 15 [70] 241 0.09 300 [4.3-5.8]  yes 8.50.7)(" ;;g; 14.50.7) 75
NPLQCD 15 [66] 241 0117 450 [285.6] yes 12500000 14470
CalLat 17 [73] 3 0145 806 [3.5-4.6]  yes 21.8@2;?;5?;23 30.7{3?@;23
NPLQCD 17 [14] 3 0.145 806  [3.5-7.0]  yes 20.6§f§j§§ji2§ 27.9{%5%%;33
CalLat 21 [74] 3 0.086 714 4.1 nof % *
NPLQCD+QCDSF 21 [9] 1+2 0068 449  [22-33]  no * s
NPLQCD 21 [13] 241 0117 450 [2856]  yes 1313000 12700

Table C.9: Summary of the binding energy B for the AN systems obtained from LQCD calculations.

An asterisk means that the corresponding reference does not find a bound state.

Reference ng b [fm| m, [MeV] L |fm| V —o B (S0) [MeV]  BAN(S) [MeV]
NPLQCD 07 [59]  2+1  0.125 592 2.5 1o 9(8)(20) 13(13)(8)
493 2.5 no % 4(13)(14)
354 2.5 no * *
PACS-CS 09 [397] 2+1  0.091 300 2.9 1o 1.9(1.3) 1.3(1.2)
NPLQCD 10 [56] 2+1 0.123 390 2.5 no *k *

Table C.10: Summary of the binding energy B for the XN (

= 3/2) systems obtained from

LQCD calculations. An asterisk means that the corresponding reference does not find a bound

state.

Reference ng by [fm] m, [MeV] L|[fm] V—>ow BN (S0) [MeV]  BENCS) [MeV]
NPLQCD 07 [59] 241 0.125 592 2.5 no 17(11)(27) *

493 2.5 no % ES
HAL QCD 10 [390] 3 0.121 [1014-834]  1.93 1o 8 #
HAL QCD 12 [102] 3 0.121 [1171-469] 3.9 no % %5
NPLQCD 13 [64] 30145 806 [3.4-6.7]  yes 15.9(2.7)(2.7)  19.5(3.6)(3.1)
CalLat 17 [73] 3 0145 806 [3.54.6]  yes 21.8§f gfigi g% -
NPLQCD 1714 3 0.45 806 [3467] yes 2060190 g p(+dG1y
CalLat 21 [74] 3 0.086 714 4.1 nof % -
NPLQCD 21 [13] 241 0.117 450 [2.85.6]  yes  14.3(F3DG09) %

(-3.0)(-2.8)
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Table C.11: Summary of the binding energy B for the AA system (H-dibaryon) obtained from
LQCD calculations. An asterisk means that the corresponding reference does not find a bound
state.

Reference n; by |fm] my [MeV] L fm| V —o BM5) |MeV]
NPLQCD 10 [56] 2+1 0.123 390 2.5 1o 4.1(1.2)(1.4)
NPLQCD 11 [60] 2+1 0.123 390 [2.0-4.0]  yes 16.6(2.1)(4.6)
HAL QCD 11 [72] 3 0.121 1015 [1.9-3.9] o 32.9(4.5)(6.6)
837 [1.9-3.9]  no 37.4(4.4)(7.3)
673 [1.9-3.9]  no 35.6(7.4)(4.0)
NPLQCD 11 [61] 2+1 0.123 230 4.0 no —0.6(8.9)(10.3)
NPLQCD 12 [62] 2+1 0.123 390 [2.0-4.0]  yes 13.2(1.8)(4.0)
HAL QCD 12 [102] 3 0.121 1171 3.9 1o 49.1(3.4)(5.5)
1015 3.9 1o 37.2(3.7)(2.4)
837 3.9 no 37.8(3.1)(4.2)
672 3.9 no 33.6(4.8)(3.5)
469 3.9 1o 26.0(4.4)(4.8)
NPLQCD 13 [64] 3 0.123 806 4.0 yes  —0.6(8.9)(10.3)
Mainz 19 [75] 2 0.066 960 2.1 no 39.0(2.2)
960 2.1 no' 19(10)
436 2.1 1o 18.8(5.5)
HAL QCD 20 [79] 2+1 0.085 146 8.1 no %
Mainz 21 [76] 3 [0.050-0.099]% 420 [2.1-3.1]  yes'  3.97(1.16)(0.86)

Table C.12: Summary of the binding energy B for the X3 (I = 2) systems obtained from LQCD
calculations. An asterisk means that the corresponding reference does not find a bound state.

Reference ny by [fm] m [MeV] L [fm] V — o BZE(50) [MeV]
NPLQCD 10 [56]  2+1 0123 390 2.5 no o
HAL QCD 10 [390] 3 0.121 [1014-834]  1.93 no 8
NPLQCD 12 [62] 241 0123 390  [2.0-40]  no o
HAL QCD 12 [102] 3 0121 [1171-469] 3.9 no *
NPLQCD 13 [64] 3 0.145 806 [3.4-6.7]  yes  15.9(2.7)(2.7)
CalLat 17 [73] 3 0.145 806  [3.5-4.6]  yes 21.8§f g;fggf 0s)
NPLQCD 17 [14] 3 0.145 806 [3467  yes 20675070
CalLat 21 [74] 3 0.086 714 4.1 nof %
NPLQCD 21 [13] 241 0117 450  [2856] yes  102{77g(Y
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Table C.13: Summary of the binding energy B for the ZN (35, I = 0) systems obtained from
LQCD calculations. An asterisk means that the corresponding reference does not find a bound
state.

Reference ng by [fm] mg [MeéV] L |fm] V —oo BENCS) |MeV]
NPLQCD 10 [56] 241 0.123 390 2.5 no *
HAL QCD 10 [390] 3 0.121 [1014-834]  1.93 no 5§
HAL QCD 12 [102] 3 0121 [1171-469] 3.9 no s
NPLQCD 13 [64] 3 0.145 806  [3.46.7]  yes  37.7(3.0)(2.7)
NPLQCD 17 [14] 3 0.145 806 [34-67)  yes 4070300
HAL QCD 20 [79]  2+1  0.085 146 8.1 1o *
NPLQCD 21 [13]  2+1 0.117 450 [2.85.6]  yes 253712022

(=15)(=2.2)

Table C.14: Summary of the binding energy B for the ZX (1S, I = 3/2) system obtained from
LQCD calculations. An asterisk means that the corresponding reference does not find a bound
state.

Reference ng by [fm] m, [MeV] L[fm] V —>ow B (0) [MeV]
HAL QCD 10 [390] 3 0.121 [1014-834]  1.93 no x5
HAL QCD 12 [102] 3 0121 [1171-469] 3.9 no *
NPLQCD 13 [64] 3 0.145 806  [3.467]  yes  15.9(2.7)(2.7)
CalLat 17 [73] 3 0145 806 [3.5-4.6]  yes 21, 8%_? fggf oS
1.8 2.8
NPLQCD 17 [14] 3 0145 806 [34-67  yes 20607,
CalLat 21 [74] 3 0.086 714 4.1 nof %
NPLQCD 21 [13] 241 0.117 450 2.856] yes 128070

Table C.15: Summary of the binding energy B for the Z= (1Sy, I = 2) and ZZ (35, I = 0)
systems obtained from LQCD calculations. An asterisk means that the corresponding reference
does not find a bound state.

Reference ng b lfm] my [MeV]  Llfm] V —oo B [Mev] B [MeV]
NPLQCD 10 [56]  2+1 0.123 390 2.5 no * -

HAL QCD 10 [390] 3 0.121 [1014-834]  1.93 no x5 S
NPLQCD 12 [62]  2+1 0.123 300 [2.0-4.0]  yes  14.0(1.4)(6.7) -

HAL QCD 12 [102] 3 0121 [1171-469] 3.9 no % x5
NPLQCD 13 [64] 3 0.145 806  [3.4-6.7]  yes  15.9(2.7)(27)  5.5(3.4)(3.7)
CalLat 17 [73] 3 0145 806 [3.5-4.6]  yes 21.8?2:?%?3% -
NPLQCD 17 [14] 3 0145 806 [3467  yes 2060300 670D
CalLat 21 [74] 3 0.086 714 4.1 no' % -
NPLQCD 21 [13]  2+1 0.117 450 [2.8-5.6]  yes 1497120 %
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APPENDIX D

SU(3) flavor decomposition of
two-baryon channels

In this appendix, we tabulate all the octet-octet baryon channels in their corresponding SU(3)
irreducible representations: 27 (Fig D.1), 8, (Fig D.2), 1 (Fig D.3), 10 (Fig D.4), 10 (Fig D.5),
and 8, (Fig D.6), obtained by following the procedure explained in Section 4.2.1. A similar
decomposition can be found in Ref. [14], however, we have noticed that in the 8, irrep (Fig D.6),
the channels 3 — 5 do not include AY contributions (cf. Fig. 18 from Ref. [14]).

For display purposes, the SU(3) weight diagrams are also shown, with the horizontal axis
representing the third component of the isospin I3, and the vertical axis representing the hy-
percharge Y, which is defined as Y = B+ S + C + B’ + T (with B being baryon number, S
strangeness, C' charm, B’ bottomness and T' topness).

The states that are colored blue do not mix with other flavor channels, otherwise there is
mixing between states with the same color and the same isospin, hypercharge and total angular
momentum quantum numbers.

In the literature different combinations can be obtained, and they originate in a different
definition of the baryon matrix, Eq. (4.1), where, for example, an additional minus sign in the
=~ entry may be present.
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Appendix D. SU(3) flavor decomposition of two-baryon channels
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Figure D.1: Weight diagram and two-baryon channels for the 27 irrep.
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Figure D.3: Weight diagram and two-baryon channels for the 1 irrep.
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APPENDIX E

Comparison with previous results and
low-energy theorems

A subset of the correlation functions used in this work has already been analyzed in Ref. [66],
where the NN (1S;) and NN (35;) channels were studied. In the following appendix, we present
the outcome of a careful comparison of the results obtained using both analyses, along with
a comparison of the updated scattering parameters from this work and those obtained from
low-energy theorems in Ref. [485].

Differences in the fitting strategy

The ground-state and first excited-state energies obtained in this work and those from Ref. [66]
are shown in Fig. E.1. While all numbers are in agreement within uncertainties, it is clear that,
in general, the analysis performed in Ref. [66] led to smaller uncertainties (one exception is the
NN (39,) first excited state with L = 32). That analysis consisted of the following: (1) taking
linear combinations of the SP and SS correlation functions (except for the L = 48 ensemble,
where only SP correlation functions were computed); (2) the use of the HL robust estimator

0.10f b NN (Sp)]{  o.0f NN (51))]
% ] L ¢ ]
0.08 ] 0.08 ]
0.06 1 006 ]
2 [ ¢ ¢ ] [ o d ]
o 0.04F 1 ooaf ]
< I ] I ]
0.02f po 1 oo2f 5
0.00 f {1 ooof ]
[ o0 1 I o) o ]
b P ? o | [ O ® |
—002f ¢ , L4 —002f . ]

24 32 18 24 32 18

L [Lu] L lu]

=+ This work < NPLQCD 15

Figure E.1: Comparison of the ground-state and first excited-state energies obtained in this
work (blue circles) and from Ref. [66] (orange diamonds), labeled as NPLQCD 15. The figure
shows results with statistical and systematic uncertainties combined in quadrature. Quantities
are expressed in lattice units.
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' ' ' ' 0.00 ' ' ' ' ' b
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5_0,02. ’ ii‘ | ] ooty i ‘ | % % ]
_o0sk L=2u] | _gp2t I=32) |
0 0:2 0:4 0:6 0:8 i 0 0:2 0:4 U,IG 0:8 i
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-~ This work < NPLQCD 15

Figure E.2: Ground-state energies for the NN (1S;) system computed on ensembles with L = 24
(left) and L = 32 (right), sorted by their weight. The weight of each individual fit is indicated by
the level of transparency of each point (darker points have larger weight). The band shows the
final result, obtained by combining the individual points with the corresponding weight according
to Eq. (3.12), with statistical and systematic uncertainties combined in quadrature. To facilitate
the comparison, the orange point in the right panel of each figure shows the result of Ref. [66],
labeled as NPLQCD 15.

under bootstrap resampling to estimate the ensemble-averaged correlation functions; and (3)
fitting constants to the effective (mass) energy functions built from the combinations mentioned
above. In the present analysis, multi-exponential fits are performed to both SP and SS correlation
functions in a correlated way (when available), using the mean under bootstrap resampling.

Taking a closer look at how the statistical and systematic uncertainties are computed, it is
worth examining the individual fits from all accepted time windows. These are shown in Fig. E.2
for the NN (1S;) L = 24 and L = 32 ground states, sorted by their weight, wy, as defined in
Eq. (3.11). As can be seen, there are cases for which the size of the uncertainty is similar to or
smaller than that presented in Ref. |[66]. However, the final combined uncertainty, represented by
the band in Fig. E.2, is larger. This can be understood as using a more conservative procedure for
quantifying the systematic uncertainty, as well as a more thorough one: not only are variations of
the fitting range considered, but also variations in the fitting form, including forms with multiple
exponentials, see Section 3.1.1.

Next, the implications of using the HL estimator (instead of the mean) on the individual
SP and SS correlation functions are analyzed. When correlations are fully taken into account,
the covariance matrix associated with the HL estimator is computed with the Median Absolute
Deviation (MAD), as explained in Section 3.2.3. However, in some cases the resulting covariance
matrix is found not to be positive semi-definite, and it only becomes well behaved when a single
type of correlation function is used (or a linear combination of several) in the form of an effective
(mass) energy function. To illustrate this, Fig. E.3 shows the normalized inverse covariance matrix,
CYr,7")/A/CL(r,7)CL(,7'), for the NN (1S;) ground state with L = 24 and L = 32 for

all possible choices, i.e., HL estimator versus mean and correlation function versus the effective

energy function.

Therefore, in order to incorporate the HL estimator into the fitting strategy used here, only the
fully uncorrelated covariance matrix can be used, and this leads to results which are compatible
with the ones presented here using the mean. In Fig. E.4, the effective energy functions computed
with the mean and HL are compared for the NN (1S;) first excited states, showing agreement
within uncertainties.

To understand the ill-behaved behavior of some of the HL: correlation functions, it is important
to recall that baryonic correlation functions exhibit distributions that are largely non-Gaussian
with heavy tails, and the mean becomes Gaussian only in the limit of large statistics. However,
at late times, the signal-to-noise degradation worsens, and outliers occur more frequently in the
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Figure E.3: Normalized inverse covariance matrices computed for the NN (1S,) ground state
with L = 24 (top) and L = 32 (bottom) for 7 € [4,11] L.u. using the mean and HL estimators
applied to the effective energy function and correlation function.

distribution. For the L = 32 and L = 48 cases, the point at which the HL estimator gives different
results compared with the usual estimator (mean and standard deviation), which would indicate
a deviation from Gaussian behavior, occurs at a much later time compared with the maximum
time included in the fits using the automated fitter of this work. For the L = 24 case, the data
are more noisy than on the other two ensembles, showing non-Gaussianity at earlier times. To
illustrate the different behavior between the L = 24 and L = 32 ensembles, the second and third
cumulants of C(7), defined as

n—1
salC()] = ™ — Y (” !

JrmlCNCC (E)
m—1

m=1

with n € {2,3}, respectively, are shown in Fig. E.5 for the two ensembles in the case of the
NN (1)) first excited state. Looking at the second cumulant (variance), ko, it is clear that
L = 24 is more noisy than L = 32, and looking at the third cumulant (skewness), ks, it is clear
that L = 24 deviates from zero, an indication of the non-Gaussian behavior. The use of robust
estimators is, therefore, questionable in this case. This is the main reason for abandoning the use
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Figure E.4: Comparison of the effective energy-shift plots of the SP and SS correlation functions
for the NN (1Sy) L = 24 (left panel) and L = 32 (right panel) first excited states computed
using the mean (dark green/red circles) and the HL estimator (light green/red squares, shifted
horizontally for clarity). The bands show the results of this work and of Ref. [66], labeled as
NPLQCD 15.
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(green circles) and L = 32 (red diamonds). The L = 32 points have been shifted slightly along
the 7 axis for clarity.

of the HL estimator in the analysis of correlation functions in the present study.
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Differences in the scattering parameters

The 68% confidence region of the scattering parameters from a two-parameter ERE extracted in
this work and in Ref. [66] are shown in Fig. E.6. It can be seen that the values of the parameters
obtained in the two analyses do not fully agree at the 1o level, although the uncertainties are
rather large.

There are two significant differences between the two analyses: (1) the use of the new definition
for the x? function (2D-x?) in the present work, as opposed to the usual x? function (1D-x?)
used in Ref. [66], and (2) the use of the L-dependent ground-state k*? values in the fits to ERE
in the present work, instead of using only the infinite-volume extrapolated value, x(*), used in
Ref. [66]. To see the effects of each, a comprehensive analysis has been performed, the results of
which are shown in Fig. E.7. Here, four different possibilities, corresponding to the types of the
x? function (1D or 2D) and the use of ground-state k*2 data (L-dependent or extrapolated), are
tested using the lowest-lying spectra obtained in Ref. [66] and those in the present work.

From these tests, several interesting features are observed. First, the use of the 1D-y?, either
with the L-dependent k*2 or the extrapolated one, is insensitive to the conditions imposed by
Liischer’s QC, and as a result, the confidence regions of the scattering parameters could lie on
top of the prohibited regions. This is because the distance minimized in the 1D-y? is the vertical
one, and not the one along the Z-function, so the ERE is not forced to cross it. Second, when
the 2D-x2 is used with the extrapolated k*2 value, k(*)2, the only region that is avoided is the
one corresponding to L = o0 in the figures, which is expected: with the value of the pole position
given by Eq. (4.121), the function k* cot 0|« _;.(0) equals —v/—k*? and the ERE crosses the
—+/—k*? function, imposing the r/a < 1/2 constraint on the scattering parameters. Third, it is
reassuring that the regions obtained using the two different energy inputs, from this work or from
Ref. [66], are always overlapping.

Perhaps the most significant observation is that the choice of including the points in the
negative k*2 region in the fit, i.e., the infinite-volume extrapolated value of the momenta versus
the L-dependent values, has far more impact on the differences observed than which x? function
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Figure E.6: Comparison of the 68% confidence region of the scattering parameters obtained in
this work (yellow area), from Ref. [66] (gray area, labeled as NPLQCD 15), and predictions of
low-energy theorems from Ref. [107] (LO and NLO results). The regions include both statistical
and systematic uncertainties combined in quadrature. The prohibited regions where the two-
parameter ERE does not cross the Z-functions at given volumes or in the infinite-volume limit
are denoted as hashed areas. Quantities are expressed in lattice units.
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is used. What the new x? function does is to move the scattering parameters to the allowed
region by the Z-functions. Furthermore, with the new fitting methodology, several questions
raised about the validity of the ERE fits are addressed, as was presented in Section 4.3.4. An
important one is that the updated results of this work recover the position of the bound state pole
obtained via the infinite-volume extrapolation of the energies, and do not yield a second pole near
threshold, which would be incompatible with the use of the ERE. As a final remark, it should be
noted that the data fitted to extract these parameters are highly non-Gaussian, as can be seen
from the correlation between k*? and kcot d in Fig. 4.5, and exhibit large uncertainties. This
can be compared with the results of Refs. [14,65] at m, ~ 806 MeV, where more finite-volume
energy eigenvalues, with better precision, could be used in the ERE fitting. As a result, it has
been verified that either the L-dependent or the infinite-volume extrapolated value of k*2 in the
ERE fitting gives compatible scattering parameters.

In Ref. [107], low-energy theorems [485] were used to compute the scattering parameters
from the binding energies of the NN systems obtained in Ref. [66], and it was pointed out that
there were some tensions with the scattering parameters obtained from the LQCD data using
Liischer’s method, i.e., those reported in Ref. [66]. Since the binding energies obtained in this
work are in full agreement with those obtained in Ref. [66], the results obtained in Ref. [107] can
be compared with the updated scattering parameters of this work. As is depicted in Fig. E.6, the
tension has reduced considerably. For the two-parameter ERE results, the scattering length is
now completely consistent with the low-energy theorem predictions, at both LO and NLO. For
the effective range, since the NLO predictions of the low-energy theorems enter the prohibited
region for the two-parameter ERE, the comparison may only be made with the LO results. As is
seen, for both the 'S, and 39, channels, the effective ranges are also in agreement (with the 1S,
state having a better overlap).
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APPENDIX F

On leading flavor-symmetry breaking
coefficients in the EFT

Table 10 of Ref. [11] lists the SU(3) ; symmetry-breaking LECs ¢ for all of the two-(octet) baryon
channels. These coefficients are a combination of different terms in the Lagrangian shown in
Table 9 of the same reference (terms 29-40). The relations between the ¢ from Ref. [11] and
the ones in Eq. (4.32) introduced in the present work are presented in Table F.1. Instead of the
(3st1L;, I) notation, the channels are labeled as (%gﬂ) for brevity, as L = 0 in all cases.

In Table F.2, a list of the two-baryon channels one needs to study in order to obtain
independently all the LECs of this work is provided. There are 6 LO and 12 NLO symmetry-
breaking coefficients that are referred to as momentum independent in this paper, as well as
6 NLO momentum-dependent coefficients, making a total of 24 parameters that need to be
constrained in a more exhaustive study in the future. For the momentum-independent coefficients,
the choice of the systems is not unique, as there are 37 different channels that can be used to
constrain only 18 parameters (assuming SU(2); symmetry and no electromagnetic interaction).
For the momentum-dependent coefficients, no extra channels are needed besides those used for
the momentum-independent coefficients. For simplicity, only channels that do not change the
baryon content are used (e.g., XN — XN, denoted as ¥ N in short).

Table F.1: Comparison between the symmetry-breaking LECs of this work and those in Ref. [11]
for the two-baryon channels for which only one cic appears in that reference.

Channel (gfﬂ) Ref. [11] Coefficients in Eq. (4.32)
NN — NN (3) /2 4(cx — )
AN — AN (3) e F(4cy — 4ck +9¢f — 9cf — Ack + Acy — f + fy + 4cfy — 4c)y)
AN - ¥N () —c ey —cf +2¢f — 2¢8 + e —
YN — XN () ci —cX + ¢f — 3cy + 3¢,
AA — AA (}) % %(263‘ —2¢% + 2¢¥ — 2¢f — 4k + e — 26X + 25 — 2 + 2¢7) + 3¢t — 3¢ty)
EN - =N (3) $ 2(=2¢F + 2¢§ + ¢y — )
NN —> NN () cl/2 4(cx + )
AN — AN (3) & $(AcY + 4cy + Tck + Tef +12¢X + 12¢§ + 9¢§ + 9cfy + defy + 4cty)
AN — %N (3) —cy —c¥ — f 42X + 2¢f + 3¢ + 3¢,
YN — N (3) o ey + ¢ + 3¢y + 3¢y
EN - =N (3) ot 2(2¢F + 2¢§ + 265 + 2¢§ + 2¢§ + 2¢)y + ¢ + )
EN - EN (3) o2 2(2¢X + 2¢§ + ¢f) + )

139



140 Appendix F. On leading flavor-symmetry breaking coefficients in the EFT

Table F.2: Combinations of two-baryon channels necessary to constrain independently all of the
LO+NLO EFT LECs introduced in Section 4.2.1.

Coefficient Channels (3117)
c(27) 2EX(1) — EE(5)
() TAAQD) + ID() - 52AGR) - FEN() + §E2() + 3E3() + HEEQ)
M —6AA(D) + un(d) + 82AG) + SEN(]) — 8ER() - 22n()) — 2E=()
c10) INNG) + 5SNG) + 25N() + 42AG) - 22N() - 22NE) - 425¢) + 425(3) - 4220)
c10) INNG) - $SNG) + 35N() - 22AG) + 12N(E) + 1ENE) + 225¢) - 225(3) + 222(0)
c(8a) ~LNNQ) + ¥ENE) - IENE) - $2AG) - BEN(G) + ENE) + L=8@) - E5() - BE()
X HAAGD) — FNNG) — HENG) — 3ENG) + :5NG) + £3830) — £EAG) - 1EN()

48‘—‘N(3) - 7'—‘N( ) 8EN(§) + %E (g) + %EZG}) 18"’2(3) + 14114::( ) - ;Z::( )

X — 2AN(1) — ENN() — £ING) + IEN(“) + HEN() — £I5(1) — HEAG
+ %E (é) + iEN(?) 48HN(3) + 72‘—‘ (2) - %EEG) + 118: (g) + 1<1;4::(§)

X ! NN(l) ISNG) + IENG) - ZENG) — 22AG) + SENG)
3 LENG) + £223) - 125() - E220) + 5220) + 1226
X L NNG) ISNG) - 1N - SENE) - 12AG) + SENG)
4 LENG) + 2220) + 122() - £220) + E2G) - 1226)
CX ;jNN( ) ZN( )J"i N( )+362N(3)_7'—‘A( )+24‘~A(3)+24‘—‘N(3)
0 + iEN(g) + 24“ ( ) %HE(B) - 12‘—‘2( ) 36“ ( )7 712::(113) + é::(?)
C)-( 2174NN(§) - 1 ZN(2) - izN( ) + 362N(3) + '—‘A( ) + 24‘~A(3) + 24‘—‘N(3)
6 +4E @)f LE2) - ZE2) + 3E2¢) - £E85() - 5E20) - 122¢)
X LNN(3) — $BNE) + 25N + 25NG) — 22A6G) + HEAG) + SEN() + 2EN()
’ 1ENE) - 522¢) - 2286) - LEX() + £220) - 522() +=2¢)
& LNNGE) - gzN@)fé N+ SENEGE) + 2203) + SEAG) + SENG) - LENE)
8 —12NE) + 2ESG) - 225¢3) + L25() + £250) - £22(3) - 2=¢)
X —2AN) + ANNG) - A3NG) - 2N + SENE) + ;szzm $2AG) — #3AG) + §EN()
o + ZENG) — LENG) - Z3ENG) - LE2@) + 225() + E2() + £4E2() - Y==¢)
X SAAG) + ANNG) - £ENE) + LEN(G) + LENE) - 22( ) - 22A3) - £EAG) - LEN()
v + HENC) + §ENC) — SENE) - B=56) - 325 + HE0E) + == + B=0
X — AN - & NN(%) — LING) + 12N - SENE) - Zes() - 12A03) + 1EN()
1 16_N(3> +1ENG) + £ENG) + 4220 - %:m ) + 12_%) + £EE() + BE=()
X SAA() — ENNG) - SENG) - LEN(G) - LENG) + ZE2() - 12AG) - LEN()
12 16_N(3) —1ENG) + LENG) + £E223) + BEx() + LE8¢) + SE20) - 2==¢)
=27 ==2(3) ¢10) NN(3)
&(8s) LAAG) +285() — S3EN(D) c(10) S 6)

¢ — £AA() - 5380 + $EN () cl®) EN()




APPENDIX G

Supplementary figures and tables of
Section 4.3

This appendix contains all the figures omitted from the main body of the paper for ease of
presentation. These include the effective mass plots of the single baryons in Fig. G.1, and the
effective energy and effective energy-shift plots for the two-baryon systems NN (1S;) (Fig. G.2),
YN (1Sy) (Fig. G.3), % (19,) (Fig. G.4), % (15,) (Fig. G.5), 2= (19,) (Fig. G.6), NN (35;)
(Fig. G.7), N (35) (Fig. G.8), 2= (39;) (Fig. G.9) and =N (35;) (Fig. G.10). In Fig. G.1, the
thin horizontal line and the horizontal band surrounding it represent, respectively, the central value
of the baryon mass at each volume, and the associated statistical and systematic uncertainties
combined in quadrature, obtained with the fitting procedure described in Section 3.1.1. Similarly,
in Figs. G.2-G.10 the line and the band represent, respectively, the central value of the two-baryon
energy shifts compared to non-interacting baryons at rest (bottom panels) for each volume, and
the associated statistical and systematic uncertainties combined in quadrature.

The appendix also contains the numerical results that were omitted from the main body.
These include the energy shifts, AE, of the two-baryon systems, the c.m. momenta, k*?, and
the value of k* cot § for all the systems: NN (1S;) (Table G.1), XN (1S,) (Table G.2), 3 (1S,)
(Table G.3), EX (1Sy) (Table G.4), Z= (1Sy) (Table G.5), NN (35;) (Table G.6), N (39))
(Table G.7), Z= (35) (Table G.8) and =N (35;) (Table G.9). In these tables, the values in the
first and second parentheses correspond to statistical and systematic uncertainties, respectively,
while those in the upper and lower parentheses are, respectively, the right and left uncertainties
when the error bars are asymmetric, as is generally the case for the k* cot § values. When there is
a dash sign in the tables, it indicates that the quantity k* cot d diverges due to the singularities
in the Zélo function.

All quantities in the plots and tables are expressed in lattice units.
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Figure G.1: Single-baryon EMPs for the SP (blue squares) and SS (orange diamonds) source-sink
combinations. The SS points have been slightly shifted along the horizontal axis for clarity.
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Figure G.2: The effective energy plots (upper panel of each segment) and the effective energy-shift
plots (lower panel of each segment) for the NN (1S;) system at rest (left panels) and with
boost d = (0,0, 2) (right panels) for the SP (blue circles) and SS (orange diamonds) source-sink
combinations.
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Figure G.3: The effective energy plots (upper panel of each segment) and the effective energy-
shift plots (lower panel of each segment) for the YN (15;) system at rest (left panels) and with
boost d = (0,0, 2) (right panels) for the SP (blue circles) and SS (orange diamonds) source-sink

combinations.
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Figure G.4: The effective energy plots (upper panel of each segment) and the effective energy-
shift plots (lower panel of each segment) for the X (1S;) system at rest (left panels) and with
boost d = (0,0, 2) (right panels) for the SP (blue circles) and SS (orange diamonds) source-sink
combinations.



146 Appendix G. Supplementary figures and tables of Section 4.3
=% (1Sg) : d = (0,0,2), 243 x 64
1.9_' IABLEIT LA BN NLELALE BLLALE BLLL NLELELE BLELELE
— [ — [ & ]
:3 18_ :5 19§ ®@ TC
= OF —, L o © 4
iy s —~ fe® 7eg ]
© : = 18F e *2eeadd ]
A 1.7 n [ & © ]
& I L TN L
: L & @ ]
1'6. LT H———+ .::::::::::::::::%:%: 3
) - 15 02f® 1
= = 1 ®
= o01f = %o e “H] _
e o ]
n v P e q
i ! w 0lF ¥ ® 7
= oof S SRAL Y YUV S & 2
4 6 8§ 10 12 14 16 18
7 [Lu.]
=% (150) : d = (0,0,2), 323 x 96
i 1'99'|' L B LA N BLELELE BLRLELE BLELELE B
— — I © 1
= . = XN ]
= i = 18F ,2° .
= 1.7 = :®®§>%%% ]
a r A 1L @%% %%@b@@%@ ]
Y = Peeeedqdy o
010 — ﬁ015__:,: ] as
= C 5 P o 1
f [ = [ %%
© 00y © 010 o anag 1ol
2 C i C ¢ ]
& 0.00 = 0.05 e, ;b(j{,)l 1
q I 4 H&%w ?q‘f ]:
4 6 8§ 10 12 14 16 18
7 [Lu.]
=Y (8) : d = (0,0,0), 483 x 96 2% (1) : d =(0,0,2), 483 x 96
:'(1)' L B B LN BN BN L B LN LI L B B BN BN B B
— - — ©
R A o1sf° ]
=3 [ P = L ®
RN S E [ %o
a0 c°e 1 B 17k % ]
= [ egggg$$$ 1 R T r @@2®®®®®®
1.6, [ [P PR B B S -.I. L .|...?®$®?.q}.$$$c
T LN LR B LR BN I Tt L T T T |:
= 006F o 5 0.08F o -
= 004F  ° g =006k © ;
= o0k’ ® 3 T fe %o ]
A =2 & o—po—2 H0.04- Sy © o o ) e
m 0.00F © g & &) g ® o ]
i oo 0.02 ° g ¢ .
<]_0'02:_|...|. .|...|...c:3...|...|. P <]000'.|...|...|.é.7.c?.c:).w| ...:
4 6 g8 10 12 14 16 18 ' 4 6 g 10 12 14 16 18
7 [Lu] 7 [Lu.]

Figure G.5: The effective energy plots (upper panel of each segment) and the effective energy-
shift plots (lower panel of each segment) for the ZX(1.5;) system at rest (left panels) and with

boost d =

combinations.

(0,0,2) (right panels) for the SP (blue circles) and SS (orange diamonds) source-sink
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Figure G.6: The effective energy plots (upper panel of each segment) and the effective energy-
shift plots (lower panel of each segment) for the Z=Z(15;) system at rest (left panels) and with
boost d = (0,0, 2) (right panels) for the SP (blue circles) and SS (orange diamonds) source-sink
combinations.
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Figure G.7: The effective energy plots (upper panel of each segment) and the effective energy-shift
plots (lower panel of each segment) for the NN(39;) system at rest (left panels) and with

boost d =
combinations.

(0,0,2) (right panels) for the SP (blue circles) and SS (orange diamonds) source-sink
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Figure G.8: The effective energy plots (upper panel of each segment) and the effective energy-
shift plots (lower panel of each segment) for the XN (35;) system at rest (left panels) and with

boost d = (0,0,2) (right panels) for the SP (blue circles) and SS (orange diamonds) source-sink
combinations.
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Figure G.9: The effective energy plots (upper panel of each segment) and the effective energy-
shift plots (lower panel of each segment) for the Z=Z(35;) system at rest (left panels) and with
boost d = (0,0, 2) (right panels) for the SP (blue circles) and SS (orange diamonds) source-sink
combinations.
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Figure G.10: The effective energy plots (upper panel of each segment) and the effective energy-
shift plots (lower panel of each segment) for the ZN (35;) system at rest (left panels) and with
(0,0,2) (right panels) for the SP (blue circles) and SS (orange diamonds) source-sink
combinations.
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Table G.1: The values of the energy shift AE, the c.m. momentum k*2, and k* cot§ for the
NN (1;) channel.

Ensemble Boost vector State AFE [Lu. E*2 [lu] E*cot o [Lu.]
(+13)(+25)
000 =1 —0.0166(19)(31) —0.0120(13)(22) —0.078"}})(* T
=2 0.0953(23)(61 0.0715(17)(47 -
— " (28)(61) (e -
00y " 1 0.0812(16)(28) —0.0079(12)(21) —0.033(* 7530
n=2  0.1960(16)(35)  0.0833(13)(20) —0.233("3)("0)
(+29)(+27)
000 " 1 —0.0090(25)(20) —0.0065(18)(14) —0.056."75) 3D
B (+3.4)(+32.0)
129+ 06 n=2 00477(37)(24)  0.0352(28)(17) 0.7 53 "%
(+18)(+21)
002 "7 1 0.0422(20)(21)  —0.0075(15)(16) —0.068" 15"}
n=2  0.0076(22)(27)  0.0347(18)(21) ;
(+13)(+06)
000 "7 1 —0.0093(22)(11) —0.0067(16)(08) —0.079(})*0%
T _ (+0.5)(+1.8)
15 06 n=2  00197(25)(23)  0.0143(18)(16)  0.2{"0 7)Y
(+38)(+80)
00y " I 0.0183(25)(26) —0.0038(18)(20) —0.051* 751
n=2  0.0444(25)(24)  0.0156(19)(19) -

Table G.2: The values of the energy shift AFE, the c.m. momentum k*2, and k* cot§ for the
YN (1S;) channel.

Ensemble Boost vector State AFE [lLu.] E*2 [Lu E*cotd [Lu.]
(+14)(+35)
0.0.0) =1 —00122(13)(26) —0.0093(10)(20) —0.048(" 1) (")
=2 0.0873(19)(32 0.0682(15)(26 -
1 " (19)32) e -
00y T 1 0.0771(17)(35) —0.0083(14)(27) —0.040("2) ("D
T 0.2)(+0.3
n=2  0.1780(18)(48)  0.0747(16)(40)  —0.7("p 30D
(+26)(+25)
000 " 1 —0.0082(21)(16) —0.0063(16)(12) —0.052{"2) (">
T (+1.6)(+2.2)
1+ 06 n=2  00456(31)(16)  0.0351(24)(13) 0.6 ;0>
(+14)(+16)
002 "7 1 0.0396(18)(17) —0.0080(14)(13) —0.073{"})*1%
n=2  0.0924(18)(23)  0.0339(15)(19) :
(+36)(+43)
000 "7 1 —0.0092(48)(38) —0.0070(36)(20) —0.081( 5% "%
Y (+11)(+11)
1 06 n=2  0.0126(48)(30)  0.0096(36)(23)  0.03{" )5
(+42)(+66)
00 "1 0.0139(50)(40) —0.0066(38)(30) —0.078"52*0%)
n=2  0.0366(51)(44)  0.0110(39)(34) .
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Table G.3: The values of the energy shift AFE, the c.m. momentum k*2, and k* cot§ for the
23 (1Sy) channel.

Ensemble Boost vector State AFE [lLu.] E*2 [Lu. E* cot d [Lu.]
(+13)(+17)
0.0.0) =1 —0.0126(13)(15) —0.0100(10)(12) —0.057."}})(* 17
b (+0.9)(+2.1)
. n=2  0.0788(21)(26)  0.0643(18)(21) 13700
(+15)(+39)
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Table G.4: The values of the energy shift AE, the c.m. momentum k*2, and k* cot§ for the
EY (1Sy) channel.

Ensemble Boost vector State AE [Lu.] E*2 [Lu. E*cotd [Lu.]
(+09)(408)
0.0.0 =1 —0.0137(10)(09) —0.0112(08)(08)  —0.070 ) " g7)
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Table G.5: The values of the energy shift AFE, the c.m. momentum k*2, and k* cot§ for the
== (19,) channel.

Ensemble Boost vector State AFE [lu.] E*2 [Lu E* cot d [Lu.]
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000 — 1 —0.0134(09)(15) —0.0112(07)(12) —0.070{ 21D
B (+13)(+43)
ot o n=2 00712(14)(30)  0.0609(12)(26) 0.665_1035_17;
+09)(+13
00y "7 1 0.0675(10)(13) —0.0110(09)(11) —0.070{ 2"}

n=2 0.1519(14)(27)  0.0643(12)(25) -

_ (+08)(+11)
0oy "7 1 —0.0109(11)(14)  —0.0090(09)(12) —0.081¢ 00
» (+38)(+58)
129+ 06 n=2  00349(12)(16)  0.0295(10)(14)  0.195 73D ("3
(+07)(+13)
002 " L 0.0349(10)(17)  —0.0091(08)(14)  —0.082("(gf 1)
s Yy 04 17
n=2  0.0800(11)(30)  0.0299(10)(26) 023 "0} " (D
(+07)(+08)
0o " 1 —0.0087(12)(13)  —0.0072(10)(11)  —0.082( (gf (>
B . (+22)(+27)
15 06 n=2  00115(13)(14)  0.0096(11)(12)  0.026."7)( "1
(+08)(+10)
00y " L 0.0120(13)(16) —0.0071(11)(13) —0.081(" 0%
n=2  00321(13)(17)  0.0099(11)(15)  0.033(50( 30

Table G.6: The values of the energy shift AFE, the c.m. momentum k*2, and k* cot§ for the
NN (35) channel.

Ensemble Boost vector State AFE [lLu.] E*2 [Lu E*cotd [Lu.]
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Table G.7: The values of the energy shift AFE, the c.m. momentum k*2, and k* cot§ for the

YN (35;) channel.
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Table G.8: The values of the energy shift AFE, the c.m. momentum k*2, and k* cot§ for the
(35;) channel.
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Table G.9: The values of the energy shift AE, the c.m. momentum k*2, and k* cot § for the
N (3S;) channel.
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