Anexo 3.4

Deduccion de las ecuaciones del movimiento de una

viga de Timoshenko giratoria
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DEDUCCION DE LAS ECUACIONES DEL MOVIMIENTO DE UNA
VIGA DE TIMOSHENKO GIRATORIA

Hipotesis principales: viga Timoshenko, se considera la fuerza centrifuga, se considera la
fuerza de Coriolis, existe una masa en el extremo, el momento de inercia de la articulacion
no es despreciable, accionada mediante un actuador giratorio.

> restart;

>with(linalg):

Warning, the protected names norm and trace have been redefined and
unprotected

Determinacion de la posicion actual, medida en el extremo libre de la viga, del c.d.m. de la
masa del extremo. Esta posicion es funcion de la posicion inicial (en reposo) de la masa, y
del giro elastico en el extremo libre de la viga .
>psilL:=eval (psi(x,t),x=L);

psiLl=y (L, t)

> LGx :=LGx0*cos (psiL) -LGwO*sin (psiL) ;
LGx= LGx0cos(y(Lit)) — LGwOsin(y(L, 1))

> LGw:=LGx0*sin (psiL) +LGwO*cos (psiL) ;
LGwl:= LGx0'sin(y(Lit)) + LGwOlcos(y(L, t))

Determinacion de la velocidad absoluta de un punto situado en el eje centroidal de la viga.
A continuacion se determina el cuadrado de esta velocidad.

>VX:=vector ([-

Wln (x,t) *diff (theta(t),t),0,diff (Wln(x,t),t)+x*diff (theta(t),

01 o {_Wln(x t)[ eam] (atwm(x,z)gux@ea)ﬂ

> VX2 :=expand (dotprod (VX, VX, 'orthogonal')) ;
VX2 =

winte 02 2000+ Zwints ) +2( 2 wine )G o ) o2 Loen )

Determinacion de la velocidad absoluta del centro de masa de la masa en el extremo.
Inmediatamente se determina el cuadrado de esta velocidad y se hace factor comun para
reemplazar la suma del seno al cuadrado y el coseno al cuadrado por la unidad.
>VG:=vector ([-LGw*diff (psi(L,t) ,t)-LGw*diff (theta(t) ,h t)-

Wln (L, t) *diff (theta(t),t),0,diff(Wln(L,t),t)+LGx*diff (psi(L,t
) ,£)+L*diff (theta(t) ,t)+LGx*diff (theta(t),t)]);

VG%{—(LGxO@m(w(LDMH—LGwO cos( (L, t)))(a y(L, t))

— (LGx0sin(w(L[¥)) + LGw0cos(y(L, t)))( eumj Win(Z, t)( eu))
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(5 WL 1))+ (LGx0 cos(u(L. 1))~ LGw0 sin(w(L. 1) 5 w(L. )|
+L (gt G(t)j + (LGx0 cos(y(L, t)) — LGwO sin(y(L, 1))) [; e(t)ﬂ
> VG2 :=expand (dotprod (VG,VG, 'orthogonal')) ;
VG2 :=2 (5 Win(L, t)] L (gt e(z)j + (a e(t)j2 LGx0* sin(y(L, t))*
+2 (; w(L, t)j LGx0? sin(y(L, t))? ( 9(t)j
2 (a w(L, z)) LGx0 cos(y(L, 1)) L ( O(t)j
[
2 (
2 ( 0(1

0

0

0
2(6 o(t

0

0

+
~

w(L, t) | LGwO sin(w(L, t))L( 0(1)

~

y(L, t)j LGwO? cos(y(L, 1)) ( 5 G(t)j

~

+
~

2

)) LGx0 sin(yw(L, ¢)) WIn(L, t)
2

)

+

0
0
0
0
0

) LGwO cos(y(L, 1)) Win(L, t)

~

+2 (6 Win(L, t)}( y(L, t)j LGx0 cos(y(L, 1))

~

-2 EY Win(L, t)] (8 y(L, t)j LGwO sin(y(L, 1))
+2 [aat Win(L, t)} (at B(t)j LGx0 cos(y(L, 1))
-2 gt Win(L, t)] (st O(t)j LGwO sin(y(L, 1))

2(; w(L, t)j LGx0* cos(y(L, t))* ( O(t)]

+

2
+2 0 \|1(L t)jLGwO2 sin(y(L, 1))* ( 6(t)j+2L[ t@(t)] LGx0 cos(y(L, 1))

2
2L (az O(t)] LGwO sin(y(L, 1))
2

[8 v(L, t)jLGxO sin(y(L, t)) Win(L, t)(6 6(t)]+Wln(L 1)? ( G(t)]

2 2

+ (gt Win(L, t)j + L7 (aaz e(z)]
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(8 y(L, t)j LGwO cos(y(L, 1)) Win(L, t)( O(t)j
2

2
+ ;W(L t)j LGw0? sin(\v(L,t))2+(§t e(z)] LGwO? cos(w(L, t))*

2
+| = w(L, t)] LGw0? cos(\|/(L,t))2+(aat W(L,t)) LGx0? sin(y(L, t))*
2

&
(5 e(z) LGx0? cos(y(L, t))* +( tq/(L,t)j LGx0? cos(y(L, t))*
9
&

+

+{ = 06(1) ) LGw0? sin(y(L, 1))*

>VG2s:=collect (combine (VG2, trig) , [LGx0"2,LGw0"2]) :
>VG2a:=algsubs (LGx042+LGw0*2=LG*2,VG2s) ;

2
VG2a = {2 (2 O(t)J sin(y(L, t)) WIn(L, t) +2 (gt Win(L, t)) (gt G(t)j cos(y(L, 1))

2
+2L (ﬁat 6(1‘)} cos(W(L,t))+2 [gt y(L, t)j cos(w(L,1)) L [gt e(t)j
+2(8 y(L, t)j sin(y(L, t)) WIn(L, t)[ e(t))

2 L0 et eost, o |1
. [; V(L0 | sin(u(L, ) L [; 001
—2(5 Win(L, t)j(a w(L, t)] sin(y(L, 1))

(a V(L0 | cos(y(L. 1)) Win(L, t)[ 000)

2 2
2 (; e(z)) cos(y(L, 1)) Win(L, t) -2 L (gt e(z)j sin(y(L, 1))
2

) @ Win(L, f)] (2 e(r)) sin(w(L, r))] LGwO+ Win(L, 1)’ (gi e(r))
) 2
) 0 0 0
+LG? (az e(z)j +2LG? [ W(L, t)) (az e(t)] +LG? ((% y(L, t)]

2 2
+2(2W1n(L,t)j ( e(z)J (awm(L z)j +L2[§t9(t)j

Determinacion de la velocidad relativa del c.d.m. de la masa del extremo respecto al eje
giratorio.

>VR_G:=vector([-

LGw*diff (psi(L,t),t),0,diff (Wln(L,t),t)+LGx*diff (psi(L,t),t)]
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) ;
VR G := [ —(LGx0 sin(y(L, t)) + LGwO0 cos(y(L, t)))( y(L, t))

(5 Win(L, t)] + (LGx0 cos(y(L, t))— LGwO sin(y(L, t)))( y(L, t)ﬂ

Determinacion de la fuerzas centrifuga debida a la masa del extremo. Primero se obtiene la
componente en X ( FCENT _G_X) y a continuacion la componente en w ( FCENT G _W).
>FCENT G _X:=m 1* (L+LGx)*diff (theta(t), t)"2;

2

FCENT G X:=m_[(L+ LGx0cos(y(L,t))—LGwO sin(y(L, t)))( 9(t)j

>FCENT G W:=m_1* (LGw) *diff (theta(t),t)"2;
2

FCENT G W:=m_[ (LGx0 sin(y(L, t))+ LGw0 cos(y(L, t)))( O(t))

Determinacion de la fuerzas de Coriolis debida a la masa del extremo.

A continuacion se separan la componente en x ( FCOR_G_X) y la componente en w (
FCOR G W).

>FCOR_G:=-2*m_l*crossprod([0,-diff (theta(t),t),0],VR G);

0
FCOR G:=-2m 1 [—(at 6(1.‘)}
((5 Win(L, t)] + (LGx0 cos(y(L, t))— LGwO sin(y(L, t))) (gt v(L, t)jj, 0,
[ G(t)j (LGx0 sin(y(L,t))+LGwO0 cos(y(L,1))) [8 y(L, t)ﬂ

>FCOR_G_X:=dotprod([1,0,0],FCOR_G, 'orthogonal') ;
0
FCOR G X:=2m | ( O(t)j

((5 Win(L, t))+(LGx0 cos(y(L, 1)) — LGwO sin(y(L, t)))( y(L, t)D

>FCOR_G _W:=dotprod([0,0,1],FCOR G, 'orthogonal') ;
FCOR G W:=2m_1 ( 0 G(t)) (LGx0sin(y(L,t))+ LGw0 cos(y(L,1))) [8 y(L, t))

Determinacién de la energia cinética total.

>

Ec:=expand(1/2*J h* (diff (theta(t) ,t)+diff (psi(x=0,t),t))"2+1/
2*A*rho*diff (theta(t) ,t)*2*int (Wln(x,t)*2,x=0..L)+1/2*A*rho*i
nt(diff (Wln(x,t),t)”*2,x=0..L)+A*rho*diff (theta(t),t)*int(diff
(Wln(x,t),t)*x,x=0..L)+1/2*A*rho*diff (theta(t) ,t)*2*int (x"*2,x
=0..L)+int (1/2*J*rho* (diff (psi(x,t),t)+diff (theta(t),t))"*2,x=
0..L) +1/2*m_1*VG2a+1/2*J_g* (diff (psi(L,t),t)+diff (theta(t),t)
)*2) ;

263



2 2
Ec:= % m [ Win(L, t)? (2 e(z)) + % m 1 L* (; G(t)] +J h (gt e(z)) (gt y(x=0, z))

| ? o 2 ?
+2J_h[ O(t)) - Jh( y(x= 0:)) +— Ap( te(z)J L’
L

2

0 0 1 0
+J_g(6t\|/(L, t)j (81‘ e(l‘)j+2A pJ' (&Wln(x, t)j dx

0
L

2 2
1 d d d d
+2JpJ (2wt =2( G (G (S0
0
d d d d
+m_I LG* [8t (L, t)) (8t e(z)] +m_[ (az Win(L, t)) L (af e(z))
L
2
+ % m_| LG* (2 e(z)) +Ap (gt e(z)J J (gt Win(x, z)j x dx
0

2 L 2
1 0 0 .
+54p (az e(z)j L Win(x, t)*dx—m_[ L (8t e(z)) LGwO sin(y(L, t))

—m 1 (gt Win(Z, z)) (gt G(t)] LGwO sin(y(L, 1))

+m [ (gt Win(LZ, t)) (gt G(t)j LGx0 cos(y(L, 1))

2
+m [L (gt G(t)) LGx0 cos(y(L, 1))
+m [ (6 y(L, t)j LGx0 cos(y(L, 1)) L (gt G(t)]

\V(L t)] LGx0 sin(y(L,t)) Win(L, t) [ e(t))

2
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2 2
0 0
Ars( St + (S wins.n)
+m [ (gt y(L, t)) LGwO cos(y(L, t)) WIn(L, t) (681‘ O(t)j

+m [ (gt G(t)J LGwO cos(y(L, t)) WIn(L, t) + % m_| LG* (gt y(L, t)j

A continuacion se calcula la energia potencial debida a la deformacion elastica.
Se ha optado por incluir en la energia potencial el trabajo que producen las componentes x
de la fuerza centrifuga y de Coriolis al deformar la viga. Nota: las componentes w de esas
fuerzas no deben ser incluidas aqui, pues aparecen naturalmente al derivar el Lagrangiano.
> fc:=FCENT_G_X+int (A*rho*x*diff (theta(t),t)"2,x=x..L);

2

fci=m_[(L+LGx0cos(y(L,t))—LGwOsin(y(L,t))) (gt G(t)]

2
+%A p (; e(t)j (L* = x%)
>

fcor:=FCOR_G X+int (2*A*rho*diff (Wln(x,t),t)*diff (theta(t),t),
x=x..L);

0
feor:=2m 1 [81‘ G(t))

((2 Win(Z, t)j +(LGx0 cos(y(L, 1)) = LGwO sin(y(L, 1))) (; w(L, t)D
L

; J 20wt ) Lo o

X

Determinacién de la energia potencial.

>Ep:=1/2*E*J*int (diff (psi(x,t) ,x)*2,x = 0 ..
L)+1/2*k*G*A*int (diff (Wln(x,t) ,x)*2,x = 0 ..

L)+1/2*k*G*A*int ((psi(x,t))*2,x = 0 .. L)-

k*G*A*int (diff (Wln(x,t) ,x)*psi(x,t),x = 0 ..

L)+1/2*m 1% (L+LGx) *diff (theta (t),t)*2*int (diff (Wln(x,t),x)*2,
x=0 ..

L)+1/4*rho*A*LA2*diff (theta (t),t)~2*int (diff (Wln(x,t),x)*2,x
=0 .. L)-

1/4*rho*A*diff (theta (t),t)*2*int (diff (Wln(x,t) ,x)*2*x*2,x = 0

.. LY+1/2*int (fcor*diff (Wln(x,t) ,x)*2,x =0 .. L);
>
L L
1 0 S 0 S g
1 o 1 o 1 2
Ep: 2EJ (ax\y(x,t)J dx+2kGA (axWIH(x,t)j dx+2kGAj0w(x,t) dx
0 0
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L

0 1
-kGA J' [8x Win(x, t)j y(x, t)dx +5 m_1

0

L
2 2

(L+LGx0cos(y(L,t))—LGwOsin(y(L,t))) (aat G(t)) [aax Win(x, t)J dx

0

L
2 2
1

0 0
+1p A2 (at e(t)j [ax Win(x, t)j dx
0

L
2 2

—ipA(aatG(t)j (aaxWIH(x,t)] xzdx+% 2m_l(§te(t))

0
0

((5 Win(L, t)]+(LGx0 cos(y(L, 1)) — LGwO sin(\y(L, t)))(a y(L, t)]]

L

+J 24p (; Win(x, t)] ( 9(1)] ( 0 Win(x, f)jz

X

Aplicacion de las ecuaciones de Lagrange para encontrar una ecuacion global.
Determinacion del Lagrangiano.

> e0:=expand (Ec-Ep) ;
2

el = %m inn(L t)? ( e(z)j2 [;e(z)] +J_h(§te(t)j [;\u(x:o,t)j

2

—% 2(aaxwm(x,t)] ( e(z)j( Win(L, t)j

Win(x, t)] m 1[ em}( w(L, t)]LGxO cos(y(L, 1))

Win(x, t)] m_1l [Gat O(t)] (gt v(L, t)] LGwO sin(y(L,t))

L
2

Win(x, z)j Ap (2 O(z)] J gtwm(x, t) dx dx+%J_h (jt G(t)j

X

+2

a2
(&
(&
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2 2 g
1

+2J_h[a w(x=0, z)) +1Ap( te(z)j L3+kGAJ(aaxW1n(x, t))\y(x, t) dx

0

L
2 L

1 0 1 2
2kGAJ [wam(x’t)j dx—2kGAJO\y(x,t) dx
0

+— pA(atG(t)j J[;CWIH()C t)j x? dx

0 0
_Z at 9(t) J' — Win(x, t) dx+J_g(at y(L, t)] (at O(I)J
L
2

(G [(;;Wm of ek (e

0

2 2
+;JpJ (2] +2( vt (S0 (S

L

o

o. Yo ’
) m_1l (at G(t)j [Gx Win(x, t)) dx LGx0 cos(y(L, t))

Y0
L

e

| 0 /o ?
+ym (& G(t)j (a Win(x, t)] dx LGwO sin(y(L, )

d

+m_ZLG2( (L, z)) ((% e(z)j+ ( Win(L, z)) ( te(z))

+%m_lLG2 e(z) J( (X, z)

2
+A4p [aaz e(t))J' (aaz Win(x, t)}xdx%—;/l p (81‘ 9(1‘)} f Win(x, 1)2 dx
0

0
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2
—m IL (gt e(z)) LGwO sin(y(L, t))

—m 1 (; Win(Z, z)] (; G(t)j LGwO sin(y(L, 1))

+m [ (gt Win(LZ, t)) (gt G(t)j LGx0 cos(y(L, 1))

2
+m [L (aat G(t)) LGx0 cos(y(L, 1))
+m [ (st y(L, t)] LGx0 cos(y(L, 1)) L (st G(t)j

+m 1 (st w(L, t)) LGx0 sin(y(L, t)) WIn(L, £) (gt e(z))

2

&Wln(L t)) (8 y(L, t)] LGwO sin(y(L,t))+= J_g( te(t)]
2 2
0 0
+ %J_g (81‘ y(L, t)j + % m_[ [at Win(L, t)j
+m_[ gt v(L, t)] LGwO cos(y(L,t)) Win(L, t) ((Sat 9(t)j
+m 1l (Sz G(I)j LGwO cos(y(L, t)) WIn(L, t) + % m_| LG* (Sz y(L, t)]

La siguiente sustitucion es una estrategia para poder derivar el Lagrangiano con MAPLE.
Este programa no soporta derivar respecto de una funcion por lo que se ha de substituir la
funcion velocidad angular por una variable (thetapunto), derivar respecto thetapunto y
deshacer la substitucion.

>el:=subs (diff (theta(t) ,h t)=thetapunto,e0) ;

1
el = 5 m_1 L* thetapunto®

L
2

+ % Jp (661‘ y(x, Z)J +2 [gt y(x, t)) thetapunto + thetapunto® dx

0
2

+ % m_1WIn(L, t)* thetapunto® + % J h (gt y(x=0, Z)]
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L
2

- % p A L? thetapunto® (sx Win(x, t)j dx+m_[ (gt Win(L, t)] L thetapunto

0

L
L

0 1
+ A p thetapunto J (é)t Win(x, t)] xdx + EA p thetapunto® f Win(x, ¢)* dx
0

0
L

2

+5 m_[ LG* thetapunto” — 5 2 ( pw Win(x, t)j m_[ thetapunto ( Y Win(L, t))

0
2

+2 (aax Win(x, t)} m_[ thetapunto [st v(L, t)) LGx0 cos(y(L, 1))

2
-2 (aax Win(x, t)] m_1 thetapunto [gt y(L, t)) LGwO sin(y(L, t))

ox ot 2

X

2
+2 (6 Win(x, Z)] A p thetapunto J g Win(x, t) dx dx + 1 J_h thetapunto®

1
+ 3 J g thetapunto® + m_I thetapunto® LGw0 cos(y(L, t)) Win(L, t)

-m_l (gt y(L, t)j LGwO sin(y(L, t)) L thetapunto

+m_[ thetapunto® LGx0 sin(y(L, t)) Win(L, 1)

-m_l (gt Win(LZ, t)) thetapunto LGw0 sin(\y(L, 1))

+m ((;at Win(L, t)] thetapunto LGx0 cos(y(L, 1))

+m_I L thetapunto® LGx0 cos(y(L, t))
+m_[ (gt v(L, t)] LGx0 cos(y(L, t)) L thetapunto

—m_[ L thetapunto® LGw0 sin(\y(L, t))
+m (; y(L, t)j LGx0 sin(y(L, t)) WIn(L, t) thetapunto

+m_[ ((;at v(L, t)j LGwO cos(y(L, t)) Win(L, t) thetapunto

L
2

- % m_1 thetapunto® ((fx Win(x, t)j dx LGx0 cos(y(L, 1))

0
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L
2

+ % m_[ thetapunto® ((Sax Win(x, t)] dx LGwO sin(y(L, t))

0

L L
2

0 1 0
+kGA J (ax Win(x, t)j y(x, t)dx ) kGA (ﬁx Win(x, t)) dx

0 0
L
L 2
1

1 2 e 4 b ]
2kGAJ0w(x,t) dx+2Ap GtWhl(x’t) dx

0

L
2

0 1 0
+J_h thetapunto [6t y(x=0, t)j ) EJ ((Sx y(x, t)j dx
0

+m [ ((;at Win(L, t)] ((;at y(L, t)j LGx0 cos(y(L, 1))

- 19W1(Lt) g (L, 1) LGO'((Lt))+1J g (Lz)2
e P or V5 WIS, 2785 V&

- laWI(Lt)2+J 0 (L, 1) | thet o+ ILGQQ (Lt)2
2 e el C A CIapUnio T m_ o Vo

1
+5 A p thetapunto® L* + m 1 LG> (gt v(L, t)j thetapunto

L
2

1 ) 0
) m_[ thetapunto (6}6 Win(x, t)) dx L

0

L
2

1 2 0 2
1P A thetapunto (ax Win(x, t)] X" dx

0

>

>e2:=diff (el, thetapunto) ;
L

1
el = EJp J' 2 [; y(x, t)j + 2 thetapunto dx +m_I LG* thetapunto

0

+m [ (aat y(L, t)} LGwO cos(y(L, t)) WIn(L, ¢t)
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L
2

—m_[ thetapunto [68)6 Win(x, t)) dx LGx0 cos(y(L, t))

0

+m [ ((;at y(L, t)] LGx0 cos(y(L,t)) L—2m_IL thetapunto LGw0 sin(\y(L, t))

1
+3 4 p thetapunto L’—m [ (gt (L, z)) LGwO0 sin(\y(L, t)) L
+ 2 m_I thetapunto LGx0 sin(y(L, t)) Win(L, t)

-m_ 1l (gt Win(LZ, t)) LGwO sin(y(L,t))+m [ (gf Win(L, t)] LGx0 cos(y(L, 1))

+J h [gt y(x=0, t)j +J_h thetapunto

+ 2 m_[ thetapunto LGw0 cos(\y(L, t)) WIn(L, t)
+2m_I L thetapunto LGx0 cos(y(L, t))

+m [ (gt y(L, t)) LGx0sin(y(L, 1)) WIn(L, t)

2

0 1
+ m_I thetapunto (ﬁx Win(x, t)) dx LGw0 sin(y(L, t)) +J g thetapunto — 3

0
o ? 0
2 [Ox Win(x, z)) m_1 (az Win(L, t)j
o ? 0
42 (ax Win(x, z)) m 1 (at w(L, r)] LGx0 cos(w(L, 1))

2
-2 [aax Win(x, t)j m_1 (ﬁat y(L, t)) LGwO sin(y(L, t))

ox ot

X

+m [ (6 Win(LZ, I)J L +m_I L* thetapunto +J g (aat y(L, t)]

2
+2 (8 Win(x, t)j Ap J' g Win(x, ¢) dx dx +m 1 WIn(L, t)* thetapunto

ot

2 L

1 0

—5P A L? thetapunto (('Ex Win(x, t)] dx + A p thetapunto f Win(x, ¢)* dx
0

0
L

+Ap J (gt Win(x, t)j xdx+m [ LG [; v(L, t)j

0
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L
2

1 0 )
5P A thetapunto [6x Win(x, t)j x“dx

0

L
2

—m_[ thetapunto (aax Win(x, t)j dx L
0

>
> e3:=subs (thetapunto=diff (theta(t),t),h e2);

e3:=m [L* ( 6(t))+m I Win(L, t)? ( O(t)]
+m l( y(L, t)] LGwO cos(y(L, t)) WIn(L, ¢t)
+m_[ ( v(L, t)] LGx0cos(y(L,t))L—m 1 [gt y(L, t)) LGwO sin(y(L,t)) L

-m_1l Wln(L, Z)J LGwOsin(y(L,t))+m [ (6

o Win(L, t)j LGx0 cos(y(L, 1))

L

+J h (aat y(x=0, t)j +m_[ ((gt y(L, t)j LGx0sin(y(L,t)) Win(L, t) - 5

2

2 [aax Win(x, z)} m | (gt Win(L, z))

+2 [x Win(x, ¢)

[

(x Win(x, t) | 4p J aathn(x, tydxdx+J g (gt e(z)] +m_I LG* [gt e(r)]

X

+2m IL (gt e(t)j LGx0 cos(y(L,t))

m_[ (at v(L, t)j LGx0 cos(y(L, 1))

0
0 .
m [ [at y(L, t)) LGwO sin(y(L, t))

0
0
0
2| &
I
0
+28

>
)

Win(x, t)j
2

)

2
+m 1 (gt e(z)j (ai Win(x, t)) dx LGw0 sin(y(L, 1))

0
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L
2

1 0 0
~5pA4 L? (az e(z)j (ax Win(x, z)] dx
0
+2m [ (gt G(t)j LGwO cos(y(L, t)) WIn(L, ¢t)

L
2

-m_l (aat G(t)J (aax Win(x, Z)J dx LGx0 cos(y(L, 1))
0

-2m L [gt O(t)j LGwO sin(y(L, 1))
+2m | (gt G(t)] LGx0sin(y(L,t)) Win(L,t)+J h [8 O(t)]

+m_l(§ Win(Z, t)]L+J_g( w(L, z) += J w(x, 1) +2[8t6(t))dx

%

L

+A4 pJ’ {gt Win(x, t)jxdx+m_ZLG2( (L, t)j

0

L
2

1 o 8 o g
+5p4 (8t e(z)j (ax Win(x, t)] x*dx+A4p (8t e(z)] JO Win(x, 1) dx

0
L

2
+;Ap(§te(t)]L3—m_l[§te(t)] [aaxwm(x,z)) dx L

0

Otra vez la misma estrategia para poder derivar respecto del angulo theta.
> ed :=subs (theta (t)=theta, e0);

2 2
_1 2( 0 1 (0
ed:=5m | Win(L, 1) (&e) sm LG (&e)

oo | (Zwen) 2(Suen)(Lo)( o) o

0
2 2

ol 1 1 d
+J_h(at9)(at\y(x 0, t))+2m le( ) +2J_h(8t\y(x:0,t)j
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L L
2

0 1 0
+kGA J’ ((E‘x Win(x, t)j y(x, t)dx ) kGA [6x Win(x, t)j dx

0 0
L 2 2
1

1 2,1 g 3,1 0 1 9
2kGAJOw(x,t) dx+6Ap[at9j L+~ Jh[atej + J_g(atej

+m Z( y(L, t)} LGx0 sin(y(L, t)) Win(L, t)( j

(s\p(L t)]LGwO sin(y(L, t))L[a j
PN
+m 1l (at 6) LGx0 sin(y(L, t)) WIn(L, t)
(aat y(L, t)} LGwO cos(y(L, t)) Win(L, t)[ j

2
9) LGwO cos(y(L, t)) WIn(L, ¢t)

L
2 2

am z(a e} (aiwm(x,z)j dx LGwO sin(y(L, 1))

0

2
&ej LGwO sin(y(L,t))—m 1 (s Win( L, t)] (6 jLGwO sin(y(L, t))

lE

~
|l ——~
[e))

2
+m_l(a Win(L, t)](a jLGxO cos(W(L,t))+m_ lL(é3 6] LGx0 cos(y(L, 1))

2 2

1 ,( 0 0

4pAL (atej [axWIn(x,t)j dx
0

L
2 2

1 0 0
3 m_1l (at OJ (ax Win(x, t)j dx LGx0 cos(y(L, 1))
0

+m [ (gt y(L, t)] LGx0 cos(y(L, 1)) L (gt 9]

L L
2 2

2 2
1 0 0 1 0 0
+— pA (at 9] (ﬁx Win(x, t)] X dx—fm l(at 9] (ax Win(x, t)] dx L

0 0

d d d d
+m_I LG [8t v(L, t)) (8t 9] +m_1 [8t Win(Z, t)j L (az 9]

274



L

0 0 1
+Ap (81‘ OJJ (6t Win(x, t))xdx+2A p 81‘ len(x t)* dx

0
L

s g(Gween)(Z0)-4| 2 Zwince ) mo(Z0) (2 winct.n)

0

h
Q)

(6 y(L, t))LGxO cos(W(L, 1))

+2[§W1n(x t)] m_[

(6 y(L, t))LGwO sin(y(L, t))

L

7\
ISYESH

2(86 Win(x, t)) m_[

SURSH

OJ
0 I 0 ’
+2 [ Win(x, t)J Ap ( 6) J Win(x, t) dx dx + = A p ( Win(x, t)) dx
ox ot
0

L

2
—%EJ [86; y(x, t)) dx+m_1 [s Win(ZL, t)j [8 y(L, t)) LGx0 cos(y(L, t))

0
2

-m_1l (;Wln(L, t)] (St v(L, t)] LGwO sin(y(L,t))+= J_g(8 y(L, t)]
2
+;m_l(§ Win(L, t)) +1m lLGz[at\p(L, t))

>e5:=diff (ed,theta);
e5=0

Construccion de la ecuacion de Lagrange para el angulo theta.
>e6:=diff (e3,t)-e5-M theta=0;
L

e6:=J iz@(t) +1J 2 (iz (x,2)|+2 a—ze(t) dx
e P 27P o or
0
L
2

-m_l (gt e(t)] J 2 ((’fx Win(x, t)) (65(’% Win(x, t)) dx LGx0 cos(y(L, t))

0

L
2

Loare a—Ze(z) ﬁwu )| d
2P a2 ox b x

0
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L

1 d d o*
—5pA4 L? (8t e(z)j J 2 (ax Win(x, t)) (ax 5, Win(x, t)j dx

0

2
+2m | [52 0(¢) | LGx0 sin(w(L, t)) Win(L, 1)
t

L

ra

i 0 ’
-m_[ (6t2 O(t)] (Gx Win(x, t)] dx LGx0 cos(y(L, t))

Y0

2
—2m IL [aatz e(z)J LGwO sin(y(L, 1))

2 2

+2m [ ((jtz O(t)j LGwO cos(y(L,t)) WIn(L,t)+J h ((Satz y(x=0, t)j
0’ 0

+J h [(%2 G(t)J +J g (6t2 v(L, t)J

+m | —wy(L,t) | LGwO cos(y(L, t)) WIn(L, t)

—-m | —wy(L,t) | LGwOsin(y(L,t)) L

+m | —w(L,t) | LGx0sin(y(L, 1)) WIn(L, t)

2
+m_[ ; w(L,t)|LGx0cos(y(L,t))L
t

L

2
+m 1 (gt G(t)] J 2 (;x Win(x, z)) ( af = Win(x, z)) dx LGwO sin(y(L, 1))

0
2

+2m [L [;2 G(t)J LGx0 cos(y(L, 1))

L

& 0 ’ . 1
+m [ [(Stz 6(1‘)] (('Ex Win(x, t)j dx LGw0 sin(y(L, 1)) — 3
0

2

4 (ai Win(x, z)) m | (gt Win(Z, t)] [ af = Win(x, t)]

0 ? o
+2 ((%c Win(x, t)j m | [azz Win(Z, z)}
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2

8
25 Win(x, z)}

2
0 0
E Win(x, t) | m_[ [(%2 y(L, t)] LGx0 cos(y(L, 1))

2

0
25, Win(x, t)]

2 2
Win(x, t) | m_[ [22 y(L, t)] LGwO sin(y(L, 1))

2 2
m_1l f\u(L t)j LGwO cos(y(L, t))

L
2

A pJ gt Win(x, t) dx( 66 Win(x, t)]

X
L

o ? o* 2 o’
+2 (ax Wln(x> t)] A P & Wln(x, t) dx dx + m—ZL (atZ e(t)J

X

L
o ,( 6? o*
+A — Win(x, ¢) |xdx+m [ LG"| —0(t) |+m [| —WIn(L, t) | L
o (2 0 ) 126 Zot) o Z )

0

+2m_ [ Win(L, t)[ e(t)]( Win(ZL, t)]+m I Win(L, t)* [; e(t)]
L
+ 4 p(; G(I)JJ 2 Win(x, t)( Win(x, t)] dx

0
L

0 d o
+ % pA (8t G(t)j J 2 (Gx Win(x, t)) x? [ax 5, Win(x, t)] dx

0

L
2

Py L o? 0
+A4p [Gtz e(z)] fo Win(x, t)* dx +% pA [ O(t)] J (ax Win(x, t)) x* dx

0
2

2
+m [ (aaz Win(L, t)] LGx0 cos(y(L,t))—m | [52 Win(L, t)J LGwOsin(y(L, 1))
t t
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L

) 2
-m l(aa O(t)] J' [66; Win(x, t)j dx L

0
L

0 0 0? 0?
-m I (8t O(t)j J' 2 (ax Win(x, t)) (ax 5 Win(x, z)) dx L +%A p [8t2 e(z)] L

0

—M theta—2m IL (6 G(t)j LGx0 sin(y(L, t)) (6 y(L, t)}
5 2
+m Z[ y(L, t)j LGx0 cos(y(L, t)) WIn(L, ¢t)

-m l( W(L,t)| LGwOsin(y(L,t)) Win(L, t)

2
—m l(az y(L, t)] LGx0sin(y(L,t)) L —m_I [gt \u(L,t)j LGwO cos(y(L, 1)) L
L

+m l( G(t)jJ' (8 Win(x, t))2 dx LGx0 sin(y(L, t))[ y(L, t)j
0

-2m [L (8 e(t)) LGwO cos(y(L, t)) (gt y(L, t)]

+2m z( G(t)jLGxO sin(y(L, t))( Win(L, t))

+2m_|[ LGx0 cos(y(L, 1.‘))(a y(L, t)) Win(L, t)

[5%0)
+2m l( ]LGWO cos(w(L, t))( Win(ZL, t)]
-2m l(atG(t)j

LGwO sin(y(L, t))( y(L, t)j Win(L, t)

2
+m 1 (Gt G(t)]J' (aaxwm(x, z)) dx LGw0 cos(y(L, t))[ w(L, t)j

0
2

+m I LG* [;2 (L, t)] =
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Aplicacion de las ecuaciones de Lagrange para encontrar las ecuaciones locales.

Determinacién de la energia cinética de una rebanada de la viga.
>
dEc:=(1/2*A*rho*diff (theta(t) ,t)*2*Wln(x,t)*2+1/2*A*rho*diff (
Wln(x,t),t) ~2+A*rho*diff (theta (t),t) *diff (Wln(x,t),t)*x+1/2*A
*rho*diff (theta (t),t)*2*x*2+1/2*J*rho* (diff (psi (x,t) ,t)+diff(
theta (t) ,t)) *2) *dx;

1 2 2

dEc = (2A p (gt e(z)) Win(x, 1)* +%A p (gt Win(x, t)]

2
+Ap( 6(t)j[ Win(x, t)jx+1Ap(at9(t)j

oo (Zves) o (Zow)]) Jas

Determinacion de la energia potencial.

>
dEp:=(1/2*E*J*diff (psi (x,t) ,x)~2+1/2*k*G*A*diff (Wln (x,t) ,x) 2
+1/2*k*G*A* (psi (x,t)) "2~

k*G*A*diff (Wln (x,t) ,x) *psi (x,t)+1/2*fc*diff (Wln (x,t) ,x)*2+1/2
*fcor*diff (Wln(x,t) ,hx)*2) *dx;

2 1 2

dEp = ;Ej[a y(x, t)j += kGA(aa Win(x, t)j +1kGA\|f(x 1)?

-kGA (ai Win(x, t)) y(x, 1)+ % [
2
m_[ (L + LGx0cos(y(L,t))—LGwO sin(y(L, t)))( G(t)j

+;Ap(§te(t)j2 (Lz—xz)J [; Win(, t)j2+1 2m l[ate(t)]

((2 Win(L, t)] +(LGx0 cos(y(L, 1)) = LGwO sin(y(L, 1))) (gt w(L, t)]]

L

2
+ J 24p (gt Win(x, t)] (881‘ G(z‘)) dx (aax Win(x, t)] dx

X

Determinacion del Lagrangiano.
> e0:=expand (dEc-dEp) ;
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2 2
=1 9 2, 1 9
el = > dx A p (at O(t)j Win(x, t)” + 7 dx A p (81 Win(x, t)j

2

2
+dxAp gte(t)J( Win(x, t))x+ldxAp(aat9(t)) X +1dep(at\y(x,t)J

0 0 I ’ 0 ’
+dep(at\u(x,t)] (&e(t))+2dep[ O(t)J deJ( x\y(x, t))
G

2
dx k A(aaxwm(x, z)] ——dxkGA \y(x,t)2+dkaA(aaxW1n(x, t)) y(x, 1)
o 2 2
—XW1n(x t)) m_l

2 2 2 2

86 (L, t)) LGx0 cos(y(L, 1))

— Win(x, t)) m_1 Fr y(L, t)) LGwO sin(y(L, 1))

—dx (aax Win(x, t))zA ( G(t))J’ 0 Win(x, ¢) dx

X

Otra vez la misma estrategia para poder derivar respecto de la velocidad relativa de la
rebanada vista desde el sistema de referencia giratorio. Como MAPLE considerax y L
como variables independientes, es necesario aplicar esta estrategia dos veces, substituyendo
la primera derivada respecto del tiempo de Win(x,t) y Win(L,t).
>ell:=subs(diff (Wln(x,t), t)=Wlnpunto,beO) ;

2

ell = % dx Ap [gt G(t)j Win(x, 1)* + % dx A p Winpunto® + dx A p ((ft G(I)j Winpunto x

2 2
0
+;dxAp[ 6(1‘)) X +1dep[at\|J(x,t)J +dep(at\p(x,t)](§te(t)j
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2 2

labcEJ(a y(x, t)) labckGA(aa Win(x, t))

2
dep(ate(t)J

dxkGAvy(x,t) +dkaA[88xW1n(x,t)j w(x, 1)

1 (0 VR
—=dx (x Win(x, ¢) | m_[ ( o(¢ )j LGx0 cos(y(L, 1))
2 2

o) n
)

dx [aax Win(x, t)j m_1 Er O(t)] LGwO sin(y(L, t))
[aewmes)

2 2 2 2
1

2, - ﬁ 9 2
L +4dx[alen(x,t) Ap(aIG(t) X

>ella:=subs (diff (Wln (L, t),t)=WlnpuntoA,e0) ;
2 2

1 9 2,1 9
ella .—2dxAp[at6(t)) Win(x, ¢) +2dxAp(a Win(x, t))

+dxAp[ Q(t)j( Win(x, t))x+;dxAp( 9(t))x+1dep( w(x, t)]

2 2
+dep( y(x, t)j (ate(t))+ ! dep[atO(t)] ldeJ(ax\y(x, t)]
2

dx kGA(g Win(x, z)] 1dkaA w(x, 1) +dkaA(aaxW1n(x,t))\|1(x,t)

2 2
dx (;CWln(x,t)] m 1 (gt e(z)j L

2

2
- % dx (;x Win(x, t)] m_1 (gt G(t)j LGx0 cos(y(L, 1))

N — l\)\»—d
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2
5 e(z)j LGwO sin(y(L, 1))

Wln(x t)) m Z(a

2 2

(,iwm(x,t)j A p[; 0(1) L2+ dx (5 Win(x, t)j A p[a G(t)j

9

—dx ( 0 Win(x, t)) Ap G(t)) 3 Win(x, t) dx

~

>el2:=diff (ell,Wlnpunto) ;
>el2a:=diff (ella,WlnpuntoA) ;

2
el2:=dx A p Winpunto +dx A p (gt O(t)] X —dx (aax Win(x, t)j Ap (gt G(t)j (L-x)

2
el2a:=—dx (aax Win(x, t)) m_1 (gt 9(t)j

>el3:=subs (Wlnpunto=diff (Wln(x,t),t) ,h el2);
el3:=dxAp (gt Win(x, t)j +dx Ap (gt G(t)] X

0 oo
—dx (ax Win(x, t)) Ap (at 9(t)j (L-x)
>el3a:=subs (WlnpuntoA=diff (Wln(x,t),t) ,el2a);
2
0 0
el3a = —dx (6)6 Win(x, t)) m_1l [6t G(t)j
Otra vez la misma estrategia para poder derivar respecto de la posicion relativa de la

rebanada vista desde el sistema de referencia giratorio.

>el4d:=subs (Wln(x,t)=W1ln,eO0);
2 2

1 9 2,1 9
e]4.—2dxAp(at9(t)] Win +2dxAp(athnJ +dxAp( 9(t)j( Wln)

2 2
1 1 0 0 0
+2dxAp( O(t)) x4+ dep( t\p(x,t)] +dep(at\y(x, t)] (ate(t)j
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I P 0 P o
2dep(at9(t)J deJ[ \y(xt)) dkaA(alenj

2

0 1 0 0
dckGAy(x, 1) +dx kG A (ﬁx Wln} y(x, 1) —idx (8}6 Wlnj m_l [8t G(t)j L
o N (0. Y
dx [ax Wln) m_1 ( G(t)) LGx0 cos(y(L, 1))

Ly [5 Wln] ( G(t)) LGwO sin(y(L, 1))

2

2

1 0 0
2,2 2
L +4dx(6x Wlnj Ap(atG(t)j X

>elda:=subs (Wln (L, t)=W1lnA,e0);
2 2
elda = dx 4 p (; e(z)] Win(x, ) + % dx A p (gt Win(x, r)]

2
2

+dxAp( O(t)]( Win(x, t))x+ldxAp[ 6(t))2x+1dep(atw(x,t)]

1

2 2
+dxJp [Gat w(x, z)) ( e(z)) acsp (az e(t)J ~ dx EJ[ iw(x, z)}

2
dx kG A [aax Win(x, z)j —%dx kGAy(x, 1) +dxkGA (ai Win(x, z)) w(x, 1)

2 2
0 0
dx [8}6 Win(x, t)j m_1 (at O(t)] L

N NIV
—Sdx [6)6 Win(x, t)j m_1 ((SI G(t)] LGx0 cos(y(L,t))

N[ — l\)\~

2
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2 2 2 2

d d
R (ﬁx Win(x, t)j Ap [8t G(t)j x?

s (L, t)) LGx0 cos(y(L,t))

Er w(L, t)) LGwO sin(y(L, t))
L

0 ’ 0
—dx (8 Win(x, t)) A p(@t G(I))J Win(x, t) dx

X

>el5:=diff (el4,Wln)+diff (eld4a,Wlna) ;
2

el5:=dxAp (aat e(t)) Win

>el6:=subs (Wln=Wln(x,t) ,el5);
2

el6:=dxAp [gt G(t)] Win(x, ¢)

El diferencial de cortante es una fuerza externa que actua en la rebanada. Aunque ha sido
incluido el término de energia potencial debida a la deformacion por cortante, al derivar

respecto de la coordenada Wln no aparece.

>dQ:=-k*G*A* (diff (Wln(x,t), "$ (x,2))-diff (psi(x,t), x))*dx;

dQ =k G A a—zwm( =Ly a
: =, X, (ax\u X, x

Construccion de la ecuacion de Lagrange correspondiente a Win.
>el7:=diff (el3+el3a,t)-el6-dQ=0;

62 62
el7 =dxAp (82 Win(x, t)] +dx Ap [82 G(t)jx
t

—2dx[aa Win(x, t)]Ap( o) | (L - x)[ - Win(x, t)]

)

—dx(aaxWIn(x,t) Ap[@(t)](L X)

0
—2dx[a Win(x, t)jm l(@te(t)J[é Y
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2

d. QWI t la—zez dx A 96t2W1 t
~ae (G W) | 1| 2500 |- e F 00| Winge )

+kGA a—ZWln(x t)|— 2 (x,t) | |dx=0
ox? ’ ax P -

Otra vez la misma estrategia para poder derivar respecto de la velocidad angular relativa de
la rebanada vista desde el sistema de referencia giratorio. Como MAPLE considerax y L
como variables independientes, es necesario aplicar esta estrategia dos veces, substituyendo
la primera derivada respecto del tiempo de psi(x,t) y psi(L,t).

>e2l:=subs (diff (psi(x,t), t)=psipunto,e0l)
2 2
1

1 9 2, 1 9
el = 3 dx Ap [at G(t)j Win(x, ¢)” + 3 dx A p (é’t Win(x, t)j

2
+dx A p[ B(t)]( Win(x, t)]x+;dxA p( 9(1)) P ! deppszpunto

2 2
+deppsipunto( G(t)J += ! dxJp (881‘ O(t)) ! —dx EJ[ ax\y(x, t))

2
dx kG A (;x Win(x, t)} —%dx kGAy(x,t) +dxkGA (sx Win(x, t)) y(x, 1)

2 2 2 2

ainn(x,t) A p( 0(1) L2+%dx (aaxwm(x,t)j A p(; G(t)j x?

X

>e2la:=subs (diff (psi(L,t),t)=psipuntoA,e0l);
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2 2

1 9 2, 1 9
e2la = > dx A p (ﬁt 9(1‘)) Win(x, t)” + > dx A p (6t Win(x, t)}

2

2
+dxAp( 6(1.‘))[ Win(x, t))x+ldxAp(§t9(t)) X +1dep[aat\|/(x t)}

2 2
+dep( y(x, t)] (&G(t))+;dep( O(t)) deJ( y(x, t))

0 ? o
dx kG A (axwm(x, z)) ——dxkGAy(x, t)Y +dxkGA (axwm(x, t)) y(x, 1)

? 5
len(x,t)J m 1 ate(t)j L

2 2 2 2

L

—dx (aax Win(x, t))zA ( G(t))J’ 0 Win(x, ¢) dx

>e22:=diff (e21,psipunto)+diff (e2la,psipuntod) ;
e22 :=dx J p psipunto + dx J p ((ft O(t))

2
—dx (aax Win(x, t)) m_1 ((gt G(t)j LGx0 cos(y(L, 1))

2
+ dx (gx Win(x, t)) m 1 (gt e(z)j LGwO sin(y(L, 1))

>e23:=subs (psipunto=diff (psi(x,t),t),h e22);
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e23 :=dxJp (aat y(x, t)] +dxJp (aat O(t)]
0 e
—dx (8x Win(x, t)) m_1 (6t G(t)j LGx0 cos(y(L, 1))

+dx ((,i Win(x, t)) m 1 (st e(z)j LGwO sin(w(L, 1))

>e24:=subs (psi(x,t)=psi,e0);
2 2

=1 9 2,1 ]
e24 = > dx A p (Gt 9(1‘)) Win(x, )" + 7 dx A p (at Win(x, t))

2

2
+dxAp[ (t)j( Win(x, t))x+;dxAp( (t)) X +ldep(aat j

0 I P o Y
+dxjp(at\|1)(at6(t)j+ dep(ate(t)J abcEJ(a wj

2
dx kGA[aaxWIn(x,t)j ——dvkGA \|12+dkaA(aaxW1n(x,t)j\|f

2 2 2 2

d d
7 (ﬁx Win(x, t)j Ap (8t G(t)j x?

g (L, t)) LGx0 cos(y(L,t))

; (L, t)) LGwO sin(y(L, 1))
L

X

>e24a:=subs (psi (L, t)=psiA,e2la);
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2 2

-—l 0 2 1 0
e24a = > dx A p [ﬁt O(t)J Win(x, )" + > dx A p (at Win(x, t)}
5 2

2
+dxAp( 6(1.‘))[ Win(x, t))x+1dxAp(at9(t)) X +1dep[aat\|/(x t)}
2 2
+dep( y(x, t)] (&G(t))+;dep( O(t)) deJ( y(x, t))
8 ? , o
dx kGA(axWIH(x, t)j —~dxkGAvy(x,t) +dkaA(alen(x, t)) y(x,t)

5 2
dx len(x,t)J m

2 2 2 2

L

—dx (aax Win(x, t))zA ( G(t))J’ 0 Win(x, ¢) dx

>e25:=diff (e24,psi)+diff (e24a,psild);
e =—dxkGAy+dxkGA ((Sax Win(x, t)]

2 2
0 0 . .
dx (6x Win(x, t)j m_1 (6t G(t)j LGx0 sin(psiAd)

l\)\~ l\)\»—d

2 2
0 0 .
dx (Gx Win(x, t)] m_[ (& G(t)j LGwO0 cos(psiA)
0 . ) .
+ dx F Win(x, t)) m_1 (at G(t)]pszpuntoA LGx0 sin(psiAd)

5 2
3
2
+dx (68

E Win(x, t)) m_1 (SI G(t)jpsipuntoA LGwO0 cos(psiA)
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> e26:=subs (psi=psi(x,t) ,h e25);
e26 =—dxkGAwy(x,t)+dx kG A (ﬁax Win(x, t)]

2 2

dx [8 Win(x, t)j m_1 (gt G(t)] LGx0 sin(psiAd)

* Ox

N — N

+

dx (aax Win(x, t)] m_l (gt G(t)j LGwO0 cos(psiA)

2
+ dx (éfx Win(x, t)) m_[ (gt O(t)] psipuntoA LGx0 sin(psiA)

+dx (aax Win(x, t)) m_l (gt 9(t)jpsipuntoA LGwO cos(psid)

>e27:=subs (psiA=psi (L, t) ,e26) ;
e27 =—dxkGAwy(x,t)+dx kG A (aax Win(x, t)j
8 ? 8 ?
+—dx (Gx Win(x, t)] m_[ ((’Et G(t)j LGx0 sin(y(L, t))

+

N — N =

dx [;x Win(x, t)) m_[ (gt G(t)j LGwO cos(y(L, t))

2
+ dx (gx Win(x, t)) m_l [aat G(t)jpsipuntoA LGx0 sin(y(L, t))
ox
>e28:=subs (psipuntoA=diff (psi(L,t),t) ,h e27);
e28 =—-dxkGAy(x,t)+dxkGA (aax Win(x, t)j

2
+dx (8 Win(x, t)) m 1 (gt e(t)jpsipuntoA LGwO cos(y(L, 1))

2 2
+=dx (inn(x,t)] m 1 (gt G(t)j LGx0 sin(y(L, t))

+

N = N =

dx (6(1 Win(x, t)j m_1 (gt G(t)j LGwO cos(y(L, t))
0 e 0
+ dx (ax Win(x, t)) m_l (6t e(t)j (ﬁt v(L, t)) LGx0sin(y(L, 1))

2
by (aax Win(s, z)j m 1 (; em] [; w(L, z)) LGw0 cos(y(L, 1))

Existe un momento (por unidad de longitud) aplicado a la rebanada. Como es funcion de la
derivad segunda de psi(x,t) respecto de x, no aparece al derivar la energia potencial y es

necesario tenerlo en cuenta.
>dM:=E*J*diff (psi(x,t), $ (x,2))*dx;
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dM =EJ| —y(x, 1) |dx
ox
Construccion de la ecuacion correspondiente al angulo psi.
>e29:=diff (e23,t)-e28-dM=0;
0’ 0’
e29 =dxJp|—wy(x,t)|+dxJp|—0(t
p[atz\v( )] p[aﬂ ()]

2

—2dx (68 Win(x, t)]m Z( 0(t) | LGx0 cos(y(L, t))(afatwm(x,t)j

2

Y Win(x, I)J

—dx (aax Win(x, t) m_1 ( G(Z)] LGx0 cos(y(L, 1))

+ 2 dx [68 Win(x, t)] m l( 0(t) |LGwO sin(y(L, 1)) [6}?
2

+ dx (6 Win(x, t)) m_1 (8 0(2) | LGwO sin(y(L,t))+dx kG Awy(x,t)

ox aﬂ

0 1. (0 IR

-dxkGA (8 Win(x, t)] ~dx [Gx Win(x, t)] m_1 (at G(t)] LGx0sin(y(L, 1))
1 (8 Pore o>

-3 dx [Gx Win(x, t)j m_[ (at G(t)] LGwO cos(y(L,t))— EJ{ax2 y(x, t)} dx=0

>with (PDEtools) ;
[ PDEplot, build, casesplit, charstrip, dchange, dcoeffs, declare, difforder, dpolyform,

dsubs, mapde, separability, splitstrip, splitsys, undeclare |

>
answ:=pdsolve ([e6,el7,e29], [psi(x,t) ,Wln(x,t) , theta(t)],sings
ol=false) ;

Error, (in pdsolve/sys) found functions depending on different variables

in the given DE system: [Wln(x,t), Wln(L,t), psi(L,t), psi(x,t)]

Vemos que MAPLE no puede separar el sistema de ecuaciones diferenciales. Causas:

1) hay funciones de x y funciones de x=L (este problema se puede resolver reescribiendo
las ecuaciones utilizando otra notacion).

2) en la ecuacion global hay términos integrales. El algoritmo que utiliza MAPLE no es
capaz de separar todas las ecuaciones integro-diferenciales en derivadas parciales. Mas
adelante volvera a aparecer este problema.

>
>
>
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