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A Conzxeta 1 a Victor.






La joventut és una cosa de la qual cal usar i abusar:

no som joves dues vegades.

Joan Fuster 1 Ortells.

La vie n’est bonne qu’a deux choses:

a faire des mathématiques et a les professer.

Siméon Denis Poisson.

A mathematician 1s a blind man in a dark room

looking for a black cat which isn’t there

Charles Robert Darwin.
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Resum

L’objectiu principal d’aquest treball és mostrar els resultats que hem
obtingut en els nostres articles d’investigacié First eigenvalue of the
Laplacian of a geodesic ball and area-base symmetrization of its metric
tensor i First Dirichlet eigenvalue and exit time moment spectra com-
parisons (vegeu [28] 1 [63]). A aquests articles estudiem la relaci6 entre
certes propietats geometriques de les boles geodesiques de varietats de
Riemann i les solucions de certes equacions diferencials plantejades en

aquestes boles geodesiques.

En particular, les equacions diferencials que estudiarem estan plante-
jades utilitzant el laplacia (és a dir, 'operador de Laplace-Beltrami).
El laplacia és un dels operadors diferencials que estan relacionats amb

l'estructura metrica de la varietat de Riemann.

Al llarg d’aquest treball, mostrarem les nostres estimacions per a les
solucions dels problemes amb valors en la frontera coneguts, en la li-
teratura, com el problema de Poisson i el problema de valors propis
de Dirichlet, plantejats en una bola geodesica d'una varietat de Rie-
mann completa. Concretament, provarem les nostres comparacions
(fites) per a la funcio de temps d’eizida mitja, la rigidesa torsional, la
jerarquia de Poisson, 1’ espectre de moments i el primer valor propi del
laplacia per al problema de Dirichlet plantejats en boles geodesiques
d’una varietat de Riemann (vegeu Seccions i per a les defini-

cions d’aquests problemes i dels invariants geometrics esmenats).

Una manera de trobar aquestes fites és estudiar el comportament i
quines propietats satisfan aquests invariants geometrics quan assumim
que les curvatures de la varietat estan fitades, com la lectora o el lector

pot trobar, per exemple, als resultats d’A. Hurtado, S. Markvorsen i



V. Palmer en [37] i [38], els resultats de S.Y. Cheng en [12] i [13] i els
resultats de G.P. Bessa i J.F. Montenegro en [5].

En els darrers capitols d’aquest treball veurem que les nostres fites per
als invariants geometrics definits en boles geodesiques d’una varietat
de Riemann completa, préviament esmenats, s’obtenen comparant-
los amb aquests invariants geometrics definits en les corresponents
boles geodesiques d’espais model rotacionalment simétrics per mitja

de diverses tecniques:

Al llarg del capitol [B] provarem les nostres comparacions per a la
funcié temps d’eixida mitja, la rigidesa torsional, la jerarquia de Pois-
son i l'espectre de moments definits en boles geodesiques, amb radi
menor que el radi d'injectivitat del seu centre, d'una varietat de Rie-
mann completa assumint fites per a la curvatura mitjana de les esferes

geodesiques contingudes en la bola geodesica.

En particular provarem que, si les curvatures mitjanes de totes les es-
feres geodesiques estan fitades inferiorment per les curvatures mitjanes
de les corresponents esferes geodesiques d’un espai model rotacional-
ment simetric, aleshores la funcié de temps d’eixida mitja definida en
la bola geodesica esta fitada per dalt per la funcié de temps d’eixida
mitja definida en la corresponent bola geodesica de 'espai model
rotacionalment simetric i, analogament, també obtindrem el cas con-
trari, és a dir, si les curvatures mitjanes estan fitades superiorment,

aleshores la funcié de temps d’eixida mitja esta fitada per baix.

A més a més, caracteritzarem el cas de la igualtat provant que la
igualtat s’assoleix si i només si les curvatures mitjanes de les esferes
geodesiques de la varietat i de I’espai model amb el mateix radi coin-

cideixen.

A partir d’aquesta comparacié, obtindrem fites per al quocient
isoperimetric, la jerarquia de Poisson i el promig dels elements de
I’espectre de moments comparant-los amb els corresponents definits

en espais model rotacionalment simetrics. Pel que fa a la rigidesa



torsional també trobarem una comparacio, pero necessitarem assumir
certa condicio de balanceig en I’espai model i utilitzar una altra tecnica

que anomenarem simetritzacio de Schwarz.

A més a més, com comentarem en el capitol 4] i en les conclusions
al capitol [f] les desigualtats obtingudes sén molt rigides perque la
igualtat en una qualsevol d’elles determina la igualtat en totes les

altres.

D’altra banda, al capitol [d provarem que el primer valor propi del
laplacia per al problema de Dirichlet definit en boles geodesiques,
amb radi menor que el radi d’injectivitat del seu centre, de qualsevol
varietat de Riemann esta fitat per dalt per funcions que només de-
penen de la funcié area de les esferes geodesiques contingudes en la
bola. A més a més, caracteritzarem la igualtat provant que aques-
ta s’assoleix si i només si la curvatura mitjana de totes les esferes
geodesiques contingues en la bola és una funcié radial (només depén

de la funcié distancia al centre).

A partir d’aquest resultat provarem que si el quocient entre la funcio
d’area de les esferes geodesiques contingudes en la bola de la vari-
etat i la funcié d’area de les corresponents esferes geodesiques d'un
espai model rotacionalment simetric és decreixent, aleshores el primer
valor propi del laplacia per al problema de Dirichlet definit en la bola
geodesica de la varietat esta fitat per dalt pel primer valor propi per al
problema definit en la corresponent bola geodesica de I'espai model.
A més a més, provarem que la igualtat s’assoleix si i només si les cur-
vatures mitjanes de les esferes geodesiques de la varietat i de I'espai

model, amb el mateix radi, coincideixen.
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Chapter 1

Introduction

1.1 Purpose of study and objectives

The study of the connection between the function theory on Riemannian man-
ifolds and the geometric structure of the manifold is one of the main goals of
the so-called Geometric Analysis. The functions under study usually come as
the solutions of differential equations defined on the manifold. The differential
operators for which the partial differential equations are posed should be related
with the metric structure of the Riemannian manifold, for instance the Laplacian
(the Laplace-Beltrami operator). One way to study this relationships is to control
the curvatures of the manifold and study which properties are satisfied by the
solutions of the partial differential equations, and vice-versa. For instance, there
are estimates for the Laplacian of the distance function when the Ricci curvatures
of the Riemannian manifold are bounded from below, as the reader can see in the
R.E. Greene and H. Wu’s book [32].

Along this work, we are going to consider a geodesic ball Bgr(0) of a given
complete n-dimensional Riemannian manifold (M, g), and then, we will study
some partial differential equations posed on these geodesic balls using the Lapla-
cian. In particular, we will focus on the boundary valued problems known, in
the literature, as the Poisson problem and the Dirichlet eigenvalue problem (see
Sections and [4.1). In this context, the goal of this work consists in studying
the behaviour of the solutions of these problems and its relationship with the

geometric properties satisfied by the given Riemannian manifold. In particular,
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we will describe and contextualize the results that we have obtained in our re-
search papers First eigenvalue of the Laplacian of a geodesic ball and area-base
symmetrization of its metric tensor and First Dirichlet eigenvalue and exit time
moment spectra comparisons (see [28] and [63]).

In Chapter |3| we show the results that we have obtained in [63]. In particular,
we will find comparisons for the mean exit time function defined on the geodesic
balls. This function measures the expectation of the time that a Brownian parti-
cle, whose movement starts inside Br(0), takes to leave the geodesic ball through
its boundary for the first time. It is known that this function is a solution of a
Poisson problem. Moreover, we will construct other geometric invariants defined
on the geodesic ball (we refer as geometric invariant to a value or function as-
sociated to a geometric object which remains invariant under isometries). These
geometric invariants are the torsional rigidity, the Poisson hierarchy and the mo-
ment spectrum, which are related to the mean exit time function, and moreover,
we will also show comparisons for these invariants.

On the other hand, in Chapter |4, we will show the results that we have ob-
tained in [28]. In particular, we will find upper bounds for the first eigenvalue
of the Laplacian for the Dirichlet problem defined on the geodesic ball and, fur-
thermore, we will show the relationship between this geometric invariant and the

ones previously mentioned.

1.2 Approach and methodology

The techniques that we will use to prove our statements are based on the use
of the Schwarz symmetrization, the comparison with the rotationally symmetric
model spaces and the construction of the rotationally symmetric metric tensor of
comparison of geodesic balls. We shall apply then classical results such as the
Strong Maximum Principle, the Divergence Theorem, the co-area formula, the
Rayleigh’s Theorem and the Barta’s Lemma.

The rotationally symmetric model spaces (M, g,) are geometric constructions
that generalize the surfaces of revolution. This kind of spaces will play an impor-

tant role along this work. In fact, we will compare the solutions of the Poisson



1.2 Approach and methodology

and Dirichlet problems defined on geodesic balls of a complete Riemannian man-
ifold with the corresponding solutions for the problem posed on geodesic balls of
rotationally symmetric model spaces with same radius. On the other hand, given
a Riemannian manifold (M, g) and o € M a point of M, the rotationally sym-
metric metric tensor of comparison is a new metric tensor ¢ on the geodesic ball
Br(0) constructed in such a way that we have the equality between the volumes
of the geodesic spheres contained in Bgr(o) with respect to the metrics g and g.
Namely, given the geodesic ball Bg(o) of M with radius R > 0 centered at o,
we have the equality voly(S,(0)) = volz(S,(0)) for all 7 € [0, R) (see Section [4.3).
With this new metric tensor, g the geodesic ball Bg(0o) becomes a rotationally
symmetric model space (M, g =g,).

Let us consider a complete n-dimensional Riemannian manifold (M, g) and
let (ML, g,,) be an n-dimensional rotationally symmetric model space with center
0, € M,,. Let 0 € M be a point such that inj,(0) <inj, (o,) (where inj denotes
the injectivity radius, see Subsection . It is known that the solutions of
the second order partial differential equations posed on the geodesic balls of the
model spaces are radial, namely, they depend only on the distance function to
the center of this geodesic balls. Thus, we shall see that to bound the solutions of
the partial differential equations in the Riemannian manifold we need to compare
them with the radial solutions in the rotationally symmetric model spaces, and for
that, we must control their second derivatives, namely, their Hessian and their
Laplacian. In order to control the corresponding Laplacian of these functions
we shall assume some bounds on the mean curvatures of the geodesic spheres
centered at o € M. In particular, we will ask that the mean curvatures of the
geodesic spheres S,.(0) and S¥(0,) of M and M, respectively, to satisfy, for any
radius R < inj,(o) < inj, (0,), the inequality

HST(O) > HS,‘:’(OW) forall r e (0, R], (1.1)

or inequality
HST(O) < ngru(ow) forall r e (0, R] (1.2)

On the other hand, in Section (3.6, we must assume a balance condition and

use the Schwarz symmetrization technique to establish our bounds for the tor-
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sional rigidity. The balance condition is a hypothesis on the rotationally sym-
metric model spaces which will let us to control the growth of the isoperimetric
quotient vol, (B%(ow)) / voly (Sh(o.)) (see Subsection and the Schwarz
symmetrization is a technique which will let us to compare the integrals of the
solutions of the boundary valued problems posed on the Riemannian manifold
with the integrals of the solutions for the problems on the rotationally symmetric
model spaces. This technique consists in symmetrizing a geodesic ball Bg(0) in
M using a geodesic ball in M, in such a way that the volume of the geodesic ball
Bg(0) is preserved (see Subsection [2.2.3)).

Furthermore, the Strong Maximum Principle will be used in order to prove
the comparisons for the mean exit time function and the Poisson hierarchy, and
moreover, to characterize the equality cases (see Theorem .

On the other hand, we will use the Divergence Theorem and the co-area for-
mula to compare integrals of functions over domains on the Riemannian manifold
and their corresponding domains in the rotationally symmetric model spaces (see
Theorems [2.1.59 and [2.1.62)).

Finally, the Rayleigh’s Theorem and the Barta’s Lemma are techniques that
we will use in Sections 1.4 and [4.5]to find our upper bounds for the first eigenvalue

of the Laplacian for the Dirichlet problem on geodesic balls, characterizing also

the equality cases. These results state how the first eigenvalue can be bounded
by using functions that are not necessarily eigenfunctions associated to the first
eigenvalue of the Laplacian for the Dirichlet problem. In fact, these results charac-
terize the equality case by showing that the equality is attained when the function

is an eigenfunction associated to the first eigenvalue.

1.3 Previous results and motivation

The establishment of comparisons for the mean exit time, for the torsional rigidity,
for the Poisson hierarchy and for the moment spectrum of a geodesic ball, together
the geometric characterization of the domains and the spaces where these bounds
are attained, encompasses the use of isoperimetric conditions as P. McDonald did
in [55]. In that paper, by using the Schwarz symmetrization technique, he proved

that the moment spectrum of precompact domains €2 can be bounded from above
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when equality between the volume of €2 and its Schwarz symmetrization implies
an inequality between the volumes of their perimeters. The key idea to do that is
to use the comparison of the symmetrized solution of the Poisson problem with
the solution of the symmetrized problem given by G. Szegd and G. Talenti (see
the works of C. Bandle [2] and G. Talenti [71], for instance). In this case, the
moment spectrum is bounded, term by term, by the moment spectrum of its
Schwarz symmetrization.

On the other hand, A. Hurtado, S. Markvorsen and V. Palmer in [37] and [3§]
and S. Markvorsen and V. Palmer in [53] showed some extrinsic comparisons for
the torsional rigidity and the moment spectrum by assuming bounds on the radial
sectional curvatures of the given Riemannian manifold and the control of the mean
curvature of the submanifold (see Theorems [3.3.3| and [3.3.4)). Furthermore, G.P.

Bessa and J.F Montenegro in [5] used some bounds on the mean curvatures of

the geodesic spheres as hypothesis to find upper and lower bounds for the first
eigenvalue of the Laplacian for the Dirichlet problem (they used conditions
and ) Hence, a natural question is: can the moment spectrum be bounded
assuming bounds on the mean curvatures of the geodesic spheres? Along this
work we will give an answer to this question, i7.e., we will compare the moment
spectrum of geodesic balls Br(o) of a given Riemannian manifold (M, g) with
the one of geodesic balls of a rotationally symmetric model space (M, g,) when
the mean curvatures of all the geodesic spheres contained in Bg(0) are bounded
from above or from below by the mean curvatures of the corresponding geodesic
spheres of M,,,. We should remark at this point that the mean curvature pointed
inward of the geodesic spheres in a Riemannian manifold is the Laplacian of the
distance function from its center (see Definitions [2.1.47] [2.1.49| and [2.1.56). We

will show our results on the mean exit time, the torsional rigidity, the Poisson

hierarchy and the moment spectrum in Chapter

On the other hand, upper and lower bounds for the first eigenvalue of the
Laplacian for the Dirichlet problem on precompact domains €2 of a Riemannian
manifold (M, g) have been widely studied in the literature. As above, to bound
the first eigenvalue we must control the geometry of the Riemannian manifold.
One way to look for comparisons of the first eigenvalue of a precompact connected

domain in a Riemannian manifold is to bound the curvatures of the Riemannian
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manifold. S.Y Cheng in [12] and [I3] and G.P. Bessa and J.F. Montenegro in
[5] showed upper and lower bounds for the first eigenvalue of the Laplacian for
the Dirichlet problem on geodesic balls Bgr(0) of a Riemannian manifold (M, g)
by assuming some bounds of the sectional, the Ricci and the mean curvatures of
the geodesic spheres contained in Bg(0), respectively. Moreover, in [12] and [13],
S.Y. Cheng found that the equality between the first eigenvalue of a geodesic ball
Br(0) and the corresponding first eigenvalue of a geodesic ball of a rotationally
symmetric model space is attained if, and only if, the geodesic balls are isometric,
whereas, G.P Bessa and J.F. Montenegro in [5] found that the equality is attained
if, and only if, the mean curvatures of the geodesic spheres Sg(0) contained in
Br(0) coincide with the mean curvatures of their corresponding geodesic spheres
in the rotationally symmetric model space (see Theorems , and
for more details on these statements).

G. Faber in [25] and E. Krahn in [47] proved, assuming certain isoperimet-
ric condition, that the first eigenvalue of a precompact domain €2 in M can be
bounded from below by the first eigenvalue of a geodesic ball B“LJ(Q) (0,) of a
rotationally symmetric model space M, such that vol(2) = vol(By o (0.)). Fur-
thermore, the equality between the first eigenvalues implies isometry between the
precompact domain §2 and its corresponding geodesic ball By q) (0,) (see Theorem
4.2.6)).

In Chapter , given a Riemannian manifold (M,g), we will construct the
rotationally symmetric tensor of comparison g (which preserves the volume of
the geodesic spheres contained in a geodesic ball Bg(o) of M) and then, we will
look for bounds of the first eigenvalue of Bg(o) by comparing it with the first
eigenvalue of Br(o) with respect to this new metric tensor. In fact, using this
technique, we will show some upper bounds for the first eigenvalue of geodesic
balls (see Sections [4.3] and [1.5).

On the other hand, G.P. Bessa, V. Gimeno and L. Jorge in [6], E.B. Dry-
den, J.J. Langford and P. McDonald in [21], A. Hurtado, S. Markvorsen and V.
Palmer in [39] and P. McDonald and R. Meyers in [57], studied bounds for the
first eigenvalue of the Laplacian for the Dirichlet problem on domains of Rieman-
nian manifolds in terms of the mean exit time, the torsional rigidity, the Poisson

hierarchy, the moment spectrum and the volume of the domains (see Theorems
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4.2.7,14.2.8, 4.2.10/and 4.2.11)). Then, as a consequence of their results and of our

comparison given in Section 4.4}, we will obtain upper bounds for the first eigen-

value of the Laplacian for the Dirichlet problem on geodesic balls Bg(0) in terms
of the area functions of the geodesic spheres contained in Bgr(0) (see Corollary
4.4.4). Moreover, in Section [£.6] we will show some relationships between these

geometric invariants while assuming the bounds on the mean curvature of the

geodesic spheres as in [5] (namely, under conditions (|1.1]) and (1.2))).






Chapter 2

Preliminaries

We start this work by summarizing some preliminary concepts of Riemannian
geometry which we will use in the further Chapters [3] and [l We also shall
introduce some basic properties of the so-called rotationally symmetric model
spaces.

First, in Section 2.1, we will give, briefly, some basic definitions in Riemannian

geometry. In particular, Subsections [2.1.1] [2.1.2| and [2.1.3], are devoted to define:

the length of a curve, the geodesic curves, the exponential map, the injectivity
radius and the cut locus. Next, in Subsections[2.1.4] and 2.1.5], we will define some

intrinsic and some extrinsic curvatures of Riemannian manifolds. In Subsection

2.1.6, we will give some definitions of the differential operators on Riemannian
manifolds that will be useful along this work. In particular, we will study some
properties of the Laplace-Beltrami operator, which will play a key role along this
work. Finally, to end this section, in Subsection [2.1.7] we will construct the
systems of coordinates called normal and polar coordinates and we will describe
the Riemannian volume element expressed in those polar coordinates.

On the other hand, in Section [2.2| we will define the so-called rotationally sym-
metric model spaces, which we will use to find our comparisons for some geometric
invariants in the further chapters. In particular, Subsection is devoted to
define this spaces and study their properties. In Subsection 2.2.2] we will define
our balance condition and give some example of rotationally symmetric model

spaces which satisfy this condition. Finally, to end this chapter, in Subsection
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we will present the Schwarz symmetrization of a precompact domain in a

Riemannian manifold.

2.1 Riemannian geometry

Along this work we shall denote as (M, g) a finite dimensional Riemannian man-
ifold with Riemannian metric tensor ¢ and by V its Levi-Civita connection,
namely, the unique metric and torsion free connection.

In order to study a more detailed background of the concepts stated in this
section, and the definitions of a Riemannian manifold and Riemannian metric
tensor, we refer to I. Chavel [10], M.P. Do Carmo [19], J.M. Lee [48], P. Petersen
[64] or T. Sakai [6].

2.1.1 Length of curves and metric distance function

The main objective of this subsection is to define the so-called metric distance
function which gives us the distance between two given points of a Riemannian
manifold and show some of its properties, see Section 3 of Chapter 5 of [64] and
Section 1 of Chapter II of [68] to more detailed explanation. But first, we must

define the length of curves on a Riemannian manifold as follows.

Definition 2.1.1 (see [68]). Let (M,g) be an n-dimensional Riemannian man-
ifold. Given a smooth parametrized curve v : I — M defined on an interval
I :=[a,b] C R, we define the length of v, £,(v), by

() = / W (@), do,

and the arc-length parameter of the curve, s,~(t), by

Sy () = / I (@)1, do.

where |||, denotes the norm defined using the Riemannian metric tensor g.

Definition 2.1.2 (see [68]). Let (M, g) be a connected n-dimensional Riemannian
manifold and let p,q be two points of M. Then, we say that vy : [a,b] — M is

a smooth curve joining p with q if v is a smooth parametrized curve such that

v(a) =p and y(b) = q.

10



2.1 Riemannian geometry

Definition 2.1.3 (see [68]). Let (M, g) be a connected n-dimensional Riemannian
manifold. Given two points p,q € M, we define the metric distance function from
p to g, dist,(p, q), as the infimum of the length of all the smooth curves joining p
with q. Namely

dist,(p, q) :=inf {{,(7) : where 7y is a smooth curve joining p with q}. (2.1)

For a non-connected Riemannian manifold (M, g) we define the distance be-
tween two points p, q belonging to different connected components of M as infinity,

ie., disty(p, q) = +o0.

The following proposition shows some fundamental properties of the metric

distance function.

Proposition 2.1.4 (see Remark 2.3 of Chapter 1 and Proposition 2.6 of Chapter
7 of [19] and Proposition 1.1 of Chapter IT of [68]). Let (M, g) be an n-dimensional
Riemannian manifold and let disty be the metric distance function on M. Then,
(M, disty) is a metric space and its topology coincides with the manifold topology
(i.e., coincides with the topology determined by the differentiable structure of M ).
In particular, the function disty : M x M — R is continuous with respect to the
manifold topology.

From these properties we give the notion of metric ball of a Riemannian

manifold as follows.

Definition 2.1.5 (see [68]). Let (M, g) be an n-dimensional Riemannian mani-

fold. Given a point p € M and given a positive real value R, R € R, we define
the metric ball Br(p) of M with radius R centered at p as the set

Br(p) :={qe M : disty(p,q) < R}.

Remark 2.1.6. Note that, from Proposition [2.1.4] the metric ball Bg(p) is an
open set of M and its closure is Bg(p) := {qg € M : disty(p,q) < R} (see Propo-
sition 1.1 of Chapter IT of [68]). Thus, we can define the notion of metric sphere

as the boundary of the metric ball.

Definition 2.1.7 (see [68]). Let (M,g) be an n-dimensional Riemannian man-

ifold. Given a point p € M and given a metric ball Br(p) of M with radius

11
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R € R centered at p, we define the metric sphere 8g(p) of M with radius R

centered at p as the set

Sr(p) = Br(p) — Br(p) = {q € M : disty(p,q) = R}.

2.1.2 Geodesic curves, exponential map and injectivity

radius

In this subsection, we give brief definitions of the notions of geodesic curve, expo-
nential map, injectivity radius, geodesic balls and geodesic spheres, and moreover,
we show some properties and considerations on these notions. See Chapter 3 of
[19], Chapter 5 of [64] and Section 2 of Chapter II of [68], for more detailed

explanation about these concepts.

Definition 2.1.8 (see [19]). Let (M, g) be an n-dimensional Riemannian mani-
fold with Levi-Civita connection V. Given a parametrized curved v : I —» M,

defined on an interval I C R, we say that v is a geodesic curve if, and only if,
VywY () =0 foral tel.

Givenp € M and uw € T,M, we say that a geodesic curve v, : I — M, with
0 € I C R, passes through the point p with velocity v at the instant t = 0 if
7.(0) = p and ~,(0) = u. These conditions are called initial conditions for the
geodesic curve.

And moreover, we refer as normalized geodesic curve to a geodesic curve
v: I — M such that || ()|, =1 for allt € I.

Remark 2.1.9. Observe that if 7 : [a,b] — M is a normalized geodesic curve
then £ (v) = b — a.

Along this work we need Riemannian manifolds such that its geodesic curves
extend for all values of its parameter. Such Riemannian manifolds are said to be

(geodesically) complete and are defined as follows.

Definition 2.1.10 ([68]). Given (M, g) an n-dimensional Riemannian manifold,
we say that M is (geodesically) complete if, for all p € M and for all u € T,M,
the geodesic curve v, (t) starting from p is defined for all t € R.

12



2.1 Riemannian geometry

Furthermore, we show in the following theorem the equivalence between the
geodesic completeness of a Riemannian manifold (M, ¢g) and its metric complete-
ness when we consider (M, dist,) as a metric space. This result is due to H. Hopf
and W. Rinow (see [30] for the original paper), and it also states that all the closed
and bounded subsets of M are compact, and moreover, that any two points of a
complete Riemannian manifold can be joined by a geodesic curve which minimize

the arc-length.

Theorem 2.1.11 (Hopf-Rinow Theorem (see Theorem 2.8 of Chapter 7 of [19]
and Theorem 16 and Corollary 5 of Chapter 5 of [64])). Let (M,g) be an n-

dimensional Riemannian manifold. Then the following assertions are equivalent:

1. (M,g) satisfies the Heine-Borel property, i.e., every closed and bounded

subset of M is compact.
2. (M,dist,) is a complete metric space.
3. (M, g) is geodesically complete.
And moreover, any of the above assertions implies that:

4. Any two points of M can be joined by a normalized geodesic curve which

minimazes the arc-length.

Remark 2.1.12. For a background on geodesically complete Riemannian mani-
folds see Section 2 of Chapter 7 of [19] or Section 1 of Chapter III of [68].

Now we show the function which allows us to define the geodesic balls and
state some of its properties. This function is the so-called exponential map and

it is defined as follows.

Definition 2.1.13 (see [64]). Let (M,g) be a complete n-dimensional Rieman-

nian manifold. Given p € M, we define the exponential map as the function

exp, : I,M — M

u > expy(u) == 7u(1),

where 7y, is the geodesic curve starting from p with velocity u, i.e., v,(0) = p and
%0 = .

13
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Remark 2.1.14. Note that, since (M, g) is complete, the exponential map exp,, is
defined for all u € T, M, which is another equivalent way to define the (geodesic)
completeness, and moreover, we have that exp,(o,) = p, where o, := 0e T,M.
Let us also remark that, in general, the exponential map is defined locally in a
neighbourhood of o, € T,M, see for instance [19], [64] and [68], to check the

notions just mentioned.

Definition 2.1.15. Let (M, g) be a complete n-dimensional Riemannian mani-
fold. Given a point p € M and given R > 0, we define the geodesic ball Bgr(p) of
M with radius R centered at p as the image by the exponential map of the entire
open ball Bgr(o,) of T,M with radius R centered at o, € T,M. Namely,

Br(p) := exp, (Br(0p)) -

The following theorem summarizes some results about the smoothness of the

exponential map.

Theorem 2.1.16 (see Proposition 2.9, Lemma 3.5 and Theorem 3.7 of Chapter 3
of [19] and see page 32 and Proposition 2.3 of Chapter II of [68]). Let (M, g) be a
complete n-dimensional Riemannian manifold and let p € M. Then the following

assertions hold:

1. The exponential map exp, is differentiable in the entire T,M . Moreover, the
differential of the exponential map at the origin o, of T,M is the identity
for alluw €T, (T,M). Namely,

Dexp,(o,)u=wu, forall ueT,, (T,M)="1T,M,
where we identify T, (T,M) = T,M via the canonical identification.

2. The exponential map satisfies that exp,(tu) = v, (t) with exp,(op) = 7.(0) =
p and ,(0) = u for all w € T,M and for allt € R. Moreover, we have that
exp,(u) = vy (|[ul]) for any v € T,M.

[leell

3. Gauss’s Lemma: for any v € T,M and for any t € R the following asser-
tions hold:

(a) The differential D exp,(tu) maps u to 7, (t), i.e., Dexp,(tu)u = v,(t).

14
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(b) Consider & € T,M also as a vector in Ty, (T,M) via the canonical

wdentification, then

g (Dexp,(tu)¢, v, (t)) = g (D exp,(tu)¢, Dexp,(tu)u) = g (&, u).

Therefore, if £ is g-orthogonal to u then D exp,(tu)§ is g-orthogonal
to v (t). Moreover, we have that ||Dexpp(tu)qu = |lull,, where ||-]|,

denotes the norm defined using the Riemannian metric tensor g.

4. There exists R > 0 such that exp, : B.(0,) — B.(p) is a diffeomorphism
for all r € [0, R], where B,(0,) and B,.(p) are, respectively, the open ball of
T,M with radius v centered at o, € T,M and the geodesic ball of M with

radius v centered at p.

Remark 2.1.17. From these results we have that, geometrically, exp,u is a
point of M obtained by going out, starting from p, a distance of ||ul|, along the
unique geodesic curve that passes through p with velocity u/ ||ull, at p (see [19]).
Furthermore, since T [0, [[ull,}] — M is a normalized geodesic curve, we
have that

4?0,1] () = g[gO,IIUIIg} (7 " ) = [lull, -

Tully

Now, from assertion ({4) of Theorem we want to define a quantity which
let us ensure that the exponential map is a diffeomorphism onto the geodesic ball
with radius less than this quantity. Namely, we want to know how large the
radius of a geodesic ball can be so that the exponential map is a diffeomorphism
onto this geodesic ball. In order to have this control on the radius, we define the

so-called in the literature as the injectivity radius.

Definition 2.1.18 (see [68]). Let (M, g) be an n-dimensional Riemannian man-
ifold. Given a point p € M, we define the injectivity radius inj,(p) of p as the
following quantity

injg(p) = sup {R >0: expp‘BR(%) s a diﬁeomorphism} )

where Br(o,) is the open ball of T,M with radius R centered at o, € T,M.
If p € M 1s such that exp, is a diffeomorphism from the entire T, M, we take
inj,(p) = +oo and we say that p is a pole of M.

15
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Moreover, we define the injectivity radius inj, (M) of M as the infimum of the
ingectivity radius of all p € M. Namely,

inj, (M) := inf {inj,(p) : p€ M}.
Remark 2.1.19. Note that, if we assume that (M, g) is a complete Riemannian
manifold then, from assertion of Theorem [2.1.16|, we have that inj g(p) > (0 for

any p € M. For more detailed background on the injectivity radius we refer to
Sections 2 and 3 of Chapter 13 of [19] or Section 4 of Chapter III of [68].

The following proposition show that geodesic curves minimize the arc-length

in geodesic balls with radius less than the injectivity radius.

Proposition 2.1.20 (see Proposition 3.6 of Chapter 3 of [19] and Lemma 2.7
of Chapter IT of [68]). Let (M, g) be an n-dimensional Riemannian manifold and
p € M. Suppose that R < inj,(p) and let Br(p) be the geodesic ball of M with
radius R centered at p. Let ¢ € Bgr(p), q # p, and let y : [a,b] — Bg(p) be
a segment of a geodesic curve such that v(a) = p and vy(b) = q. Then, for any
(possibly piecewise) differentiable curve ¢ : [a,b] — M joining p with q, we have
that Uy(y) < ly(c). Furthermore, £,(7y) = £4(c) if, and only if, v ([a, b]) = c([a, b]).

As a consequence of the above proposition and the fact that the exponential
map is a diffeomorphism onto the geodesic balls of radius less than the injectivity
radius, the following corollary shows that there is a relationship between the

geodesic curves and the distance function.

Corollary 2.1.21 (see Remark 3.8 of Chapter 3 of [19] and Corollary 2.8 of
Chapter II of [68]). Let (M,g) be an n-dimensional Riemannian manifold and
p € M. Suppose that R < inj,(p) and let Br(p) be the geodesic ball of M with
radius R centered at p. Then, for any q € Bgr(p) — {p}, there exists a unique
normalized geodesic curve v : [0,b] — Bgr(p), with v(0) = p and (b) = q, which
mainimizes the arc-length. In particular, this geodesic curve is given by
-1
v(t) := exp, (tw) )
exp, g,

Furthermore, we have that dist,(p,q) = Hexp;qug and that the geodesic ball
Br(p) coincides with the metric ball Br(p), i.e.,

Br(p) = Br(p) = {g € M : disty(p,q) < R}.

16
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To end this subsection we define the notion of geodesic sphere of a Riemannian

manifold as follows.

Definition 2.1.22 (see [19]). Let (M, g) be an n-dimensional Riemannian man-
ifold. Given a point p € M and given a geodesic ball Br(p) of M with radius
R < inj,(p) centered at p, we define the geodesic sphere Sg(p) of radius R cen-
tered at p as the boundary of the geodesic ball Br(p) = exp, (Br(op)). Namely,

Sr(p) = 0Br(p) ={q € M : disty(p,q) = R}.

Remark 2.1.23. Note that, from Remark [2.1.17 and Corollary [2.1.21] we have
that

Sr(p) = {expp (u) + uw e TpM with [Jul|, = R} = exp,, (OBr(0p))

and that the geodesic sphere Sg(p) coincides with the metric sphere Sg(p).

On the other hand, observe that the above results are not global, as we have
previously mentioned. In fact, in some cases, if we consider a large segment of
a geodesic curve, the geodesic curve cannot minimize the arc-length after some
point, and moreover, there can exist many geodesic curves joining two given points
which minimize the arc-length, contradicting uniqueness. For instance, geodesic
curves on the sphere which start at some point p did not minimize the arc-length
after passing through the antipode of p (see [19]). On the other hand, any great
circle on the sphere that joins a point p with its antipode is a geodesic curve
which minimizes the arc-length, which shows that the existence of an arc-length

minimizing geodesic curve does not imply uniqueness (see [68]).

2.1.3 Cut locus and relationship with injectivity radius

In this subsection, we define the cut locus and show, briefly, its relationship with
the injectivity radius (see Definition . For a more detailed background on
the cut locus and the mentioned relationship with the injectivity radius, we refer
to Section 2 of Chapter 3 of [10], Section 2 of Chapter 13 of [19] and Section 4 of
Chapter III of [68], for instance.

Definition 2.1.24 (see [19]). Let (M,g) be a complete n-dimensional Rieman-
nian manifold. Given a point p € M, we say that (tg) is a cut point of p along

17
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a normalized geodesic curve v : [0, +00) — M with y(0) = p if y(t) minimizes
the arc-length for all t < ty (that is disty(7(0),v(t)) = € (v(t)) =t), and not for
t > to. If v minimizes the arc-length for all t > 0, we say that such cut point

does not exists.

Definition 2.1.25 (see [19]). Let (M,g) be a complete n-dimensional Rieman-
nian manifold. Given a point p € M, the cut locus of p, Cut(p), is the union of

the cut points of p along all the normalized geodesic curves emanating from p.

Example 2.1.26 (Cut locus). Here we show some of the examples for the cut

locus that appear in [19]:

1. The cut locus of a point p in the sphere S" is its antipodal point (i.e.,
consists of the antipodal point of p).

2. The cut locus of a point p of a cylinder in R? is the ”generating line” of the
cylinder (straight line that generates the cylinder) which is at the opposite
part to that the generating line which passes through p.

Furthermore, we have the following result of existence.

Proposition 2.1.27 (see Corollary 2.8 of Chapter 13 of [19] and page 104 of [68]).
Let (M, g) be a complete n-dimensional Riemannian manifold and p € M. Then,
for any g € M — Cut(p), there exists a unique arc-length minimizing normalized

geodesic curve joining p with q.

It is well known that there exists a relationship between the cut locus and the
injectivity radius of a point. In fact, it can be shown that the cut point along
the unique normalized geodesic curve that minimizes the arc-length is attained

exactly at a length equal to the injectivity radius.

Theorem 2.1.28 (see page 271 and Proposition 2.9 of Chapter 13 of [19] and
Proposition 4.13 of Chapter III of [68]). Let (M, g) be a complete n-dimensional
Riemannian manifold andp € M. Then, inj,(p) = dist,(p, Cut(p)) for allp € M,
and hence, for any open neighbourhood D C M — Cut(p) of p there exists a
neighbourhood Vp of the origin o, in T,M such that the exponential map exp, :
Vp — D is a diffeomorphism. Furthermore, p ~— inj,(p) is a continuous
function from M to Ry U {+occ} and if Cut(p) = 0 then inj,(p) = +oc.

18
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2.1.4 Intrinsic curvatures

In this subsection, we present the notion of curvature in a Riemannian manifold.
For a more detailed background on the notion of curvature, we refer the reader
to check Chapter 4 and 6 of [19], Chapters 7, 8 and 11 of [48], Chapter 2 of [64],
or Section 3 of Chapter II and Chapter V of [68], for instance. First, we give the

definition of the curvature tensor.

Definition 2.1.29 (see [19]). Let (M, g) be an n-dimensional Riemannian man-
ifold with Levi-Civita connection V. Given X(M) the family of smooth vector
fields of M, we define the curvature tensor of (M, g) for every pair X, Y € X(M)
as the map Rxy : X(M) — X(M) given by

J —> nyZ = VYVXZ — VXVyZ + V[X7y]Z, (22)
where [X,Y] denotes the Lie-Bracket.

Remark 2.1.30. Observe that, since V is the Levi-Civita connection, the Lie-
Bracket can be expressed, for all XY € X(M), by [X,Y] = VxY — VyX.
Moreover, one can easily compute the curvature tensor of the Euclidean space
R™ and check that RxyZ = 0 for any X,Y,Z € X(R"). Thus, the curvature is
usually understood as a tensor which measure how much the given Riemannian
manifold deviates from being the Euclidean space (see [19] for instance).

On the other hand, it need to be noted that the curvature tensor on the
previous mentioned literature may differ by a sign. In fact, we choose the sing of
the curvature tensor as in I. Chavel [10], M.P Do Carmo [19], A. Gray [31] and
J. Milnor [59]. See, for instance, S. Kobayashi and K. Nomizu [46], J.M. Lee [48]
or P. Petersen [64] for the definition with opposite sign.

From this we define the Riemannian curvature tensor as follows.

Definition 2.1.31 (see [19]). Given (M, g) an n-dimensional Riemannian man-
ifold with Levi-Civita connection V, we define Riemannian curvature tensor for
every X, Y, Z € X(M) as the correspondence

(X, Y, Z7 W) — nyzw =g (nyZ, W) . (23)
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Remark 2.1.32. It is well known that the values of the curvature tensor and
the Riemannian curvature tensor at a point p € M only depend on the values of
the vector fields X, Y, Z, W at p, see [19]. Moreover, note that we can define the

curvature tensor with opposite sign as
ExyZ = VvaZ - VyVXZ - V[X,y}Z.

Then, to preserve the sign of the Riemannian curvature tensor, it must be defined

as the correspondence
(Xv Y7 Za W) — RXYZW = g(EZWK X)
see [46] for instance. In fact, using Proposition 2.5 of Chapter 4 of [19], we have

RxyzW =g (RzwY. X) = g(—RzwY, X) = —g(RzwY, X)
= —g(RyxZ,W) = g(RxyZ,W) = RxyzW

Now, we define the sectional curvature as follows.

Definition 2.1.33 (see [19]). Let (M, g) be an n-dimensional Riemannian man-
ifold and let p € M be a point of M. Given two linearly independent vectors
u,v € T,M of the tangent space at p, we define the sectional curvature of the

2-dimensional subspace o,(u,v) C T,M generated by u and v as the number

RUUUU
sec, (o,(u,v)) ;= . 2.4
) = g —g (w0 24
Remark 2.1.34. Observe that if u,v € T, M are orthonormal then
secy (0,(u,v)) = Rypuv. (2.5)

Note moreover that the definition of the sectional curvature does not depend of
the chosen basis for the 2-dimensional subspace (see [19] for instance). Thus, we

can choose an orthonormal basis in order to compute the sectional curvature by

3.

Definition 2.1.35. Given (M,g) an n-dimensional Riemannian manifold, we
say that M has constant sectional curvature s if, for each point p € M, the

sectional curvature is constant and equal to k for all 2-dimensional subspaces of
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T,M. And we say that the sectional curvatures are bounded from above (resp.
below) by k if
secq (0,(u,v)) < (2)r

for all o,(u,v) C T,M and for allp € M.

Example 2.1.36. Examples of Riemannian manifolds with constant sectional
curvature are the simply connected real space forms K"(k), where K™*(0) = R",
K"(k) = S"(k) for k > 0, and K"(x) = H"(k) for k < 0.

On the other hand, for a complete Riemannian manifold, we can define the
radial sectional curvature as R.E. Greene and H.H. Wu did in [32].

Definition 2.1.37 (see [32]). Let (M,g) be a complete n-dimensional Rie-
mannian manifold and let p € M be a point of M. Given a neighbourhood
D C M — Cut(p) of p and given ¢ € D — {p}, we define the unit radial vec-
tor field Or as the unit vector tangent to the unique normalized geodesic curve
which joins p with q.

Moreover, given II C T,M a 2-dimensional subspace of T, M, we say that 11
1s a radial plane if, and only if, Il contains the unit radial vector field Or.

And we define the radial sectional curvature at ¢ € D — {p} C M — Cut(p) as
the restriction of the sectional curvature function to radial planes in T, M, i.e.,

to the sectional curvature
secy (aq (8r|q,u>> , forall weT,DCT,M.

Moreover, from the definition of the curvature tensor, we define the follow-
ing curvature which is a sum of sectional curvatures of the given Riemannian

manifold.

Definition 2.1.38 (see [19]). Given (M, g) an n-dimensional Riemannian mani-
fold and a point p € M, we define the Ricci curvature as the trace of the curvature
tensor (2.2)). Namely, the Ricci curvature is the function Ricy : T, M xT,M — R
given by

(u,v) —> Ricy(u, v) := trace (w —> Ryyv) .
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Remark 2.1.39. Note that, choosing an orthonormal basis {e;};_, of T,M and
from the definition of the Riemannian curvature tensor , we have that

n
Ricy(u, v) E g (Rue,v, €;) g Ryev€i.
i=1

On the other hand, we have that if we choose the opposite sing for the curvature
tensor then the sign of the Ricci curvature remains the same.

Moreover, it is easy to check, from the properties of the curvature and metric
tensors, that the Ricci curvature is a symmetric bilinear form and its expression
does not depend of the chosen orthonormal basis (see [19] or [64], for instance).
Thus, as the reader can check in Chapter 2 of [64], if v € T, M is a unit vector and
we choose the orthonormal basis {e;};_, such that e, = v, from the expression
of sectional curvature on an orthonormal basis we have the quadratic form

associated to the Riccl curvature
Ric,(v,v) E Rye,v€i + Rypyv = g secy (o(v, €;)).

Therefore, from this expression, if the Riemannian manifold (M, ¢g) has constant
sectional curvature x we obtain that Ric,(v,v) = (n — 1)k. Moreover, when all
the eigenvalues of the quadratic form, Ricy(v, v), are greater or equal than some
real value b, we denote this fact by Ric, > b and we say that the Ricci curvature

15 bounded from below by b.

2.1.5 Extrinsic curvature

Now, we present the notion of mean curvature of an isometric immersion. But
first, let us define the notions of isometric immersion and second fundamental

form of an isometric immersion.

Definition 2.1.40 (see [48]). Let (M,§) be an m-dimensional Riemannian man-
ifold and let (M, g) be an n-dimensional manifold with m > n. Given a smooth

map ¢ : M — M, we say that ¢ is an immersion if, for any p € M,

dyp, = Py - TyM — Ty M

s non-singular.
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Moreover, we say that ¢ : M — M s an isometric immersion if ¢ is an
immersion and, for any p € M and for any u,v € T,M, the Riemannian metric

tensors g and g satisfy that

gp (u7 U) = g@(p) (90*19 (u>’ Sp*p (U)) )

Namely, ¢ is an isometric immersion if the metric tensor g is given by the induced
metric tensor ¢*g, i.e., g = ©*qg, where * denotes the pullback of the immersion.
Moreover, if ¢ : M — M is an isometric immersion, we say that (M) is a

submanifold immersed in M and we refer to M as the ambient manifold.

Remark 2.1.41. Note that, if M is a Riemannian submanifold of M then, at
each p € M, the tangent space T, M of the ambient manifold splits into the

direct sum
~ L
TomM = ¢, (T,M) & (90*;7 (TpM)) =T,Mo (TPM)J_
by identifying T,M = ¢., (T,M) — T¢(p)ﬂ7 and (T,M)" = (s, (TpM))l, where

(T,M)* is the orthogonal complement of T),M in Tw(p)ﬁ with respect to the inner
product g on T@(p)]\j )

Moreover, we can extend any local smooth vector fields X, Y € X(M) to
local smooth vector fields X , Y on the ambient manifold M , and decompose the

Levi-Civita connection V on M as
-~ ~ AT SN
VeV = (VeV) +(VgY)
From now on, when it is clear from the context, we identify the tangent space

Tw(p)ﬂ and the extensions X , Y by TPM/ and X, Y, respectively. For a background

on these concepts see for instance Chapter 6 of [19] and Chapter 8 of [4§].
Thus, we define the second fundamental form as follows.

Definition 2.1.42 (sce [4]]). Let (M, ) be an m-dimensional Riemannian mani-
fold and let (M, g) be an n-dimensional Riemannian manifold with m > n. Given
an isometric immersion @ : M — M and a point p € M, we define the second

fundamental form of M in M at p as the map

L,:T,M x T,M — T,M~*

- L
(u,v) — I (u,v) = <VUpV> (p),
where U,V € X(M) such that U, = u and V,, = v.
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Remark 2.1.43. It can be proved that the second fundamental form is indepen-
dent of the extensions X and Y of X and Y to X(M), and that is bilinear and
symmetric with respect to X and Y. Furthermore note that, for any p € M,

~ L ~ - T
(X, %) = (Vx,Y) () = Vi, Y(0) = (Vi,Y) (0).
From now on, we refer as normal vector fields to the vector fields in X(M)*.

Now, we show a property of the second fundamental form that we make use

to compute the mean curvature of the geodesic spheres.

Proposition 2.1.44 (The Weingarten Equation (see Lemma 8.3 of [48])). Let
(M,?]) be an m-dimensional Riemannian manifold and let (M,g) be an n-
dimensional Riemannian submanifold of M. Let X,Y € X(M) and N € X(M)*.
Then, when X,Y are extended to M, the following equation holds at any p € M

70,0533 =7 ((F5,7) 0080)) = -5 (3% (T,8) ) (20)

Proof. Let p be a point of M, let X, Y € X(M) and N € X(M)=*. Then, since

B8 =0 =3, ((Fx7) 0.0

gp (<€X,,Y>l (P)a Np)

9y (ﬁxpy(p) - (%XPY>T (p), Np)
= Gp (6XPY(p), Np)

= X5 (V. N) (p) =7 (Y, V) ()
_gp (Y;w VXPN(p)) :

we have that

9 (p(Xp, Y), Np)

O

Definition 2.1.45. Let (M, g) be an m-dimensional Riemannian manifold and
let (M, g) be an n-dimensional Riemannian submanifold of M. Given a point
p€ M and N € X(M)*, we define the Weingarten map Ly, as

Ly, : T,M — T,M

X, — Ly, (X,) = — (%pN)T (p).
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Remark 2.1.46. Note that, Ly, is a self-adjoint operator which satisfies,
9p (I, (Xp, Y3) s Np) = Gy (LNP(Xp)a Yp)
for all p € M and for all X,,Y, € T,M and N, € (T,M)™".

Thus, choosing an orthonormal basis {e;}_, of T,M and an orthonormal
basis {¢;}7_, of (T,M)*, we have an orthonormal basis {&;}", of T, M where
e =e¢ fori=12 ... nande; =¢ for j=n+1,n+2,...,m Then, taking

X, =Y, =¢; forany i € {1,2,...,n}, we can express the second fundamental
form as
o ~ N\t N P Nt
I,(ei,e:) = (Vé;-ez) p=> 3 ((Vé;ei> (p),£j> &
Jj=n+1

and hence, applying the Weingarten equation ([2.6]) of Proposition 2.1.44|and from
Definition 5| of the Weingarten map, we obtain, for all 7 = 1,...,n, that

I(6,6) =— Y ?(6a€j(p),é7:> =Y G(Le(@),&) & (27)

On the other hand, we define the mean curvature as follows.

Definition 2.1.47 (see [40]). Given (]/\\4/, g) an m-dimensional Riemannian man-
ifold and (M, g) an n-dimensional Riemannian submanifold of M with n < m,

we define the mean curvature vector Hy of M at a point p € M as
Hy(p) = trace, T, (2.8)

The following proposition shows how the mean curvature vector can be ex-

pressed in terms of the Weingarten map.

Proposition 2.1.48. Let (M, g) be an m-dimensional Riemannian manifold and
let (M, g) be an n-dimensional Riemannian submanifold of M. Letp € M and let
{ei}?_, and {§; };n st e, respectively, an orthonormal basis of T,M and T,M™*.

Let {el} be an orthonormal basis of T, M such that € e, =¢€ fori=1,2,...,n

and e; = fj forj=n+1,n+2,...,m. Then, the mean curvature vector can be
expressed as
Z (trace, Le, ) (2.9)
j=n+1
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Proof. Applying equation (2.7)), we have that the mean curvature vector of M

can be expressed as

() = trace, 1, = 30 Y a((%a)ﬂpm) 3

i=1 j=n+1
S (Va&®).@) &
1= 1] n+1 (210)
= Z Z (Le; (&), €) &
=1 j=n+1
= Z (traceg Lg].)fj.
j=n+1
O

To end this subsection we define the mean curvature pointing inward of the
geodesic spheres. But first note that, given (M, g) an n-dimensional Riemannian
manifold, the geodesic sphere Sg(p) of M with radius R < inj,(p) centered at
p € M is an (n — 1)-dimensional submanifold of M, and moreover, Sg(p) is
orientable. Thus, for each ¢ € Sk(p), the orthogonal complement (T,Sg(p))™
of T,Sr(p) in T,M has dimension equal to 1, and hence, we can choose an unit
normal vector N € (T,Sg(p))* (i.e, N is orthogonal to T,Sr(p) and N[, =1)
such that N points inward Sg(p). Then, we can define the mean curvature

pointing inward of the geodesic spheres as follows.

Definition 2.1.49. Let (M, g) be an n-dimensional Riemannian manifold and
p € M. Given Sg(p) a geodesic sphere of M with radius R < inj,(p) centered at
p and a point ¢ € Sr(p), we define the mean curvature pointing inward of the

geodesic sphere Sgr(p) at q as the number

Hioi) () = 9 (Hsni(a). N (@) (2.11)

where N € (T,Sr(p))" such that N points inward Sg(p) and NI, =1, namely
N(q) = — 0r|, being Or the unit radial vector field on p € M.

Remark 2.1.50. Throughout this work, we shall consider the scalar mean cur-

vature defined using this orientation for the normal vector field N.
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2.1.6 Differential operators in Riemannian manifolds

In this subsection, we define some classical differential operators on a Riemannian
manifold. We refer to Chapter 1 of [§] and Section 11 of Chapter 3 of [60] for
more detailed information about this operators. Let us begin this subsection by

giving the notion of directional derivative on Riemannian manifolds.

Definition 2.1.51 (see [§]). Let (M, g) be an n-dimensional Riemannian man-
ifold. Let p € M be a point of M and let U be a neighbourhood of p. Given a
differentiable real valued function f, f € C*(U), we associate, for each v € T,M,
the directional derivative of f in the direction v, v(f), as

v(f) = (foa)(0),
where a(t) is any curve such that «(0) = p and o/(0) = v.

Remark 2.1.52. It is well known that the definition of directional derivative

does not depend of the chosen curve. If fact, given two curves «, [ such that

a(0) = 5(0) = p and /(0) = f'(0) = v, a # B, we have that

(f o) (0) = fip (@(0) = fo,(v) = fiyy (8'(0)) = (f 0 B) (0).
From this, we define the gradient operator as follows.

Definition 2.1.53 (see [§]). Given (M,g) an n-dimensional Riemannian mani-
fold, the gradient of a scalar field f of M, V,f, as the vector field which satisfies
that

9 (Vyf, X) = df (X) = X(f),
for any X € X(M) smooth vector field of M.

The gradient of the metric distance function on complete Riemannian mani-

folds satisfies the following property.

Theorem 2.1.54 (see Proposition 4.8 of Chapter III of [68]). Let (M, g) be a
complete n-dimensional Riemannian manifold and p € M. Then, the metric
distance function dist,(p, ) is smooth on M — {Cut(p) U {p}} and its gradient,
for any ¢ € M — {Cut(p) U {p}}, is given by

Vy (disty(p, z))|,—, = 7' (disty(p, 7))
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where v is the unique arc-length minimizing normalized geodesic curve joining p

with q. In particular, ||V, (disty(p, x))|x:q =1.
9

Now, we define the divergence and the Laplace-Beltrami operators as follows.

Definition 2.1.55 (see [§]). Let (M, g) be an n-dimensional Riemannian mani-
fold with Levi-Civita connection V. Given X € X(M) a smooth vector field of M,
we define the divergence of X at a point p € M as the functiondivy X : M — R
given by

div, X (p) := trace, (Y(p) — VyX(p)) = Z 9 (Ve, X(p),€i),

where {e;};_, is an orthonormal basis of T,,M.

Definition 2.1.56 (see [§]). Let (M, g) be an n-dimensional Riemannian mani-
fold. Given a smooth function f: M — R, we define the Laplacian of f, A,f,
as the divergence of the gradient of f, i.e.,

A,f = div, V,f.

where the symbol A, denotes the Laplace-Beltrami operator acting on smooth

functions.
The following result shows the expression of the Laplacian for any given chart.

Proposition 2.1.57 (see page 5 of [§] and page 67 of [34]). Let (M,g) be an
n-dimensional Riemannian manifold and p € M. Let (D, ), ¢ := (z',... 2"),
be a system of coordinates around p. Then, the Laplacian A, with respect to the
metric tensor g can be computed in these local coordinates by

Vdet @) gij%) . (2.12)

1 & 0
%= Zars 2w ((

where & = (gij>z‘je{1 o} is the matriz form of the metric tensor g with g;; =

g (0/0x",0/027) and g are the elements of the inverse matriz of &, i.e., &1 =

Now, we state some properties of these operators defined on Riemannian man-
ifolds starting with the so-called Divergence Theorem. But first, let us define the

following sets.

28



2.1 Riemannian geometry

Definition 2.1.58. Let (M, g) be an n-dimensional Riemannian manifold. We
say that a subset Q2 C M is a domain in M if Q is an open subset in M with

piecewise smooth boundary OS).

Theorem 2.1.59 (Divergence Theorem (see Theorem 5.11 of Chapter II of [68])).
Let (M, g) be an n-dimensional Riemannian manifold and let Q@ C M be a pre-

compact domain in M. Let v be the normal unit vector field along OS2 pointing
outward. Then, for any C' vector field X € X(Q), we have

/dngXdV —/ g (X,v) dA.
Q o9
where dV and dA are, respectively, the volume elements on 0 and OS2.

On the other hand, we resume, in the following proposition, the properties

satisfied by the gradient, the divergence and the Laplacian.

Proposition 2.1.60 (see pages 1-3 of [8], pages 139-142 of [10] and pages 59
and 69 of [34]). Let (M, g) be an n-dimensional Riemannian manifold. Let f, h :
M — R be two smooth functions and let X,Y be two smooth vector field of M,
X,Y € X(M), then

1. Vy(f+h)=Vuf +V4h.

2. Vy(fh) = hV,f + fV4h.

3. divy(X +Y) = div, X + div, Y.

4. divy(fX) = fdivy X + g (V,f, X).

5. Ng(f+h)=Agf + Agh.

6. Ng(fh) = hAA,f + 29 (Vyf,Vgh) + fAG.
7. divy (hVyf) = hA,f + g (Vh, V,f).

Now, we have the well known Green’s Formulas, which are a consequence of

the Divergence Theorem and the above properties.
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Theorem 2.1.61 (Green’s Formulas (see page 6 of [§])). Let (M,g) be an n-
dimensional Riemannian manifold and let Q2 C M be a precompact domain in M.
Let h € CHQ) and f € C*(Q) be functions on Q such that h (VM f) has compact
support on 2. Then

/Q (mg fF+9(Veh,V, f)) dv = 0. (2.13)

Moreover, assuming further that h € C*(Q) and that h and f have compact

support, we have
/ (hAyf — fAGR) dV =0, (2.14)
9]
where AV is the volume element on €.

Now we are going to see the co-area formula, which will be the key to prove
some of our results stated along this work. But first, let us give some con-
siderations about the set of critical values and the set of regular values of a
smooth function. Given (M, g) an n-dimensional Riemannian manifold and given
f: M — R a proper smooth function defined on M, (by proper we mean that
the inverse image of a compact set is a compact set), we have, by Sard’s Theo-
rem (see [I1], [29] and [69]), that the set of critical values of f is a set with null
measure in R and the set of regular values, Ry, is an open and dense subset of R.
Moreover, it is well known that if ¢ € Ry then f~'(¢) is a compact hypersurface
of M, and that V,f(p) (with f(p) = t) is perpendicular to f~'(¢). Thus, we have
that g (V,f, X) = X,f =0for all X € T,f~(t) (see [59], [68] and [74], for more
detailed information about these results). Let us now define, from a function f

with the above considerations, the subsets of M given by f as
Q:={peM: f(p) <t},
Iyi={peM: f(p)=t}.

Then, the co-area formula for any integrable function on this level sets is the

(2.15)

following

Theorem 2.1.62 (Co-area Formula (see Theorem 5.8 of Chapter 1I of [68])).
Let (M, g) be an n-dimensional Riemannian manifold and let f : M — Ry be
a proper smooth function on M. Let uw : M — R, be an integrable function

defined on (M,g). Then, for the sets (2.15) given by f, the following assertions
hold:
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1. Denoting by g; the metric tensor on I'y induced by g, we have

/u||ng||g dVg:/ (/ udAgt) dt.
M —00 Tt

2. Since the function t — vol () is a smooth function when t € Ry is a

reqular value of f such that vol (€;) < oo, we have
d _
Gel@) = [ 19,01 da,.

where dVy; and dAg, are, respectively, the volume elements on M and T';.

To end this section we define the notion of subharmonic functions and we
gather the strong maximum principle and the Hopf’s boundary point lemma for
subharmonic functions, which will let us prove our comparisons of the mean exit
time function, torsional rigidity, Poisson hierarchy and moment spectrum, and
moreover, characterise the equality cases (we state and prove these mentioned
results at Chapter [3). For more information about subharmonic functions and
the strong maximum principle see [34] and [64], and for the Hopf’s boundary point

lemma see [27], for instance.
Definition 2.1.63 (see [64]). Let (M, g) be an n-dimensional Riemannian man-
ifold. Given a function u: M — R, we say that u is a subharmonic (superhar-
monic) function if, and only if,
Agu> (<)0.
Moreover, we say that u is a harmonic function if, and only if,
Agu = 0.

Theorem 2.1.64 (Strong Maximum Principle and Hopf Boundary Point Lemma
(see Theorems 2.2 and 3.5 and Lemma 3.4 of [27] and Theorem 66 of Section 9.3
of [64])). Let (M, g) be an n-dimensional Riemannian manifold and let Q C M
be a bounded and connected domain of M. Let u : Q@ — R be a subharmonic
function, i.e., Ayu >0, such that u € C? () N C°(Q). Then, we have that:

1. If u achieves its maximum in ) then u is constant.

2. If there is a point py € O such that u(p) < u(py) for any p € Q then
v(u) = g (Vgyu,v) > 0, where v denotes the unit normal vector along 02

pointing outward.
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2.1.7 Normal and polar coordinates. Riemannian mea-

sure

In this subsection we define the normal and polar coordinates on the open neigh-
bourhoods of a point of complete n-dimensional Riemannian manifolds such that
the exponential map is a diffeomorphism (see Subsection to check the ex-
istence of such neighbourhoods). Finally, to end the section, we will define the
Riemannian volume element and show its expressions in normal and polar coor-

dinates.

2.1.7.1 Normal coordinates

First note that, given (M, g) a complete n-dimensional Riemannian manifold and
given a point p € M, we know, from Theorem [2.1.28] that if D C M — Cut(p) is
an open neighbourhood of p then there is a neighbourhood Vp of the origin o, in
T, M such that the exponential map exp, : Vp — D is a diffeomorphism. Thus,
given an orthonormal basis {e;}"_, of T,M and following the construction given
in Section 3 of Chapter 5 of [48], we may define a diffeomorphism ¢ : D — Vp
by assigning to each ¢ € D the components of exp,'(¢q) € T,M with respect
to {e;};_,. Moreover, these components, together the diffeomorphism, forms a

system of coordinates (or chart) on D. Thus we define the following.

Definition 2.1.65 (see [68]). With the previous setting, we define the normal
coordinate functions associated to the orthonormal basis {e;}; , with respect to
g on D as the functions {z'};_, given by
D —R

i | (2.16)

q— 2'(q) .= g (e, exp, ' (q))

in such a way that exp,*(q) = Y1, 2 (q)e; for all g € D.
Moreover, we define the normal coordinates on D centered at p as the system
of coordinates (or chart) (D, () given by the normal coordinate functions and the

diffeomorphism

(:D—VpCT,M

(2.17)
qr—— C(Q> = (xl(q)u ce 7$n<q)) :
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Remark 2.1.66. By Definition [2.1.18 and Proposition [2.1.16} if R < inj,(p) then
the exponential map exp,, defined from the open ball Br(o,) of T, M with radius

R centered at the center o, of T,M is a diffeomorphism onto the geodesic ball
Br(p) of M with radius R centered at p. Therefore, by taking D = Bgr(p) and
Vp = Bg(o,) in the above definition, we can define normal coordinates (Bg(p), ()

as in equation ([2.17)).

On the other hand, since (D, () is a system of coordinates, the coordinate

()

forms a basis of the tangent space T, M, and hence, we can define coordinate
vector fields 9/0x" which sends each ¢ € D to 9/0x"|, (see Chapter 1 of [60], for

instance). This observation allow us to remark the following.

vectors, for any q € D,

0

’...’_n
. ox

Remark 2.1.67. Let (M, g) be a complete n-dimensional Riemannian manifold
and p € M. Given an open neighbourhood D C M — Cut(p) of p and given

normal coordinates (D, (), we have the normal coordinate one-forms {dmf]} as

; 0
dl'q (@ q) = (5173

where 2 are the normal coordinate functions (2.16]).

the dual one-forms given by

Remark 2.1.68. Observe that, since the normal coordinates (D, () are a system
of coordinates, we have that the Riemannian metric g can be expressed at any
point ¢ of D as
90 =Y 0ii(q) duy @ da),
ij=1

where g;;(¢) = g, (8/8xi|q,8/8xj\q> for all 4,5 € {1,...,n} and {dmé}?zl are

the normal coordinate one-forms, and moreover, we obtain that the matrix

®(q) = (gij(Q))i,je{l . (2.18)

,,,,,

is a positive definite matrix.
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2.1.7.2 Polar coordinates

Now, we define the polar coordinates on neighbourhoods D C M — Cut(p) of
p € M. The following concepts and results can be found in Chapter 5 and 6
of [48]. First, let us define the natural projection of a point given in normal

coordinates onto R as follows.

Definition 2.1.69 (see [48]). Let (M,g) be a complete n-dimensional Rieman-
nian manifold. Given a point p € M and given normal coordinates (D, () centered

at p, we define the radial distance function r, as the function
rp: D — Ry
__ 1722 Y
q—1p(q) =/ (=(q))" + -+ + (2"(q))

where x* are the normal coordinate functions (2.16]).

(2.19)

The following result shows some important properties of the normal coor-
dinates, the metric distance function, the radial distance function and the unit
radial vector field (see Definitions|2.1.65}[2.1.3 [2.1.69|and [2.1.37]). This statement
can be deduced from the properties of the geodesics, the exponential map and
the differential of the distance function (see Subsections [2.1.2 [2.1.3| and [2.1.6]).

Proposition 2.1.70 (see Proposition 5.11 and Corollaries 6.9 and 6.11 of [48]).
Let (M, g) be a complete n-dimensional Riemannian manifold andp € M. Let D
be an open neighbourhood D C M — Cut(p) of p. Then, for normal coordinates
(D, ) centered at p, normal coordinate functions x* and radial distance function

Tp, the following assertions hold:

1. For anyu =u'0/0x' +---+u"0/0x™ € T,M, the geodesic curve v, starting
at p with velocity u s represented in normal coordinates by the radial line

segment
Yu(t) =¢71 (tul, . ,tu”) ,
for all t such that ~,(t) € D.

2. The normal coordinates at p are (0,...,0), and hence, r,(p) = 0.

3. The components of the metric at p are g;; = 9, j, and the first partial deriva-

tives of gi; vanish at p.
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4. The radial distance function r, is evactly the metric distance function
dist,(p,-) in D, and the vector field 0/0r, on T,M given by the radial
distance function is the gradient of the distance function on D. Moreover,
at ¢ € D — {p}, 0/0r, is the tangent vector to the unique arc-length min-
imizing normalized geodesic curve joining p with g, i.e., 0/0r, is the unit
radial vector field Or, and hence, its norm is equal to 1. Namely, we have

that r,, is a positive smooth function on D — {p} such that

rp(a) = lIKll, = [lexp,* (@)|, = disty(p,q), for all g€ D —{p},

and

0
—1 =1 D — .
arp ) on {p}

g

or = 9 _ V,disty(p,q) = Vyr, and ‘
ory

Moreover, the vector field 0/0r, is g-orthogonal to the geodesic sphere
Sro@)(p) of M with radius ,(q) = disty(p,q) centered at p and it can be

expressed in T,M by normal coordinate vector fields {0/0x'},_, as

0

O] _7'e) 9
ary

¢ =1 rplq) Ot

(2.20)

q

On the other hand, from the definition of the radial distance function, we
define the natural projection to the (n — 1)-dimensional usual unit sphere S}~

as follows.

Definition 2.1.71 (see [68]). Let (M,g) be a complete n-dimensional Rieman-
nian manifold and p € M. Given an open neighbourhood D C M — Cut(p) of
p and normal coordinates (D, () centered at p, we define the projection to the

usual unit sphere 7, as

T, D —{p} — S}!
C(Q) (2.21)

¢ — mp(q) = 7

where r, is the radial distance function on D.

Remark 2.1.72. Note that the projection m, is not defined at p because, by

assertion (12)) of Proposition [2.1.70} r,(p) = 0.

35



2. Preliminaries

Thus, considering S7™' as an (n — 1)-dimensional Riemannian manifold and

given a chart (S?*, §) with coordinate functions {#'}7=!, we can define coordinate

functions of a point ¢ € D C M — Cut(p) in S}~* as (#'(q),...,0" *(¢q)) where
each 6" is given by the projection m and the ith-coordinate function 0 in St of

7(q), i.e., foralli =1,2,...,n—1,
D—{py st Y R
q — Hi(q) =00 7p(q)

and hence, we have that 7,(g) can be represented in coordinates in S7~' as

0(a) = (6'(a),-.-.0" (@) = (0" (mpl@) .- .. 0" (mp(0))) = O (myla))

From this facts and from the Definition [2.1.69 of the radial distance function,

we can define the following system of coordinates on D associated to the normal

coordinates (2.17]).

Definition 2.1.73 (see [68]). Let (M,g) be a complete n-dimensional Rieman-
nian manifold and p € M. Let an D C M —Cut(p) be an open neighbourhood of p
and let Vp be a neighbourhood of the origin o, in T,M such that exp, : D — Vp
is a diffeomorphism. Given normal coordinates (D, (), we define the polar co-
ordinates on D — {p} centered at p associated to the normal coordinates as the

system of coordinates (or chart) (D — {p}, ) given by the diffeomorphism
v:D—{p} —VCR"
¢ — ¥(q) = (1p(a), 0 (), -, 0" ().
As noted for the normal coordinates, for any ¢ € D — {p}, the coordinate
0

I
or,|, 00! ,

form a basis of the tangent space T,M, and hence, we can define the coordi-
nate vector fields 0/0r,, 0/0¢" which sends each ¢ € D to 9/0r,|,, 0/0¢"|,, and

moreover, we have the associated dual one-forms {dr,, dey....do;~'}y € T,M.

vectors

0

b Fgn

q

Therefore, the metric tensor g can be expressed in polar coordinates (D — {p}, ¢)

as
n—1 n—1 n—1
9= gordr, @dry+ Y _ gridr, ®d0' + > g.d0' @ dry + Y g;d0' ® 07,
i=1 i=1 i,j=1

36



2.1 Riemannian geometry

where ® denotes the tensor product and, for all 4,j € {1,...,n — 1},

_ (9 9 _ (0 0 _.(0 9
I =9\ or, or,) ~ J TN\ 00 ) P9\ o0 005 )

But, since by assertion of Proposition [2.1.70| we know that the vector field
0/0r, is an unitary vector field and that is g-orthogonal to the geodesic sphere

0

ory

Sr,(a)(p) of M — Cut(p) with radius 7,(¢) centered at p, then g,, =1 and g,; = 0
for all i € {1,...,n — 1}. Therefore, the metric tensor g in polar coordinates in
D — {p} is given by
n—1
g=dr,@dr,+ Y gidf' @ d’. (2.22)
ij=1
Thus, the matrix form of the metric tensor g in polar coordinates is the positive

definite matrix

1 ‘0 e 0
/ 2.23
0
where G is the matrix which elements are g;;, i.e., G = (gij)ije{l 1} and
hence, we have, for any point ¢ = (r,6) € D — {p}, that
det (G(r,0)) = \/det (G(r,0)). (2.24)

Moreover, if we consider the geodesic sphere S,.(p) of M — Cut(p) with radius r
centered at p as an (n — 1)-dimensional Riemannian submanifold, we have that
the system of coordinates (S,(p), ), with coordinate function 6’, is a chart on
S.(p), and hence, its metric tensor induced by g can be expressed as
n—1
Is,y = D 9id0" @ dOV. (2.25)

1,7=1

Remark 2.1.74. From now on, when it is clear from the context, we denote r,

d/0r, Vr, dr and 7 to refer to ry,, 9/0r,, V,r,, dr, and m,, respectively.
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2.1.7.3 Laplacian and mean curvature in polar coordinates

Using the expression of the Laplacian for any given system of coordinates and the
expression of the metric tensor in polar coordinates (D — {p}, w) on M — Cut(p)
centered at p with coordinate functions 7,6 (see equations (2.12)) and - we
obtain, by a straightforward computation, that the Lapla(:lan in polar coordinates

is given by

s () zw v

Therefore, since it is easy to check that ¢"" = 1 and ¢"* = ¢ = 0 for all i €
{1,...,n — 1}, and using the expression (2.12) 9f tlie Laplacian Agsm)) of the
geodesic sphere S,.(p) with respect to the chart {#'}"_ in S,(p) (considered S, (p)
as a submanifold of M), we have that the Laplacian in polar coordinates at a

point ¢ = (r,6) € D — {p} can be computed as

A, = W(&( det ( (ne))%)

1 0

0
Vet (G(r, ))E( det (G(TP’G»E) +Agsr(1’) (2.26)

\ /d ) 0
\/det— or + Bag0
82

9 0
_ (a— + 5 (1 V/aer (Gr0))) a) Ao’

We refer to [33] for more information about this expression of the Laplacian.

Moreover, from this last expression of the Laplacian and using the expression
(2.9) of the mean curvature vector, we can prove the following result which shows

how we can compute the mean curvature pointing inward of geodesic spheres.
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Proposition 2.1.75. Let (M, g) be a complete n-dimensional Riemannian mani-
fold with Levi-Civita connection V and p € M. Let Bgr(p) be a geodesic ball of M
with radius R centered at p. Suppose that R < inj,(p) and let (Br(p) — {p},¥)
be polar coordinates in Br(p) — {p} centered at p with coordinate functions r,0".
Then, for all 0 < r < R, the mean curvature pointing inward of the geodesic

sphere S.(p) at a point ¢ = (r,0) € S.(p) is given by

- B % det (G(r,0))
Hs,(q) = Agr(q) = 2 det (G(r,0))

(2.27)

Proof. Let S,(p) be a geodesic sphere with radius 0 < r < R < inj,(p) centered
at p and let ¢ = (r,0) € S.(p). Then, by assertion of Proposition [2.1.70]
we know that the gradient of the radial distance function, V7 is the unit radial
vector field in the direction of the geodesic curves emanating from p and that
is g-orthogonal to S,(p). Therefore, choosing an orthonormal basis {ei};:ll of
T,5:(p) and e, = V,r| , we have that {e;};_, is an orthonormal basis of T, M
(from now on we identify Vyr = Vgr| to simplify the notation). Moreover, note
that V,r points outward the geodesic sphere S,.(p).

Thus, since g(Vv,,Vyr(q), Vgr(q)) = 0 (because g(Vyr, Vyr) = 1), and ap-
plying equation of Proposition , we can express the mean curvature
vector of the geodesic sphere S, (p) at the point ¢ as

n—1
Hg, »)(q) = (trace Ly, )Vyr = <Zg (Lv,r€i, €i)) Vgr
=1

n—1 n

= Z g (Veing, ei) ng = - Z g (veivgra 62') Vgr

i=1 =1

= —div, (Vyr)Vyr = =Ar Vgr.

Hence, since N = =V r = —0r is the unit normal vector to the geodesic sphere

S, (p) pointing inward, we obtain that
Hs, (5)(q) = g (=Agr Vyr,=Vgr) = Agr,

and hence, from the above expression of the Laplacian in polar coordinates (see

equation ([2.26))), the proposition follows.
L]
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2.1.7.4 Notes on the sectional curvature

Let (M?, g) be a complete 2-dimensional Riemannian manifold and let p € M be
a point in M. Taking polar coordinates (D — {p}, ) on an open neighbourhood
D C M? — Cut(p) of p, with coordinate functions 7,6, we have that the metric

tensor at D — {p} can be expressed as
g=dr@dr+¢*(r,0)df  db, (2.28)

for some positive smooth function ¢ : D — Ry (see Definition [2.1.73| and
equation (2.22))). And moreover, choosing the orthogonal basis {%, % of the

tangent space T,M? we have that, for any point ¢ € D — {p}, there is only

o 0
ar> 90

sectional curvature is, in this case, the radial sectional curvature (see Definitions

one 2-dimensional subspace tangent to ¢, o( ), and hence, we have that the

[2.1.33| and [2.1.37)). Furthermore, we have the following result which shows how

the radial sectional curvature for any point ¢ = (r,0) € D — {p} at the unique

o0 0

2-plane o(5-, ;) can be computed as follows.

Proposition 2.1.76 (see page 46 of [64]). Let (M? g) be a complete 2-
dimensional Riemannian manifold and p € M. Let D C M — Cut(p) be an
open neighbourhood of p and let (D — {p},¥) be polar coordinates on D — {p}
centered at p with coordinate functions r,0. Then, for any ¢ € D — {p}, the
sectional curvature at q of aq(%, %) = T, M coincides with its radial sectional

curvature and it can be computed as

0%
2 9\y__a2"?
o\ \aran)) " o(r,0)

where ¢ : D — {p} — Ry is the positive smooth function given by the metric

tensor expressed in polar coordinates ([2.28)).

2.1.7.5 The volume element

To end this section, we are going to express the Riemannian volume element
using normal and polar coordinates. For a more detailed background on volume
elements on Riemannian manifolds, we refer to Section 3 of Chapter 15 and
Chapter 16 of [49], for instance.
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Given the normal coordinates (D, () and the polar coordinates (D — {p}, )
centered at a point p of an n-dimensional Riemannian manifold (M, g), the Rie-

mannian volume element is, respectively, the following
AV, = \/det (&) dz* A - - - A da™
= /det (G)dr AdO* A --- A dO"
where & and G are, respectively, determined by the positive definite matrices

(2.18]) and (2.23)) (with the consideration ([2.24])).

Now, we present the following result which shows how the volumes of geodesic

balls with radius less than the injectivity radius can be computed.

Theorem 2.1.77. (see page 116 and Propositions 3.2 and 3.4 of [10]) Let (M, g)
be a complete n-dimensional Riemannian manifold and p € M. Let Br(p) be a
geodesic ball of M with radius R centered at p. Suppose that R < injg(p) and let
(Br(p),C) and (Br(p) — {p},v) be, respectively, normal coordinates with coordi-
nate functions ' and polar coordinates with coordinates functions r,0". Then, the
vol (Bgr(p)) and the vol (Sg(p)) are smooth functions of R, and moreover, these

volumes can be computed by

vol (Bg(p)) :/B ()dVg :/B . Aot (BC(q)) da' A+ A da”
R\D r(p
B / det (G(T’ 0)) dr A\ dQl A--- A den—l
Br(p)

R
0

:/ (/ v/ det (G(r,@))dﬁl/\---/\dé’") dr,
Srp (P)

_ 9vol (B,(p))

vol (Sr(p)) 5 :/s ( )\/det (G(R,0))dO* A --- A dO™.
r=R R(P

Remark 2.1.78. Note that, for a fixed R > 0, the metric tensor of the geodesic
sphere Sg(p) considered as an (n — 1)-dimensional Riemannian manifold is given
by (2.25)). Therefore, its Riemannian volume element is given by

dVy, ., =V det (G(R,0))d0" \--- AdO".

To simplify the notation, we will denote the Riemannian volume element of a

geodesic sphere Sgr(p) by
dA, == dV,

9sR(p)

for any R < inj,(p).
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Moreover, along this work, we will use the volume of the geodesic sphere as a
functions depending only on the radius of the geodesic sphere and thus, in this
sense, we will refer to its volume as the area function of the geodesic sphere S,.(p)

given by
A,(r) ::/ dAg:/ JAK (G 0)) 6" A - - A db”, (2.29)
Sr(p) Sr(p)

Moreover, the Taylor expansion of the area function Ay(r) about r = 0 can be

expressed as follows.

Theorem 2.1.79 (see Theorem 3.1 and equation (11) of [30]). Let (M, g) be an
n-dimensional Riemannian manifold and let p € M. Let Sr(p) be the geodesic
sphere of M with radius R centered at p. Suppose that R < inj,(p). Then, for
all 0 < r < R, the expression of the Taylor expansion about r = 0 of the area

function Ay(r) is given by
Ay(r) = aor™ 4+ agr™™ F a4

for some constants as, € R, k € N, with ag = vol (S’f’l).

2.2 Rotationally symmetric model spaces

In this section we define the rotationally symmetric model spaces and study the
definition of its metric tensor. For a background on rotationally symmetric model
spaces we refer to Section 8 of Chapter 1 of L.J Alias, P. Mastrolia and M. Rigoli
[1], Chapter 2 of R.E. Greene and H.H. Wu [32], Chapter 3 of A. Grigor’yan [33],
Sections 10, 11 and 12 of Chapter 7 of B. O’Neil [60], Sections 3 and 4 of Chapter
1 and Section 2 of Chapter 3 of P. Petersen [64], or more recently, Subsection 3
of Section 2 of A. Hurtado, V. Palmer and C. Rosales [41].

2.2.1 Rotationally symmetric model spaces

To define the rotationally symmetric model spaces we follow the notion of these
kind of spaces given in, for instance, Section 8 of Chapter 1 of [I], Section 2 of
Chapter 3 of [33] and, more recently, Subsection 3 of Section 2 of [41]. There are

several other equivalent ways to define them, see Chapter 2 of [32] for instance.
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Definition 2.2.1 (see [41]). Given (M, g) an n-dimensional Riemannian mani-
fold with n > 2, we say that (M, g) is a rotationally symmetric model space with
center p € M and model radius A € Ry U {+o0o} if exp, : Ba(0p) C T,M — M

is a diffeomorphism and the metric tensor g can be expressed on M — {p} as

g=dr,@dry+ (w’or,) g (2.30)

sn1
where w s a positive smooth function w : [0,A) — Ry such that w(t) > 0 for

allt > 0, r, and m, are, respectively, the radial distance function to p and the

projection to S{™' (see Definitions |2.1.69 and |2.1.71], respectively), and Tp9 0
1
of Syt

n—1

is the pullback by m, of the canonical metric tensor g,
1

Remark 2.2.2. We shall denote the rotationally symmetric model space (M, g)
by (M, g,), its center point p by o, and its geodesic balls and geodesic spheres
with radius R centered at the center o, by B%(0,,) and S%(o,), respectively, and
moreover, when it is clear from the context, we denote the radial distance function
7o, to the center o, and the projection 7,, to SP™' by r and 7, respectively.
Furthermore, we will refer to the metric tensor g, as the rotationally symmetric
metric tensor. Note that, since exponential map is a diffeomorphism from the
metric ball B (0,) onto the entire Riemannian manifold M it can be checked,
by Definition [2.1.18] that the model radius A coincides with injectivity radius of
0,. Furthermore, if (M, g,) is rotationally symmetric model space with model
radius A = +oo then the exponential map is a diffeomorphism from the entire
T;,,M, and hence, o, is a pole of ML,.

Moreover, observe that the expression of the rotationally symmetric
metric tensor implies that the expression of the metric tensor expressed in polar
coordinates of a geodesic sphere S¥(0,) C M, of radius r > 0 centered at the
center o, is obtained by scaling the canonical metric tensor of S7~* by the factor
w?(r) (see [33]), i.e.,

Isw (o) — w? (T)?T:Wgs?_l.
Hence, from Theorem [2.1.77|and Remark 2.1.78] the area function of the geodesic
spheres S¥(0,,) € M, and the volume of the geodesic balls B¥(o,,) C M, are

Ay (r) =vol (S (o,)) = /S”l W (r) cﬂ/gg%1 = w" (r) vol (S’f‘l) ,
L ' (2.31)

vol (B,(0y,)) = /OT vol (5 (0.,)) dt = vol (S7~) /07" W' (t) dt.
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Furthermore, by an straightforward computation using equation (2.12)) of
Proposition and from Proposition we have that the Laplacian A,

and the mean curvature pointing inward Hgw(,,) at a point p = (r,0) € S¥(o,)

of the rotationally symmetric model spaces can be computed by

0° W(r) 0
= 25 — 1) A 2.32
oozl +n )w(r) O, r%:r+ 95¢ (o) (2.32)
Hsoo,)(1,0) = Dy, 70, (r,0) = (0 — 1) ) (2.33)

w(r)’

where Agsw< | denotes the Laplacian of the geodesic sphere considered as a sub-

7 (0w

manifold of M,,.

To end this remark note that, if (M, g_) is a rotationally symmetric model
space with center o, and its radius A < 400, then M, — {o,} is isometric to
the warped product (0,A) x,, S'' with warping function w, while if o,, is a pole
then the rotationally symmetric model space is isometric to the warped product
R, X, S?™*. From this fact, we will refer along this work to w as the warping

function (as its usually done in the literature, see [60] for instance).

Now, we study which conditions need to be satisfied by the warping function
w so that the rotationally symmetric metric tensor g, can be smoothly extended
to the center o, of the rotationally symmetric model space (M, g,). In fact, we
prove, in the following theorem, that g is smooth in the entire M, if, and only
if, w satisfies that w(0) = 0, w'(0) = 0 and w®*)(0) = 0 for all k € N*, where w(?®)

denotes the even derivatives of w.

Theorem 2.2.3. Let (M, g,) be an n-dimensional rotationally symmetric model

space with center o,, € M,,. Then, the following assertions are equivalent:

1. The rotationally symmetric metric tensor g, defined on M, — {o,} can be
smoothly extended to M,,.

2. There is a positive smooth function ¢ : Ry — Ry such that w: [0, R) —

R, can be expressed as

w(t) =t (14 t%(t?)) forall te0,R).

3. The warping function w satisfies that w(0) = 0, W'(0) = 1 and W) (0) =0

for all k € N*, where w®*) denotes all the even derivatives of w.
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Proof. Let us begin this proof by showing that (2|) and (3) are equivalent. Assume
first that the warping function satisfies that w(0) = 0, w’(0) = 0 and w®*(0) = 0
for all £ € N*. Let us define the function

f . R+ — R+
1
t— f(t) :—/ W' (ts) ds.
0
Thus, we have that f is smooth and that

wt) = tf(1). (2.34)

In fact, since ' is smooth and w(0) = 0 and using the change of variable z = ts

for a fixed t, we have, fixing t, that

tf(t) = t/o W' (ts)ds = /0 W (ts)tds = /0 W(z)de = w(t) —w(0) = w(t).

Moreover, using the generalized Leibniz’s rule (see page 508 of [43]), we obtain
that
W™ () = mfm () 4t (1).

Thus, from the fact that w'(0) = 1 and w®¥(0) = 0 for all k € N*, we have

f(0) = (0) = 1,

2.35
FED(0) = w(%)(O) =0, forall keN< ( )

Namely, f(0) =1 and all the odd derivatives of f vanish at zero.
Now, let us define the even function f: R — R, as

~ f(t), it t>0,
t) =
£ f(=t), if t<0.

It is easy to check that fis continuous and differentiable at 0. Moreover, com-
puting the consecutive derivatives of fand using equation , we have that ]}v
is an even smooth function of R. Therefore, by Theorem 1 of [75], there exists a
function i € C* (R.) such that f(t) = h(¢2?) for all ¢ € R. Thus, we obtain that

ft)=rf ‘R (t) = h(t?), and hence, from equation ([2.34]),

+

w(t) = th(t?), (2.36)
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for all t € Ry. Note that h(0) = 1, because f(0) = 1. Now, to conclude this part

of the proof, let us define the function
¢ : R+ — R+

(2.37)
t— o(t) = h(t) — 1,

which is a smooth and ¢(0) = 0. Then, from the same argument used to obtain
(2.34)), we know that there is a smooth function ¢ : R, — R such that ¢(t) =
to(t). Therefore, from equations (2.37) and (2.36)), we obtain that h(t) = 14+te(t),

and hence, we have that the warping function can be expressed as

w(t) = th(t®) =t (1 4+ t*p(t?)) forall ¢e Ry,

showing that assertion (3)) implies assertion ({2).

On the other hand, assume now that there is a smooth function ¢ : R, — Ry
such that w(t) = t(1 + t?¢(t?)). Then, it is easy to check that w(0) = 0 and
w'(0) = 1. To show that all the even derivatives of w vanish at zero let us define

the following function
F:R—R,
t— F(t) := 1+ t2po(t?).
Thus we have that F'is an even smooth function with £'(0) = 1 and w(t) = tF(t).
Therefore, by applying generalized Leibniz’s rule, we obtain that
W™ () = mF™=D () + tFM™(¢)
for all m € N* and for all t € [0, R). In particular, we obtain that the even
derivatives of the warping function can be computed, for all ¢ € [0, R), by

Ww(t) = 2kF@D (1) + tF@)(1), forall k€ N*. (2.38)

Therefore, since F' is an even smooth function, computing the consecutive deriva-
tives of F' evaluated at 0 we know that all the odd derivates of F' vanish at 0,
i.e., FCk=1(0) = 0 for all k € N*. To see this assertion, let us consider an
even smooth function F and an odd smooth function K, i.e., F(x) = F(—z) and
H(x) = —H(—=z). Then, computing its first order derivatives using the chain

rule for derivatives, we have that

F(r)=-F(—z) and H'(x)=H'(-x),

46



2.2 Rotationally symmetric model spaces

and hence, we obtain that, in general, the derivative of an even (resp. odd)
function is an odd (resp. even) function. Therefore, we have that F is odd, F” is
even, F" is odd, FV is even..., and hence, we obtain that all the odd derivatives
of F are odd functions, i.e., FE*V(t) = —FC=1(—¢t) for all k € N*. On the
other hand, it is known that all the odd functions JH vanish at 0. Indeed, since
3(0) = —F(0), we obtain that J(0) = 0. Then, we obtain that FZ~Y(0) = 0
for all £ € N*. In particular, since F' is an even smooth function, we have that
FE=1(0) = 0 for all k € N*,

Therefore, from equation (2.38), we have that w*)(0) = 0 for all k € N*,
which proves that assertion implies assertion . Hence, we obtain that
assertions and are equivalent.

The second part of this proof consists in show that assertion and assertion
are equivalent. First, assuming that there exists a smooth function ¢ : R, —
R, such that w(t) = t(1 + t2p(t?)) for all t € [0, R) (i.e. (2))), we want to show
that the rotationally symmetric metric tensor g, can be smoothly extended to
ML, namely, to show that it is smooth at the center o, (where the radial distance
function » = 0). Let us begin by computing the expression of the rotationally
symmetric metric tensor g, in a system of normal coordinates.

Since, by Definition [2.2.1] of the rotationally symmetric model spaces, we
have that the exponential map is a diffeomorphism on M, we can define normal
coordinates (ML, ¢, z%) on M, and we can express the canonical metric tensor
Jean = (*Gean o0 M, as Gean = 22;1 dz' @ dz' (which is smooth on M, taking
the pullback). It is well known that

Jcan = Z de' @ dr' = dr @ dr + r’n*g | (2.39)

i=1 E
in M, — {o,}, where r and 7 are, respectively, the radial distance function to
the center o, and the projection to S}~* (see Section 9 of Chapter 3 of [34] for a
proof of this fact). Then

TG =
st r

Yo dat @ dat —dr @ dr

2

(2.40)

Moreover, since 7(q) = \/(z'(¢))% + - - - + (2"(q))? for any ¢ € M, we have that

o . &t
d: 'dl: _dl.
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Therefore,

n

"zt i " oxtd ‘
dr @ dr = (Z%daf) ® (Z%dxj> = Z xrf dx' ® dz? (2.41)

=1 j=1 i,j=1

On the other hand, expressing the rotationally symmetric metric tensor g, in
normal coordinates in M, — {o,} and using (2.39)), (2.40) and (2.41]), we have
that

g, =dr®dr+ u)2(7")7r*gs,171
1

=dr @dr + r%*gg?,l + (wz(r) — 7”2) W*QS?A

- Z dz' @ dz' + (w*(r) — r?) TG 0
=1 '

— Y dri et + ST Zdﬂ@d:ﬂ—dr@dr)

- r X
=1 =1

=Y dr' @da + wir) -1 Ydiwdd -y T dﬁ) (2.42)
=1

. 72 L 2

=1 4,j=1

- ; ;o wi(r) —r? - il ; .
i=1 1,j=1

- i i WZ(T) — 7’ - 2 i g i j
=1 2,j=1

= Z <5Z~7j + ww-r (T)4 ! (r25i7j — xzx])) dr' @ da’.
r

ij=1

Finally, since we assume that w(t) = t(1 + t>¢(t?)), replacing this expression of

the warping function in the above equation we obtain that

n 2(1 2 2\\2 2 o ' .
gw _ Z (51’]_’_7" ( +7r @(T )) r (Tzai,j—l'lx])) dx2®dxj

< rd
i,j=1

= Z (6 + (20(r?) + 2% (r?)) (r*6;; — 2'27)) da’ ® da’.
ij=1
Therefore, since z¢ and 7? are smooth functions from M, to R and R, respec-

tively, and by hypothesis ¢ is a smooth function of R, we have that g is smooth
on the entire M, showing that implies .
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2.2 Rotationally symmetric model spaces

Now, to end this proof, we show that assertion implies assertion .
Assume that the rotationally symmetric metric tensor g, is smooth on the entire
M,,. As we compute above, we can express the rotationally symmetric metric
tensor g in normal coordinates centered at the center o, as , namely, for
any point ¢ € M, — {o,},

9, = Z g;j dz' @ da’

ij=1
where, for all i, =1,...,n,

w2 (r) —r?
gij(T1,. .., @) = 6 + i
Moreover, by assuming that g, is smooth at o, we have that g;; is smooth at
0, In particular, for the direction (z1,xs,...,x,) = (2,0,...,0), i =j = 2 and
since r(z,0,...,0) = |z|, we have that
w? (|z]) — 22
922<£L',0,...,O) = 1+%,
x

Thus, g22(0,...,0) =1, and hence,

2 2
oy 1) =
x—0 €T

::ltlir[l)(ggg(l‘,(),,0)—1)2922(0,,0)—120

Therefore, defining F: R — R, F(x) := (w?(|z]) — 2?) /2%, we have that F
is an even smooth function with F(0) = 0. Then, applying [75] as above, we
know that there is a smooth function h : R — R, such that F(z) = h(z?) and
h(0) = 0. Thus, we obtain that,

w?(t) =t* (1 +h(t?)) forall ¢>0,

and hence,
w(t) = tf(t?),
where f(t) = \/Th(t) . Note that f is smooth, because w is smooth by Defini-
tion 2.2.1] and f(0) = 1.
Finally, as previously did to obtain equation , since f(0) —1 =0, we
know that there is a smooth function ¢ : R, — R, such that f(t) — 1 = tp(t).
Therefore, f(t) = 1+ te(t), and hence, the warping function can be expressed
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as w(t) =t (1 +t2p(t?)) showing that assertion (1)) implies (2)), and the theorem
follows.
O]

Now, we present some results concerning the sectional curvatures in the rota-

tionally symmetric model spaces.

Proposition 2.2.4 (see Section 2.3 of Chapter 3 of [64]). Let (M,,g,) be an n-
dimensional rotationally symmetric model space with center o,. Then the radial
sectional curvature, for any point p € M, —{o,} and for any tangent vector field
X e TpS;”Ow(p)(ow), is given by

_ W(re.(p)
secg, (U(ngTow,X)(p)) == i o) o) (2.43)

where 0(Vy 1,,,X) is the radial plane tangent to p generated by Vg 1o, and X.

Some examples of the rotationally symmetric metric spaces are the simply
connected real space forms K"(k) of constant sectional curvature . In fact,
from the Hadamard-Cartan Theorem (see Theorem 4.1 of Chapter 5 of [68], for
instance), it is well known that if x < 0 then any point p of K"(k) is a pole, so
K" (k) can be constructed as a rotationally symmetric model space (M,,, g ) with
any given point of K" (k) considered as the center of M, and a particular warping
function w, which depends on the value of k. For x > 0, for any p € K"(k) = S*!
and denoting by p the antipodal point of p in S'~!, we can construct S*~* — {p}
as a rotationally symmetric model space with center p and a particular warping
function w,. We show this construction at the following Proposition by

defining each warping function wy.

Proposition 2.2.5. (see pages 74-80 [3])] and pages 12 and 69 of [64]) The
simply connected real space forms K"(k) of constant sectional curvature k € R can
be considered as rotationally symmetric model spaces (Mwn, an) which warping

function are given by

(sin (V/kt) if k>0 telol

we(t) =< t, if k=0, tel0,+00)
M, if k<0, tel0,+00)

{ VR

(2.44)

)
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2.2 Rotationally symmetric model spaces

2.2.2 Balance condition

In this subsection, we present a purely intrinsic condition on the rotationally
symmetric model spaces (M, g,) (see Section 3.1 of S. Markvorsen and V. Palmer
[53] for more details on this condition), which will play a key role in Chapter
in order to find our comparisons for the torsional rigidity (see Definition [3.2.5]).
But first, let us define the following.

Definition 2.2.6. Let (M,,g,) be an n-dimensional rotationally symmetric
model space with center o, and let p € M, —{o,}. Given, B¥(o,) and S¥(0,), the
geodesic ball and the geodesic sphere of ML, respectively, with radius r = r,,(p)
centered at the center o,, we define the normalized mean curvature pointing in-

ward of the geodesic sphere at p as

1 w'(r)
w - H @ (o, = 5 245
n) = gy Hsve ) = 2 (245)
and the isoperimetric quotient as
vol (B¥ (o, “whl(s) ds
Qu(r) = (Br(0.)) _ Jo : (2.46)

vol (S¥(0.)) W i(r)
Remark 2.2.7. Note that, if g, can be smoothly extended to M,,, we have that
w(0) = 0 and w'(0) = 1, (see Proposition [2.2.3), and hence, applying L ’Hépital’s

rule, we obtain that
Jo w™(s)ds

img,(r) =lim2%———~ — — lim wn—l(r) = imL =
P () = I ) T s D2 () PR e i)

We define now the intrinsic condition previously mentioned as follows.

Definition 2.2.8. Given (M,,g,) an n-dimensional rotationally symmetric
model space with center oy, we say that M, is balanced from above if, and only

if, the inequality
1

n—1

Qo (r)n(r) < (2.47)
holds for all 0 < r < inj, (o).

Remark 2.2.9. Note that saying that the above inequality holds for all r €
(0,inj, (0,)) is equivalent of saying that it holds for all p € M — {0,}. Indeed,
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2. Preliminaries

q. and n,, are radial functions and, from Remark we have that the model
radius A coincides with the injectivity radius of o,, and hence, by Definition
, M, = exp, (Ba(o)) where B (o) is the open ball of T, M with radius
A = inj, (o,) centered at o € T,, M. Thus, for any p € M, — {0, }, we have that
0 <7 =ry(p) <inj, (o,). Therefore to ask condition is equivalent to ask

1
that g, (7o, (P))Nw (7o, (P)) < ] for all p € M, — {0, }.

Furthermore, we have the following characterization of the balance from above

condition.

Proposition 2.2.10 (see Observation 3.8 of [53]). Let (M,,g,) be an n-
dimension rotationally symmetric model space with center o,,. Then, the following

assertion are equivalent:

1. The rotationally symmetric model space M, is balanced from above.

2. The isoperimetric quotient is non-decreasing, i.e., ¢.,(r) > 0 for all radius
0 <r <inj, (0u)

3. The inequality w™(r) > (n — 1)w/'(r) [, w™ !(s)ds holds for all radius 0 <

r <inj, (o).

Proof. First we show that assertions and are equivalent. Computing the
derivative of g, we have the following

) (Vol (Bﬁ’(ow)))' vol (5¢(0.,))” — vol (B (0.)) (vol (¢ (0.,)))

r) = = :
e vol (S 0.)) vol (S¢(0.,))’
Thus, computing the derivative of the area function (2.31]), we obtain that
vol (5¥(0,))* — vol (B¥(0,)) vol (S?’l) (n — Dw"2(r)w'(r)
vol (5¢(0.,))”

q,(r) =

vol (B¥(0,,)) vol (S{™") (n — L)w"2(r)w'(r)
vol (S (0.) (o)) vol (5¢ (o))

vol (S771) (n — 1w 2(r)w' (1)

=1-awl) vol (Sﬁ‘_l) wnL(r)

=1- (n — 1)Qw(r)77w(r)'
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2.2 Rotationally symmetric model spaces

Therefore, ¢/,(r) > 0 for all 0 < r < inj, (0,) if, and only if, g, (). (r) < ;15 for
all 0 <7 < inj, (o,). Namely, ¢/,(r) > 0 for all 0 < r <inj, (o,) if, and only if,
M, is balanced from above, which shows that and are equivalent.

On the other hand, to show that assertions and are equivalent, we have,

by the expressions (2.46|) and (2.45)) of ¢, and n,, (respectively), that g, (r)n.(r) <
L forall 0 <r< inj, (o) if, and only if,

T -1 ds o'
fo w'H(s)dsw (r) < 1 forall 0<r<inj, (o),
wrt(r)  w(r) T n-—1 "

which, at its time, since w(r) > 0 for all » > 0 by definition of w, holds for all
0 <r <inj, (o,) if, and only if,

(n— 1)w'(7“)/0 W' (s)ds <w"(r) forall 0< R < inj, (ou),

showing the equivalence between and , and the proposition follows.
O

Example 2.2.11. Now we show some examples of rotationally symmetric model

spaces balanced from above. You can also find some other examples in [53].

1. The n-dimensional rotationally symmetric model space (M, g_) with center
0, and warping function w : [0,inj, (0,)) — Ry given by w(t) =t + t3 is
balance from above. Indeed, by condition |3 of Proposition [2.2.10, we know
that M, is balanced from above if, and only if,

w'(r) > (n— 1)w'(r)/ W' (s)ds forall 0<r< inj, (o)
0
Thus, M, is balanced from above if, and only if,
(r+r*)">(n-1)(1+3r?) / (s+ 33)n_1 ds forall 0<r <inj, (0,),
0

which, in its turn, holds if, and only if,

(r+r3)"

" 3\n—1 L.
W_(n_l)/o (S+S) ds >0 for all O<r<1njgw(0w),

because 1+ 3r% > 0 for all 0 < r < inj, (o).
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Now let us define the function F': [0,inj, (0,)) — R given by

r— F(r) :—M—(n—l)/or(s—i-s?’)n_lds.

1+ 3r2
Hence, we have that M, is balance from above if, and only if, F(r) > 0
for all 0 < 7 < inj, (o,). Let’s study the sign of F. First, observe that
F(0) = 0, therefore, if F' is an increasing function we have that F'(r) > 0
for all 0 < r < inj, (0,), as wanted. In fact, by computing the derivative
of F', applying the fundamental theorem of calculus, and simplifying, we
obtain that

n(r+r3)""" (14 3r2)? = (r +1%)" 6r

F,(T) - (1 + 37’2)2 - (n - 1)<7" + 7’3)”_1
=n(r+r¥"t - (1<:_+3:2;2 (n—1) (7" + 7’3)”_1
R N (7’4'7”)”_ N r(r+r3)
= ) 6 T = ) (1 6—(1+3T2)2>.

Then, we have that F’(0) = 0 and, since r + 73 > 0 and 1 + 3r* > 0 for all
0 <r <inj, (o,), we have that F'(r) > 0 for all 0 < r < inj, (o,) if, and
only if, for all 0 < r <inj, (0,) we have that

0< (1—1—37"2)2—67“(7’—1-7“3) =1+4+6r24+9"—6r>—6r* =1+ 3r,

which is true. Therefore, we have that F' is an increasing function, and
hence, since F'(0) = 0, we have that F(r) > 0 for all 0 < r < inj, (0,),
showing that (M, g,) with w(t) = ¢ + ¢* is an n-dimensional rotationally

symmetric model space balanced from above.

2. Let (M, g,) be an n-dimensional rotationally symmetric model space with
center o, such that its rotationally symmetric metric tensor g, is smooth
in the entire Mw and such that all its radial sectional curvatures are non-
positive, i.e., such that, for all p € My, — {ou}, secy, (0,(Vr|,,u)) <0
for all u € T Sy m(0w), where we denote the gradient Vg 7o, by Vr and
op (Vr,u) is the 2 dlmensmnal subspace of T),S,, (p)(0s) generated by Vr
and u, to simplify the notation. Then, we are going to see that M, is

balanced from above if, and only if,

secy, (O'p(VT|p,U)) > 115 (70, ()
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2.2 Rotationally symmetric model spaces

for all p € M, and for all u € 7,57 (0w).

In fact, from condition [3| of Proposition [2.2.10| and denoting r = r,_(p), we
know that M, is balanced from above if, and only if,

Whr) > (n—1)w'(r) /07” w" 1 (s) ds.

Moreover, since w(r) > 0 for all 0 < r < inj, (0,) (by definition) and
secy, (0,(Vr|,,u))(p) <0 for all p € My, u € T,57(0,) (by hypothesis), we
have, from the expression of the radial sectional curvature on rotationally
symmetric model spaces (see equation (2.43)), that w”(r) > 0 for all 0 <
r < inj, (0,). Then, we have that w’ is an increasing function and, since
w'(0) = 1 because g, is smooth at o, (see assertion (3)) of Theorem [2.2.3),
we obtain that w'(r) > 1> 0 for all 0 <r < inj, (0,). Then, dividing the
above expression by w’, we obtain that M, is balanced from above if, and

only if|

w"(r)
w'(r)

—(n— 1)/0 W' (s)ds >0, forall 0<r< inj, (ou). (2.48)

Now let us define, as we did before in the previous example, the function
F':[0,inj, (o,)) — R given by

w"(r)

r— F(r):= )

—(n—1) /07‘ w"(s) ds. (2.49)

Thus, M, is balanced from above if, and only if, F(r) > 0 for all 0 < r <
inj, (0,). But, since F(0) = 0, we have that F(r) > 0 for all 0 < r <
inj, (0,) if, and only if, F' is an increasing function, i.e., F'(r) > 0 for all

0 <r <inj, (0y). Then, we compute

nw (1) (1)) = W ()" ()

i) = WD)

— (n — D" (r).

Therefore, we have that that F’(0) = 0, and moreover, for all 0 < r <
inj, (o), for all point p € M, such that r,,(p) = r and for all u € T,,5(0.),
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we obtain that

F'(r) = nw"(r) —

Ww) (2.50)

o )
= w”—l(r) 1+ i <Up(vr‘p’U)>

Then, since w(r) > 0 for all 0 < r < inj, (o), we have that F”(r) > 0 for
all 0 <7 <inj, (o,) if, and only if,

secy, (JP(VT\I,,U)) > —i5(r)

for all 0 < r <inj, (o,), for any point p € M, such that r,,(p) = r and for
all u € T,5¢(o,).

Remark 2.2.12. Observe that, from the above Example in
we obtain that a rotationally symmetric model space (M, g,) with non-
positive radial sectional curvatures secy, (o(Vr,-)) < 0 is balanced from
above if, and only if|

OZﬁ%w@Mv%ﬂm>:_wwjZ_<M&02:_ﬁ“)

w(r) w(r)

for all 0 < r <inj, (o,), for any point p € M, such that r,,(p) = r and for
all u € T,5¢(0,,). Furthermore, this condition can be rewritten in terms of

the warping function as
W'(Nw(r) < (W'(r)® forall 0<r <inj, (0,).

Thus, not all the rotationally symmetric model spaces with non-positive
radial sectional curvature are balanced from above. It is easy to check
that our Example . is a rotationally symmetric model space with
negative sectional curvatures which satisfies the above equation, and hence,

as we show at the example, is balanced from above.

o6



2.2 Rotationally symmetric model spaces

3. The simply connected real space forms of constant sectional curvature x <
0, considered as rotationally symmetric model spaces (Mw}i, gwm) with k <0,

are balanced from above. In fact, for k = 0 we know that wy : R, — R,

is given by wy(t) =t (see Proposition [2.2.5)), so
wi(Mwo(r) =0 < 1= (W)(r))* forall r>0,

which shows, by the above remark, that M, is balanced from above.

For k < 0, we know that w, : Ry — R, is given by w.(t) =
sinh (v/—~t) //—k (see Proposition [2.2.5). Then
sinh (\/—m"t)
wi(r)wx(r) = vV—rsinh (v/—kr) ————= = sinh® (v/—rr)
K \/—_/{/
and
(w’.(r))* = cosh? (vV—rr)

K

thus w”(r)w(r) < (w.(r)” for all ¥ > 0 if, and only if, sinh? (v/—kr) <
cosh? ( —m*) for all » > 0, which is true. Therefore, we have shown that

all M, with £ < 0 are balanced from above.

Another way to prove that these examples are balanced from above consists
in to see that F'(r) > 0 replacing w,(r) by r or sinh (v/=rr) /v/=k in the
balance condition. For x = 0 it will be easy. But, for k < 0, we may use

the following inequality for the hyperbolic sinus that you can find in [61]
sinh” ( —m")

/0 sinh™ ( _KS) ds < V—k(n—1) Cosh( —m")'

4. The simply connected real space forms M, of positive constant sec-
tional curvature x > 0 considered as rotationally symmetric model spaces
(M,,,g,,) which warping function w, : [0,7/y/k) — R, is given by
wy(t) = sin (y/kt) /+/k are balanced from above. In fact, since w/ (¢) < 0 for
all t € [1/(2VE), 7 /Vk), we have that

wi(r)>0>(n— 1)w;(r)/0 w'(s)ds, for all # <r< %

On the other hand, we have that w! (¢) > 0 for all ¢ € [0,7/(2v/k)). Then,
following the same argument that in Example 2.2.11. (i.e., using equation
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(2.48])), we have that M, is balanced from above if, and only if,

we(r)

wi(r)

Thus, defining a function F' as in equation ({2.49)), i.e.,

w"(r)

r— F(r):= o) (n—1) /OT w" 1 (s) ds, (2.51)

—(n—l)/owg_l(s)dszo, for all 0§r<%.

we have that F'(0) = 0 and that M,,_ is balanced from above if, and only
if, F(r) > 0 for all 0 < r < inj, (0,). Thus, since F(0) = 0, M, is
balanced from above if, and only if, F' is an increasing function. Namely,

from equation ([2.50)), ML, is balanced from above if, and only if,

PO =0 (14 o SEL

for all 0 < r < 7w/(2y/k). Therefore, since k > 0 (by hypothesis), we
obtain that F'(r) > 0 for all 0 < r < 7/(2y/k). Thus, since M, with
k > 0 satisfies condition (3|) of Proposition for all 0 < r < 7//k,
it is balanced from above. The reader can find another proof for this last

example in [52].

2.2.3 Schwarz symmetrization

Along this work, we use the notion of Schwarz symmetrization as considered,
e.g., by C. Bandle in [2], by G. Pdlya in [66] or, more recently, by I. Chavel in
[9] and by P. McDonald in [55]. Here we review and show some facts about the
Schwarz symmetrization in the context of Riemannian manifolds, as we can find
in Section 4 of [37] and in Section 3.2 of [53].

Definition 2.2.13 (see [2], [9], [53] and [66]). Let (M,g) be a complete n-
dimensional Riemannian manifold and let D C M be a precompact connected
domain in M. Given (M, g,) an n-dimensional rotationally symmetric model
space with center o, € M, we define, when it does exists, the w-rotationally sym-

metric model space symmetrization D* of D in M, as the unique geodesic ball
of M, with radius L(D) centered at o,

D*w = BE}(D) (Ow);
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2.2 Rotationally symmetric model spaces

satisfying
vol (D) = vol (Bf(D)(ow)) :

Remark 2.2.14. In the particular case that D is a geodesic ball Bg(o) in M of
radius R < inj,(0) < inj, (o,) centered at o € M, then the radius L (Bg(0)) is
some increasing function s(R,0) = L (Bg(0)) which depends on the geometry of

M, so we can write
Br(0)™ = B q)(0w)

and this symmetrization Bgp(0.) satisfies

vol (Bg(0)) = vol (BZ)(RO)(OW)) .

In fact, computing the derivatives of the volumes with respect to its radius (see

Theorem [2.1.77]), we have that

vol (Sg(0)) = vol (S:’(R’O)(ow)) d%%s(R, 0),

and hence,

(R o) = vol (Sg(0)) -0,

vol (S;J(R)(ow)>

showing that s(R, o) is an increasing function with respect to R.

ﬁs

From now on, when it is clear from the context, we will write D* instead of

*o . . d
D*+, we will denote, respectively, s(R) and s'(R) to refer to s(R, 0) and 75s(R,0),
and we will refer to the w-rotationally symmetric model space symmetrization of

D simply as the Schwarz symmetrization of D, or simply as the symmetrization
of D.

Now, given f : D — R, a non-negative function defined on D, we introduce

the notion of w-rotationally symmetric model space symmetrization of f,
ff:D* —R,.
But first, we show some useful facts.

Definition 2.2.15 (see [53]). Let (M,g) be a complete n-dimensional Rieman-

nian manifold and let D C M be a precompact connected domain in M. Given
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f D — R, a non-negative smooth function defined on D we define, for any
t >0, the subsets D(t) and I'(t) of D as

D(t):={zeD: flx) >t} C M

and
['(t)y:={xeD: f(x)=t}.

Remark 2.2.16. Note that the subsets defined above satisfy the following:
1. The boundary of D(t) is 0D(t) =I'(t) C D(¢) for all t > 0.
2. Note too that D(0) = D and, if ¢; < 5, then D(t2) C D(t1).

3. If T :=sup,cp f(x) then D(t) = 0 for all t > T', and hence, vol (D(t)) =0
forall t > T.

4. Therefore, we have a family of nested sets {D(t)},cop that covers D.
Namely, D = ;e D(8)-

Thus, from the definition of the above sets, we define the w-rotationally sym-

metric model space symmetrization of a function as follows.

Definition 2.2.17 (see [53]). Let (M,g) be a complete n-dimensional Rieman-

nian manifold, D C M a precompact connected domain in M. Given
f . D — R+

a non-negative smooth function defined on D and given (M,,g,) an n-
dimensional rotationally symmetric model space, we define, when it does exists,
the w-rotationally symmetric model space symmetrization of f in M, as the func-
tion f* : D* — R, defined for all x* € D* as

() :=sup{t >0 : 2" € D(t)}.

Remark 2.2.18. As we did before for the above definition, let us show some

observations about the definition of w-symmetrization of f:

1. Observe that the symmetrization of f** ranges on [0, T]. Namely,
fr D — (0,71,

where T := sup,.p f(z).
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2. From now on, when it is clear from the context, we write f* and D(¢)*, in-
stead of f* and D(t)*, respectively, and we will refer to the w-rotationally
symmetric model space symmetrization of f as the Schwarz symmetrization

of f, or simply as the symmetrization of f.

3. By Sard’s Theorem (see [11], [29], and [69]), denoting by Dy C D the
set of critical points of f, we know that the set Sy = f(Dy) C [0,T] of
critical values of f has null measure, and the set of regular values of f,
Ry =1[0,T] — Sy, is open and dense in [0,7]. In particular, for any ¢ € Ry,
the set I'(t) = {x € D : f(x) =t} is a smooth embedded hypersurface in
D and HVMf” does not vanish along I'(%).

With these observations in hand, we are able to define the following function.

Definition 2.2.19. Let (M, g) be a complete n-dimensional Riemannian mani-
fold and let D C M be a precompact connected domain in M. Given (M, g,)
an n-dimensional rotationally symmetric model space with center o, € M, and
gwen f : D — R, a non-negative smooth function defined on D, we define,
when it does exists, the function 7 : [0,T] — [0, L(D)] as the radius of the

symmetrization

D(t)" = By (o)

satisfying
vol (D(t)) = vol (Bg(t) (Ow)) ’

where By, (0.) 15 a geodesic ball of ML, with radius 7(t) centered at o,.

Remark 2.2.20. Note that, since D(0) = D, we have that D(0)* = D*. Then
7(0) = L(D), where L(D) is the radius defined on Definition [2.2.13 and D* =
By (0.,). Furthermore, since vol (D(t)) = 0 for all t > T', we have that r(¢) =0
for all ¢t > T. From now on, we will refer to the function 7 as the symmetrized

radius.

Concerning this last definition, we have the following lemma which describes
the behaviour of 7. This lemma will play a key role to prove Theorem which

we will be used, in its turn, to prove our comparisons for the torsional rigidity.
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2. Preliminaries

Lemma 2.2.21. The function 7 : [0,T] — [0, L(D)], defined in the above defi-
nition, is non-increasing. In particular, for all reqular values t € Ry, the function
g, By C [0,T] — [0, L(D)] satisfies

o IVl 44,
vol (Sj;(t)(ow)>

Then, 7 is strictly decreasing in Ry, and hence, injective (and bijective onto its

() =

image).
Remark 2.2.22. Note that when Ry = [0,7], then 7 : [0,7] — [0, L(D)] is
bijective.

Proof of Lemma [2.2.21] Let us assume that t; < t5. By assertion of Remark
2.2.16 we know that D(t3) C D(t1), and hence, vol (D(t3)) < vol (D(t1)). Thus,
since vol (D(t3)) = vol (B;J(t2)(ow)> and vol (D(t1)) = vol (B;J(tl)(ow)>, we have

that vol (B?’(m(Ow)) < vol <B;°?(t1)(0w)>, and hence, 7(t2) < 7(t1), because the
volume of geodesic balls is an increasing function over its radius.

On the other hand, given ¢t € Ry, and denoting
V(t) = vol (D(t)) = vol (B, (ou)) ,
we have, applying Theorem [2.1.77], that

VI(t) = %VQI (B (0.)) = vol (S (0.,)) 7' (2). (2.52)

Moreover, defining Q(t) = {x € D : f(z) < t}, we have that Q(t) = D — D(¢),
and hence,

vol ((t)) = vol(D) — V(1)

Thus, since 0D(t) = I'(t) = {z € D : f(z) =t} = 0Q(¢) for all t € Ry and
d/dtvol (D) = 0, and applying the Co-area Formula (see Theorem [2.1.62), we
obtain that

d _
Vi) = Gl @) = [ v, da,
dt 20(t)=aD (1)
Then, applying equation ([2.52)), we have that the function 7(t) satisfies
-1
R
vol <S;J(t) (ow))

7 (t) = <0 forall te Ry
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2.2 Rotationally symmetric model spaces

and the proposition follows.
]

Now we show, in the following theorem, some properties satisfied by the sym-
metrization of a function. In fact, we show that, given f : D C M — R, a
non-negative smooth function defined on the precompact domain D, the sym-
metrized function f* : D* — R, is a radial function, and that f and f*- are

equimeasurable.

Theorem 2.2.23. Let (M, g) be a complete n-dimensional Riemannian mani-
fold, D C M be a precompact connected domain in M and f : D — R, be a
non-negative smooth function defined on D. Let (M,,g,) be an n-dimensional
rotationally symmetric model space with center o, € M,,,. Then, the symmetrized

objects f* and D* satisfy the following properties:

1. The function f* depends only on the radial distance function to the center

0, of the ball D* in M, i.e., only depends on r, and it is non-increasing.

2. The functions f and f* are equimeasurable in the sense that

vol ({a: eD: f(x)> t}) = vol ({a:* e D" f*(z") > t})
for all t > 0.

Proof. Let us begin this proof by showing assertion . Let 27,25 € D* =
B (0o) such that r(z7) = r(z3). Then, given o € [0,7], it is evident that
7 € By, (o) for all t € [0,2o] if, and only if, 23 € B, (0.) for all t € [0,%o]. In
fact, for all ¢ € [0, %], 27 € By,)(0.) if, and only if, r(z7) < 7(¢), then r(23) < 7()
which, in its turn, is true if, and only if, 23 € B;i’(t)(ow). Hence, by this last fact
and by the definition of the symmetrization of f (see Definition [2.2.17)),

f*(x]) =sup {t >0: 2] € B%J(t)(ow)} = sup {t >0:x5€ B%J(t)(ow)} = f*(x3)

which shows that f* is a radial function. Therefore, f* depends only on the
geodesic distance to the center o, i.e., f*(z*) = f* (r(z*)).
Now, to prove that f* is non-increasing, let xi, x5 € D* such that r(z7) <

r(x3). We are going to prove that t; := f*(z7) >ty := f*(x3). In fact, since from
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Lemma [2.2.21| we know that 7 is a non-increasing function then, by Definition
2.2.17, we have that

fr(a3) =sup{t>0: a3 € By} =sup{t>0: r(z}) <F(t)} = ta.

Then, if t < t5, we have that 3 € By, (0.), thus r(z3) < 7(t) for all t < 5. In
particular, r(z}) < r(z3) < 7(t2) which, in its turn, shows that 27 € By, ), and
hence, t1 = f*(27) = sup{t > 0 : 2] € By, } > t» = f*(23), showing that f* is
non-increasing.

To prove assertion (2), note first that we have, by Definitions[2.2.17 and [2.2.19]
that

D(t)" = Biy ={z" € D" : f*(z") >t} forall t>0.
In fact, if z* € By, ), then ff(z*) = sup{t > 0 : z* € B;J(t)} > tg, and,
conversely, if f*(z*) =sup{t > 0 : 2" € B¥,} > lo, then 2" € B, ,. Therefore,
since D(t) = {x € D : f(z) > t}, we obtain, for all ¢ > 0, that

vol ({x €D : f(z) > t}) — vol (D(t)) = vol (D(t)")
= vol ({x* e D" f(2*) > t})

]

To end this chapter, we show a relationship between the integral of a func-
tion defined on a geodesic ball of a Riemannian manifold and the integral of its
symmetrization by controlling the monotony of the function. In fact, this theo-
rem below will play a key role in order to proof our comparison for the torsional
rigidity (see Theorem [3.6.3)). First, let us define the following.

Definition 2.2.24 (see [53]). Let (M, g) a complete n-dimensional Riemannian
manifold and let (M, g.) be an n-dimensional rotationally symmetric model space
with center o, € M. Let o € M a point of M and let Br(0) be the geodesic ball
of M with radius R < inj,(0) < inj, (o,) centered at 0. Given f : [0, R] — Ry
a non-negative, real valued, smooth function, we define the transplanted function
¥ of finto Bg(o) as the radial function defined as

Y Br(o) — R,
pr—9(p) = [ (ro(p),
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2.2 Rotationally symmetric model spaces

where 1, is the radial distance function to o, the center of the geodesic ball Br(o)

(see Definition :

Remark 2.2.25. Note that, since f is a radial function, we have that the trans-

planted function v satisfies that

d

% 77Z) - f,(ro(p))

r=ro(p)

for all p € Bgr(o) — {o}. From now on, when it is clear from the context, we
idenfity ¥ (p) = f(ro(p)) by ¥(r) where r = r,(p), and its first derivative by ¢'(r),
to simplify the notation.

Theorem 2.2.26. Let (M, g) be a complete n-dimensional Riemannian manifold
and let (M, g,) be an n-dimensional rotationally symmetric model space with
center o, € M. Let o € M be a point of M and let Br(o) be a geodesic ball
of M with radius R centered at o. Let f : [0,R] — R, be a non-negative,
real valued, smooth function such that f'(r) < 0 for all v € (0,R], f'(0) =0
and f(R) = 0. Suppose that R < inj (o) < inj, (o,), and that there exists the
Schwarz symmetrization By g (0.) of Br(o) in My, Let v : Br(o) — Ry be the
transplanted function of f into Br(0), i.e., ¥(p) := f (ro(p)). Then, we have that

vav,= [ way,, (2.53)
Br(o) B:)(R) (ow)

where * - B;"(R)(Ow) — R, is the symmetrization of the transplanted function
Y, dVy and dVy = are, respectively, the Riemannian volume elements in Br(o) and

By (0w), and o is the radial distance function to o in Bg(o) .

Proof. We are going to analyze first the symmetrization ¢*. The transplanted
function

¥ @ Br(o) — Ry

satisfies, by definition, that ¢» € C* (Bg(0) — {0}) N C° (%) and, moreover,
that g, = 0.

From Remark[2.2.25] we consider 1 defined as a radial function on the interval
[0, R]. Let us denote by T" = max g ¥». Then as, by hypothesis, f is monotone,
we have that ¢ < 0 in (0, R] and ¢'(0) = 0, and that ¢ : [0, R] — [0,7] is
bijective with ¢(0) = T and ¥(R) = 0.
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On the other hand, from assertion of Remark , we have that the
set of critical values Sy, C [0,7] of ¢ has null measure, and the set of regular
values, R, = [0,7] — Sy, is open and dense in [0, R]. In particular, for any
r € Ry, the set {p € Br(0o) : ¥(p) =r} is a smooth embedded hypersurface in
Br(o) and [|[Vg¢[|, does not vanish along {p € Bgr(o) : ¢(p) =r}. In fact, since
IVgroll, = 1 in Br(o) (see assertion (4)) of Proposition , the transplanted
function ¢ : Bg(o) — [0, T satisfies, for all p € Br(0) — {0} such that r,(p) = r,
that

IV @)l = 11 (MHIVgro)ll, = [(r)] #0, (2.54)

and hence, the set of regular values of ¥ is Ry, = (0,7).
Now, let us define the function a : [0, 7] — [0, R] as a(t) :== ¢~ (t) = f~1(?),
satisfying a(0) = ¢=1(0) = f~%(0) = R and a(T) = v~ 1(T) = f7'(t) = 0. We

know that

= — or a
@)= gy <0 forall 10T,

so, a(t) is strictly decreasing in [0, T].
On the other hand, and given ¢ € [0, 7], let us consider the sets D(t) and I'(t)
defined in Definition [2.2.15} i.e.,

D(t) = {p € Br(o) : ¥(p) >t} = {p € Br(o) : [ (ro(p)) >t}
= {p € Br(0) : 7,(p) < (1)} = {p € Br(o) : 1o(p) < a(t)}  (2.55)
= Ba)(0)

and

I(t) = {p € Br(o) : ¥(p) =t} = {p € Br(o) : f(r.(p)) =t}
= {p € Br(0) : 7,(p) = [TH(t)} = {p € Br(0) : 1o(p) = a(t)}  (2.56)
= Sa(t)(0)-

Moreover, we have that D(0) = B,)(0) = Bgr(o) and D(T') = Byry(0) = {o},
where o is the center of the geodesic ball Bg(o).

Now, we consider the symmetrization in M, of the sets D(t) = B,y (o) C
Br(o) € M, namely, the geodesic balls D(1)* = By, (0.) in My, such that

vol (D(t)) = vol (B (0.))
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2.2 Rotationally symmetric model spaces

where, for each t € [0,7], 7(t) denotes the symmetrized radius (see Definition
[2.2.19 Then, in this particular context and from Lemma [2.2.21] we have that
7 : [0, 7] — [0, s(R)] is strictly decreasing, and hence, bijective, where s(R) is
the radius of symmetrization of Bg(0), i.e., the symmetrization of Br(o) in M,
is B¢ py(0o). In fact, note that if £, ¢> € [0, 7] such that ¢; < 5, then, since a(?)
is strictly decreasing, a(t1) > a(t2), thus

vol (Bf#(tl)(ow)) = vol (Bqyt;)(0)) > vol (By,)(0)) = vol (B}f(tz)(ow)) :

and hence, 7(t;) > 7(t2). Furthermore, applying Lemma [2.2.21] for all ¢ in the
set of the regular values of v, i.e., for all t € Ry = (0,T), we have that

. 1 B
7(t) = - / IV, 01" dA,, (2.57)
vol (S;J(t)(ow ) r(t)

where dA, is the Riemannian volume element in I'(¢) with respect to the metric
tensor g (see Subsection [2.1.7.5)).
On the other hand, the inverse of 7 is the decreasing function

¢:[0,5(R)] — [0, 7], ¢(¢) == (7)) (0),

such that ¢ (7(t)) = % for all t € [0, T], $(0) =T and ¢ (s(R)) = 0.

With all this background, we can say now that there exists a smooth function
¥ : [0,s(R)] — R such that the symmetrization of ¢ : Br(o) — R is a
radial function ¢* : Byp (on) — R, 9" = U(ro(p*)) which satisfies, for all
p* € By R)(ow), the following equality

V") = (1o, (p7)) = to = ¢ (7(t0)) - (2.58)
Therefore, for all ¢ € (0,T), we have, applying equation (2.57), that
d ~ ~
v = 3 (1) = ¢ (7(0) = =7 (2:59)

dr,,

Now, let us make the following abuse of notation: since * is a radial func-
tion, we will identify ¢*(p*) by ¢* (ro,(p*)) for all p* € By (o,), and hence,

considering 7, as a parameter r € [0, s(R)], we identify

V=¥ (r,,) =V (r) = ’J(T) for all r € [0,s(R)].
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Moreover, considering 7(t) (¢t € [0,T]) as a parameter 7 € [0, s(R)], we have, from
equation (2.58), that /(1) = ¢(7). Therefore, we obtain that

Pt =1 (ro,) = P7(r) = (1) = o(7),

where r € [0, s(R)] and 7 € [0, s(R)].

Then, using the Co-area formula, the identification r, (p*) = r for any p* €
B g (0,) and from the expressions (2.31)) for the volumes of the geodesic balls
and for the geodesic spheres of rotationally symmetric model spaces, we obtain
that

[ v, = e,

Bir)(0w) B gy(ow)

" —1 dV, dr
_/o /sg(ow>¢(m\\vgw?\\gw Iseto |

s(R)
- / 6() vol (52 (0,.)) dF

Now, since the symmetrized radius 7 : [0, 7] — [0, s(R)] is a strictly decreas-
ing and bijective function with 7(0) = s(R) and 7(T") = 0, we obtain, using the
identification 7(¢) = 7, and hence, 7 (t)dt = dr, and applying equations ({2.57))

and ([2.58)), that

J.

s(r) (0w)

s(R)
Vv, = / $(F) vol (S2(0,)) dF

/ G(7(t)) vol (Ssy)(0u)) 7'(t) dt

- [ ( / N2 a,) i

Finally since, by definition of I'(¢), [, = ¢ for all ¢ € [0, T] and by applying
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again the Co-area formula, we have that

T
/BSW(R)(Ow) w o /0 t (/F(t) H gw(q)”g g t
/ () (/F(t) Vet (9l d g) dt

v
[ ([, e as,) a

N /B ( W(p) IV @)l IV, v,

= b dv,.

BR(O)
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Chapter 3

Mean exit time, torsional
rigidity, Poisson hierarchy and
moment spectrum comparisons

on geodesic balls

In this chapter, we are going to bound from above and from below the mean
exit time, the torsional rigidity, the Poisson hierarchy and the moment spectrum
defined on geodesic balls Bg(0) of a given complete Riemannian manifold (M, g)
by the ones defined on geodesic balls B%(o,) with the same radius of rotation-
ally symmetric model spaces (M., g,) by assuming that mean curvatures of the
geodesic spheres contained in Br(o) are bounded from below (respectively from
above) by the mean curvatures of the geodesic spheres contained in B%(o,,) with
the same radius. All our results presented along this chapter can be found in our
research paper [63].

These geometric invariants are related with the Brownian motion. In partic-
ular, the mean exit time function defined on a bounded region D with boundary
0D measures the expectation of the time that a Brownian particle, whose move-
ment starts inside D, takes to leave D through its boundary 9D for the first
time. Furthermore, the torsional rigidity, the Poisson hierarchy and the moment
spectrum defined on D are constructed in terms of the mean exit time function

of D.
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We start this chapter by giving a brief definition of the Brownian motion in
Section [3.1} Then, in Section we will present the preliminary concepts, i.e.,
we will give detailed definitions of these mentioned invariants, and moreover, we
will show some of its properties in rotationally symmetric model spaces. Next, in
Section [3.3], we will show the different directions that research has taken in this
area, as well as some of the results obtained along the last years. Furthermore,
we will explain why we have chosen our hypothesis. Section[3.4]is devoted to deal
with the properties of the mean exit time function defined on geodesic balls of
a complete Riemannian manifold satisfying our hypotheses, its relationship with
its volume, and the isoperimetric inequalities satisfied by these domains. Next, in
Section 3.5 we will prove our bounds for the Poisson hierarchy and the averaged
moment spectrum of a geodesic ball under our restrictions. Finally, in Section
[3.6, we will bound the torsional rigidity of a geodesic ball by means of its Schwarz

symmetrization.

3.1 Brownian motion

The first complete mathematical description of the Brownian motion is due to
A. Einstein. In [23] he explained the ceaseless erratic motion of pollen grains
on a water surface observed for the first time by the botanist R. Brown. This
movement is the result of the irregular collisions with the molecules of water ex-
perienced by these particles in suspension. This physical phenomenon was called
Brownian motion. In the cited paper, Einstein showed the stochastic nature of
the Brownian motion by proving that the displacement of a Brownian particle is
governed by a probability distribution which satisfies a diffusion equation (see the
survey [33] of A. Grigor’yan for more background on the origin of the Brownian
motion).

The simplest example of a mathematical model for the Brownian motion is
a random walk on the lattice Z". This model consists in a particle which moves
on the nodes of Z" by choosing the node to jump randomly, at each step, among
one of the 2n neighbouring nodes, with equal probability % (as the reader can
see in Figure [3.1] which we have taken from [33]).
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3.1 Brownian motion

Figure 3.1: The random walk on Z2.

The natural question that appears is following: what happens with the trajec-
tory of a Brownian particle when the number of steps goes to infinity? On these
question, G. Pélya in [65] showed that the Brownian particle does not necessarily
pass through each node infinitely many times as one could expect in view of the
homogeneous and isotropic character of the movement. In fact, Pélya showed
that it depends on the dimension of Z™: he proved that for n < 2 the Brownian
particle does pass through each node infinitely many times with probability 1 but,
for n > 2, it passes through each node only finitely many times with probability
1 too.

The same phenomenon and questions take place in the continuous case in the
Euclidean space R™. For the continuous case, N. Wiener in [76] constructed a
continuous model for the Brownian motion which is considered as the standard
model for the Brownian motion and it is usually called as the Wiener process
(the reader can see an image which represents the Wiener process in R? in Figure
3-2] which we have taken from [33]).

Figure 3.2: The Brownian motion on R2.
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Moreover, the continuous Brownian motion can be constructed using as the
underlying space a Riemannian manifold. We say that the Brownian motion
defined on a Riemannian manifold is recurrent if any Brownian particle visits
any open set at arbitrary large times with probability 1 and otherwise is said to
be transient. There are several papers which study what geometric properties
of the Riemannian manifold ensure that the Brownian motion is recurrent or
transient, we refer to [33] for a background on results in that direction. In fact,
this is a second natural question that arises in the study of the Brownian motion.
Namely: what geometric properties of the underlying space where the movement
takes place ensure that a Brownian particle which starts its movement inside any
bounded region D on the Riemannian manifold returns to this bounded region
at arbitrarily large times?

On the other hand, there appears a third question on which our research
will be focused throughout this chapter. This question is following: given a
bounded domain of a Riemannian manifold and a Brownian particle that starts
its displacement at a point inside this bounded domain, which is the time required
so that the particle leave this bounded domain? In this sense, we study the mean
exit time function that is a function which assigns, to each point in a bounded
domain p € D, the average of the times that a Brownian particle starting at p
takes to leave the bounded domain through its boundary (see Definition .
Moreover, from the bounds on the mean exit time function defined on a geodesic
ball in a Riemannian manifold (M, g), we find comparisons for the torsional
rigidity, the Poisson hierarchy and the moment spectrum of this geodesic ball in
M (see Definition [3.2.5] |3.2.7] and |3.2.10)).

The detailed description of the Wiener process goes beyond the objectives of

this work. Nevertheless, let us show briefly the construction of this Wiener process
in terms of the heat kernel following [33]. In fact, given (M, g) a Riemannian
manifold, let p(t, z,y) be the heat kernel defined in M, where ¢ > 0 is a time and
x,y are points of M. Then, the probability that the Brownian motion starting

at the point x € M lies at a measurable domain 2 C M at the time ¢ is:

P, 1) = / plt, 7, 5)dV (y).
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Then, as stated by A. Grigor'yan in [33], from the properties of the heat
kernel, we can construct a (sub)Markov process X; with the transition density p
by using the standard probabilistic tools as it has been done by K.L. Chung and
Z. Zhao in [15] and by E.B. Dynkin in [22]. This process X; is the Wiener process
on a complete Riemannian manifold M. Therefore, we refer to the process X; as
the Brownian motion on M, and moreover, given a point x € M we denote the
family of probability measures in the space of Brownian path emanating from x
as P*.

There are other ways to construct the Brownian motion on manifold (or even
on more general spaces), we refer to K.D. Elworthy [24], M. Fukushima, Y. Os-
hima and M. Takeda [26], H.P. McKean [58], or more recently P. Malliavin [50],
for instance. For a more detailed background on the heat kernel, we refer to J.
Dodziuk [20] and A. Grigor’yan [33] and [34], for instance.

3.2 Mean exit time, torsional rigidity, Poisson

hierarchy and moment spectrum

In the first part of this section we define the geometric invariants on geodesic balls
of a given Riemannian manifold on which we shall find comparisons between them
and the ones defined on geodesic balls of a rotationally symmetric model space
with the same radius by controlling the mean curvatures of the geodesic spheres
and using the Schwarz symmetrization technique (see Subsection for more
details on the Schwarz symmetrization). Moreover, in the second part of this
section, we will show some interesting properties of these invariants on rotation-
ally symmetric model spaces, which we use in order to prove our statements.
For a background on classical definitions see E.B. Dryden, J.J. Langford and P.
McDonald [21], E.B. Dynkin[22], A. Hurtado, S. Markvorsen and V. Palmer [37],
[38] and [39], K. Kinateder and P. McDonald [44], K. Kinateder, P. McDonald
and D. Miller [45], S. Markvorsen [51], S. Markvorsen and V. Palmer [53] and P.
McDonald [55] and [56].

Definition 3.2.1 (see [21]). Let (M, g) be a complete n-dimensional Riemannian

manifold. Given Q2 C M a precompact domain, the first exit time from Q is given

75



3. Moment spectrum comparisons on geodesic balls

by the quantity
1o =inf{t >0: X, ¢ Q}.
where X; is the Brownian motion defined on M.
Moreover, given x € (), the mean exit time function from x is the function

Eq : Q — R that assigns to the point x the expectation of the value of the first

exit time Tq with respect to P*, Eq(x).
Remark 3.2.2. Note that Eq > 0 on €.

Furthermore, we have the following characterization due to E.B. Dynkin of
the mean exit time function Fq as a solution of a second order partial differential
with Dirichlet boundary data. This problem is known as the Poisson problem

(see [21] for instance).

Proposition 3.2.3 (see [22]). Let (M, g) be a complete n-dimensional Rieman-
nian manifold and Q C M be a precompact domain. Then, the mean exit time

function Eq on §2 is the solution of the boundary valued problem

AjEq+1=0, on

(3.1)
EQ‘@Q = 07

where A, denotes the Laplacian on (M, g) with respect to the metric tensor g.

Remark 3.2.4. From now on, when the precompact domain {2 is a geodesic ball
Bgr(o) of M with radius R centered at o € M, we denote the mean exit time

function Eg, ) simply as Eg.

From the definition of the mean exit time function we define the torsional

rigidity as follows.

Definition 3.2.5 (see [44], [45], [66]). Let (M, g) be a complete n-dimensional
Riemannian manifold. Given Q C M a precompact domain and given Eq the

mean exit time function on €1, the torsional rigidity of €2 s the integral
A(Q) = / o) dV,
Q

where dVy is the Riemannian volume element in S (see Subsection .
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Remark 3.2.6. The name torsional rigidity comes form the fact that, when
Q C R? is a plane domain, the quantity A(Q) represents the torque required

when twisting an elastic beam of uniform cross section €2 (see [2] and [67]).

On the other hand, the mean exit time function is the first in a sequence of
functions {uy}y-, defined on @ C M inductively as in the following definition
(see [35] and [66]). This sequence of functions is known as the Poisson hierarchy

(see [21] or [38], for instance).

Definition 3.2.7 (see [38]). Let (M, g) be a complete n-dimensional Riemannian
manifold. Given 2 C M a precompact domain, the Poisson hierarchy of €2 is the

sequence {ura}i, of solutions of the following recurrence of boundary valued

problems
Ajuig+1=0, on Q
gL (3.2)
Ul,Q|aQ =0,
and, for k > 2,
Agup o + kug_10=0, on €Q, (3.3)

Uk’Q|6Q = 0
where A, denotes the Laplacian on M with respect to the metric tensor g.

Remark 3.2.8. Note that the boundary valued problems and are
the same, and hence, the mean exit time function and the first element of the
Poisson hierarchy of 2 are equal, i.e., u; o = Eq on ). From now on, when the
precompact domain 2 is a geodesic ball Bg(0) of M with radius R centered at
o € M, we denote the Poisson hierarchy {u p,()}re; simply as {urr}i,.

Let us also remark that sometimes the Poisson hierarchy is defined from k£ = 0
with 4o = 1 on a precompact domain €2 and for £ > 1 from the recurrence of
the boundary valued problem . Note that, for the case k = 1, we have the
boundary valued problem (3.2)), i.e., Aju; o = —upo = —1 and, on the other
hand, we have that [, ugo dVy = vol(Q2) (see [39], for instance).

The elements of the Poisson hierarchy transfer some of its properties from one

to another. For instance, since u; o > 0, then all the elements of the Poisson
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3. Moment spectrum comparisons on geodesic balls

hierarchy are non-negative. On the other hand, given two precompact domains
Qo C 2y € M of a complete Riemannian manifold, there is a relationship between

the Poisson hierarchies of €2; and €25, as we can see in the following result.

Proposition 3.2.9. Let (M, g) be a complete n-dimensional Riemannian mani-

fold. Let €2 be a precompact domain of M. Then, the following assertions hold:

1. The elements of the Poisson hierarchy of () are positive on €, i.e., upq > 0
on ) for all k > 1.

2. For any precompact doman Qcac M, we have inequalities up o > v, &
on ﬁfor all k> 1.

where {upo},_, and {u, g}32, are the Poisson hierarchies of Q0 and Q, respec-

tively.

Proof. To prove assertion we proceed by an induction argument. From Re-
mark we know that u; o = Eq > 0 on . Thus, assuming that uq > 0 on
), we have that

Agupr10=—(k+1Duro <0 on Q.

Thus, we have that Ay(—ug11,0) > 0, and hence, —uy41 o is a subharmonic func-
tion. Then, if there is a point py € {2 where —uy; o attains its maximum, z.e.,
—Ugt1.0(p) < —uki1.0(po) for all p € Q, we obtain, by applying the Strong Max-
imum Principle (see Theorem , that —uy41,0 = ¢ on € for some constant
c € R. Hence, since —u110 = 0 on J€2 we obtain, by continuity, that ¢ = 0, and
hence, up+1.0 = 0 on 2. Otherwise, if —ug41 attains its maximum at ¢ € 02,
we have that —ugi10(p) < —urr1.0(q) = 0 for all p € . Therefore, we obtain
that w110 > 0 on Q, and hence, uy o > 0 on € for all k& > 1, showing statement
[@.

Now, to prove assertion , we also proceed by an induction argument. First,
let us study the case k = 1 where Uy g —UQ is defined in Q. From the definition

of the Poisson hierarchy, we obtain that
Ay (“16 — u1’9> =Aju; 5 —Aguyo=—-14+1=0 on Q.

Thus, we have that u, g — u1,0 is a harmonic function. Therefore, if there exists

Do € Q where U, & — u1,0 attains its maximum, we have, by applying the Strong
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3.2 Moment spectrum

Maximum Principle, that u; g —u10 = con Q for some constant ¢ € R. Moreover,
we have, by definition, that u; 5 =0on o0 and, from assertion , that u1 o >0
on 2. Hence, by continuity, we obtain that ¢ = Upg — UL = —ULg < 0 on o).
Thus, we have that Ug—ue==c <0 on Q. Otherwise, if Uy g — UL attains its

maximum at q € 8(2, we have that
<u1,§ — uMz) (p) < <u1,§ — ul,g) (q) = —u10(q) <0 forall pe Q.

Therefore, u; o > u, g on (1.

Now, assuming that uy o > u, 5 on ?2, we obtain that

A, (uk+1,§ - “k+1,9> = Ag“k+1,§ — Agugi1.0
= —(k+ Duyg + (k+ Durg
= (k+ D(uro —upg5) 20

on €. Then, we have that u; | § — 41,0 is subharmonic in Q. Finally, applying
the Strong Maximum Principle as in the case k = 1, we have that if its maximum
is attained in Q then Uy 1g — Uk+1,0 = € ON Q for some constant ¢ € R. Thus,
since u,, ;5 = 0 on 02 and ugt10 > 0 on 2, we obtain, by continuity, that
€=U g~ Ukt1,0 = —Upt1,0 < 0 on Q. Hence, Uy g — Ukt1,0 = C < 0 on Q.

Otherwise, if its maximum is attained at ¢ € 02, we have that
(UHLQ - Uk+1,Q> (p) < (UHLQ - Uk+1,Q) (q) = —up410 <0 foral peQ.

Therefore, uj110 > v, g on Q and the proposition follows.
]

The LP-moment spectrum of a precompact domain €2 is defined from its Pois-

son hierarchy as follows.

Definition 3.2.10 (see [38]). Let (M,g) be a complete n-dimensional Rieman-
nian manifold. Given Q@ C M a precompact domain and given {urq}?>, the
Poisson hierarchy of ), the LP-moment spectrum of €2 s the sequence of inte-

grals {A, 1 }72, given by

1/p
A, p(Q) = (/Q (ur.a(z))’ dVg> , for k=1,2,...,00,
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3. Moment spectrum comparisons on geodesic balls

where dVy is the Riemannian volume element in €.

In particular, we refer as the moment spectrum of Q to the L'-moment spec-
trum of 0, and we denote it by {Ax}32,. Namely, the moment spectrum of ) is
the sequence of integrals given by

.Ak<Q) = .Al’k(Q> = / Uk,Q d‘/g
Q
Remark 3.2.11. In this work, we focus our study in the moment spectrum of
) and, in particular, in the torsional rigidity of €2, which is the first value of
the moment spectrum of €. In fact, the torsional rigidity of €2 is defined as the

integral

AQ) = A1 () = /QuLQ avy,

where u; o = Eq is the mean exit time function on Q (see Definitions and
3.2.1).

To end this section, we show some properties of the mean exit time function

and the Poisson hierarchy for geodesic balls of rotationally symmetric model

spaces. In fact, Propositions [3.2.13] and [3.2.16| shows, respectively, which are the

solutions to the boundary valued problem ({3.1]) and to the recurrence of boundary
valued problems given by (3.2) and (3.3) (see Definitions |3.2.1| and [3.2.7). This

properties will play a key role in order to prove our comparisons for the geometric

invariants defined along this section. But first, let us clarify our notation for these

invariants on a rotationally symmetric model space.

Remark 3.2.12. Along this work, we shall denote by Ef and {uf z}72,, re-
spectively, the mean exit time function and the Poisson hierarchy of a geodesic
ball B%(o,) of a rotationally symmetric model space (M, g,) with radius R <
inj, (o,) centered at the center o, of M,. Namely, {uf z}32, is a sequence of
solutions of the recurrence of boundary valued problems
Ay uir+1=0, on Byo,),
uiR‘Sﬁ(Ow) = 07

and, for k > 2,

w w w
Ag upp+kug y p =0, on Bglo,),

w _
Uk, Rl95% (0,) 0.
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3.2 Moment spectrum

where A, denotes the Laplacian on M, with respect to the rotationally sym-
metric metric tensor g, (see equation (2.32)). Observe that uf , = Ef, i.e., uf g

is the mean exit time function on B%(o,).

On the other hand, it is known that all the elements of the Poisson hierarchy of
geodesic ball in rotationally symmetric model spaces are non-increasing, positive,

radial functions, as we show in the following results.

Proposition 3.2.13 (see [53]). Let (M, g,) be an n-dimensional rotationally
symmetric model space with center o, € M and B%(o0,) be a geodesic ball of
M, with radius R centered at o,. Suppose that R < injgw (o) and let EY, be the
mean exit time function on B%(o,). Then, there is a non-increasing, positive,

real valued function €% : [0, R] — R4 given by

i) = [ autt)d

such that

Ef=E&%or,, on BY(o),

where r,, is the radial distance function to the center point o, and q, s the

isoperimetric quotient in B%(oy,) (see Definitions|2.1.69 and|2.2.6). Moreover,

EL(0)=0 and &%/(r) <0 forall re(0,R).
Hence, Y, attains its maximum at o,,.

Remark 3.2.14. Observe that, since E4(p) = €% o 1, (p) for all p € B¥(oy,),
we know that EY is a radial function. In fact, given py,p2 € B%(0,) such that
Fou (1) = 7o, (p2) we have that E5(p1) = €5 (ro, (p1)) = €5 (ra,(p2)) = E(p2).
Therefore, considering r,, as a parameter r € [0, R], we can identify E%(p) =
E% (1o, (p)) = E%(r) = E4(r). Thus, we can say that the mean exit time function

EY attains its maximum at r = 0.

Proof of Proposition[3.2.13. Using the expression (2.32)) of the Laplacian for ro-

tationally symmetric model spaces, it is straightforward to check that the function
(EL o, )(p) = fR )qw(t) dt satisfies equation

Toy (p

A, €5 =—-1 on Bg(o,),
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3. Moment spectrum comparisons on geodesic balls

and that £, 07,,(¢q) = 0 for all ¢ € S¢(0,). Then, EY, = €% or,, is a solution of
the boundary valued problem ((3.1)).

Now, suppose that there exists another function F' that is also a solution of
the Poisson problem A, F' = —1 on B§(o,) with F' = 0 on S%(0,). Then, the
function E%—F is a harmonic function on B%(0,). Therefore, applying the Strong
Mazimum Principle to EY; — F' as in the proof of Proposition m, it is easy to
check that EY < F on B%(o,). Analogously, for F'— EY, we obtain that EY > F
on BY(o,), and hence, EY = F on B%(o,), showing that Ef = &4 or,, is the
unique solution of the Poisson problem on B%(o,,). Therefore, EY = €% o1y, is
the mean exit time function from B%(o,,).

Moreover, since q,(r) > 0 for all » € (0, R], we have that E% is a positive
radial function, and moreover, since lim; 0 q,(t) = 0 (see Remark and

applying the fundamental theorem of calculus, we obtain that
E4(0)=0 and &%'(r)<0

for all r € (0, R], and hence, we have that E%(p) = E% (10, (p)) = ES(r) = E4(r)
is a non-increasing function that attains its maximum at the center o, (when

r=0). O

Remark 3.2.15. From now on, for the sake of simplifying the notation, we will
identify €% by E% and its derivatives €% and €% by E%' and E%”, respectively.
Namely, we are identifying r,, with its value r as a parameter of EY.

Moreover, observe that, since (M, g, ) is a rotationally symmetric model space

then, from equation (2.46]), we have, for all r € [0, R], that

pi) = [l [FleTion, (3.4

N w"fl(s)ds‘

G

and

B3(r) =

Proposition 3.2.16 (see [38]). Let (M, g,) be an n-dimensional rotationally
symmetric model space with center o, € My, and B$(o,,) be a geodesic ball of M,
with radius R centered at o,. Suppose that R < inj, (o,) and let {ug p}7, the

Poisson hierarchy of Bf(o0y,). Then, there is a family {uf z}72, of non-increasing,
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3.2 Moment spectrum

positive, real valued, integrable functions uf 5 : [0, R] — R, given by

R R %, ,n—1 w d
N ST ST R

for all k > 2, such that

w w
Upr =UprOCTo, ON B%(0),

where 1, is the radial distance function to the center point o, and q, s the

isoperimetric quotient in B%(o,). Moreover, for all k > 1,

ST @ gt (s L (s) ds

0
wnt (row (p))

u‘,;’ﬂ’(()) =0 and u‘;;R’('r’) =—k

for all r € (0, R] (considering ug, = 1). Hence, for all k > 1, upr is a non-

increasing function that attains its maximum at o,,.

Remark 3.2.17. As in Remark 3.2.14] and by virtue of the equation uf r(p) =
ug p o 1o, (p) for all p € Bg(o,,), we have that ug p is a radial function. Thus,
considering 7,, as a parameter r € [0, R], we can identify uf r(p) = uf i (ro,(p)) =

uf,R(T) = uf,R(T)-

Proof of Proposition|3.2.16]. As in the proof of Proposition |3.2.13] using the ex-
pression (2.32) of the Laplacian for rotationally symmetric model spaces, it is
straightforward to check that, for all £ > 2,

(0)ui_y g(o)do

R 5 on—1
ui r(p) = Ui g(ro, (p)) = k/ b w(s)

Tow (p)

satisfies the following equation
Ag,upp=—ui1r on Bplow), (3.5)

and that uf z(R) = 0 for all ¢ € S§(0,). Then, uf z = ug p o 1,, is a solution
of the boundary valued problem , and hence, using the Strong Maximum
Principle as in the proof of Proposition we have that uj = uy p oo, is
the unique solution of for all £ > 2.
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3. Moment spectrum comparisons on geodesic balls

Therefore, since u$ z(p) = Ef(p) > 0 for all p € Bg(o,), we have that ug , is
a positive radial function, and the same occurs recursively for uy p for all k£ > 2.

Moreover, since
J7 @ (s)ug p(s)ds
wr=1(r) ’
applying the fundamental theorem of calculus and Proposition [3.2.13] we obtain,
for all £ > 2, that

u%,R,(T) =—k

U;:,R,(O) =0 and UZU,R/(TOW (p) <0

for all » € (0, R], and hence, we have that uf (p) = up,r (70,(p)) = urr(r) =
ug p(r) is a non-increasing function that attains its maximum at the center o,, for
all K > 1 (when r = 0). The case k = 1 comes from Proposition and the
proposition follows.

O

3.3 Some background

A natural question that appears while studying the moment spectrum consists
in to optimize the quantity of the torsional rigidity among all the domains which
have the same area/volume in a fixed space or under some other geometrical
setting. This problem is known as a Saint-Venant type problem. In particular,
the study of this variational problem on Riemannian manifolds (M, g) involves
the establishment of bounds on the torsional rigidity of a given domain D C M,
together the determination of the domains and the spaces where these bounds are
attained. The techniques used in this analysis encompasses the use of the Schwarz
symmetrization (see Subsection , as well as the isoperimetric inequalities
satisfied by the domains in question.

From the intrinsic viewpoint, bounds for the LP-moment spectrum (and, in
particular, for the moment spectrum) and the study of the relationship between
the torsional rigidity of a domain D C M in a Riemannian manifold (M, g) and
its Dirichlet spectrum have been widely studied along the last years (see, among
others, [21], [37], [38], [39], [44], [45], [53], [55], [56], [57], [73], and the references

therein). Related with this issue and in the line of the classical Kac’s question,
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we have the isospectrality problem, namely, to see to what extent the moment
spectrum of a domain determines it up to isometry (see [16] and [17], for instance).
Along this chapter we will focus on finding bounds for the mean exit time, the
Poisson hierarchy, the torsional rigidity and the moment spectrum and, on the
other hand, in Chapter 4| we will study the relationship between the moment
spectrum and the first eigenvalue of the Laplacian for the Dirichlet problem (see
Section .

These bounds were given by the corresponding values for the torsional rigid-
ity of the Schwarz symmetrization of the geodesic balls in rotationally symmetric
model spaces, and were obtained from isoperimetric inequalities previously estab-

lished. For instance, P. McDonald proved in [55] the following result.

Theorem 3.3.1 (see Theorem 1.2 of [55]). Let (M,g) be a complete n-
dimensional Riemannian manifold and let (M, , g, ) be an n-dimensional simply
connected space form of constant sectional curvature k with center o, . Let ) be
a precompact domain €2 C M and let BE’E‘Q) be the Schwarz symmetrization of €2
in M. Suppose that for all precompact domains 0 C M we have that the volume

equality implies the following inequality between the volumes of its perimeters

vol (€2) = vol (Bf?m) — vol (99) > vol (angm) . (3.6)

Then, for all precompact domains 2 C M, each element of the moment spectrum

{AL(Q)}oo, of Q is bounded from above by

Ar() < Ai (Biloy) . Jorall k=1,

where {Ak (B‘LUFQ))} 1s the moment spectrum of the Schwarz symmetrization
k=1
B“LJE"Q) of 2 in M, .

Remark 3.3.2. The isoperimetric condition is the hypothesis used in Faber-
Krahn inequality (see [25] and [47]). In fact, they proved that the first eigenvalue
of the Laplacian for the Dirichlet problem can be bounded from below by as-
suming this mentioned condition (see Theorem [£.2.6). Moreover, observe that
in the above theorem there is still a question remaining: what happens with the

equality case?
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3. Moment spectrum comparisons on geodesic balls

From the submanifold theory approach, the establishment of upper and lower
bounds for the moment spectrum of extrinsic balls can be found in A. Hurtado, S.
Markvorsen and V. Palmer [37] and [38] and S. Markvorsen and V. Palmer [53],
for instance. In this mentioned papers, given an ambient Riemannian manifold
M™ with a pole p, the moment spectrum of extrinsic domains of submanifolds
M™ is bounded from above or from below by imposing, respectively, that the
sectional curvatures of the ambient Riemannian manifold M™ are bounded from
above and from below. Moreover, they characterize which geometric properties
have the Riemannian manifold when the equality with the bounds is attained.

On the other hand, in these papers, it also were given too intrinsic upper and
lower bounds for the torsional rigidity of geodesic balls of the ambient manifold
when considering the submanifold as the entire Riemannian manifold, so the
extrinsic distance became the intrinsic distance, and assuming bounds on the
radial sectional curvatures of the ambient Riemannian manifold. To summarize
the intrinsic results obtained in [37], [38] and [53], let us first recall that given a
point p € M of a complete Riemannian manifold (M, ¢g) and r, the radial distance
function from p in M, we have that the radial sectional curvatures are the sectional
curvatures computed on those planes that contains the radial distance vector V1,

(see Subsections [2.1.4] and [2.1.7)). Then, it can be stated the following results:

Theorem 3.3.3 (see Proposition 6.1 of [37], Theorem 1.3 of [3§] and Corollary
8.1 of [54]). Let (M,g) be a complete n-dimensional Riemannian manifold and
let (M, g,) be an n-dimensional rotationally symmetric model space with center
0, € M,. Let o € M be a point of M and let Bgr(o) be a geodesic ball of M with
radius R centered at o. Suppose that R < inj (o) < inj, (o,) and that the radial
sectional curvatures of M, sec,, are bounded from below (above) by the radial
sectional curvatures of Mi,, i.e.,

secy (0 (Vgro,)) > (<) secy, (a (ngrow )) ) (3.7)

Then, we have the isoperimetric inequality

vol (Bg(0)) - vol (B%(0y,))

Vol (5n(0)) = @) Vel (52(00)) (38)
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and that the averaged moment spectrum {M} s bounded by
vol(Bgr(o)) k=1
.Ak (BR(O>> Ak (B%(Ow))

m > <§>V01 s forall k>1, (3.9)

=)
—~
&)
€
~—
~—

where B¢ (o,) is the geodesic ball of M, with radius R centered at o,, and
{4 (Brlo))}

trum of Br(o) and B%(o,). Moreover, equality in any of the inequalities (3.7)),
(3.8) and (3.9) implies that Br(0) and B%(o,,) are isometric, and hence, equalities
Ay, (Br(0)) = Ay, <B;J(R)(0w)) for all k> 1.

and {Ak (B:(R)(Ow)>} are, respectively, the moment spec-
k=1 k=1

Theorem 3.3.4 (see Theorem 6.2 of [37] and Corollary 2.4 of [53]). Let (M, g)
be a complete n-dimensional Riemannian manifold and let (M,,g,) be an n-
dimensional rotationally symmetric model space balanced from above with center
0, € M. Let o € M be a point of M and let Bgr(o) be a geodesic ball of M with
radius R centered at o. Suppose that R < inj,(o) < inj, (0,), that there exists
the Schwarz symmetrization Bgp (0.) of Br(o) in M., and that the sectional
curvatures of M, secy, are bounded from below by the sectional curvatures of M,,,
ie.,

secy (0 (Vyro,-)) > secy (0 (Vg 10,,7)) - (3.10)

Then, the torsional rigidity A, (Br(0)) of the geodesic ball Br(0) is bounded from
below (above) by
A1 (Br(0)) = Ar (Biigy(0w)) , (3.11)

where Ay <B§R)(0w)> is the torsional rigidity of By g (0.,). Moreover, equality in
any of the inequalities (3.11)) implies that s(R) = R and that Br(o) and B%(o,)

are 1sometric.

Remark 3.3.5. Let us remark that the other direction of inequality is
obtained by assuming that secy (o (Vyr,,)) < secy (0 (Vg ro,,*)) and that the
rotationally symmetric model space (M, g,) is totally balanced (see Definition
2.10 and Theorem 6.3 of [37] for the definition of totally balanced and to see the
mentioned upper bound for the torsional rigidity).

Moreover, it can be proved too, from these results, that the torsional rigid-

ity and the moment spectrum of geodesic balls in a Riemannian manifold are
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determined by the first eigenvalue of the Laplacian for the Dirichlet problem in
the sense that, under the above hypothesis, the equality between the first eigen-
values implies that the moment spectrums of Br(o) and B%(o,,) are equal and,

reciprocally, that the moment spectrum of the geodesic balls determines the first
eigenvalue of these balls (see Sections and [4.6).

Along this chapter, we will consider a complete n-dimensional Rieman-
nian manifold (M, g) and an n-dimensional rotationally symmetric model space
(ML, g,) with center o,, and we shall assume, given a point o € M, that the
injectivity radius of o satisfies inj, (o) < inj, (0). Moreover, fixing R < inj,(0) <
inj, (0,), we will control the mean curvatures of the geodesic spheres centered at

o by assuming that
Hg (o) > (X)Hsw(o,) forall re(0,R],

instead of controlling the radial sectional curvatures of the Riemannian manifold

as in Theorems |3.3.3| and [3.3.4, Namely, we are going to show that the bounds
established in [37], [38] and [53], can be obtained under a “weaker condition”. The

bounds that we impose on the mean curvatures of the geodesic spheres are the

same as those imposed by P. Bessa and J.F. Montenegro in [5] to obtain bounds for
the first eigenvalue of the Laplacian for the Dirichlet problem. They showed that
S.Y. Cheng’s results, based on bounds on the Ricci and the sectional curvatures
(see [12] and [13]), also works by assuming bounds on the mean curvature of the
geodesic spheres but only up to the injectivity radius (see Section for the
complete statements on the first eigenvalue). By saying that this assumption is a
“weaker condition” than the corresponding bounds on the sectional curvatures,
we mean first the following:

It can be proved that bounds on the radial sectional curvatures implies bounds
for the mean curvature of the geodesic spheres (see R.E. Greene and H.H. Wu
[32], A. Hurtado, S. Markvorsen, M. Min-Oo and V. Palmer [40] and V. Palmer
[62]). Namely, if (M, g) is a complete Riemannian manifold with radial sectional

curvatures satisfying

secy (0/(Vyr0,)) 2 () secy, (0/(Viron,)) = =
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then we have

w'(r)

w(r)

HST(o) < (Z)HS;J(OW) = forall r e (O,R]

The proof of this implication relies in the fact that the mean curvature pointing
inward of the geodesic spheres is the Laplacian of the radial distance from its
center o € M (see Proposition , together the Hessian comparison analysis
of the distance function. But the converse is not true. In fact, in Example 3.1 of
Section 3 of [5], G.P. Bessa and J.F. Montenegro showed that there exist smooth
complete and rotationally symmetric metrics g on the Euclidean space R™ with
radial sectional sectional curvatures bounded from below outside a compact set,
secy (0 (Vyro,)) > K, such that the mean curvature of its geodesic spheres satisfies
that Hg, (o) > Hger(o,,)

shows that bounds on the mean curvature of the geodesic spheres does not imply

. Moreover, we are going to present a new example which

bounds on the radial sectional curvatures of the Riemannian manifold.

Example 3.3.6. Let (R?, g) be a Riemannian manifold such that its metric tensor

expressed in a system of polar coordinates (R?, v = (r,0)) is given by
g =dr®dr+ ¢*(r,0)dd @ db,

where ¢ : R2 — R is a positive smooth function given by

¢uﬁ>:r(y+———f———).

1 4 r2 cos?(6)

Observe that g is smooth. Indeed, taking the system of normal coordinates {x, y}
given by = = rcos(f) and y = rsin(d), it is easy to see that the metric tensor g
can be expressed as

%2 r2y?

2
g=dr@dr+ ¢°(r,0)dd @0 = <1+1+m2+(1+m2)2)dae®d$

1+a22 (14 22)?

212 r’x
1 d d
+( +1+x2+(1+x2)2) Y dy,

2 2
—( A )(dm@dy+dy®dx)
2

2

and hence, since r?, 2%, y? and xy are smooth from R? to R, we have that g is

smooth on the entire R2.
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3. Moment spectrum comparisons on geodesic balls

On the other hand, we consider the simply connected real space form (R?, g., )
of constant sectional curvature k = 0 as a 2-dimensional rotationally symmetric
model space (R?, g, ) for which, from equation (2.33), we have Hs;uo((j) =1/r.

Then, we are going to see that the mean curvatures of the geodesic spheres
S,.(0) of (R2, g) with radius r centered at 0, are bounded from below by the mean
curvatures of the geodesic spheres S«0(0) of (R, 9.,) With the same radius R

centered at 0, namely, that

1
Hy, @ 2 Hseo) =

9
From equations ([2.26) and (2.27), we know that Hg, o) = 2:£00) Thus, since

w(r,0)
9 r2 2r?
Tr 6 =1
or (r,6) t 1+ 72 cos?(0) " (1+7”20052(0))27
we obtain that
o]
—(p(?”, 8) 1 2r
Ho o~ T, 6) = orrr o Z + ’
ST(O)( ) o(r,0)

r <1 + #@) (1 + 72 cos?(0))?
for all (r,0) € (0,+00) x [0,27). But
2r
(1 + #@) (14 72cos2())”

and hence, we have that

>0, forall (r,0)¢€ (0,+00) % [0,2m),

HST(G)(T, 0) > - = Hgeo ), for all (r,0) € (0,+00) x [0, 27).

S |

Now, given a point (r,f) € R? let us consider the unique 2-plane tangent
to (r,0) generated by the coordinate vector fields {%, %}. We are going to
compute the sectional curvature of (R? g) at (r,0) and we will see that it is
not bounded by the corresponding sectional curvature of (R? Guy)s 1€, We will

show that sec, (0 (%, %) (r,0) is not bounded either from above or below by 0.

Indeed, from Proposition [2.1.76, we know that sec, (cr (%, %)) (r,0) = — 3;2(:9’)0).

Then, by an straightforward computation, we obtain that

secy (o— ( 0 9 >) (r,0) = _%(Tvei) _ 2 (r? cos?(6) — 3)
¥

or’ 80 (r, (14 r2cos2(8))” (1 + 72+ r2cos2())
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3.3 Some background

Thus, for # = 0, we have that

o ()= 2

Then, there are points (r,0) € R? where the sectional curvature of (R? g) is

positive and points (r,60) € R? where the sectional curvature is negative, which
shows that the sectional curvature is not bounded either from above or from
below by 0.

On the other hand, assuming the bounds on the radial sectional curvatures of
the manifold as hypothesis, we have that the equality between one of the geomet-
ric invariants defined on a geodesic ball Bgr(0) of a Riemannian manifold (M, g)
and this invariant defined on geodesic balls B%(o,,) of the rotationally symmetric
model space (M, g,) with the same radius implies that the geodesic balls are
isometric. Namely, the equality between the Poisson hierarchies, the averaged
moment spectrums, or the torsional rigidities, implies that Bg(o0) is isometric to
B%(0,). However, assuming the bounds on the mean curvatures, we have that
the equality between one of the geometric invariants defined on Bg(0) and this in-
variant defined on B%(0,) does not imply the isometry among the geodesic balls.
In fact, in the Example 5.3 of [6], G.P. Bessa, V. Gimeno and L. Jorge construct
a 4-dimensional geodesic ball Br(0) which is not isometric to the geodesic ball of
the 4-dimensional hyperbolic space M, = H*(1) of constant sectional curvature
1 and show that the mean curvatures of the geodesic spheres Sg(o) C Bg(o)
are equal to the mean curvatures of the geodesic spheres S4!(0,,) in H*(1) with
the same radius. In this case, we will prove, throughout the remainder of this
chapter, that the equality between the mean exit time functions, the Poisson hi-
erarchies, the averaged moment spectrums and the torsional rigidities of Bg(0)
and By (o, ) is attained.

Therefore, the results that we present along this work (in particular, along
this chapter) are inspired, by one hand, by the intrinsic bounds for the torsional
rigidity and the moment spectrum of the geodesic balls obtained by A. Hurtado,
S. Markvorsen and V. Palmer in [37, B8] and by S. Markvorsen and V. Palmer in
[53], and on the other hand, by the weaker restrictions on the mean curvatures

of the geodesic spheres assumed by G.P. Bessa and J.F. Montenegro in [5].
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3. Moment spectrum comparisons on geodesic balls

3.4 Mean exit time comparison

In this section we show our comparison of the mean exit time function on geodesic
balls of complete Riemannian manifolds (M, g) with the mean exit time function
on geodesic balls of rotationally symmetric model spaces (M,,, g,). In order to
prove these comparisons, we need to transplant the mean exit time function on
geodesic balls of M, into the geodesic balls of M with the same radius as S.
Markvorsen and V. Palmer did in [53].

Definition 3.4.1 (see [53]). Let (M,g) a complete n-dimensional Riemannian
manifold and let (ML, g,,) be an n-dimensional rotationally symmetric model space
with center o, € M,,. Given o € M a point of M such that inj,(o) < inj, (o,) and
given Bg(o) the geodesic ball of M with radius R < inj,(0) <inj, (o,) centered at
o, we define the transplanted mean exit time function E%, as the radial function
defined as

E% : Br(o) — R
p— Ex(p) = (Eroro) (p) = ER (ro(p)) ,

where 1, is the radial distance function to o, the center of the geodesic ball Br(o)

(see Definition , and E% is the mean exit time function on B%(o,,).

Remark 3.4.2. Note that, from Proposition [3.2.13 we have that E% = E%(r) is
a radial function and E%/(r) < 0 for all » € (0, R], and hence, the transplanted
mean exit time function is also a radial function E4 = E%(r) = E%(r) which
satisfies that p

) = B <0,
for all » € (0, R]. From now on, when it is clear from the context, we idenfity
E%(p) = E¥(r.(p)) by E(r) where r = r,(p), and its first and second derivatives

by E%/(r) and E%”(r), respectively, to simplify the notation.

Now, we show our results which compare the transplanted mean exit time
function E% defined in a geodesic ball Br(o) with the mean exit time function
E'r corresponding with this geodesic ball. The first result in this regard consists

in to characterize the equality between Er and E¢, for all p € Bgr(o) as follows.
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3.4 Mean exit time comparison

Proposition 3.4.3. Let (M, g) be a complete n-dimensional Riemannian man-
ifold and let (M, g,) be an n-dimensional rotationally symmetric model space
with center o, € Ml,,. Let o € M be a point of M and let Br(0) be a geodesic ball
of M with radius R centered at o. Suppose that R < inj (o) < inj, (0,). Then,

the following assertions are equivalent:
1. Er =EY% on Bg(o).
2. HSr(o) = HS;f’(ow) for all r € (O,R],

where Hg, ;) denotes the mean curvature of the geodesic sphere S.(0) € M of
radius v centered at o and Hgw(o,) is the corresponding mean curvature of the

geodesic sphere S¥(o0,,) C M, with same radius r centered at o,,.

Proof. Let us first assume that Er = EY, on Bgr(0). Then, since EY, and EY are
radial functions, and Er and EY are solutions of the Poisson problem (3.1]) on
Bgr(0) and B%(0,,), respectively, we have that

AER(r) = AgER(r) = =1 = A, Ex(r), forall re (0,R] (3.12)

On the other hand, using a system of polar coordinates in the geodesic ball
Br(0) —{o} of M, by the expressions of the Laplacian and the mean curvature in

polar coordinates in Br(o) — {0}, and since A E% = 0 because E, is radial,

95r (o)
and hence, constant in S,(0) for all r € (0, R], we have, for all r € (0, R] and for
all € S7!, that

0
oro

det G(r,,0)
To=T Ewl r
det G(r,0) 7 (r) (3.13)

=E3"(r) + Hs, (o) (r, O)ER ().

AgBR(r) = ER"(r) +

Furthermore, using polar coordinates too in the geodesic ball B (o) — {0, } of
M, with radius R centered at the center o, by the expressions of the Laplacian
and the mean curvature in polar coordinates in rotationally symmetric model

spaces and since £ is a radial function, we have that

W'(1) s
o) PR ) (3.14)

= ER"(r) + Hsg (0. (r) B (1),

Ay, Eg(r) = EF'(r) + (n — 1)
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3. Moment spectrum comparisons on geodesic balls

for all r € (0, R].

Thus, from equality and as, by Definition EY(r) = E(r) for all
r € [0, R], and E¥/(r) = E¥'(r) > 0 and E4"(r) = E¥"(r) for all r € (0, R], we
obtain that Hg, (o) = Hg, (o, for all r € (0, R], showing that implies (2)).

Let us assume now that Hg,() = Hsu(o,) for all 7 € (0, R]. From the above
expressions of the Laplacian and 7 and since Er and LY are solutions
of the Poisson problem (3.1)), we have that

AJER(ro(p)) = Ay, Ef(r) = =1 = AyEg(p) for all p e Br(o) — {o}.

We can extend the above equality to Bgr(o) because Eg is smooth on Bg(0)
and E% has the same asymptotic behaviour as % at r = 0. Then, we obtain
that A, (Er —E%) (p) = 0 for all p € Bgr(o). Thus, we have that Ep — EY, is a

subharmonic function in Bg(0) which vanish for any point Sg(0), i.e.,

A, (Er—E%) >0, on Bg(o),

(3.15)
ER—E(']%:O, on SR(O).

Therefore, by the Strong Maximum Principle Theorem (see Theorem ,
we have that Er < E%, in Bg(o). In fact, suppose first that there is a point
po € Bgr(o) where Er — E¥, reach its maximum. Then, by the Strong Maximum
Principle, we know that EFr —E% is constant in Br(0), i.e, there exists a real value
¢ such that (Er —E%) (p) = ¢ for all p € Br(o). Thus, by continuity, we have
that (Er —E$) (¢) = ¢ for all ¢ € Sg(0), and hence, since by equation (3.15]
we have that (Er —E%) (q) = 0 for all ¢ € Sg(0), we obtain that ¢ = 0, and
therefore, that Er(p) = E%(p) for all p € Bg(o).

Otherwise, suppose that Er — E%, does not reach its maximum in Bg(0).
Then, since Bg(0) is a precompact domain, there exists a point ¢y € Sg(0) such
that (Eg —E$) (p) < (Er —E$) (90) = 0 for all p € Bg(o). Thus, we obtain
that Er < EY, in Br(o). Therefore, in any case (whether or not the maximum is
reached in Bgr(0)), we have that Exr < E% in Bg(o).

Finally, since A, (EY, — Egr) = 0, we have, with the same argument, that
EY, — Eg is also a subharmonic function in Bg(o). Then, arguing as above, we
obtain opposite inequalites, and hence, we have that Fr > Eg in Bg(0), and the

proposition follows.

]
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3.4 Mean exit time comparison

Now, we show our first comparison result for the mean exit time function on

geodesic balls of Riemannian manifolds.

Theorem 3.4.4. Let (M, g) be a complete n-dimensional Riemannian manifold
and let (M, g,) be an n-dimensional rotationally symmetric model space with
center o, € M,,. Let o € M be a point of M and let Bg(o) be a geodesic ball of
M with radius R centered at o. Suppose that R < inj, (o) <inj, (o,) and suppose
moreover that

Hg, (o) 2> (<)Hgwe(o,) forall 7€ (0, R],

where Hg, ;) denotes the mean curvature of the geodesic sphere S.(0) € M of
radius r centered at o and Hgw(,,) is the corresponding mean curvature of the
geodesic sphere S¥(o,) C M, with radius the same radius r centered at o,,.

Then, we have the inequality
Er < (>)EY, on Bglo), (3.16)

where Eg is the mean exit time function on Br(o) and EY, is the transplanted
mean exit time function on Br(o).

Furthermore, if there exists a point p € Br(o) such that Er(p) = E4(p), then
Er =E% on Bg(o),

and hence,
HSr(o) = HS‘,,’;"(OW) fOT’ all r € (O,R].

Proof. To prove the first assertion, we shall assume inequality Hg, (o) > Hgw (o, for
all r € (0, R], and let us consider a system of polar coordinates (Bg(0) — {0}, ¥),
Y = (ro,0), with R < inj,(0) < inj, (0,). From Definition of E% and
Proposition 3.2.13] we have that this radial function satisfies that

E$' (r) = Ef(r) <0, forall re (0,R] (3.17)

and, since E% is a solution to the Poisson problem (3.1) on B%(o,), i.e.,
A, Ef = —1 on Bg(o,), and by the expression of the Laplacian on geodesic
balls of rotationally symmetric model spaces (see equation (2.32))), we have that

Ay En(r)=Eg"(r)+ (n— 1)%E§’(T) =—1, forall re(0,R]
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3. Moment spectrum comparisons on geodesic balls

Then, for all r € (0, R], we have, using equation (2.33]), that

w'(r)
w(t)

Therefore, from this expression and using equations (2.26)) and (2.27))), we have,
for all p = (r,0) € Bgr(o) — {0}, that

ER"(r) = ER'(r) = =1—=(n—=1)

ER/(r) = =1 = Hop(o,) B (7).

AJER(p) = ER" (1) + Hs, (o) (1, 0)EE (1)
= —1— Hse(o,)ER (1) + Hs, (o) (1, O)EE () (3.18)
= —1+ (Hs,(0)(r,0) — Hsg(o.) (1)) EZ'(1).

Then, from equations (3.18) and (3.17)), and assuming inequality Hg, ()(r,8) >
Hgw(o,)(r) for all (r,0) € (0, R] x S}~', we obtain that

AER(p) < —1= Ay Eg(p), forall p=(r,0) € Br(o) —{o}. (3.19)

Hence, from the above inequality, by continuity at » = 0 (arguing as in the proof
of Proposition, and since Eg(R,0) = E4(R) = E4(R) =0 for all § € S},
we have that

A, (Er —E%) >0, on Bg(o),

(3.20)
Er —E$, =0, on Sg(o).

Now, we make use of the Strong Maximum Principle Theorem and
then, arguing as in the proof of Proposition , we obtain that Er < K% on
Bg(0), which shows one of the directions of inequality (3.16)).

To prove the equality case, suppose that there is a point py € Bg(0) such that
Er(po) = E%(po) and assume as above that Hg, (o) (r,0) > Hgw(o,)(t) for all (r,0) €
(0, R] x S}~". Then, since Exr —E% < 0 on Bg(0), equality (Er —E%) (po) = 0
implies Er—E$ reach its maximum at py € Br(0). Therefore, applying the Strong
Maximum Principle (see Theorem, we obtain that Er—IE¢ is constant and,
by continuity, we have that Er = E%, on Br(o). And finally, from Proposition
3.4.3) we have that Hg, (,)(r,0) = Hge(o,)(r) for all (r,0) € (0, R] x ST~ .

Assuming Hg, () < Hgw(0,), we obtain opposite inequalities and then, arguing
as above, the theorem follows. The equality discussion is the same than above,

mutatis mutandis. O
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3.4 Mean exit time comparison

This comparison for the mean exit time function of Theorem lead us
to prove an isoperimetric inequality for the volume of the geodesic balls and its
boundaries in (M, g) and (M, g, ), and moreover, we obtain, as a consequence,

a comparison between these volumes.

Corollary 3.4.5. Let (M, g) be a complete n-dimensional Riemannian manifold
and let (M, g,) be an n-dimensional rotationally symmetric model space with
center o, € M. Let o € M be a point of M and let Br(o) and B%(oy) be,
respectively, a geodesic ball of M with radius R centered at o and a geodesic ball
of M, with radius R centered at o,,. Suppose that R < inj (o) < inj, (o.) and

suppose moreover that
Hs, 0y 2 (£)Hsw(o,) forall r e (0,R)].

Then, we have the isoperimetric inequalities

vol (B,(0)) vol (B¥(0,,))

vol (Sy.(0)) — (_)VOI(S;J(OW)) for all 7€ (0, R]. (3.21)

Furthermore, equality in inequalities (3.21)) for some radius ro € (0, R] implies
that
Hgup) = Hsp(o,) Jorall te (0,70
As a consequence of inequalities (3.21]), we have, for all r € (0, R], that
vol (B,(0)) > (L) vol (B (0y,))
(B,(0)) 2 (<) vol (B (o.) -
vol (5;(0)) = (<) vol (57 (o)) -

Finally, equality
vol (By,(0)) = vol (B (o.,))

for some ry € (0, R] implies that
Hst(o) = HSf(ow) fOT all t € (0, 7”0].

Proof. To prove this result, we are going to follow the lines of the proof of Theorem
1.1 and Corollary 1.2 of [61] adapting it to this intrinsic context and using the
new hypothesis.

First, let us assume that Hg (o) > Hgw(o,) for all 7 € (0, R] where R <
inj,(0) < inj, (o). If we fix r € (0, R], then we have, in particular, that
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3. Moment spectrum comparisons on geodesic balls

Hg, o) > Hgw (o, for all ¢ € (0,r]. Moreover, let us consider the geodesic ball
B, (o) of M with radius r centered at o € M and let us consider polar coordinates
(B-(0) — {o},v), ¥ = (r,0). We can apply the same argument as in the proof of
Theorem [B.4.4] to obtain

—1=AE. > AE’ on B,(o). (3.23)

Therefore, since ||V r,|| = 1 and E¥ is a radial function, and using the Divergence
Theorem [2.1.59, we have that

vol (B,(0)) = / qv, — / _AE,dV, < / _AE¥dV,
Br(0) B (0) B-(0)
. / div (V,E*) dV, = — / (VB Vyro)dA,  (3.24)
By (o) Sr(0)
= —Ef’(r)/ dA, = —E¥(r)vol (S,(0)).
Sr(0)

Thus, since by Proposition [3.2.13| we have that E¥'(¢) = —q,(t) for all ¢ € [0, r],

where ¢, is the isoperimetric quotient on Ml,,, we obtain that

vol (B,(0)) < —E'(r) vl (S,(0)) = q.(r) vol (,(0)) = % vol (5,(0))
and hence,

vol (B, (0)) < vol (B¥(o,))

vol (S,(0)) — vol(5¥(0,)) "

Therefore, since the above inequality its satisfied for all fixed r € (0, R] with
R < inj,(0) < inj, (0,), we have obtain one inequality of the statement ({3.21).
Namely,

vol (B,(0)) < vol (B¥ (o))

vol (S,(0)) — vol (5%(0,))

Now, we are going to discuss the equality assertion while we are still assuming
that Hg, (o) > Hgw(o,) for all r € (0, R]. If there exists 7y € (0, R] such that we

have

for all r € (0, R].

vol (B, (0)) _ vol (B2 (0.))

vol (Sy,(0))  vol (5% (0.))’
then all inequalities in (3.24)) become equalities for the radius 7. In particular,

wl(B0) = [ ~ABL,
By (o)
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3.4 Mean exit time comparison

and hence,

/ (1+A,E) dVg=0.
BT'() (0)

Therefore, as from inequality (3.23) we know that 1+ AjEs < 0, then we have
that 1+ AgE® = 0 on By, (o), and hence, for any p € B, (o), we obtain that

Ay (Ery —E2) (p) = AgEyy (p) — AJEZ (p) = —1 — AJE® (p) = 0.

Thus, by the above equation and since E, (¢q) = E% (¢) = 0 for all ¢ € S,,(0), we
have that E,, — E is a harmonic function on B,,(0) and (E,, — E% ) (¢) = 0 for
all ¢ € S,,(0), i.e.,

Ay (B, —E2) =0, on B, (0),

(3.25)
E,, —E¢ =0, on S,,(0).

Therefore, applying the Strong Maximum Principle, we obtain that E,, = E,, on
B, (0), and hence, that Hs, (0)(t,0) = Hsy (0.)(t) for all (t,60) € (0,7o] x S
When we assume that Hg, ) < Hgw(o,) for all r € (0, R], we argue as before,
inverting all the inequalities, to conclude the opposite isoperimetric inequality.
The equality discussion is the same, mutatis mutandis.
To prove statement (3.22)), and as in Corollary 1.2 in [61], let us define, given
R < inj,(o) < inj, (o,), the function G : [0, R] — R as

vol (B,(0)) .
o) = 1“<vol<B:f<ow>>)’ b=t

0, it r=0.

Then, assuming that Hg ) > Hgw(o,) for all r € (0, R], we have, applying state-

ment (3.21)), that

oy vol(5,(0) _ vol(5¢(0,)
C) = Sel(B, (o) ~ vol (Bo(on)) = (3.26)

for all r € (0, R]. Hence, G is non-decreasing in (0, R].

On the other hand, using the asymptotic expansion around r = 0 for the
volume of a geodesic ball (see Theorem 9.12 in [31]), we can conclude with a
straightforward computation that lim, o G(r) = 0 = G(0). Therefore, G(r) is
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3. Moment spectrum comparisons on geodesic balls

continuous and G(r) > G(0) for all € (0, R]. Thus, since the exponential map

is strictly increasing, we have
vol (B,(0)) > vol (B} (o,)) forall r e (0,R].

Moreover, isoperimetric inequality (3.21]), together the above inequality, im-
plies that

vol (B,(0) _ vol(By(o,))
vol (S¥(o,)) ~ vol (S¥(o.,))

vol (B,(0))
vol (S,.(0))

> for all r € (0, R],

and hence,

vol (S,.(0)) > vol (5 (o)) for all r e (0,R].
which shows one of the directions of inequality (3.22)).

Finally, we are going to discuss the second equality assertion while we are
still assuming that Hg, (o) > Hgw(o,) for all r € (0, R]. If there exists ry € (0, R]
such that vol (By,(0)) = vol (B (0,)), then G(0) = G(ry) = 0 and, since G is
non-decreasing, we have, for all ¢ € (0, o], that

0= G(0) < G(t) < Glry) = 0.

Thus G(t) = 0 for all t € (0,7¢], and therefore, G'(t) = 0 for all ¢ € (0, rq].
This implies that the isoperimetric inequality become an equality for all
t € (0,79], and hence, by the equality case of the first statement, we obtain that
Hg, (o) = Hgw(o,) for all t € (0, 7).

When we assume that Hg, ) < Hgw(o,) for all r € (0, R], we argue as before,
inverting all the inequalities, to conclude that G is non-increasing in (0, R]. The

equality discussion is the same than above, mutatis mutandsis.

]

Corollary 3.4.6. Let (M, g) be a complete n-dimensional Riemannian manifold
and let (M, g,) be an n-dimensional rotationally symmetric model space with
center o, € M. Let o € M be a point of M and let Bg(o) and B%(o,) be,
respectively, a geodesic ball of M with radius R centered at o and a geodesic ball
of M, with radius R centered at o,. Suppose that R < inj (o) < inj, (o,) and

suppose moreover that

Hg (o) > (<)Hgw(o,) forall re(0,R)].
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3.4 Mean exit time comparison

Then, if there exists p € Bg(o) such that Er(p) = E4(p) then the following

assertions hold:
1. The equalities E, = E¥ on B,.(0) for all r € (0, R].

2. The isoperimetric equalities

vol (B,(0)) _ vol (BY (o))
vol (S.(0)) — vol (5¥(oy))

for all r € (0, R].

3. And the volume equalities vol (B,(0)) = vol(B¥(o,)) and vol(S,.(0)) =
vol (S¥ (o)) for all r € (0, R).

Proof. First of all, assuming one of the directions of the hypothesis on the mean
curvatures, for instance Hg, () > Hgw(o,) for all r € (0, R], if there exists a point
p € Bgr(o) such that Er(p) = E%(p) then, by the equality case of Theorem
3.4.4, we have that Er = Ef on Bg(o) and Hg, (o) = Hgw (o, for all r € (0, R].
Therefore, fixing 79 € (0, R], we have that Hg,) = Hgw(o,) for all t € (0,7].
Then, applying Proposition , we have that E,, = E# on B, (0). Thus, for
any r € (0, R], we obtain that F, = E¥ on B,(0), proving the first statement.

On the other hand, fixing 7 € (0, R] and since we just proved that E, = E¢
on B,,(0), we have that AJEx = A E, = —1 on By (0). Therefore, since all the
inequalities of become equalities, we have that

vol (B, (0)) = / CAE dV, = / CAE dV, = —E2 /(o) vol (S, (0))
BTO(O) BTo(O)

and hence, since by Proposition [3.2.13| we have that E'(f) = —q.(t) for all

t € [0, 7], where ¢, is the isoperimetric quotient on M, we obtain that

vol (Byy(0)) _ vol (B2 (0.))
vol (Sy,(0))  vol (S¥ (o))

Thus, since by the first statement we have, for all » € (0, R], that F, = E¥ on

B,., we obtain the isoperimetric equalities

vol (B,(0)) _ vol (B¢(0.,))
vol (S,(0)) ~ vol (5¥(oy,))

for all r e (0, R].
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3. Moment spectrum comparisons on geodesic balls

Finally, defining the function G : (0, R] — R as

m (YOUB) N
vol (B+(0.,))

0, if r=020,

G(r) =

we have, from equation ({3.26]) and the above isoperimetric equalities, that G'(r) =
0 for all r € (0, R], and hence, G(r) = 0 for all r € (0, R]. Thus, we obtain
that vol (B,.(0)) = vol(B¥(o,)) for all r € (0,R], and then, using the above
isoperimetric equalities, we finally obtain that vol (S,(0)) = vol (S¥(0,)) for all
r € (0, R]. O

3.5 Poisson hierarchy and moment spectrum

comparison

In this section, we apply the comparison for the mean exit time function obtained
in Section to obtain estimates of the Poisson hierarchy and the moment spec-
trum of a geodesic ball of a Riemannian manifold by controlling the behaviour of
the mean curvature of the geodesic spheres as before (see Definitions and
5210,

But first, as we did in Definition for the mean exit time function, we
transplant the Poisson hierarchy of the geodesic ball of a model space into the
geodesic ball of a Riemannian manifold with the same radius in the following

way.

Definition 3.5.1. Let (M, g) be a complete n-dimensional Riemannian manifold
and let (M, g,) be an n-dimensional rotationally symmetric model space with
center o, € M. Let o € M be a point in M. Given R < inj (o) < inj, (0,)
and Bgr(o) a geodesic ball of M with radius R centered at o, and given B (o,) a
geodesic ball of M, with the same radius R centered at o,, we define the trans-
planted Poisson hierarchy {uf p}3%, as the radial functions obtained by trans-

planting the Poisson hierarchy {uf z}72, for Bf(o,) to Br(o) as

Uy R Bgr(o) — R, ﬂf,R(p) = uy (ro(p)) 5

for all k > 1, where r, is the radial distance function to o, the center of the

geodesic ball Br(o0) (see Definition .
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3.5 Poisson hierarchy and moment spectrum comparison

Remark 3.5.2. Note that, from Proposition [3.2.16, we have, for all kK > 1, that
uf p is a radial function and that ug p'(r) < 0 for all r € (0, R], and hence, we can

define the transplanted Poisson hierarchy as above and we have that uy p'(r) < 0
for all £ > 1 and for all r € (0, R).

We have the following Theorem which gives a comparison for the Poisson
hierarchy of a geodesic ball of a Riemannian manifold with the transplanted
Poisson hierarchy from a rotationally symmetric model space to this Riemannian

manifold.

Theorem 3.5.3. Let (M, g) be a complete n-dimensional Riemannian manifold
and let (M, g,) be an n-dimensional rotationally symmetric model space with
center o, € M. Let o € M be a point of M and let Br(o) and B%(o,,) be,
respectively, a geodesic ball of M with radius R centered at o and a geodesic ball
of M, with radius R centered at o,. Suppose that R < inj (o) < inj, (o,) and

suppose moreover that
Hs, (o) 2 (£)Hsw(o,) forall r e (0,R)].

Let {up g}, and {ﬂ‘,;’ﬂ}’jil be, respectively, the Poisson hierarchy of Br(o) C

M and the transplanted Poisson hierarchy from B%(o,,) to Br(o). Then, for all
k > 1, we have that

up,r < (2)upp on  Bg(o). (3.27)

Furthermore, if there exists p € Br(o) and ky > 1 such that we have the

equality uy, r(p) = uf r(p), then we have:
1. The equalities Hg, () = Hgw(p,) for all v € (0, R].
2. The equalities uy, = uy, on B.(o) for all k > 1 and for all v € [0, R].

3. The volume equalities vol (B,(0)) = vol (B¥(o,)) and the volume equalities

vol (S,.(0)) = vol (S¥(0y,)) for all r € (0, R).
4. The equalities Ay (B,(0)) = Ay (BY(0,)) for all k > 1 and for all r € (0, R].

where {Ay (B, (0))}re, and {Ay (B (04))} e, are, respectively, the moment spec-
trum of B.(0) and B¥(o,) (see Definition .
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3. Moment spectrum comparisons on geodesic balls

Proof. We proceed using an induction argument, as it is done in [38]. First, note
that uyr = Er and uf p = Ef on Bgr(o) and Bg(o,,), respectively (see Remark
and Definitions [3.4.1 and [3.5.1)). Then, from Theorem [3.4.4] we have that,
if Hs, (o) > (<)Hgw(o,) for all r € (0, B], then u; g < (>)uf g on Bg(o).

Now, let us assume that Hg, (o) > Hgw(o,) for all € (0, R] and let us suppose

that upr < U p on Br(o). We are going to see that uj1r < uf,, z on Bg(o).
Since U 5'(r) = uf z'(r) < 0 for all r € (0, R] and for all £ > 2 (see Proposition
3.2.16)), we obtain, for all (r,0) € (0, R] x S}~! and for all k > 2, that

U 7 (1) Hs, (o) (1, 0) < U5 5" (1) Hsw(0,) (1) = iy (1) Hse (o) (1)

and hence, since uf z"(r) = ug z"(r) for all r € (0, R] and for all k > 2, using
equations ([2.26), (2.27), (2.32) and (2.33), we have, for all £ > 2 and for all
(r,0) € (0, R] x ST, that

Aty g(r) = uy, R (r) + Hg,(o)(r, 9>ukR( )
< uk,R”(T) + HSf(ow)(r)Uk,R (r) (3.28)
= Ay, UZJ,R(T) = _kuz)—l,R(T) = _kabls—l,R(r)‘

Then, since we suppose that uy g < uf p on Bg(o) and using equation (3.28)),
we obtain that

AgukH,R = —(k’ + 1)uk,R Z —(k —+ 1)17;:71% Z Agﬂz+1,R on BR(O). (329)

Thus, Ay (ugs1,r — Uy g) > 0on Bg(o ) and as (Ur41,r — Uy g) ‘S 0= 0 then,
arguing as in the proof of Proposition [3.4.3] by applying the Strong Maximum
Principle, we obtain that w1,z < uf,; z on BR( ).

Now, we prove the equality case. Suppose that Hg, () > Hgw(,,) for all radius
r € (0, R] and that there is a point py € Bg(0) and ko > 1 such that

Uka(po) = ﬂfo,R(po)-

Let us first show the equality between the mean curvatures, i.e., assertion .
We know, for all k > 1, that wr < uf p and that ug g — uf x is subharmonic on
Br(0). In particular, for ky we have, from equation (3.29)), that

Uko,R — a‘];‘Jo,R S 0 and Ag (uk'o,R - 2’\1,/‘];]07]%) Z O, on BR(O).
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3.5 Poisson hierarchy and moment spectrum comparison

Thus, we obtain that ug, r — uj, z reach its maximum in Bg(o). In fact, since
there is a point py € Br(o) such that (ukg,r — U ) (po) = 0, we have that for
all p € Bg(o)
(ko — Uiy 1) () < 0= (wno,r — Upy 1) (o).
Therefore, by applying the Strong Maximum Principle and by continuity, we
obtain that uy, r = Ug, r on Br(0).
On the other hand, since u, 1,z < U, | p on Bg(o), we have that

Yy _ _ ~w
Aguko,R = Agupyr = —koUry—1,R > _kOUkOA,R = kouko 1,R — = A, uko,R

on Bgr(o). Thus, using equations ([2.26]), (2.27)), (2.32) and (2.33), we have, for
all (r,0) € (0, R] x S}, that

0,12 ( ) + HS (T e)uko R (7’) > UL]’:O’R”O’) + Hsf(ow)(r>uzO,R/(r>'

Then, since ug, z"(r) = ug, "(r) and ug, p'(r) = ug, p'(r) for all r € (0, R], we

g R

conclude that
Hs, (o) (1, 0)up, 1'(1) > Hse(o,)(r)ug, g'(r) for all (r,0) € (0, R] x S
and hence, since uj p'(r) < 0 for all » € (0, R], we obtain that
Hg, (o) < Hgw(o,) forall re(0,R].

Therefore, as we assumed that Hg, (o) > Hgw(,,) for all R € (0, R], we finally have
that
HST(O) = HS;:’(ow) forall r e (0, R],

which shows assertion (T]).
Now, to prove that uy, = u}, on B,(0), for all k¥ > 1 and for all r € [0, R],
we argue as follows: fix r € [0, R], since we know that Hg ) = Hgw (o, for all
€ (0,7], applying Proposition , we have that u,, = uf, on B,(0), a,nd we
proceed by induction. Suppose that u;, = ug, on B,(0) and let us show that

Up11, = Up, 1, o0 B,(0). For that, we compute on B, (0):
Bgtiinr = —(k + Dy = —(k+ iR,
= —(k+ Dug, = Ag ugyy,
= u(lAc)Jrl r// + HS“(Ow)uil:#»l,r/

~UJ

" ~w ! ~w
Upqq, T+ Hs, (o VU1 = Aguk+1,r
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3. Moment spectrum comparisons on geodesic balls

for all p = (s,0) € By(0). Then, Ay (ups1, — Uyy,) = 0 on B,(o) and since
Upt1, — Uy, = 0 on S.(0), applying the Strong Maximum Principle again as
in the proof of Proposition , we conclude that uyi1, = uf,,, on B.(o).
Therefore, for all k > 1 and for all r € [0, R], we obtain that uy, = @}, on B,(0)
showing assertion ([2)).

Moreover, since we just proved that u;, = @, on B,(o) for all r € [0, R],
we have that there is a point p € B,(0) such that E,.(p) = E¥(p), and hence,
from Corollary we obtain the equalities vol (B,(0)) = vol (B¥(0,)) and
vol (S,.(0)) = vol (8¥(0,)) for all r € (0, R], namely, assertion (3)).

Finally, to prove assertion , let us first do the following computation. Fixing
r € [0, R], since Ay uf,,, = —(k+1)uf, on By(o,) for all k > 1, by applying the
Divergence Theorem , using that ug, . is a radial function (see Proposition
and that

w . w /
V. Upg1,r = Upy1r Vo Tou

on B¥(o,) — {o,} for all k > 1, and since vawrow(q)”g =1 and r,,(q) = r for
any q € S¥(o,,), we obtain, for all £ > 1, that

1

—— Ay ey, dV,
BT Sy e e

Ar (B2(0,)) = / u, v, =
B¢ (ow)

1
S Y, V1) dA
kf‘f— 1 S;J(Ow) gw( gwuk-l-l,?" ng w) 9w
1 /
= —— g Vi To,, Vg 1o,)dA
E1 Jspio et 9o (Yot Vot ) s,

1 !
— dA
ot 1 kL (r) /S;t’(ow) e

1 w w
= —k—HukH,/(T) vol (57 (0u,)) -
Therefore, for all k£ > 1 and for all € [0, R], we have that

1 Ak (By (o))

e / _
oy 1 kL (r) vol (S¥o,) (3:30)

On the other hand, since Ajugi1, = —(k + 1)uy, on B, (o) for all £ > 1 and
for all r € [0, R], and we have proved assertion (2), i.e., uy, = ug . on B(o) for all
k > 1 and for all r € [0, R], we have that all the inequalities in equations (3.28)
and become equalities, and hence, Ajugy1, = Agug,,, on B.(o) for all
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3.5 Poisson hierarchy and moment spectrum comparison

k > 1 and for all r € [0, R]. Then, fixing r € [0, R], by applying the Divergence
Theorem , using that @ is a radial function, in fact, uf,.(s) = uf .(s) for
all s € [0,7] and for all k¥ > 1, using that V ug = uf,'Vyr, on B,(0) — {o} for
all k > 1, and since [|Vyro(q)[|, = 1 and r,(g) = r for all ¢ € S,(0), we obtain,

for all £ > 1, that

Ay (By(0)) = /B iy dV, = %H / Ayttsrr dV,
r(0) Br(o)
- A,
— _%H ST(O)g(vga;gH,r,vgro) dA, (3.31)
- T 9 (@) Vo) a4,

1, I
= e 0) [ = i, ) vl (510))

Therefore, from equation (3.30), we finally obtain, for all & > 1 and for all
r € [0, R], that

A (B2 (o)
A (By(0)) Vol (5(0,) vol (S,(0)),
and hence, since we proved that vol (S,(0)) = v

ol (S¥(oy)) for all r € (0, R] (i.e.,
from assertion (3))), we have that Ay (B,(0)) = Ay (B¥(0,)) for all k¥ > 1 and for
all € (0, R], which shows assertion ({4]).

When we assume that Hg, (o) < Hgw(o,) for all 7 € (0, R], the argument is
exactly the same but inverting all the inequalities, to conclude the opposite in-
equality for the Poisson hierarchy and the transplanted Poisson hierarchy, namely,
we obtain that uy r > ﬂz r in Br(o) for all £ > 1. The equality discussion is the
same, mutatis mutandis.

O

Remark 3.5.4. Note that, from the equality case of the above theorem, we have
that one value of uj, r for some k > 1 determines the Poisson hierarchy, the volume
and the moment spectrum of all the geodesic balls B,.(0) with radius r € [0, R].

As a consequence of Theorem [3.5.3] we have the following result concerning

the "averaged” moment spectrum, i.e., concerning Ay (Bg(0)) / vol (Br(0)).
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3. Moment spectrum comparisons on geodesic balls

Corollary 3.5.5. Let (M, g) be a complete n-dimensional Riemannian manifold
and let (M, g,) be an n-dimensional rotationally symmetric model space with
center o, € M,. Let o € M be a point of M and let Br(o) and B%(o,) be,
respectively, a geodesic ball of M with radius R centered at o and a geodesic ball
of M, with radius R centered at o,. Suppose that R < inj (o) < inj, (o,) and
moreover that

Hs,(0) 2 (S)Hsg o,y for all v < (0, R].

Then, for all k > 1, we have that

A (Br(0)) A (Bi(0w))

ol (8(0) = Z Vol (52(00)) (3:32)

Furthermore, equality in inequality (3.32)) for some k > 1 implies:
1. The equalities Hg, () = Hgw (o, for all v € (0, R).
2. The equalities uy,, = ug, on B.(o) for all k > 1 and for all r € [0, R].

3. The volume equalities vol(B,(0)) = vol (B¥(0,)) and the volume equalities
vol (S,.(0)) = vol (S¥(0,,)) for all r € (0, R).

4. The equalities Ay, (B,.(0)) = Ag (B (0y)) for allk > 1 and for allr € (0, R].

where {ug,},o, and {ﬂ%,r};1

B,(0) and the transplanted Poisson hierarchy from B¥(o,) to B.(0), and
{Ak (B,(0)) }oey and {Ay (B¥(0,))}re, are, respectively, the moment spectrum
of B.(0) and B¥(o,,).

are, respectively, the Poisson hierarchy of

Proof. By applying the Divergence Theorem and computing as in equation

(3:30), since Ay ug ;= —(k + L)ugy 5 on BE(oy,) for all k > 1, we obtain for
all £ > 1, that

—Luf "(R) = Ay, (B%(Ow)).

k41 *tLE vol (S%(0,))

Assuming now that Hg, () > Hgw (o, for all 7 € (0, R] we know, by Theorem

3.5.3 that upp < U p on Bg(o) for all £ > 1. Then, from inequality (3-28), we

obtain, for all £ > 1, that

(3.33)

Agupyir = —(k+ Dupr > —(k+1)uy g > Aguy,, p on Bg(o). (3.34)
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3.5 Poisson hierarchy and moment spectrum comparison

Therefore, we obtain that equalities in (3.31]) become inequalities. Indeed, apply-
ing the Divergence Theorem [2.1.59 and that @}, , p is a radial function on Bg(0)
for all k£ > 1, we have that

Ay (Brlo) = / uy e dV,
Br(o)

1
- A av,
F+1 500 gUk+1,R Vg
1 ~w
< “E el Aguiyy g (r) dV
Bilo) (3.35)

1
=—— g (V,uy r),V,r)dA
k+1 SR(O) ( g k—l—l,R( ) g ) g

1 ~w /
= _k—Huk+1,R (R)vol (Sk(0))

1 w
Hence, from equation ({3.33]), we finally obtain, for all £ > 1, that

Ak (BR(O)) < ‘Ak (BE(OW))

< m vol (Sg(0)),

which shows one of the directions of inequality (3.32]).
Now, we discuss the equality case assuming that Hg ) > Hgw(o,) for all
r € (0, R]. Suppose that there exists ko > 1 such that

Ak, (Br(0)) _ Ar, (Bi(ow))
vol (Sg(0)) vol (S%(0,))

Therefore, all the inequalities in (3.35) become equalities and in particular, for
this fixed kg > 1, we obtain that

1 1
A (B =— A dV, = — AU dV,
ko (Br(0)) ko + 1 /BR(O) gUko+1,R dVy Ko + 1 o) gUko+1,R Vg
and hence,
/ Ag (ukOH,R - ﬁzOJrl’R) d‘/g =0. (336)
Br(o)

Thus, since the integral of Ay (ugyt1,r — U541 z) over Br(o) vanish and since,
from inequality (8.34), Ay (tk+1,r — Uy 41 z) = 0 on Bg(o), we obtain that
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3. Moment spectrum comparisons on geodesic balls

Ay (urgs1,r — U511 z) = 0 on Bg(o). Moreover, we know that, by definition,
Ugor1,r = Up 1 g = 0 on Sg(0). Then, arguing as in the proof of Proposition
[3.4.3] by applying the Strong Maximum Principle (see[2.1.64), we conclude that
Uky+1,R = ﬂk0+1,R on BR(O)-

Finally, since there is some k1 = kg + 1 > 1 and a point py € Bg(o) such
that uy, r(po) = U, r(po) (note that, in this case, we have the equality for all

p € Bg(0)), we obtain assertions (1), (2), and by applying the equality
case of Theorem [3.5.3

When we assume that Hg, ) < Hgw(,) for all 7 € (0, R], the argument
is exactly the same but inverting all the inequalities, to conclude the opposite
inequality for the averages of the moment spectrums for Bgr(o) and B%(0,,). The
equality discussion is the same, mutatis mutandzis.

]

Remark 3.5.6. Note that one value of Ay (Br(0)) /vol (Sg(0)) for some k > 1
determines the Poisson hierarchy, the volume and the moment spectrum of all
the geodesic balls B, (0) with radius r € [0, R].

3.6 Torsional rigidity comparison

In this section we compare the torsional rigidity of a geodesic ball Br(0) of a
complete Riemannian manifold (M, g) in Theorem , assuming that the mean
curvature of the geodesic spheres in Br(0) is bounded from below or from above
by the corresponding mean curvature point inward of the geodesic spheres in a ro-
tationally symmetric space (M,,, g ) which is balanced from above (see Definition
for the notion of being balanced from above). This result can be considered
as a continuation of the intrinsic comparison done by A. Hurtado, S. Markvorsen
and V. Palmer in Section 6 of [37]. In that paper it were obtained upper and
lower bounds for the torsional rigidity of a geodesic ball Br(0) of a Riemannian
manifold (M, g) with a pole o € M under more restrictive conditions, namely,
assuming that the radial sectional curvatures were from below or from above by
the corresponding radial sectional curvatures of a suitable rotationally symmetric

model space.
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3.6 Torsional rigidity comparison

To show our comparison result, we need to consider the symmetrization
given by E%* @ Byry — R of the transplanted mean exit time function on
B%(0,,) to Bgr(o). From this consideration, we have Theorems [3.6.1| and [3.6.2]

which show some properties that the Schwarz symmetrization of the transplated

mean exit time function E$ satisfies and which will be used to prove our men-
tioned comparison for the torsional rigidity. Namely, we consider a rotation-
ally symmetric model space rearrangement of the geodesic ball Bg(0) of a given
complete Riemannian manifold (M, g), i.e., a Schwarz symmetrization of the
geodesic ball Br(o) that is a geodesic ball By (0.) in a rotationally symmetric
model space (M, g,) such that vol (Bg(0)) = vol (B;"(R)(ow)>, together the sym-
metrization E* © Bfp) (0.) — R of the transplanted mean exit time function
EY, : Br(o) — R, E%(p) := EY¥ (ro(p)), where EY is the mean exit time function
on B%(o,) and r, is the radial distance function to o in Bgr(0) (see Subsection
for more information about the Schwarz symmetrization).

The first result is an intrinsic version of Theorem 4.4 in [37], and it follows
directly from this result (see too Section 6 in [37]). Moreover, the following The-

orem makes sense for those geodesic balls which poses a Schwarz symmetrization
B¢ gy (0u).

Theorem 3.6.1. Let (M, g) be a complete n-dimensional Riemannian manifold
and let (M, g,) be an n-dimensional rotationally symmetric model space with
center o, € My,. Let o € M be a point of M and let Br(o) and B%(o,,) be,
respectively, a geodesic ball of M with radius R centered at o and a geodesic ball
of M, with radius R centered at o,. Suppose that R < inj,(0) < inj, (o,) and
that there exists the Schwarz symmetrization By g (0.) of Br(o) in M. Then,
we have that
/ E%dV, = / EZ"dV,, . (3.37)
B (o) B 1 (00)
Proof. From Proposition [3.2.13 we know that the mean exit time Ef is a positive
radial function that is strictly decreasing and which attains its maximum at
the center o, and vanish at S%(0,). Then, the theorem follows from applying
Theorem 2.2.26]
[
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3. Moment spectrum comparisons on geodesic balls

The second result about the symmetrization of the transplanted mean exit
time function E}* consist in a comparison between E%* and the mean exit time
function EYp) of the Schwarz symmetrization By g (0.) of Br(o) which we show
in the following proposition. Its proof follows closely the lines of the proof of
Propositions 5.2 and 5.4 in [37], and we have included it because the changes
due to its intrinsic character, the different assumptions on the curvatures we
have assumed along this chapter and the new analysis of the equality which we
present in this case. As in Theorem the following theorem makes sense for

those geodesic balls which poses a Schwarz symmetrization By, (0.).

Theorem 3.6.2. Let (M, g) be a complete n-dimensional Riemannian manifold
and let (M, g,) be an n-dimensional rotationally symmetric model space balanced
from above with center o, € M. Let o € M be a point of M and let Bg(o) and
B%(0y) be, respectively, a geodesic ball of M with radius R centered at o and a
geodesic ball of M, with radius R centered at o,. Suppose that R < inj,(o) <
inj, (o), that there exists the Schwarz symmetrization B;"(R)(ow) of Br(o) in M,

and moreover that
Hs,(0) 2 (S)Hsg o,y for all < (0, R].
Then, we have that
ER" (7) > (S)Eqw' (7)) forall 7€ (0,s(R)), (3.38)

and hence,

ER"(7) < () Egg (1) forall 7€[0,s(R)], (3.39)

where s(R) is the symmetrized radius of the Schwarz symmetrization By g (0.) of
Bg(0) in the rotationally symmetric model space M, and E‘S"(R) s the mean exit
time function on B p (0.).

Furthermore, equality in inequality for allt € [0, s(R)] implies:

1. The equality among the radius s(R) = R.

2. The volume equalities vol (B,(0)) = vol (B¥(0,)) and the volume equalities
vol (S,.(0)) = vol (S¥(o,,)) for all r € [0, R].

3. The equality Hg, (o) = Hgw(o,) for all v € (0, R].
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3.6 Torsional rigidity comparison

Proof. The first part of the proof follows the argument used in the proof of The-
orem [2.2.26|replacing ¢ by E%. We are going to analyze first the symmetrization
E%*. The transplanted function

EY : Br(o) — R

satisfies, by definition, that E% € C* (Bg(o) — {0o})NC° <BR(0)) and, moreover,
that E}[g, ) = 0. We know too that E} = E%; or, on Bg(0), where Ef is the
mean exit time function defined on B%(o,).

From Proposition we know that the mean exit time function Ef in
B%(o,,) is a strictly decreasing radial function. Thus, let us consider E% as the
radial function defined on the interval [0, R] in equation of Remark .
Let us denote by T" = max|o g £3. Then, as Ef is monotone, we have that
EY < 0in B%(o,) and that E% : [0, R] — [0,T] is bijective with E%(0) = T
and F4(R) = 0.

Now, let us define the function a : [0,7] — [0, R] as a(t) = (E%)~'(t),
satisfying a(0) = (£%)~'(0) = R and a(T) = (F%)~'(T) = 0. We know that
B 1
By (a(t))

so, a(t) is strictly decreasing in [0, T].

a'(t) <0 forall tel0,7),

On the other hand, by definition, we have that the transplanted mean exit time
function E% from B%(o,,) to Bgr(o) is the radial function E%,(p) = E%(r,(p)), where
1, is the radial distance function to o in Br(0). Then, we have that E} (Br(0)) =
E3 ([0, R]) = [0,T]. Thus, since [|[Vyrol|, = 1 in Bg(o), the transplanted mean
exit time function EY, : Br(o) — [0,7] satisfies, for all p € Bg(0) — {0} such
that r,(p) = r, that

IVaERP), = [ER ([ Vgroll, = [ER (r)] # 0, (3.40)

and hence, the set of regular values of E% is Rge = (0,7).
On the other hand, and given ¢ € [0, T}, let us consider the sets D(t) and I'(¢)
defined in Definition [2.2.15] i.e.,

D(t) = {p € Br(o) : Er(p) >t} = {p € Br(o) : Ef(r.(p)) >t}
= {p € Br(0) : 1,(p) < (Eg)"' ()} = {p € Br(0) : r,(p) < a(t)} (3.41)
= Ba)(0)
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3. Moment spectrum comparisons on geodesic balls

and

I(t) = {p € Br(o) : Ex(p) =t} = {p € Br(o) : Ej(r.(p)) = t}
= {p € Brlo) : ro(p) = (E2) (1)} = {p € Br(0) : rolp) = a(t)} (3.42)
- Sa(t)(o).

Moreover, we have that D(0) = Bqy)(0) = Bgr(o) and D(T) = Byr)(0) = {0},
where o is the center of the geodesic ball Bg(0).

Now, we consider the symmetrization in M,, of the sets D(t) = By (0) C

Bpr(o) € M, namely, the geodesic balls D(t)* = By,(0.) in ML, such that

vol (D(t)) = vol (B (0.)) .

where, for each t € [0,7], 7(t) denotes the symmetrized radius (see Definition
2.2.19] Then, in this particular context and from Lemma [2.2.21] we have that
7 :[0,T] — [0, s(R)] is strictly decreasing, and hence, bijective, where s(R) is
the radius of symmetrization of Bg(0), i.e., the symmetrization of Bg(o) in M,
is B py(0w). In fact, note that if ¢y, ¢ € [0, 7] such that ¢; < 5, then, since a(?)
is strictly decreasing, a(t1) > a(ts), thus

vol (B,,y(0u)) = vol (Ba,) (0 )) > vol (By,)(0)) = vol (B;“f(h)(ow)) :

and hence, 7(t;) > 7(t3). Furthermore, applying Lemma [2.2.21] for all ¢ in the
set of the regular values of Ef, i.e., for all t € Ry = (0,T), we have that

1
7(t) = — / IV ERI " dA,, (3.43)
I'(t)

vol (S;’(t) (ow)>

where dA, is the Riemannian volume element in I'(¢) with respect to the metric

tensor g (see Subsection [2.1.7.5)).

On the other hand, the inverse of 7 is the decreasing function

¢:[0,s(R)] — [0, 7], ¢(¢) = (7)'(0),

such that ¢ (7(t)) = ~,(t for all t € [0,T], #(0) =T and ¢ (s(R)) = 0.

With all this background, we can say now, in accordance with Definition
of a symmetrization of a function and its properties given in Theorem
2.2.23| that the symmetrization of E, : Br(o) — R in M, is a radial function
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3.6 Torsional rigidity comparison

ER* : Bygy(o) — R which satisfies, for all p* € By (0.), the following
equality

ER"(p") = ER" (ro,(p%)) = to = ¢ (7(to)) -
Therefore, for all ¢ € (0,7), we have, applying equation , that

d
dr,,

w *

R

= By (7(t) = ¢/ F(1) = 5

vol <S7~°f(t) (ow))
Jrw VB, dAg

Tow (p* ):?(t)

(3.44)

But since, from equations (3.40) and (3.42), we have that

[ 19.E )l da, = / B3 ()] dA,
I(t)

Sa)(0)

T o
3.45
Ew/ (CL ‘ a(t) ( )

1
— m vol (Sa(t)(0)> ;

and hence, using that E%' (a(t)) = —q., (a(t)) (see Proposition (3.2.13)) and equa-
tion ([3.45]), we obtain, for all ¢ € [0, T, that equation (3.44)) becomes

vol <S;’(t)(0w)> vol <S1‘§(t)(ow)>

fr‘(t) vaEO}JzH;l dA, vol (Sa(t)(0>)
_Vol (B;"(t)(ow)) vol <S;~"(t)(ow)>
vol (S;’(t)(ow)> vol (Sa)(0))

On the other hand, assuming that Hg, (o) > Hgw(o,) for all 7 € (0, R], by Corol-

lary we know that vol (B,(0)) > vol (B¥ (o)) for all € (0, R]. Therefore,

since B, (0.) is the Schwarz symmetrization of D(t) = B (o) (see equation
(3.41))), we have that

Ex™(7(t) = — = —|ER (a(t))]

(3.46)

vol (B (0,)) = vol (B (0)) > vol (B (0.)), forall te(0,T). (3.47)

Then, since vol (BY¥(0,)) is an increasing function (indeed, from Proposition
2.1.77, £ (B¥(0,)) = vol (S¥(0,)) > 0), we have that

r(t) > a(t) forall te (0,7). (3.48)
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3. Moment spectrum comparisons on geodesic balls

Thus, since M, is balanced from above, i.e., ¢,/(r) > 0, we obtain that

vol (B;’(t)(ow)> y vol (B;"(t)(ow)>
vol (S;”(t)(ow)> ol (S‘;(t)(ow))

for all t € (0,7). (3.49)

Therefore, since vol ( = vol > we have that

for all t € (0,7),

(B0
vol (Ba (0)) _ vol < Fo (0w ) vol ( a(t) 0w)>
vol (S;’(t) (ow)> vol ( ) vol ( ow)>

and hence,
vol ( Bz (0.,))

vol (82, (0.))

Then, from equation (3.46), we obtain, for all £ € (0,T), that

vol (B2 (0.) ) vol (82, (0.)) L vl (Bun(0)

vol (St (00)) Vol (Sa(0)) ™ vol (S (0)

Therefore, using the isoperimetric inequality (3.21]) of Corollary and
using the fact that 7(¢) > a(t) and ¢/,(t) > 0 (i.e, using equation (3.49))), we
finally obtain, for all ¢ € (0,7, that

a(t o ) vol (Bg’(t)(ow)>
(0 ) Vol (S:(t)(ow)>

vol (B, (0)) > vol (S}"(t)(ow)) for all t € (0,7).

E4" (7(1)) = - (3.50)

Ex” (7(t) = -

(3.51)

\/

—qu(r(t)) = Egw (7(1))

and hence, we obtain that E}* (7) > E% ' (7) for all 7 € (0, s(R)). Furthermore,
we have, integrating along [0, s(R)] by considering the radius of the symmetriza-
tion 7" as a parameter, and taking into account that ER* (s(R)) = Ejg, (s(R)) =
0, that

s(R) , s(R) )
E <ﬁ=[ EY (w)dxz[ < () di = 2 (7).
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3.6 Torsional rigidity comparison

and hence, E}*(r) < E¢ ) (7) for all 7 € [0, s(R2)], which shows one of the direc-
tions of inequalities and .

Now, we are going to study the equality case by assuming that Hg, ) >
Hgu(o,) for all r € (0, R]. Suppose that equality E3* (F) = Efy, (F) holds for
all 7 € [0, s(R)], then we have equality E}* (7) = Ef ' (7) for all 7 € (0,s(R)),
which in its turn implies that inequalities in and hence, inequalities
and , become equalities for all ¢ € (0,7). In particular, from equality in

(3.49) and inequality (3.47) (namely, vol <B;’(t)(ow)> > vol (Bg(t)(ow)> for all
t €(0,7)), we deduce that

vol (S;"(t) (ow)> vol (B;"(t)(ow))
= <1 forall te(0,7). (3.52)

vol (S;;’(t) (ow)> vol <B$}(t) (Ow)>

We are going to show the equality among the radius s(R) = R, i.e, assertion
(). In fact, we show that 7(¢) < a(t) for all ¢ € (0,T)). First, using again equality

in inequality (3.49) and by Corollary (3.4.5) (assuming that Hg, o) > Hgw(o,) for
all € (0, R]), we obtain that

vol (B%J(t)(%)> B vol (Bf(t)(ow)> vol (B (0))
vol (S, (0.)) vl (S(0.) Z ol Ba o) el 1€ (0.1,

and hence, as vol (Ba(t)(o)) = vol (B}j’(t)(ow)>, using moreover equation ((3.52)), we
have that

vol (Su (0)) > vol (Sj%’(t) (0,)) > vol (S;“(t)(ow)) forall te (0,7). (3.53)

Now, differentiating the equality vol (Bq)(0)) = vol (B;’(t)(ow)> by using Theo-
rem [2.1.77) for all t € (0,7"), we obtain that

T

vol (Sar)(0)) a'(t) = vol (Sg (o)) 7(t) for all ¢ € (0,77,

and hence, using inequality (3.53)),

() = vol (Sa(t)(o)) >1 forall tel0,T].

a(t) ol (S;”(t) (ow)>
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3. Moment spectrum comparisons on geodesic balls

Thus, 7 (t) > d/(t) for all t € (0,T), and therefore, since 7(T") = a(T'), we finally
obtain, integrating along [0, 7], that 7(¢) < a(t) for all t € [0,T]. Hence, as we
know, by inequality (3.48)), that 7(t) > a(t) for all ¢ € [0, T], we obtain that

r(t) =a(t) forall te][0,T].

Therefore, s(R) = r(0) = a(0) = R which shows assertion (1)), and moreover,
since By, (0.) is the Schwarz symmetrization of By (o) and 7(t) = a(t) for all
t € [0,T], we have that

vol (B (0)) = vol (B;’(t)(ow)) for all t e [0,7],

and hence, vol (B,(0)) = vol (B¥(o,)) for all r € [0, R] and, differentiating over
r, vol (S,(0)) = vol (5¥(o,)) for all r € [0, R], showing assertion (2).

Finally, applying the second equality case of Corollary [3.4.5], we conclude that
Hg, (o) = Hgw(o,) for all r € (0, R], which is assertion (3.

When we assume that Hg ) < Hgw(o,) for all » € (0, R|, the argument
is exactly the same but inverting all the inequalities, to conclude, for all r €
(0,s(R)), that

ER"(r) < Eqw)'(7),
ER"(r) =2 Eggy(r).
The equality discussion is the same, mutatis mutandis. [

As a consequence of Theorems [3.6.1] and [3.6.2] we have the following result

which shows our mentioned comparison for the torsional rigidity for geodesic

balls of Riemannian manifolds.

Theorem 3.6.3. Let (M, g) be a complete n-dimensional Riemannian manifold
and let (ML, g,) be an n-dimensional rotationally symmetric model space balanced
from above with center o,, € M. Let o € M be a point of M and let Br(o) and
B% (o) be, respectively, a geodesic ball of M with radius R centered at o and a
geodesic ball of M, with radius R centered at o,. Suppose that R < inj,(0) <
inj, (ow), that there exists the Schwarz symmetrization By g (0.) of Br(o) in ML,

and moreover that

Hg (o) > (<)Hgw(o,) forall re(0,R)].
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3.6 Torsional rigidity comparison

Then, we have that
As (Br(0) < (2)41 (B (o)) (3.54)

where Ay (Bgr(0)) and A, (B;J(R)(ow)> are, respectively, the torsional rigidity for
Br(0) and for By p)(0.).
Furthermore, equality in inequality (3.54]) implies:

1. The equality among the radius s(R) = R.

2. The wvolume equalities vol (B,.(0)) = vol(B¥(0,)) and vol(S.(0)) =
vol (S¥ (o)) for all r € (0, R).

3. The equality Hg, (o) = Hgw(o,) for all v € (0, R].
4. The equalities uy, = uj, on B..(0) for all k > 1 and for all r € [0, R].
5. The equalities Ay, (B,(0)) = Ak (B¥(0,,)) for all k > 1 and for all r € [0, R].

Proof. Let us consider a rotationally symemtric model space rearrangement of
the metric ball Br(o) as it has ben described in Definitions [2.2.13| and [2.2.17]
namely, a symmetrization of Br(o) which is a geodesic ball By (0.,) of M., with
radius s(R) centered at o, such that vol (Bg(0)) = vol (B;’(R)(ow)>, together
the symmetrization ER* : B, (0.) — R of the transplanted mean exit time
function E% : Bgr(o) — R.

Then, from Theorems [3.4.4] [3.6.1] and [3.6.2 we have that

A (Balo) = |

Br(o)

ErdV, < (Z)/

E% dV, = / ES* dV,
Br(o) B

o (02) (3.55)
< (2) / By dVy, = Ay (B (0.))

:(R)(O“’)

which shows inequality (3.54)).
Now, we study the equality case by assuming that Hg, (o) > Hgw(,,,) for all

r € (0, R]. Suppose that Ay (Bgr(0)) = Ay BQR)(ow)>, i.e., equality in inequal-
ity (3.54). Then, all the inequalities of (3.55)) become equalities. In particu-
lar, we have that [,  ErdVy = [;  EfdV; and that fBZJ(R)(Ow) Eg*dV, =

wa ) E;J(R) dVy,,-

s(R) (0w
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3. Moment spectrum comparisons on geodesic balls

From this second equality we have that [ B ) (E“é* _ E;J( R)> dVy =0 and

s(R)\Ow
since, by inequality of Theorem [3.6.2] <E“é* — E:(R)) (p) <0 forall p e
B py(0w), we have that E}* = E¢ ) in Bg ) (0.). Therefore, from assertions (1,
and of the equality case of Theorem [3.6.2] we deduce that s(R) = R,
vol (B,(0)) = vol (B¥(0,,)) and vol (S,(0)) = vol (5¥(0,,)) for all r € (o, R], and
that Hg, (o) = Hgw(o,) for all r € (0, R], showing assertions , and .

Finally, since Hg, () = Hgw(o,) for all » € (0, R], by Proposition , we
have that Er = E$, on Br(o) and then, by assertions and of the equality
case of Theorem we obtain equalities uy, = @, on B,(0) and equalities
Ak (B.(0)) = Ak (B¥(0y,)) for all & > 1 and for all » € [0, R], which shows
assertions and . Another way to see this consists, as we did above, in
deduce that Ep = E%, from equality [ (o) ERAVy = il (o) Bt dVy and apply
Theorem [3.5.3

When we assume that Hg, ) < Hge(o,) for all 7 € (0, R], the equality discus-

sion is the same, mutatis mutandis.
O

This theorem give the following consequence.

Corollary 3.6.4. Let (M, g) be a complete n-dimensional Riemannian manifold
and let (M,,, g,) be a n-dimensional rotationally symmetric model space balanced
from above with center o,, € M,,. Let o € M be a point of M and let Br(o) and
B% (o) be, respectively, a geodesic ball of M with radius R centered at o and a
geodesic ball of M, with radius R centered at o,. Suppose that R < inj,(0) <
inj, (ow), that there exists the Schwarz symmetrization By g (0.) of Br(o) in ML,

and moreover that
Hs, (o) > Hgw(o,) forall € (0,R].
Then, we have that
A1 (Br(0)) < E;R)(O) vol (Bg(0)) . (3.56)
where EY ) is the mean exit time function on By g (0.,).

Proof. Assuming that Hg, (o) > Hgw (o, for all r € (0, R], we use inequality ([3.55))
of the proof of Theorem and the fact that E¢p (r) < Egg (0) for all
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3.6 Torsional rigidity comparison

r € (0,s(R)] (the mean exit time function of a geodesic ball of a rotationally
symmetric model space is strictly decreasing, see Proposition [3.2.13)), to obtain

Ay (Br(o)) = / Er(p) dV, < / B2 (r(p)) dV,

Br(o) Br(o)
~ [ ErCe@a < [ By,
B ) (0w) Bygy(0w)
<[ E(0) v, = By (vl (Balo).
By (ow)
[
Remark 3.6.5. Since (M,,g,) is balanced from above, then %qw(r)’r:t >0,

thus ¢,(r) is non-decreasing with r (see Proposition [2.2.10). Then, since

Eip (r) = frs(R) q.(t) dt (see Proposition [3.2.13)), we have that

s(R) s(R)
E5ry(0) :/O q(t) dt S/O 4w (s(R)) dt

Bw

s(R)(Ow))
)

Seir)(0w)

vol

= 5(R)q. (s(R)) = s(R) <<

vol

and hence, from inequality (3.56[), we obtain that

vol (B;J(R) (ow))
vol <S‘S"(R)(0w)>

Example 3.6.6. To end this chapter, let us apply our comparisons for the mean

A1 (Br(0)) < Eg)(0) vol (Br(0)) < s(R) vol (Bg(0)) -

exit time function and for the torsional rigidity to the Riemannian manifold of
our Example that is (R?, ¢) with metric tensor expressed in a system of
polar coordinates (R?,¢) = (r,0)) given by

g=dr®dr+ o*(r,0)d0 ® db,

where ¢ : R2 — R is a positive smooth function given by

gp(r,@)zr(l—i—L).

1 + 72 cos?(6)
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3. Moment spectrum comparisons on geodesic balls

On the other hand, let us consider the simply connected real space form (R?, g, )
as a 2-dimensional rotationally symmetric model space (R?, g,, ) where wy(r) = 7.
Then, as we showed in Example we have that g is smooth in the entire R?
and that the mean curvatures of the geodesic spheres S,.(0) of (R?%, g) with radius
r centered at 0 are bounded from below by the mean curvatures of the geodesic

spheres 5<0(0) of (R2, g, ) with the same radius r centered at 0, namely, that
T wo
H > H oo 5y = !
Se(0) = H800) T

Then, applying our comparison given in Theorem [3.4.4] we have that the mean
exit time function g defined on geodesic ball Br(0) of (R2, ) with radius R > 0
centered at 0 is bounded from above by the transplanted E7’ of the mean exit
time function E3° defined on a geodesic ball of (R?, g, ) with the same radius R

centered at 0. Namely,
Er(p) SER(p) = ER(r f° ole)

S
:/R fosada S:Rz—r
rp) S 4

where 7 is the radial distance function on Bg(0) to 0. Furthermore, since (R?, 9uy)
is balanced from above (see Example 2.2.11](3))), we can apply Theorem to
compare the torsional rigidity A;(Bg(0)) of Bg(0) with the torsional rigidity
.Al(B;"((}%)(ﬁ)) of its Schwarz symmetrizations B;%{)(ﬁ) in (R?, g, ). But first note
that, since

vol(Br(0)) = vol(B, (0)) = 7 (s(R))?,

we have that the symmetrized radius is

vol(BR((j))‘

™

s(R) =+
Then, applying Theorem [3.6.3, we have that

27
A1(Br(0)) < Ay (B / / B, (r)d6 dr

s(R) (s(R))? T 5 vol(Bg(0))%?
:/0 /0 PR d@d_g((R))z—Bﬁ .
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3.6 Torsional rigidity comparison

Finally, note that, since the sectional curvatures of (R?, g) are not bounded by
the sectional curvatures of (R? 9.,) (see Example , then this upper bound
for the torsional rigidity A; (Bg(0)) can not be obtained by using the comparisons
of A. Hurtado, S. Markvorsen and V. Palmer in [37] (see Theorem [3.3.4).
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Chapter 4

Comparisons for the first
eigenvalue of the Laplacian for

the Dirichlet problem on geodesic
balls

Along this chapter, we are going to establish comparisons for the geometric invari-
ant called first eigenvalue of the Laplacian for the Dirichlet problem in geodesic
balls of a given Riemannian manifold, and moreover, we will study its relation-
ship with the moment spectrum. All our results presented along this chapter can
be found in [28] and [63]. The importance of studying the first eigenvalue of the
Laplacian for the Dirichlet problem is due, for instance, to the following:

The set of all the eigenvalues of the Laplacian takes part in the mathematical
description of some properties of physical phenomena as the light, heat, sound,
fluids and atomic phenomena. For instance, as a consequence of the heat equa-
tion, the eigenvalues of the Laplacian give the rates of temporal decay of its
eigenfunctions over time. For a drum with certain given shape, the eigenvalues
of the Laplacian for the Dirichlet problem are the fundamental modes of vibration
of the drum. In fact, if we think of a drum as an elastic membrane (planar domain
with fixed boundary), there appear the following problem: given the eigenvalues
of the Laplacian for the Dirichlet problem on the drum, what characteristics of

the shape of the drum can be deduced? This problem became famous thanks to
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4. First Dirichlet eigenvalue comparisons on geodesic balls

M. Kac’s paper [42] and is often stated as the title of his paper: can one hear the
shape of a drum?

We start this chapter by presenting some preliminary concepts, giving the
definition of the first eigenvalue of the Laplacian for the Dirichlet problem posed
on a precompact domain (2 in a Riemannian manifold M, and moreover, studying
its properties in a complete Riemannian manifold and, in particular, in rotation-
ally symmetric model spaces, see Section Next, in Section we will show
some of the different directions that research has taken in this area, as well as
some of the results obtained along the last years. Then, in Section we will
describe our new technique which we will use to prove our comparison results.
In fact, we are going to symmetrize the metric tensor in such a way that the
area functions coincide. Sections [4.4] and are devoted to state and prove our
upper bounds for the first eigenvalue of the Laplacian for the Dirichlet problem
on geodesic balls of a Riemannian manifold. Finally, in Section 4.6 we will show

some relationships between the first eigenvalue and the moment spectrum.

4.1 First eigenvalue of the Laplacian for the

Dirichlet problem on Riemannian manifolds

Let us start this section by defining the Dirichlet eigenvalue problem on precom-
pact connected domains of Riemannian manifolds. For further information about

the concepts defined along this section we refer to Sections 3 and 5 of Chapter 1

of I. Chavel [§] and Section 3 of Chapter VI of T. Sakai [6§].

Definition 4.1.1 (see [8]). Let (M, g) be an n-dimensional Riemannian manifold.
Given 0 C M a precompact connected domain, the Dirichlet eigenvalue problem
on €2 consists in to find all the real numbers X such that there exists a non-trivial
function ¢ € C* ()N C° (Q) that is a solution for the boundary valued problem

ANgp+Xp=0, on €,

4.1
Plog = 0. -y

where A, is the Laplacian operator with respect to the metric tensor g (see equa-

tion ([19)).
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4.1 First eigenvalue of the Laplacian for the Dirichlet problem

The real numbers X are called the eigenvalues of Ag, their corresponding so-
lutions for the problem, ¢, are called the eigenfunctions associated to A, the set
L of all the eigenfunctions associated to one eigenvalue X\ is called eigenspace
associated to A and the dimension of the eigenspace L associated to X is called
the multiplicity of .

It can be proved the following result, which describes the set of all the eigen-

values and the eigenspaces.

Theorem 4.1.2 (see Theorem 1 of Chapter 1 of [§], Theorem 3.21 of [10], and
Theorem 3.7 of Chapter VI of [68]). Let (M, g) be an n-dimensional Rieman-
nian manifold and let @ C M be a precompact connected domain. Then, all
the eigenvalues of the Laplacian for the Dirichlet problem are positive, the set of
all the eigenvalues is discrete and their multiplicities are finite. Moreover, the

eigenvalues can be ordered as
0< )\17g<Q) < AQ’Q(Q) < /\379(Q> < ey

Therefore, {\;ig(Q)}oo, is discrete and limy oo A o(Q) = 400. Furthermore, the
eigenspaces L;, 1 = 1,2, ..., associated to each \; 4,() are orthogonal in L*(Q2) to
each other with respect to the usual inner product (f,h) = [, fhdV, on L*(Q),
and their direct sum is dense in L*(Q). Moreover, each eigenfunction is smooth

in €.

Thus, since all the eigenvalues of the Laplacian for the Dirichlet problem can
be ordered as in the previous theorem, it makes sense to talk about the first

eigenvalue as follows.

Definition 4.1.3 (see [68]). Let (M, g) be an n-dimensional Riemannian man-
ifold. Given Q0 C M a precompact connected domain, the first eigenvalue of the
Laplacian for the Dirichlet problem in €2 is the smallest of the positive real values
such that there is a non-trivial function ¢ € C=(Q)NC°(Q) that is a solution for
the Dirichlet problem (L.1). Moreover, we will denote it as Ay 4(€2).

Now, let us show some results that characterize the eigenfunctions associated

with the first eigenvalue of the Laplacian for the Dirichlet problem.
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4. First Dirichlet eigenvalue comparisons on geodesic balls

Lemma 4.1.4 (see Lemma 3.10 of Chapter VI of [68]). Let (M,g) be an n-
dimensional Riemannian manifold an let 2 C M be a precompact connected do-
main. Let ¢ € C®(Q)NC%(Q) be an eigenfunction associated to A 4(9), i.e., the
first eigenvalue of the Laplacian for the Dirichlet problem in ). Then ¢ is either

always a positive function or always a negative function in 2.

Corollary 4.1.5 (see Corollary 2 of Chapter I of [§] and Corollary 3.11 of Chapter
VI and page 270 of [68]). Let (M, g) be an n-dimensional Riemannian manifold
an let @ C M be a precompact connected domain. Then, the first eigenvalue of
the Laplacian for the Dirichlet problem in ) is simple, namely, the multiplicity
of M 4(2) is equal to 1, and moreover, A\; 4(Q) is characterized as being the only

eigenvalue with associated eigenfunctions of constant sign.

Remark 4.1.6. From now on, we shall refer as first eigenfunction to an eigen-
function associated to the first eigenvalue A 4(€2) and we denote it by ¢;.
Observe that, from Lemma 4.1.4] we can assume that ¢; > 0. In fact, if we
choose ¢; < 0, we can define a function (Zl = —¢, which is also an eigenfunction
associated to A1 4(Q2). And moreover, from Corollary [4.1.5, we know that the first

eigenfunctions are the unique eigenfunctions that do not change sign in €.

Now, we are going to state two results which we will use to find our upper
bounds for the first eigenvalue of the Laplacian for the Dirichlet problem at
Theorems [4.4.1)and [4.5.1, The first one is the Rayleigh’s Theorem and the second

is the so-called Barta’s Lemma, for more detailed information about this results

see [§] and [6§], for instance.

Theorem 4.1.7 (Rayleigh’s Theorem, see page 16 of [8]). Let (M, g) be an n-
dimensional Riemannian manifold and let 2 C M be a precompact connected
domain. Let A\ 4(2) be the first eigenvalue of the Laplacian for the Dirichlet
problem in Q. Then, for any non-trivial ¢ € C*(Q) N C°(Q), we have that

Jog (VMo, VM) dv,
)\1,!](9) S fQ ¢2 d‘/;] )

Furthermore, equality in inequality (4.2)) is attained if, and only if, ¢ is a first

eigenfunction ¢, associated to A1 4(€2).

(4.2)
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4.1 First eigenvalue of the Laplacian for the Dirichlet problem

Lemma 4.1.8 (Barta’s Lemma, see Lemma 1 of Chapter III of [§] (or see J.
Barta [4] for the original paper)). Let (M,g) be an n-dimensional Riemannian
manifold and let Q@ C M be a precompact connected domain. Let A\j4(€2) be
the first eigenvalue of the Laplacian for the Dirichlet problem in Q) and let ¢ €
C2(Q) N C°(Q) such that ¢ >0 in Q and ¢|,q =0. Then

_AM _AM
igf ( A¢ ¢> < Ay(0) < sgp ( A¢ ¢> . (4.3)

Furthermore, equality in some of the inequalities (4.3) is attained if, and only if,

¢ is a first eigenfunction ¢y associated to A1 4(€2), and hence, equality in one of

the inequalities implies equality in the other.

4.1.1 First eigenvalue of the Laplacian for the Dirichlet

problem on rotationally symmetric model spaces

It can be proved that the first eigenfunction on geodesic balls of rotationally

symmetric model spaces have, besides being positive, some more properties.

Proposition 4.1.9. Let (M, g,) be an n-dimensional rotationally symmetric
model space with center o, € M,,. Let B$(o,) be a geodesic ball with radius R
centered at o,. Suppose that R < inj, (0y,). Then, any positive first eigenfunction
¢1 of the Laplacian A, for the Dirichlet problem in B%(o,,) is a radial function,
namely, there is a positive smooth function fy : [0, R) — R, which is continuous
at R with f(R) =0, such that ¢1(p) = fi(r(p)) for all p € By(o,,), where 1 is the
radial distance function to the center o, (see Definition [2.1.69).
Furthermore, fi satisfies that f1(0) =0 and fi{(t) <0 for all t € (0, R).

Proof. Let ¢ € C§°(B%(0,)) N C°(B%(0,)) be any positive first eigenfunction of
the Laplacian Ay for the Dirichlet problem on a geodesic ball B%(o,,)) of Ml,, with
radius 2 < inj, (o,) centered at o, € M. Then, since the metric tensor g, is
invariant under a rotation around the center o, i.e., remains invariant under the
action of the orthogonal group (see [32]), and applying Lemma 7 of [14], we have
that ¢, is a radial function. Namely, there exists a positive real valued smooth
function f: [0, R] — R, f1 € C*(]|0, R)) N C°(]0, R]), with f(R) = 0 such that
we can rewrite the first eigenfunction as ¢1(p) = fi1 (r(p)) for all p € B%(o,,).
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4. First Dirichlet eigenvalue comparisons on geodesic balls

Moreover, by using that ¢ is a radial function, it is know that f;(0) = 0.

Indeed, since

Vo, 01(p) = Vg, ir(p) = fi(r(p))Vy,r(p) forall pe Bi(o,).

Therefore, given normal coordinates (B%(o,,), ¢) with normal coordinate functions
{z'}_,, we have that {0/0x'},_, forms an orthonormal basis of 7, M, and hence,
from assertion (4]) of Proposition [2.1.70, we obtain that

"7 0

Vo.01(p) = ) X 105 5

1=

for all p e By(oy).
P

Thus, for the curve (t) = (tcos6,tsin6,0,...,0), we have that r(p) = t for all
0 € [0,27), and hence, we obtain that
p)

J

Therefore, since Vy_¢1(0,) does not depend on the chosen @ € [0,27) and since

Vi, é1 ((0) = D) (e -

0
g 2
) + sin 572

In particular, for v(0) = o,,, we have that

vgw ¢1(Ow) = f{(O) (COSQ % )

0
g -2
) 4+ sin 972

/ d .
Vi) =£i0) 55| . i =0

/ a . m
Vg, #1(0,) = fi'(0) 92 i if 6= >

we obtain that f] must vanish at 0, namely, f](0) = 0.
On the other hand, from the expression ([2.32)) of the Laplacian in rotationally

symmetric model spaces, an easy computation leads to

A én(p) = f1 (r(p) + (n — 1>%ﬁ (1)) = Mg, (B3(0.) fr (r(p).

for all p € B§(o.,), where Ay g (B%(0,)) > 01is the first eigenvalue of the Laplacian
for the Dirichlet problem in B%(o,). Hence, for any r € [0, R],

1(r)+(n— 1)%&?) = =g, (Bg(ow)) fi(r). (4.4)
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4.2 Some Background

Furthermore, suppose that there is a 79 € (0, R) such that fi(ry) = 0 then, from
(4.4) and since A 4 (B3(0,)) > 0and fi(r) > 0 for all 7 € [0, R), we obtain that

"(r0) = =M1, (Br(oy,)) fi(ro) < 0.

Therefore, we obtain that f; have a relative maximum at ry, and hence, all the
critical points of f; are relative maximums.

Finally, since for a real valued smooth function we know that between two
relative maximums there is at least one relative minimum, we have that f; has
only one relative maximum in [0, R). Then, since f{(0) = 0, we have that 0 is
the only critical point of f; and it is a relative maximum. Therefore, f; is a
decreasing function in (0, R), i.e., fi(r) < 0 for all r € (0, R).

O

4.2 Some Background

Upper and lower bounds for the first eigenvalue of the Laplacian for the Dirichlet
problem on precompact domains 2 of a Riemannian manifold (M, g) have been
widely studied in the literature. Let us first enumerate some of these known
results.

S.Y. Cheng in [12] and [13] obtained upper (respectively, lower) bounds for
the first eigenvalue of the Laplacian for the Dirichlet problem on geodesic balls
of Riemannian manifolds with Ricci curvatures bounded from below by the Ricci
curvatures of the simply connected real space forms K"(x) with constant sec-
tional curvature k (respectively, sectional curvatures bounded from above), by
comparing it with the first eigenvalue of the Laplacian for the Dirichlet problem

on geodesic balls, with the same radius, of K" (k).

Theorem 4.2.1 (see Theorem 1.1 of [13]). Let (M,g) be a complete n-
dimensional Riemannian manifold and let (M.,_, g, ) be an n-dimensional simply
connected real space form of constant sectional curvature k with center o, . Sup-
pose that the Ricci curvatures of M, Ricy, are bounded from below by the Ricci
curvatures of M, , i.e.,

Ric, > (n — 1)k,
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4. First Dirichlet eigenvalue comparisons on geodesic balls

then the first eigenvalue M\ 4 (Bgr(0)) of the Laplacian for the Dirichlet problem of
a geodesic ball Br(o) of M with radius R centered at any point o € M is bounded

from above by

Mg (Br(0)) < A, (BE'), (4.5)

where A1 g, (By®) is the first Dirichlet eigenvalue of a geodesic ball By of M.,
with radius R centered at the center o, . Moreover, equality in (4.5)) is attained
if, and only if, Br(0) is isometric to By".

Theorem 4.2.2 (see Theorem 3.6 of [12]). Let (M,g) be a complete n-
dimensional Riemannian manifold and let (M., g, ) be an n-dimensional simply
connected real space form of constant sectional curvature k with center o, . Sup-
pose that the sectional curvatures of M, secy, are bounded from above by the

sectional curvatures of M, , i.e.,
secg < K,

then the first eigenvalue Ay ; (Br(0)) of the Laplacian for the Dirichlet problem of
a geodesic ball Br(o) of M with radius R < min{inj (o), 7/\/k} (where 7/\/k is
replaced by +oo if kK < 0) centered at any point o € M is bounded from below by

Mg (Br(0)) > A1, (BE), (4.6)

where A1 g, (By) s the first Dirichlet eigenvalue of a geodesic ball By of M.,
with radius R centered at the center o, . Moreover, equality in (4.6)) is attained

if, and only if, Br(o) is isometric to By".

Remark 4.2.3. Note that inequalities and are sharp because equality
is attained in both inequalities if, and only if, Br(0) is isometric to the geodesic
ball of radius R in M, .

More recently, A. Hurtado, S. Markvorsen and V. Palmer generalized in [39)
S.Y. Cheng’s result by proving that if secy(c(Vgro,-)) < (>)secy (0(Vg 70,))
then A1 4(Bgr(0)) > (<)M, (B3(ow)) where Bgr(o,) is a geodesic ball of a rota-
tionally symmetric model space (M,,g,) with center o, € M,. In particular,
they showed bounds for the first eigenvalue on extrinsic balls and, from these

bounds, they recover the intrinsic case (see Theorems 8 and 9 of [39)]).
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4.2 Some Background

On the other hand, G.P Bessa and J.F Montenegro in [5] have obtained the
same upper and lower bounds for the first eigenvalue of the Laplacian for the
Dirichlet problem of geodesic balls of Riemannian manifolds. But they use the

same control on the behaviour of mean curvatures of the geodesic sphere that we
have used along Chapter

Theorem 4.2.4 (see Theorem 1.1 of [5]). Let (M, g) be a complete n-dimensional
Riemannian manifold and let (M, ,g,, ) be an n-dimensional simply connected
real space form of constant sectional curvature xk with center o, . Suppose that the
mean curvatures Hg, o) of the geodesic spheres S,(o) of M with radius r centered
at any point o € M are bounded from below (resp. from above) by the mean

curvatures Hgws of the geodesic spheres Sy~ of M, with the same radius r, i.e.,
Hg,(0)(q) = (<) Hagen (r)

for all point g € S,(0) and for allr € (0, R|. Then the first eigenvalue A\ 4 (Br(0))
of the Laplacian for the Dirichlet problem of a geodesic ball Br(o) of M with
radius R < min{inj, (o), 7/\/k} (where w/\/k is replaced by 400 if kK < 0) centered
at o € M is bounded from below (resp. above) by

Mg (Br(0)) 2 (S)Ag,, (Bi) (4.7)

Moreover, equality in (4.7)) is attained if, and only if, Hs, (o)(q) = Hge~(r) for all
q € S:(0) and for all r € (0, R).

Remark 4.2.5. Note that in this case, as in the case where is assumed lower
bounds for the Ricci or upper bounds for the sectional curvatures, inequality
(4.7) is sharp. But now, instead of an isometry between geodesic balls, equality
is attained in (4.7)) if, and only if, Hg, () = Hge~ for all r € (0, R]. Observe that
the conclusion of equality between the mean curvatures of geodesic spheres does
not imply isometry between the geodesic balls. Indeed, in Example 5.3 of [6],
G.P. Bessa, V. Gimeno and L. Jorge showed a 4-dimensional geodesic ball non-
isometric to the geodesic ball of M, , but with Hg, () = Hge~ for all r € (0, R].

See too Example |3.3.6| and the argument above the example.

An alternative way to obtain bounds for the first eigenvalue of the Laplacian
for the Dirichlet problem makes use of the isoperimetric inequalities and the so-

called symmetrizations. In fact, the following results make use of the Schwarz
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4. First Dirichlet eigenvalue comparisons on geodesic balls

symmetrization which we have already defined and studied in Subsection [2.2.3
(and used to prove our statements along Chapter (3)).

The first result in this direction is due to G. Faber and E. Krahn which in
[25], [47] showed a lower bound for the first eigenvalue of the Laplacian for the
Dirichlet problem on a general kind of domains of Riemannian manifolds (see
[8]) by comparing it with the first eigenvalue of the Laplacian for the Dirichlet
posed on the Schwarz symmetrization of those domains. We state this result for

precompact and connected domains in a Riemannian manifold.

Theorem 4.2.6 (see Theorem 2 of Chapter IV of [§] (or see [25, 47] for the
original papers)). Let (M,g) be a complete n-dimensional Riemannian manifold
and let (M., g, ) be an n-dimensional simply connected space form of constant
sectional curvature k with center o, . Let ) be a precompact connected domain
Q C M and let BE’?Q)(OWK) be the Schwarz symmetrization of Q in M, . Sup-
pose that for all precompact connected domains 2 C M we have that the volume

equality implies the following inequality between the volumes of its perimeters
vol (€) = vol (ngm(owﬁ)) — vol (992) > vol (83;?9)(0%)) .

Then, for all precompact connected domains @ C M, the first eigenvalue A 4(€2)
of the Laplacian for the Dirichlet problem of Q) is bounded from below by

Mo (Q) 2 g, (Bilo0s.) (4.8)
Moreover, equality in (4.8]) is attained if, and only if, Q) is isometric to Bz’E‘Q)(owﬁ).

The first eigenvalue of a precompact domain in a Riemannian manifold can
be computed by means of the moment spectrum of D. In [57], P. McDonald and
R. Meyers proved that the moment spectrum of a precompact domain €2 can be
used to compute the first eigenvalue of the Laplacian for the Dirichlet problem

on ) as follows.

Theorem 4.2.7 (see equation (3.1) of [57]). Let (M,g) be a complete n-
dimensional Riemannian manifold and let 0 C M be a precompact connected
domain. Let {Ay (2)}32, be the moment spectrum of Q. Then, the first eigen-
value of the Laplacian for the Dirichlet problem on ) satisfies

- . mF Ak (Q)
Mo (@) =sup {120+ fim sup (3)" B <o
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More recently, in the particular case when the precompact connected domain
is a geodesic ball B%(0,) of a rotationally symmetric model space (M, g,) with
radius R centered a the center o, € M,,, A. Hurtado, S. Markvorsen and V.
Palmer showed in [39] that the first eigenvalue of the Laplacian for the Dirichlet
problem on B%(o,) can be bounded, and computed, in terms of the Poisson

hierarchy and the moment spectrum of B(o,) as in the following theorem.

Theorem 4.2.8 (see Proposition 2, Corollary 1 and Theorem A of [39]). Let
(M, g,,) be an n-dimensional model space with center o, € M, and let B$(o,) be
a geodesic ball of M, with radius R centered at o,. Suppose that R < inj, (0u)
and let {ufﬁ};o:l and {Ay (B(0w))} ey be, respectively, the Poisson hierarchy
and the moment spectrum of B%(o,). Then, for all k > 0, the first eigenvalue
of the Laplacian for the Dirichlet problem on B%(o,,) is bounded from above, and

from below, by

uj r(0) Ak (Bi(ow))
(i 1)—ERED < (B3(0.) < (h+ 1) Wl (49)
“k+1,R(0) b f Apy1 (Bg(o,))
In particular, when k =0, we have that
1 1 vol (B%(o,,
< Ay (Bi(on)) < WHBROD) g

Ex(0) R qu(r)dr A (B(o.))”

where EY is the mean exit time function on B%(o,) and q, is the isoperimetric
quotient

And moreover, the first eigenvalue can be computed by

My (B(o) = tim (b + 1)~ gy Ae(Bil00)

. 4.11
dm o e By Y

Remark 4.2.9. The lower bound in equality was proved first by C. Betz,
G. Camera and H. Gzyl for geodesic balls of the n-dimensional unit sphere S"(1)
(see Theorem 2.1 of [7]) and several years later it was generalized by C.S. Barroso
and G.P. Bessa for geodesic balls of rotationally symmetric model spaces M, (see
Theorem 1.1. of [3]). Note moreover that, since we have, from Theorem [3.2.13]
that E%(0) = maxps(,,) (L), we have that the left part of inequality is
related with the work of G. Del Grosso and F. Marchetti. In fact, they proved in
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4. First Dirichlet eigenvalue comparisons on geodesic balls

[18] that, given a precompact domain 2 C M of a Riemannian manifold (M, g),

the first eigenvalue is lower bounded by

1

Q> —.
Arg(82) = max,,(Eq)

On the other hand, the upper bound in inequality for domains in the
Euclidean space R™ is the classical G. Pdlya’s inequality which relates, taking
k = 1, the first eigenvalue of the Laplacian for the Dirichlet problem and the
torsional rigidity of the domain (see Section 5.2 of [67] for results on planar regions
of R™ of the classical inequality and see Proposition 2.3 of [72] for the proof on
precompact domains of R™). Furthermore, the upper bound in inequality
was generalized by E.B. Dryden, J.J. Langford and P. McDonald in [21] for a
general bounded domain for £ being even, and moreover, they also established
upper bounds for the first eigenvalue on bounded domains ) of a Riemannian
manifold (M, g) by using the moment spectrum, the volume and the variance
Vary(Q) = [, (uaro — ui,,) dV,. We state this mentioned bounds in the following

theorem.

Theorem 4.2.10 (see Theorems 1.1 and 1.2 and Corollary 3.1 of [21]). Let
(M, g) be a complete n-dimensional Riemannian manifold and let Q C M be a
bounded domain. Let {Ay (2)}32, be the moment spectrum of Q@ and let Vary(§2) =
fQ(u%,Q — u%ﬂ)dVg. Then, the first eigenvalue of the Laplacian for the Dirichlet
problem on ) is bounded from above, for all k > 0, by

(2k + 1) As, ()
A2k+1(Q) ’

)‘1,9(9)

IN

((k+1)D* Agpi1(Q)
(2k + 1)! A%H(Q)

Al,g(Q)

IN

vol(2),

2k +2)! = (K + 1)1)? A1 ()

A1) < .
1) < (2k + 1)! Vary1(€2)

Finally, in [6], G.P Bessa, V. Gimeno and L. Jorge generalized the equalities
(4.11)) of the above Theorem to precompact domains €2 by showing that the
first eigenvalue of the Laplacian for the Dirichlet problem of €2 can be computed

in terms of its moment spectrum as above, and moreover, that it also can be
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4.3 Volume-based rotational symmetrization of the metric tensor

computed in terms of the L2-norm on ) of the elements of its Poisson hierarchy

as follows.

Theorem 4.2.11 (see Theorem 2.1 and Corollary 3.3 of [6]). Let (M,g) be a
complete n-dimensional Riemannian manifold and let @ C M be a precompact
connected domain. Let {upa}>, and let {Ar(Q)}oo, be, respectively, the Pois-
son hierarchy and the moment spectrum of 2. Then, the first eigenvalue of the
Laplacian for the Dirichlet problem on € can be computed by

Ay (22)

' . [[ur,ol
Mg (Q) = lim (k4 1)———— = lim (k + 1) ———2,
l,g( ) k%oo( >.Ak+1 (Q) kﬁoo( )||uk+179||2

where ||-||, denotes the Lo-norm on €.

In Section given any complete Riemannian manifold (M, g), we will make

use of the above Theorems 4.2.8] 4.2.10| and [4.2.11] to establish comparisons for

the first eigenvalue of the Laplacian on geodesic balls of M. Moreover, we will
show a S.Y. Cheng-type comparison in Section 4.5l Finally, in Section [4.6] we
will make use of the above Theorems [4.2.8 and 4.2.11] to show that some of

the equality cases of our comparisons for the Poisson hierarchy and the moment

spectrum (which we proved along Chapter [3)) characterizes the first eigenvalue
of the Laplacian for the Dirichlet problem on geodesic balls. Moreover, we use
Theorem to show that the first eigenvalue determines the Poisson hierarchy
and the moment spectrum of geodesic balls. In fact, in Theorem [£.6.3] we give

an alternative proof of Theorem by using Theorem [£.2.7]

4.3 Volume-based rotational symmetrization of

the metric tensor

In Sections and [4.5] in order to prove or upper bounds for the first eigenvalue
of the Laplacian for the Dirichlet problem on geodesic balls, we shall define, given
a Riemannian manifold (M, g) and a fixed point 0 € M, a rotationally symmetric
metric tensor g on M in such a way that the volumes of the geodesic spheres
with respect to the metrics g and g are equal. Namely, given the geodesic ball

Br(o) of M with radius 0 < R < inj,(0) centered at o, we shall have the equality
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4. First Dirichlet eigenvalue comparisons on geodesic balls

voly(S;(0)) = volz(S,(0)) for all r € [0, R), i.e., the area functions with respect
to g and g satisfy A,(r) = Ag(r) for all » € [0, R) (see equation Remark
for the definition of the area function). In fact, this rotationally symmetric
metric tensor will allow us to find a comparison for the Dirichlet eigenvalue of
the Laplacian for the Dirichlet problem on geodesic balls but without controlling

the behaviour of the curvatures as in Cheng’s and Bessa-Montenegro’s Theorems

[4.2.1] |4.2.2| and [4.2.4] and neither using an isoperimetric condition as hypothesis
as in Faber and Krahn Theorem|4.2.6| Furthermore, in Theorems4.4.1and 4.5.1},

we will use this technique to characterize the equality case under some condition

on the mean curvatures of the geodesic spheres as in Bessa-Montenegro’s Theorem
4.2.4)(in Theorem[4.6.3|we give an alternative proof of Bessa-Montenegro’s result).

Along this section, we construct the rotationally symmetric metric tensor g
which we called rotationally symmetric metric tensor of comparison, and more-

over, we show some of its properties.

Definition 4.3.1. Let (M, g) a complete n-dimensional Riemannian manifold
and let o be a point of M. Given Br(o) the geodesic ball of radius R < inj, (o)
centered at o, we define the rotationally symmetric metric tensor of comparison

g associated to g on Br(0) as the metric tensor given by

dr @ dr + (wg or) TG rs O Br(o) — {o},

1

G-l | (4.12)
Z dz' ® dz’, on o,
i=1

where {l’i}?zl are the normal coordinate functions of a system of normal coor-
dinates (Bgr(0),() (see Definition , r and 7 are, respectively, the radial
distance function to o and the projection to S"™' (see Definitions and
respectively), and wy, : [0, R) — Ry is the positive function given by

t—> wy(r) = (%) " (4.13)

where A, (r) is the area function of the geodesic spheres S,(o) of M with radius r

centered at o.
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4.3 Volume-based rotational symmetrization of the metric tensor

Remark 4.3.2. Observe that Bg(0) is rotationally symmetric with respect to g.
Namely, (Br(0), ) is a rotationally symmetric model space with center o, radius
A = R and warping function w, given by , and hence, the geodesic ball
Br(0) together the rotationally symmetric metric tensor of comparison g have
all the properties of the rotationally symmetric model spaces (see Section
to check these properties) including all the results on the first eigenvalue of the
Laplacian for the Dirichlet problem on geodesic balls of rotationally symmetric
model spaces (see Section [4.2|to check this mentioned results), we will show these
properties and results along this section.

Thus, try to find comparisons between geometric invariants of (Bg(0), g) and
(Bgr(0),9) is equivalent to looking for comparisons between these invariants of

(Br(0), g) and geodesic balls of rotationally symmetric model spaces.

On the other hand, to show that the metric tensor g is well defined, we study,
in the following Theorem the smoothness of this new metric tensor by
proving that ¢ satisfy one of the smoothness conditions for the metric tensor of

a model space of Theorem [2.2.3]

Theorem 4.3.3. Let (M, g) be a complete n-dimensional Riemannian manifold
and o € M. Let Br(0) be the geodesic ball of M with radius R centered at o € M.
Suppose that R < inj (o). Then, the rotationally symmetric metric tensor of

comparison g associated to g is smooth in Br(o).

Proof. To prove the smoothness of g at o, we show that w,(r) can be rewritten
as

wy(r)=r (1 + T2g0(7“2))
with some positive smooth function ¢, and hence, the theorem follows by applying

Theorem 2.2.3
First, from Theorems [2.1.77] and 2.1.79, we know that, for all 0 < r < R, the

area function A,(r) is smooth and it has Taylor expansion about r = 0 given by

Ay(r) = apr™ " + agr™™ + a4

for some constants ag, € R, k € N, with ay = vol (S?_l). In particular, A,(0) = 0.

Moreover, since the Taylor expansion about 0 of a smooth function f is of the

FO),, 10), 570
LR TR TR 3(!)

form

(0) AR
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we have that the coefficients of the first n —2 terms and the ones of the terms with
even order in the Taylor expansion of A, are vanished, and hence, we obtain that
the derivatives Aék)(O) =0for k=1,...,n—2, and the derivatives Aén”k)(@) =0
for k € N. Since every derivative of A,(r) vanishes up to n — 1 order and
since Ay(r) is a smooth function up to r = inj,(0), then we can use, for all
r € [0,inj,(0)], the Taylor expansion with integral form of the remainder (see [70]
for instance) and we can rewrite A,(r) as

! I /OT(T - x)”_2A§”_1)(J:) dx.

Ag(r):(nj

Moreover, by using the change of variable x = sr in the above expression, we
obtain that

Ay(r) = agr" *f(r), where f(r):= ! I /0 (1-— s)"_QAg”_l)(ST) ds.

~ap(n —2

We note that f(r) is a positive smooth function with

f®(r) = L I /1(1 - s)"_stA§"_1+k)(sr) ds.
+Jo

ag(n — 2

In particular, f(0) = 1 and, since A§n+2k)(0) = 0 for £ € Z, the odd order
derivatives of f(r) vanish at 0. In fact,

1 1
(2k+1) _ o \n=2_k g (n+2k) _
f (0) = I /0 (1—s)""s" Ay (0)ds =0

ag(n — 2

for all £k € N. Then, as in the proof of Theorem [2.2.3] the function f can be

extended to a smooth even function f(¢) with f(0) = 1, given by

f(r) _ flr), ?f r >0,
f(=r), if r<Oo.

Now, also following the same reasoning as in the proof of Theorem since f

is a smooth even function we have that it can be expressed as

where h is a positive smooth function (see [75]). Note that h(0) = f(0) = 1. We

can therefore express the area function as

Ay(r) = agr"'h(r*) = vol (S771) 7"~ h(r?).
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Now, let us define the function F(r) := (h('r’))"%l Then, since h(r) > 0 for
all 0 < r < R and h(0) = 1, we have that F is smooth for all r € [0, R] with
F(0) = 1. Hence, from (4.13)), we obtain that

wy(r) = rEF(r?).

On the other hand, since F' is a positive smooth function with F'(0) = 1 then,

applying the fundamental theorem of calculus (see [70]), we can express F as

F('r’)zl—i—/OTF’(x)dazzler/OlF’(sr)ds.

Thus, we can rewrite F' as

1
F(ry=1+rp(r), o(r):= / F'(sr)ds.
0
This implies that F(r?) = 1 + r%p(r?), and moreover, we obtain that
wy(r) =1 (1 +1r%p(r?)) (4.14)

for some positive smooth function . This means that the rotationally symmetric
metric tensor of comparison ¢ satisfies assertion [2| of Theorem [2.2.3 and hence,

the theorem follows. O

Furthermore, since (Bg(0),q) is a rotationally symmetric model space, we
have the following proposition which summarizes some properties satisfied by the
radial distance function, the unit radial tangent vector, the area function and the
Laplacian in Bg(o) with respect to the rotationally symmetric metric tensor of

comparison g.

Proposition 4.3.4. Let (M, g) be a complete n-dimensional Riemannian mani-
fold and o € M. Let Br(0) be the geodesic ball with radius R centered at o € M.
Suppose that R < inj,(0). Let {«'};_, be normal coordinates functions on Bg(o),
let v be the radial distance function to the center o in Bg(o) and let g be the rota-
tionally symmetric metric tensor of comparison associated to g defined on Bgr(o).

Then, we have:
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1. The equality between the gradients of the radial distance function r with
respect to g and g, i.e., for any p € Br(o), we have
~a'(q) 9

Var(p) = Vyr(p) = or(a) = 328 55 -

2. The equality g (Vgr(p), Var(p)) = g(Vgr(p),Vyr(p)) = 1 for any p €
Br(o), and hence, ||[Vgr(p)|; =1 for any p € Bg(0).

3. The equality between the distance functions with respect to g and g, i.e., for
any p € Bg(o)
distz(o, p) = r(p) = dist, (o, p),
and hence, the geodesic balls (Bgr(0),q) and (Bgr(0),g) are the same subset
of M.

4. The equality of the area function

Ag(r) = volg (S,(0)) = vol (ST 1) wi ' (r) = Ay(r) for all r€[0,R).

g g

5. For any smooth function f : Br(o) — R, the Laplacian Ay can be com-
puted at any p € Br(o) as

O*f wy (r(p)) of

Aif(p) = 25@) + (n—1)—F—-=(p)
or wy (r(p)) Or (4.15)
) g Vo) o)

where A, denotes the Laplacian of the (n — 1)-dimensional usual unit sphere.
st

Proof. Let begin this proof by showing assertion (I). Let (Bg(o0),() be nor-
mal coordinates centered at o with normal coordinate functions {z'};_, and let
(Br(0) — {o},v) be polar coordinates on M centered at o with coordinate func-
tions r, #°, where r is the radial distance function to o and, given a chart (S}~ *, 5)
with coordinate functions {gi}?;ll, 0" = 6" o 7 with 7 the projection to S7~" (see

Definition [2.1.73| and equations (2.19) and (2.21). Then, we know that, given

p € Bgr(o) — {0}, the coordinate vector fields {5%, %, cl #} form a basis of
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4.3 Volume-based rotational symmetrization of the metric tensor

the tangent space T,M and that the metric tensor g can be expressed in polar

coordinates as

n—1
o o 0

ij=1
where {drp, d@ll,, e ,d@;}*l} are the associated dual forms in T,M.
On the other hand, from Definition [£.3.1 we know that the rotationally sym-

metric tensor of comparison g on Bg(o) — {0} is given by
g=drodr+(wgor) g, ,
1

with warping function w, given by . Hence, we can choose
{0/0r, ey, ..., e,—1} an orthonormal basis of T, M with respect to g, where 0/0r is
the unit radial vector field and {e;}7—," is an orthonormal basis of the orthogonal
complement (8/87")5l of 9/0r in T,,M such that

span{ } = spa 9 _0_
pan{es,...,en-1} =8pany oy, moy o

Then, expressing the gradient of the radial distance function in this basis, we
obtain that

VgTZﬁ(VT ) 0 —l—Zg (Var,e:) e
=1

_0ro . er)e = 2
Oror = & "o’
and hence by applying assertion ({4]) of Proposition [2.1.70] we obtain the equality
Vir=2=Vor=>3", ”j 5.7, Which shows assertion ().

Furthermore, from assertion of Proposition [2.1.70, we also know that
IVgr|l, = 1. Then, applying assertion (), we obtain that

~ (0 0 0 0
g(Vgr,Vr) =g (E’ E) dr ((37“) dr <87"> =1=g(V,r,V,r),

and hence, [[Vgr|; = [|V,yr(l, = 1, proving assertion @.
To prove assertion ( . ) let us first remark the following: as we know that

{%78%1"“’89" 1} is a basis of T}, M and since

spaniéi,...,eyp_1; = Span 001 " gon—1 [
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4. First Dirichlet eigenvalue comparisons on geodesic balls

we have that {2- } _, forms a basis of the orthonormal complement (9/ 67‘) of
d/0r in T,M with respect to g.

Now, we are going to use Koszul’s formula

29(VxY,Z) = Xg(Y,2) +Yy(X,Z) — Zg(X,Y)
—|—g([X,Y],Z) - g([Xv Z]7Y> - g([Yv Z]7X)

to show that Vgr is a geodesic vector field with respect to the metric tensor g.
Let X =Y = Z = Vgr then, using Koszul’s formula, it is easy to check that
g (varv r, Vg r) = 0. On the other hand, taking X =Y = Vgr and, for a fixed
1=1,.. -1, 7Z =

using Koszul’s formula, we have that

- aeﬂ
0 0 0
=2
(Vv,,Vr%) Varg(Vgr 80’) 20 g(Vgr,Vgr)
0 - 0
([V r, Vir], 50 > —2g ([Vgr,w] ,V§r> :
Thus, since @ (87“) p and [V T, a‘z,] = 0 because Vgr = o, applying asser-
tion ({2), we obtain that g(Vv »Vgr, 891) =0forallz=1,...,n —1. Then
g (VV§TV§T, e ) =0foralli=1,...,n—1, and hence, Vv, Vzr = 0.
d

Therefore, the integral curves of Vyr = Or = % are geodesic curves in Bg(0)

or
with respect to g. Namely, given p € Bg(o) — {0}, the segment given by 7 :
0,7(p)] — Bg(o), v(t) := (t,0,...,0"1), is a geodesic curve with respect to g
joining o with p and we have that +/(¢) = gr = Vyr(y(1)).

Finally, we are going to show that the geodesm curve v defined as above
minimize the arc-length with respect to g. First, note that r(p) = (3(vy) >
distg(o, p) because ||7/(r)|l; = |[Vgr|l; = 1. On the other hand, let £ = distg(o, p)
and let 3 : [0,¢] — M be a normalized curve joining o with p, i.e., 5(0) = o,
B(l) = p and [|#']; = 1. Note that 5(3) = ¢ = distz(o,p). Then, applying

assertion , we have that

distz(0,p) = £ = £5(B /||ﬂ - ds>/ 18/ 1937(5)1| cos(®)ds
=/0 7 (Var(s >,5<s>>ds=/<roﬁ><>ds—<ro@><> (r o ) (0)

=r(p) —7r(0) = r(p) = Lz(v) > distz(o, p),
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4.4 Upper bounds computed by the area function

and hence, distz(o,p) = r(p) = disty(o,p) for all p € Br(o) — {o}, which shows
assertion (3)).

On the other hand, since (Bg(0), g) is a rotationally symmetric metric tensor,
we have, from equation (2.31)), that Ag(r) = vol (S}~") w"~!(r), and hence, from

the definition of the warping function w, (see equation of Definition ,
we obtain assertion (4)).

Finally, assertion |5[ comes by a straightforward computation using the expres-
sion of the Laplacian on rotationally symmetric model spaces.

]

4.4 Upper bounds for the first eigenvalue on
geodesic balls computed by the area func-

tion of the geodesic spheres

In this section we prove the first of our claims regarding the first eigenvalue of the
Laplacian for geodesic balls and, as a consequence, we show some upper bounds
for the first eigenvalue by applying the known results stated along Section [4.2]
But first, observe that in the statement of the following theorem there are no

conditions on the Ricci or sectional curvatures (as in the hypothesis of Cheng

in Theorems [4.2.1| and [4.2.2)), neither on the mean curvature of the geodesic
spheres (as in the hypothesis of Bessa and Montenegro in Theorem [4.2.4)). But
the equality in inequality (4.16)) is attained when the geodesic spheres have radial

mean curvature as in the result of Bessa and Montenegro.

Theorem 4.4.1. Let (M, g) be a complete n-dimensional Riemannian manifold
and o € M. Let Bg(o) be the geodesic ball of M with radius R centered at o.
Suppose that R < inj,(0). Then, the first eigenvalue A\ 4 (Br(0)) of the Laplacian
A, for the Dirichlet problem in Bg(o) with respect to g is bounded from above by

Ay (Br(0)) < A1 (Br(0)).- (4.16)

where g is the rotationally symmetric metric tensor of comparison associated to
the metric tensor g and Ay 4 is the first eigenvalue of the Laplacian Ay for the

Dirichlet problem on Bgr(0) with respect to g.
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4. First Dirichlet eigenvalue comparisons on geodesic balls

Furthermore, equality in (4.16)) is attained if, and only if, there exists a smooth
function h(r) such that

Hg (o) =h(r) forall 0<r<R.

Proof. We are going to use the Rayleigh’s Theorem 4.1.7| as follows: let ¢; €
Cs° (Bgr(0)) N C°(Bg(0)) be a positive first eigenfunction associated to the first
eigenvalue A5 (Bg(0)) of the Laplacian Ay for the Dirichlet problem in Bg(o).
Then, from Rayleigh’s Theorem, we know that ¢; and A, ; (Bgr(0)) are related by
the Rayleigh quotient with respect to g as follows

fBR(o V;01(p), Vz01(p)) dV5
fBR (o i(p) dV ’

where dVj is the Riemannian volume element in B (o) with respect to the rota-

Mg (Br(0)) =

(4.17)

tionally symmetric metric tensor of comparison g.

On the other hand, let A\, ;, (Br(0)) be the first eigenvalue of the Laplacian A,
for the Dirichlet problem in Br(o). Then, since ¢; € C5° (Bgr(0)) N C°(Bgr(0))

and ¢, is a non-trivial function, we have, by applying again Rayleigh’s Theorem

1.7 that
S50 9 (V61(p), Vi (p)) dV,

For RO AV,

where dVj, is the Riemmanian volue element in Bg(0) with respect to the metric

ALg (Br(0)) < (4.18)

tensor g.
Thus, our upper bound for A; ; (Bg(0)) in (4.16]) is obtained by showing that

S0 9 (VOLD). VOLP)) AV, [, 9 (V51(P), Vi () dV;
Jon(o 91 (0) AV, oo 91 () dV;

(4.19)

In fact, taking into account that ¢,(p) = f1(r(p)) is a decreasing radial function
where r is the radial distance function to the center o and f; is a positive smooth
function such that fi(R) = 0, f{(0) = 0 and f{(r) < 0 for all » € (0, R) (see
Proposition , using that [|[Vyr(|, = [[Vgr|; =1 and that Ay(r) = Az(r) for
all 0 < r < R (see assertions and of Proposition (4.3.4))), and applying
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4.4 Upper bounds computed by the area function

the co-area formula (see Theorem [2.1.62)), we obtain that

[ s, / e I, 4
</{,,GM o TOA T ) "
/ff >(/Sr< )= [ oo
/ F2(r) Ag(r) dr = / f(r) ( /S (O)dAa> dr
- </{M o TOATT 4 )dr
= e TR 150l 5
-/  dlwavy

Moreover, as V,¢1(p) = V,f1 (r(p)) = f1 (r(p)) V,r(p) for all p € Br(o), then

9(Vy01(p), Vodr1(p)) = |1 (r(0))° 9 (V4r(p), Vor(p)) = (f1 (r(p)))’

is also a radial function for all p € Bg(0). Hence, the numerator of the Rayleigh’s

quotient with respect to the metric tensor g satisfies that

/B ( )9 (Vy1(p), Vgt (p)) dVy = (L (r(p)2 V.

Br(o)

Analogously, since g (Vg¢1(p), Vi (p)) = fi(r(p))g (Var(p), Var(p)) = fi(r(p)),

we have that
| 39500 Vo) Vs = [ () Vs
Br(o) Br(o)

Finally, using the same reasoning we used to obtain the equality between the
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4. First Dirichlet eigenvalue comparisons on geodesic balls

denominators of the Rayleigh’s quotients, we have that

/ 201 — (1 (r(0)*
/BR(O) (f1 (r(p))) dVg—/BR(O DR Vg7 ()], dVy

(o (0 )
KvaW(L@meAﬂﬂmf@mw
- [ aseya = [ ([ adg)ar
N /oR </{peM r(p)=r} <||V<’”((1;>))”>~ dAg) "

R o
_L@WW%WN%M

—L“MWW%

which shows equality . Therefore, by inequality and by equalities
and , we obtain that
M (Bo(o) < S50 9 (Ve01(p), Vi (p)) dVy
’ f Br(o ngZ v,
fBR(O V ¢1( ) Vg¢1(p))dV§
a0 1P
Before begin to prove the equality case, let us remember that, from equations
and , the area function of the geodesic sphere S,(0) of radius r
centered at o in a system of polar coordinates (Br(0), 1) with respect to the metric

tensor g (see Definition [2.1.73) and with respect to the rotationally symmetric

metric tensor ¢ is, respectively,

T) :/ Vdet (G(r,0))do* A--- NdO™ T,
Sn—l

Ag(r) = w)H(r)vol (S771).
And moreover, from Proposition , we have, for any p = (r,0) € S,(0), that
det (G(r,0)) 0

o)
— or = —n € T .
HST.(O)(p) - dot (G(T’, 6)) - 87“1 det (G( 79))

(4.20)

= Mg (Br(0))
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4.4 Upper bounds computed by the area function

Now, to prove the equality case, let us first assume equality in inequality
(4.16). Then, all the inequalities in equation (4.20) became equalities, which

implies, in particular, that
S50 9 (Vgd1(p), Vyo1(p)) dV,
fBR(o) ¢% p)d‘/g ’

and hence, from Rayleigh’s Theorem [4.1.7] we obtain that ¢, is also a first positive

eigenfunction associated to A\, (Br(0)). Therefore, from the expression of A, in

Mg (Br(0)) =

polar coordinates, we have, for any p € Bg(0), that

fi(r(q)

Anlp) = 00D + 5 (m VAT )|

= —\1 4 (Br(0)) f1 (r(p)) .

Then, for any point p € S,(0), r(p) = r, we obtain that

1 (r) + Mg (Br(0) fi (r) = = f1 (r) Hs, (o) (P)- (4.21)

Furthermore, since ¢; is a first positive eigenfunction associated to A 3 (Bg(0)),

by equation (4.15)), we have, for any p € Bg(0), that

Agor(p) = £ (r(p) + (n = D)==—=5f1 (r(p)) = = Ay (Br(0)) f1 (r(p))

and hence, for any p € S,.(0), r(p) =r,

wy(r)

1(r) + Mg (Br(0)) fi(r) = —(n — 1)~

wy(r)

fi(r).

Therefore, from (4.21]) and taking into account that fi(r) < 0 for all r € (0, R),
we obtain that the mean curvature of the geodesic sphere S, (o) computed at any
point p € S, (o) is

Hs, (0)(p) = (n = 1)—=

namely, Hg, (o) is a radial function as stated.

To end this proof, let us show that if the mean curvature of the geodesic
spheres is a radial function, i.e., ]:'IST(O)(p) = —h(r)V,r, then the equality
in inequality is attained. More precisely, we show that A, (Bgr(0)) =
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4. First Dirichlet eigenvalue comparisons on geodesic balls

A5 (Bgr(0)). Indeed, we can prove that ¢; is a positive eigenfunction of A, be-

! (r 9 n+/de r L (r

Bgtn) = 1 00) + 57 (0 VIGCE))| 00 o

= 1 (r(p)) + h(r(p))f1 (r(p)) -
But since
w;('r’) = L i W (r) vol (SP1
(n - 1)wg(7“) Wi (r)vol (Sp1) dr (w5 () vol (8171))
d 1 ety A ~ B i
= %ln (wop=t(r)yvol (S771)) = glnAg(s) T @ In A,(s) _

| 9
-1 /S /A6t (G5, 0))
_ H, (. 0)7/det (G(r,0)) d A --- A dg™"

Ag(r) spt

b / h(r)\/aet (G 0)) dO* A - -« A ™
Ay(r) spt
_ h(r) o ” I n—1
-1 /S¥1\/d C(G(r0))d6" A - A db

_ h()
Ay(r)

from equations (4.22)) and (4.15)), we have that

do* A - AN dpm !

Ag(r) = h(r),

f{ (r(p) = Azpr = =iz (Br(0)) ¢1(p).

Hence, ¢; is a positive eigenfunction of the Laplacian A, and then, since a first
eigenfunction is the only eigenfunction which does not change sign (see Corollary
and Remark , we have that ¢; is a first eigenfunction of the Laplacian
A, and the Theorem follows.

O

Remark 4.4.2. Observe that the function A(r) of Theorem is

~—

S

o(r

o(7

h(r)=(n—1)

S

~—
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4.4 Upper bounds computed by the area function

On the other hand, note that in the classical symmetrization results (see Sec-
tion , the symmetrized object minimizes the first eigenvalue of the Laplacian
for the Dirichlet problem, but in the above result our symmetrized object maxi-
mizes the first eigenvalue. Namely, our symmetrized object (g) provides an upper

bound instead of a lower bound.

As a consequence of Theorem [4.4.1] we can obtain bounds A\ 4(Bgr(0)) by
applying Theorems|4.2.8) 4.2.10]and [4.2.11|to obtain upper bounds for A\; 3(Br(0))

where ¢ is the rotationally symmetric tensor of comparison, as we will show in the

following Corollary [£.4.4, But first, given a rotationally symmetric model space
(ML, g,,) with center o, and a geodesic ball B(o,) of M with radius R < inj, (o)
centered at o € M, let us define the family of functions {7}, };-, such that, for all
k>1, T, :=[0,R] — R, is given by

ui p(r)
Tk(r) = k7g, )

where {uf z}72, is the Poisson hierarchy of Bf(o,). Therefore, from equation
(4.23) and applying the co-area formula (see Theorem [2.1.62), we have, for all
k > 0, that

(4.23)

R
Ar(Bp(0y)) :/ uy pdVy, = k:!/ Ty (r) Ay, (r)dr. (4.24)
B%(ow) 0

Remark 4.4.3. Observe that the family of functions {7} },-, only depends on
the area function Ay of the geodesic spheres. Indeed, from Proposition [3.2.16
and equation ([2.31)), we know that

R Jo wi_1,r(0)Ag, (0)do
up g(r) = k/ LR =
wf r Agw (8)
and hence, for all k > 1, we have that T}, uf , and Ax(B%(0,,)) are functions that

only depends on the area function.

ds,

In particular, given a Riemannian manifold (M, ¢) and given g the rotationally
symmetric tensor of comparison defined on a geodesic ball Bg(0) of M with radius
R < inj,(0) centered at a point o € M then, since (Bg(0),g) is a rotationally
symmetric model space where Br(0) is a geodesic ball of M, we can bound from
above A\ 5(Bg(0)) in terms of functions {7} }7°, by applying some of the results

that we showed in Sections 4.2| and obtain the following comparisons.
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4. First Dirichlet eigenvalue comparisons on geodesic balls

Corollary 4.4.4. Let (M, g) be a complete n-dimensional Riemannian manifold.
Let o € M and let Bg(o) be a geodesic ball of M with radius R centered at o.
Suppose that R < inj (o). Let {T;}32, be the family of functions that only
depends on the area functions A, with respect to the metric tensor g. Then, the
first eigenvalue A\; 4(Bgr(0)) of the Laplacian for the Dirichlet problem on Bg(o)
is bounded from above, for all k > 0 by

fo Ty (r)Ag(r)dr

A1 g(Br(0)) < T () Ay
R
vy (Balo) < DA
<f0 THI(T)Ag(T)dr) (4.25)
M o(Bn(o) ((2k +2)! — ((k + D)) [F Typa (r) Ay (r)dr
’ = @k + 20 Toerar) — (5 + DPTE () Ag(r)dr
vol(Bg(0))
A1g(Br(0)) < fo T Ay (r )dr’

and moreover, it can be sharply computed by

(0 Sy T Ay(r)dr
A1,g(Br(0)) < klgf)lo Tesr(0) = kl_m foR i () Ay (r)dr

~ lim ( o' TR Ay () )”2

k—yoo fo k+1< )Ag(r)dr

in the sense that equality in inequality (4.26) is attained if, and only if, there
exists a smooth function h(r) such that Hg, () = h(r) for all0 <r < R.

(4.26)

Proof. Let Bgr(o) be a geodesic ball of a complete n-dimensional Riemannian
manifold (M, g) with radius R centered at a point o € M. Then, assuming that
R < inj,(0), we know, from Section , that there exists a smooth metric tensor
g (the rotationally symmetric metric tensor of comparison) such that (Bg(0),q)
is a rotationally symmetric model space and that the area function with respect
to the metric tensor g of the geodesic spheres contained in Bg(0) is preserved,
i.e., Ag(r) = Ag(r) for all r € [0, R]. Moreover, by Theorem [4.4.1] we know that

A g(Br(0)) < Ag(Br(0)),
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4.4 Upper bounds computed by the area function

where A\ ;(Br(0)) and A\ 5(Bgr(0)) are, respectively, the first eigenvalues of the
Laplacian for the Dirichlet problem on Bg(o) with respect to metric tensor g and
the rotationally symmetric metric tensor of comparison ¢.

On the other hand, let {uz R}OO and {ﬁk(BR(o))} be, respectively, the Pois-
son hierarchy and the moment spectrum of (Bgr(0),g). Then, since (Bg(0),9)
is a rotationally symmetric model space, we can define the family of functions
{T:}32, given by , and moreover, from Remark we have, for all £ > 1,
that Ty, uz, r and Ay(Br(0)) only depends on the area functions Aj;. Therefore,
since (Bg(0),9) is a rotationally symmetric model space, by applying Theorems
4.2.8 4.2.10[ and 4.2.11| to A\ 5(Bgr(0)), replacing ug,R and Ay (Bg(0)) by its ex-
pressions and and using that A,(r) = Az(r) for all r € [0, R], we
obtain inequalities (4.25)) and . Moreover, the equality case for inequality
(4.26]) comes from Theorems [4.4.1f 4.2.8[ and [4.2.11}

]

Example 4.4.5. To end this subsection we show an example where we apply the
above theorem to find a bound for the first eigenvalue of the Laplacian for the
Dirichlet problem. And moreover, we show that, in this case, our bound can not
be obtained by the classical comparison results (see Section .

Let (r,0) be a system of polar coordinates in R? around 0 € R2. Let us endow

R? with the following metric
g =dr@dr+ (r+¢(r)cos(0))”do @ db,
where ¢ is the non-negative, real valued, smooth function given by

0, if t <2,

¢ :[0,400) — [0, +00), t——(t):=4 =,
e =27 ift > 2.

Observe that ¢ is smooth on the entire R? because ¢ is smooth and we have, for
any r < 2, that g is the rotationally symmetric tensor g, on R? with warping
function wy(r) = r, and hence, since wy(0) = 0, w((0) = 1 and w((]%)(()) = 0 for
all k € N, we have, from Theorem [2.2.3] that g is smooth. Thus, computing the

area function for the geodesic spheres of (R?, g), we have that

A t) = /027r (t + p(t) cos(f)) do = 2xt.
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4. First Dirichlet eigenvalue comparisons on geodesic balls

Therefore, from Definition 4.3.1} the warping function w, of the rotationally sym-
metric metric tensor of comparison g is

Ag(t)  2mt

@)= oiEn) " b

Thus, the rotationally symmetric tensor of comparison is
g=dr®dr+r2df® db,

which is the canonical metric tensor ge., of R? expressed in polar coordinates (see
Section 9 of Chapter 3 of [34]). Then, by using Theorem we conclude that
the first eigenvalue of the Laplacian A, for the Dirichlet problem in a geodesic
ball Bg(0) of R? with radius R centered at 0 is bounded from above by

Alg (BR<6)) < M gean <BR<6>) = ;#gg ~ 7;319,

where jj is the first zero of the Bessel function Jy. (see [6] and [§]).
On the other hand, from Remark [2.1.39 and Proposition [2.1.76 we have that

the Ricci curvature is given by

(4.27)

(

0, for r < 2,

Ric, = < 2 (3(r — 4)r + 10) cos()

(r —6)° (cos(ﬁ) + eﬁﬂ

, for r > 2.

\
Thus, for » > 2 there are regions where Ric, < 0. Hence, for a geodesic ball
with radius R > 2, the upper bound can not be obtained by using the
comparison of Cheng with the Ricci curvature assumption, Ric, > Ric,,, = 0
(see Theorem [4.2.1]).

Moreover, from Proposition[2.1.75, we have the mean curvature of the geodesic
spheres S,(0) of (R2,g) with radius r centered at 0, for any point ¢ € S,(0), is

given by
1
f_’ for r < 2,
r
H - —=
00TV e
\ T (r—2)3r (cos(@) + 6ﬁr> ’
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4.5 Upper bound by controlling the behaviour of the area function

Thus, for 7 > 2 there are point in the geodesic sphere S, (0) where H s.@ > 1/
Hence, for a geodesic ball with radius R > 2, the upper bound can not
be obtained by using the comparison of Bessa and Montenegro with the mean
curvature assumption, H sp@ <1 /r for all 0 < r < R (see Theorem .

Note that, since for R > 2 the mean curvature of the geodesic spheres S, (0)
is not a radial function for any 2 < r < R, then equality in inequality can

not be attained, namely

-,

Ay (BR(0)> < Mg, (BR(ﬁ)> . forall R>2. (4.28)

This upper bound for the first eigenvalue \; ,(Bgr(0)) allows us to state that
there exists a precompact connected domain € in (R?, g) with symmetrized ra-
dius L(2) > 0 with respect to the Euclidean space (R?, gcan) considered as the

rotationally symmetric model space (M., g,, ), i-¢.,

vol (€) = vol (ngm(ﬁ)) = rL¥(Q),
such that
vol (8Q2) < vol (sggm(ﬁ)) — 27 L(Q).

Because otherwise, if for any precompact connected domain {2 we have that
vol (002) > 2mL(2) then, by the Faber-Krahn Theorem [4.2.6] we have that

A.o(Br(0)) should be greater or equal to )\17gcan(Bf((’Q)(5)), but this is a con-
tradiction with inequality (4.28)).

4.5 Upper bound for the first eigenvalue on
geodesic balls by controlling the behaviour

of the area function

In this section we show our second upper bound for the first eigenvalue of the
Laplacian for the Dirichlet problem on geodesic balls of Riemannian manifolds
(M, g) by comparing it with the first eigenvalue on geodesic balls of with respect
a rotationally symmetric metric tensor g, . In order to show our result, we need

to impose that the quotient A, /Agw is decreasing.
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4. First Dirichlet eigenvalue comparisons on geodesic balls

Observe that when the Ricci curvatures of a Riemannian manifold (M, g) are
bounded from below by the Ricci curvatures of a simply connected real space
form (ML,,g, ) of constant sectional curvature «, i.e., Ric, > (n — 1)k (as the
hypothesis of Cheng in Theorem , the function

Ag(r)
Ay, (1)

is a decreasing function (see I. Chavel [10] for more details on this statement).

r y

This monotonicity condition of the area function will be our hypothesis in the
following Theorem 4.5.1] But first let us remark that, to characterize the equality,
S.Y. Cheng shows that the equality is attained if, and only if, the geodesic ball
Br(0) of M is isometric to the ball with the same radius of M, . However, with
our weaker hypothesis, equality is attained if, and only if, we have the equality
between the mean curvature of the geodesic spheres of M with the same radius
and M, . Moreover, we prove our result by comparing the first eigenvalue of the
Laplacian for the Dirichlet problem on geodesic balls of Riemannian manifolds

with the first eigenvalue on rotationally symmetric model spaces.

Theorem 4.5.1. Let (M, g) be a complete n-dimensional Riemannian manifold
and o € M. Let Br(0) be the geodesic ball of M with radius R centered at o. Let
W : [0, R] — R be a non-negative smooth function such that the metric tensor

gy =dr@dr+ (W?or) TG s
1

is smooth on Br(o). Suppose that R < inj (o) and that for any r < R the function

Ay(r)
Agw (r)

is a decreasing function. Then, the first eigenvalue A\ 4 (Bgr(0)) of the Laplacian

=

A, for the Dirichlet problem in Bgr(o) of radius R centered at o is bounded from
above by the first eigenvalue of the Laplacian A, = for the Dirichlet problem in
Bgr(0), namely,

A1 (Br(0)) < Aig, (Br(0)). (4.29)
Furthermore, equality in inequality 15 attained if, and only if, the mean
curvature Hg, (o) of the geodesic sphere S,(0) is
W'(r)

HST(0)<p) = (n - 1) W(T)
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4.5 Upper bound by controlling the behaviour of the area function

for all 0 < r < R and for all p € S,(0), r(p) =r.

Proof. Let g be the rotationally symmetric metric tensor of comparison in Br(0)
(see Definition|4.3.1)). Hence, by using the same reasoning of the proof of Theorem
[4.4.1] we have that
A1 (Br(0)) < Mg (Br(0)). (4.30)

Moreover, from assertion (4] of Proposition we have that Az(r) = A,(r),
and hence, by hypothesis, the function

Az(r)

AgW (r)

is assumed to be a decreasing function. Therefore, for all r € [0, R), we have

d A;(s) _ d% (Aﬁ(s))‘sﬂ Ag,, (r) — Ag(r) % (Agw (S)) ’szr
AQW (s) _ A£2]W (r)

T

0> —
~ ds

L (wrmt(r) vol (ST71)) W=t (r) vol (S771)
(Wn=L(r) vol (S~ 1))
B wi=t(r)vol (S771) L (Wm=t(r) vol (S771))
( —1(r) vol (S” 1))
(0= Dy (r)wy 2(r)WnHr) — wp=t(r)(n = W' (r)W"2(r)
B W2n=1)(r)

O

(n — 1)w;_2(T)W”_2(r) , ,
— TE=Tn (wg(r)W(r) — wy(r)W (r)) )

Thus, since w,(r) and W(r) are greater or equal than 0 for all 0 < r < R, we
obtain that )
wy(7) < W'(r)
wo(r) = W)
On the other hand, let us denote by ¢1w(p) = fiw (r(p)) a positive first
eigenfunction of the Laplacian A, = for the Dirichlet problem in Bgr(o) (¢1w is
radial by Proposition [4.1.9)). Then, from the expression of the Laplacian ({2.32]),
we have, for any p € S,(0), r(p) = r, that

Ay, braw(p) = 1’,W<r>+<n—1>W'(<;flw<> g, (Br(0)) fuw(r).

for all r €0, R). (4.31)
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4. First Dirichlet eigenvalue comparisons on geodesic balls

Hence by (4.31)), for any ¢ € Bg(0) with r(p) = r, we obtain that

Agoiw(p) | —Hw(r) = (= DED ()
(bl,W(p) B f1yw(7”)
—fw(r) = (n = DY i ()
: fl,W(T)
Ay dwl(q) A, (Br(o)) iw(r) )
o frw(r) - Frw(r) = Mgy, (Br(0))

Finally, by (4.30)), applying Barta’s Lemma [4.1.8| and by the above inequality,

we conclude that
- o “u - Az, w(p)
Ay (Br(0)) < Mg (Bgr(o) < BR(I;) < Srw (D) >
< sup A\ w (Bgr(0o)) = \Mw (Br(o)) .

Br(o)

(4.32)

Now, for the equality case, let us first assume A 4 (Br(0)) = A1, (Br(0)).
The equality of the first eigenvalues implies that all the inequalities in equation
(4.32) became equalities, then we have that

M3 (Br(o)) = sup (—M—W(p))

Br(0) ¢1,W(P)
Hence, by Barta’s Lemma[f.1.8| we have that ¢y is a first positive eigenfunction

of Ag. Therefore, following the same reasoning as in the proof of the equality of
Theorem [£.4.1] the equality of the first eigenvalues implies that ¢,y is also a first
positive eigenfunction of A,. Therefore, from the expression of the Laplacian A,
in a system of polar coordinates (Bgr(0),%) (see equation (2.26))), we have, for
any p € Bgr(0), that

By () = flow ) + - (VAT @E )| fuw (0)

= =M1 (Br(0)) frw (r(p)) = =1, (Br(0)) fuw (r(p))

L G0 + 0= D3 () = g, 0100
Then, for any point p € S,(0), r(p) = r, we obtain that
W'(r) .,

Hs, o) fiw(r) = (n = 1) 55 frw(r)

w(r)
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4.6 Moment spectrum and first eigenvalue comparisons

and hence, since f] () < 0 (see Proposition [4.1.9), we have

W'(r)
W(r)

Hs, () = (n— 1) (4.33)

showing the first direction of the equality case.
Another way for proving this consist in show that inequality (4.31)) became an
equality when Ay, (Br(0)) = M w (Br(0)), by proving that Agdrw = A, é1w,

and then, using Remark we obtain (4.33)).

!
To end this proof, let us assume that Hg, ) = % for all € (0, R). Then,
T
for any p € Bg(0), we have that
W' (r(p)
Ayorw(p) = flw(r()+(n—1)——fiw (r(p) = A, dr1w(g
gOLw (D) = fiw (r(p)) + ( >W(r(p))flw(()> o P1w () (430

= _)‘ng (Bgr(0)) fiw (r(p)) .

Hence, ¢y w is a positive eigenfunction of A, and then, since a first eigenfunction
is the only eigenfunction which does not change sign (see Remark [4.1.6)), we have
that ¢y is a first eigenfunction of A, and the Theorem follows.

O

Remark 4.5.2. Observe that, for the equality case of the above theorem, it is not
sufficient to assume that the mean curvature is radial. If fact, if Hg, (,) is radial,
we can ensure that it is equal to w)(r)/wy(r), following the proof of Theorem
[.4.1] But, in this case, it does not necessarily have to be equal to W'(r)/W (r),
and hence, we can not obtain equality (4.34).

Moreover note that, if the equality in inequality is attained, then w,(r) =
W (r) for all r € [0, R), and hence, g, is the rotationally symmetric metric tensor

of comparison g.

4.6 Mean exit time, Poisson hierarchy, torsional
rigidity, moment spectrum and first eigen-

value comparisons on geodesic balls

Concerning the analysis of the equality cases of the results shown along this

work, there appears an important notion which is the concept of determination
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4. First Dirichlet eigenvalue comparisons on geodesic balls

of a Riemannian invariant defined on the geodesic balls by its Poisson hierarchy,
its moment spectrum, its averaged moment spectrum or its torsional rigidity, in
a way which, although it is not exactly the same, it has been directly inspired
by the notion of determination of a Riemannian invariant by the moment spec-
trum given by P. McDonald in [56]. In that paper, he presented this notion of
determination as follows: “it is said that the moment spectrum {Ay(2)};~, de-
termines the Riemannian invariant 1(Q) if, and only if, when Ag(Q2) = Ax(Y)
for all k € N then 1(Q) = I(QY)”.

Definition 4.6.1. Let (M, g) be a complete n-dimensional Riemannian manifold
and let (M, g,) be an n-dimensional rotationally symmetric model space with
center o, € My,. Let o € M be a point in M. Given R < inj (o) < inj, and
Br(o) a geodesic ball of M with radius R centered at o, and given Bf(o,) a

geodesic balls of M, with the same radius R centered at o, we say that:

1. The Poisson hierarchy {uyr},., of Br(o) determines the first eigenvalue
Mg (Br(o)) of the Laplacian for the Dirichlet problem on Bgr(o) if, and
only if, the equalities upr = ugp on Bgr(o) for all k > 1 implies that
Mg (Br(0)) = Aig, (Bi(0w))-

2. The moment spectrum {Ay (Br(0))}r—, of Br(0) determines A, 4 (Bgr(0)) if,
and only if, the equalities Ay (Bgr(0)) = A (B$(0w)) for all k > 1 implies
th(lt )\179 (BR(O)) = )\ng (B]%(Ow))

3. The torsional rigidity A,(Br(o)) of Br(o) determines \; , (Bg(0)) if, and
only if, equality Ay (Bgr(0)) = A (B%(o,)) implies that A\ 4 (Bgr(0)) =
Mg, (Bi(0s)).

4. The first eigenvalue A ,(Bg(o)) determines the Poisson hierarchy
{urr}r,, the moment spectrum {Ay (Br(0))},,, the torsional rigidity
A1 (Bgr(0)) and the volume vol (Bgr(0)) of the geodesic ball, respectivley,
if, and only if, the equality M\ 4 (Br(0)) = A1 4, (Bf(ow)) implies equalities
ug,r = Uuf p on Br(o) for all k > 1, equalities Ay, (Br(0)) = Ay (Bi(ow))
for all k > 1, equality A, (Br(0)) = A1 (B%(0w)) and equality vol (Br(0)) =
vol (B%(0,,)).
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4.6 Moment spectrum and first eigenvalue comparisons

where {ﬂ‘,‘;’R}:}:l, {Ak (B%(0w)) Yoeys A1 (Bg(ow)) and A1y (B%(ow)) are, respec-
tively, the transplanted Poisson hierarchy from B$(o,) to Bgr(o), the moment
spectrum of By(o,,), the torsional rigidity of By(o,) and the first eigenvalue of

the Laplacian for the Dirichlet problem on B%(o,,) (see Definitions
15.2.10}, [3.2.5 and |4.1.5).

From this definition, we are going to explore some relationships between all the
invariants for which we find comparison results throughout this work. First, we
show that the mean exit time function, the Poisson hierarchy, the torsional rigidity
and the moment spectrum of a geodesic ball determines the first eigenvalue of
the Laplacian for the Dirichlet problem on the geodesic ball by assuming bounds

on the mean curvature of the geodesic spheres included in the geodesic ball.

Theorem 4.6.2. Let (M, g) be a complete n-dimensional Riemannian manifold
and let (M, g,) be an n-dimensional rotationally symmetric model space with
center o, € M. Let o € M be a point of M and let Br(o) and B%(o,,) be,
respectively, a geodesic ball of M with radius R centered at o and a geodesic ball
of M, with radius R centered at o,. Suppose that R < inj (o) < inj, (o,) and

suppose moreover that
HST(O) > (S)HS‘;J(OW) fOT all 7€ (O,R]

Let {upr}, and {%5,1%}211 be, respectively, the Poission hierarchy for Bg(o)
and the transplanted Poisson hierarchy from B%(o,) to Bgr(o). And let
{Ak (Br(0))}rey and {Ay (Bg(o,))} be, respectively, the moment spectrum of
Bgr(o) and B¢(0y)-

Then, if any of the following assertions is satisfied:
1. There exists a point p € Br(o) and ko > 1 such that uy, r(p) = uf, r(p)-

2. There exists some kg > 1 such that we have

Ak, (Br(0)) _ Ak, (Bi(ow))
vol (Sg(0)) vol (S%(0w))

3. The rotationally symmetric model space M, is balanced from above and we
have the equality of the torsional rigidities A, (Bgr(o)) = Ay (B;J(R)(Ow)),

where By g (0.,) is the Schwarz symmetrization of Br(o) in M.,.
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4. First Dirichlet eigenvalue comparisons on geodesic balls

We have the equalities
Mg (Br(0)) = Mg, (BY(0w)), forall re(0,R]

where A1 4 (B,(0)) and A\ 4 (BY(0.)) are, respectively, the first eigenvalue of the
Laplacian for the Dirichlet problem on B,(0) and B¥(o,).

Proof. From the equality cases of Theorem [3.5.3] Corollary and Theorem
m, we have, respectively, that any assertion , and , implies the equal-
ity between the moment spectrum of B, (o) and B¥(o,) for all r € (0, R, i.e.,
A (B(0)) = Ag (B¥(0,)) for all k > 1 and for all € (0, R]. Hence, applying
Theorems [4.2.11| and [4.2.8) we obtain, for all » € (0, R], that

~ lim Aj—1(B(0)) ~ lim A1 (B (0.,))
Mo (Brlo) = B k= B o))~ N A (B (o)

= A1y, (BY(0s)).
[l

Finally, as a consequence of the results proved throughout Chapter [3, we
have in following Theorem a comparison of the first Dirichlet Eigenvalue
of a geodesic ball by controlling the behaviour of the mean curvatures. This
result is the comparison proved by G.P. Bessa and J.F. Montenegro in [5] (see
Theorem but we give an alternative proof, and moreover, we summarize
some implications of the equality between the first eigenvalues. On the other
hand, in Corollary [£.6.4] we have been able to show that, under our hypothesis,
the first Dirichlet eigenvalue of the Laplacian for the Dirichlet problem on geodesic

balls determines its Poisson hierarchy and its moment spectrum.

Theorem 4.6.3. Let (M, g) be a complete n-dimensional Riemannian manifold
and let (M, g,) be an n-dimensional rotationally symmetric model space with
center o, € M. Let o € M be a point of M and let Br(0) be a geodesic ball of M
with radius R centered at o. Suppose that R < inj,(0) < inj, (o,) and moreover
that

HST(o) > (S)HS;:J(OW) for all r € (0, R]

Then,
Mg (Br(0)) = ()M, (Bf (0w)) (4.35)
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4.6 Moment spectrum and first eigenvalue comparisons

where A1 4 (Br(0)) and A1 4 (B%(0w)) are, respectively, the first eigenvalue of the
Laplacian for the Dirichlet problem on Bgr(o) and B$(o,,).
Furthermore, equality in inequality (4.35)) implies that

HSr(o) = HS#’(OW) fOT‘ all re (0, R],
and hence, we have:
1. The equality ug, = ug, on B,(o) for all k > 1 and for all v € [0, R].

2. The volume equalities vol (B,(0)) = vol (B¥(0,)) and the volume equalities
vol (S,.(0)) = vol (8¥(oy,)) for all r € (0, R].

3. The equalities Ay, (B,.(0)) = Ax (B¥(0y,)) for all k > 1 and for all r € [0, R].

Namely, the first Dirichlet eigenvalue determines the Poisson hierarchy, the vol-

ume, and the moment spectrum of the geodesic balls B,.(0) for all r € [0, R].

Proof. This proof follows the lines of the proof of Theorem 6 and 7 in [39]. This
technique is based in the description of the first Dirichlet eigenvalue of smooth

precompact domain D in a Riemannian manifold given by P. McDonald and R.
Meyers in [57]. Thus, from Theorem when D = Bgr(0), we have

Mg (Br(o)) =sup {77 >0 : ]}ggo sup <g>k % < oo} : (4.36)

where I is the gamma function.
Assuming that Hg, (o) > Hagw(o,) for all 7 € (0, R] we have, by Corollary [3.5.5]
that

Ai. (Br(0)) _ Ak (B(o.))
vol (S(0)) < Vol (S(0)) for all k> 1.
Then,
A (Br(o)) < %VOI(S}{(O)) for all k£ >1,
and hence,

n\* A (Br(0)) _ (n\* Ak (Bi(ow)) vol (Sk(0))
(3) 50 = () AP S v 21 oo

On the other hand, by Corollary [3.4.5, we have that

vol (Sg(0)) > vol (SH(ow))
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4. First Dirichlet eigenvalue comparisons on geodesic balls

and hence,

vol (Sgr(0))
vol (53(0w))

i) o},

k (B
['(k +
k (Bf(ow)) vol (Sr(0))
T(k+1) vol(53(0n)) OO}'

> 1. (4.38)

Now, let us define the sets

= >
D= w0 i (3)

Dy = {n >0 : hm sup <2>

Thus, using inequality (4.37), we obtain that if n € Dy then n € D;. Therefore,
D, is included in Dy, i.e., Dy C D1, and hence, sup Dy > sup D,. Then, applying
inequality (4.38) and equation (4.36)), we have that

Mg (Br(o)) =sup {77 >0 : hm sup <2>k % < oo}

<Q>’“ Ak (Bj(0,)) vol (Skr(0))

2) TTk+1) vol(53(0n) =

k—o0

> sup {17 >0 : lim sup

(4.39)

= %snp{nZO li}rgosup (g)k% < oo}

_ Vol (Sr(0)) . .
= Sl (S (o)) e (BR(02)) 2 Mg, (BR(0)).

Now, we discuss the equality case by assuming that Hg, ) > Hgw (o, for all 7 €
(0, R]. Then, equality between the first eigenvalues, A\; ;, (Bgr(0)) = )\17gw (B%(0w)),
implies that all the inequalities in become equalities. In particular, we
have that vol (Sg(0)) = vol (S%(o,)), and hence, we have the equality of the

isoperimetric quotients

vol (Bg(0))  vol(B%(o))

vol (Sr(0)) ~ vol (5%(0u))

Therefore, from the equality case of Corollary , we have that Hg, (o) = Hsw(o,)
for all r € (0, R]. Then, from Proposition , we have the equality for the mean
exit time function on Bg(o) and the transplanted mean exit time function from
B%(oy) to Br(o), i.e., Er = E% on Bg(o), and hence, from the equality case of
Theorem we obtain that assertions , and hold.
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4.6 Moment spectrum and first eigenvalue comparisons

When we assume that Hg, ) < Hge(o,) for all v € (0, R], we argue as above but
inverting all the inequalities to obtain the opposite inequality, i.e., A1 4 (Br(0)) <
A1,g, (B(0y)). The equality discussion is the same, mutatis mutandis.

]

We finish this work with a consequence of Theorems [£.6.2] and [3.5.3] which

summarizes the relationship between the first eigenvalue of the Laplacian for the

Dirichlet problem, the Poisson hierarchy and the moment spectrum on geodesic
balls of Riemannian manifolds which satisfies our hypothesis on the behaviour of

the mean curvatures of the geodesic spheres.

Corollary 4.6.4. Let (M, g) be a complete n-dimensional Riemannian manifold
and let (M, g,) be an n-dimensional rotationally symmetric model space with
center o, € M. Let o € M be a point of M and let Bg(o) be a geodesic ball of M
with radius R centered at o. Suppose that R < inj,(0) < inj, (o,) and moreover
that

HST(O) > (S)ngw(ow) fO’I“ all 7€ (O,R]

Then, the following assertions are equivalent:
1. A1y (Br(0)) = Mg, (Bg(0w)).

2. Ak (Bgr(0)) = Ay (Bg(0y)) for all k > 1.

3. upp = uj g on Br(o) for allk > 1.

Furthermore, equality Hg, () = Hgw(o,) for all v € (0, R] implies any (and
hence, all) of the equalities , and .

Proof. Let us assume that Hg, ) > Hgw(o,) for all ¢ € (0, R]. When we assume
that Hg, ) < Hgw(o,) for all t € (0, R], the argument is exactly the same, mutatis
mutandis.

First, from the equality case of Theorem we have that equality
implies equalities and .

Now, assuming equality and arguing as in the proof of Theorem we
obtain equality , and hence, from the equality case of Theorem , we have

equality .
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4. First Dirichlet eigenvalue comparisons on geodesic balls

Finally, assuming equality (3) we have, from Theorem [3.5.3] equality (2)) and,
from Theorem |4.6.2 we obtain (1)) and the corollary follows.
O]

Remark 4.6.5. Observe that we have shown, under the hypothesis Hg, ) =
Hgu (o, for all r € (0, R], that the equality of the first eigenvalues of the Lapla-
cian for the Dirichlet problem on the geodesic ball Br(0) determines the Poisson
hierarchy (and hence, the mean exit time), the volume and the moment spectrum
of Br(0). And moreover, that the Poisson hierarchy and the moment spectrum
of Br(0) determine the first eigenvalue of Bg(0). In fact, we have that one value:
of the mean exit time at a point of Bg(0), or of the Poisson hierarchy of Bg(0)
for some ko > 1, or of the averaged moment spectrum of Br(o) for some ko > 1,
determines the Poisson hierarchy, the volume, the moment spectrum and the first
eigenvalue of the geodesic ball Br(o).

The last natural question that remains is: what happens with the torsional
rigidity? From Theorem we know that if the rotationally symmetric model
spaces is balanced from above and we have the equality between the torsional
rigidity of a geodesic ball Bg(o) and the torsional rigidity of its Schwarz sym-
metrization B (0w), i-€., A1 (Br(0)) = A1(Bgp)(0s)), then we have the equality
of the first eigenvalue, and moreover, from the equality case of Theorem [3.6.3, we
have that A, (Bgr(0)) = A; (B%(0,)) and the equalities for the Poisson hierarchy,
the volume and the entire moment spectrum. Furthermore, since the equality of
the first eigenvalues determines the moment spectrum, we have, in particular, the
equality between the torsional rigidities.

But for now, note that we do not know, under our hypothesis, if the equality
for the torsional rigidities of the geodesic balls with the same radius, A; (Bg(0)) =
A1 (B%(0w)), determines the first eigenvalue, the Poisson hierarchy, the volume

and the moment spectrum of the geodesic ball.
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Chapter 5

Conclusions

We are going to present in the following statements of Theorems [5.1] and
summarized versions of our results concerning bounds on the Poisson hierarchy
and the moment spectrum of geodesic balls and its relationship with the first
eigenvalue of the Laplacian for the Dirichlet problem (see Sections and
for more details on these results).

We shall see in Theorems [B.1] and (.2 that if the mean curvatures of the
geodesic spheres contained in the geodesic ball Bg(0) of a Riemannian manifold
(M, g) are bounded from below or from above by the mean curvatures of the
corresponding geodesic spheres contained in the geodesic ball B%(o,) with the
same radius of a rotationally symmetric model space, then the torsional rigidity
A (Bgr(0)) or any individual averaged moment Ay, (Bgr(0))/vol (Sg(o)) deter-
mines the Poisson hierarchy, the volume, the moment spectrum and the first
eigenvalue of the Laplacian for the Dirichlet problem, in the sense that:

When A; (Bg(0)) = Ai1(Bg gy (0v)), or when there exists kg > 1 such that

Ay (Br(0)) _ Ar, (Bi(0s))
vol (Sg(0)) vol (S%(0w))

then s(R) = R and the Poisson hierarchy, the volume, the moment spectrum
and the first eigenvalue of the Laplacian for the Dirichlet problem are the same
than the corresponding values for the geodesic ball B%(o,,) (see Definition [4.6.1]
to check what we mean by saying that a geometric invariant determines another
one). We refer to Section 3.2 of Chapter [3|for the definitions of Poisson hierarchy
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and moment spectrum of a geodesic ball Bg(0), and to Section of Chapter

for the definition of first eigenvalue of the Laplacian for the Dirichlet problem on
BR (O) .

Theorem 5.1 (see Corollary [3.5.5 and Theorem [1.6.2). Let (M, g) be a complete
n-dimensional Riemannian manifold and let (M, g,) be an n-dimensional rota-
tionally symmetric model space with center o, € M. Let o € M be a point of
M and let Br(o) and B%(oy) be, respectively, a geodesic ball of M with radius
R centered at o and a geodesic ball of Ml,, with radius R centered at o,,. Suppose

that R < inj (o) <inj, (o,) and moreover that

Hs, (o) > (S)Hse(o,) forall 7€ (0,R).

Then, for all k > 1, we have that

Ay (Br(0))

Ay, (sz(ow»
ol (Sp(0)) = &)

) ol (52(0,)) 5-1)

Furthermore, equality in inequality (5.1)) for some k > 1 is attained if, and

only if, we have that any of the following assertions holds:
1. The equalities Hg, () = Hgw(o,) for all v € (0, R].
2. The equalities uy, = uy, on B.(0) for all k > 1 and for all v € [0, R].

3. The volume equalities vol(B, (o)) = vol (B¥(o,)) and the volume equalities
vol (S,.(0)) = vol (S¥(0,,)) for all r € (0, R).

4. The equalities Ay (B,(0)) = Ay (B¥(0y)) for all k > 1 and for all r € [0, R].
5. The equalities A\ 4 (B(0)) = Mg, (B¢ (o)) for all v € (0, R].

The second result is a comparison for the torsional rigidity of Bg(o) and,
in this case, we need the rotationally symmetric model space to be balanced
from above. We refer to Section of Chapter (3| for the definition of torsional
rigidity of geodesic balls, and to Subsections [2.2.2] and 2.2.3] of Chapter [2] for the

definitions of balance condition and Schwarz symmetrization of geodesic balls,

respectively.
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Theorem 5.2 (see Theorem [3.6.3| and [4.6.2)). Let (M,g) be a complete n-

dimensional Riemannian manifold and let (M,,g,) be an n-dimensional rota-

tionally symmetric model space balanced from above with center o, € M. Let
0 € M be a point of M and let Bg(o) and B%(oy,) be, respectively, a geodesic ball
of M with radius R centered at o and a geodesic ball of M, with radius R cen-
tered at o,. Suppose that R < inj,(0) < inj, (o), that there exists the Schwarz

symmetrization By g (0.) of Br(o) in M., and moreover that

Hs,0) = (S)Hse(o,) for all 1€ (0, R].
Then, we have that
A1 (Balo)) < (23 (Bin(0.)). 62)

where Ay (Bgr(0)) and A, (B;J(R)(ow)) are, respectively, the torsional rigidity for
Bg(o) and for Bg p(0.).

Furthermore, equality in inequality 1s attained if, and only if, we have
that any of the following assertions holds:

1. The equality among the radius s(R) = R.

2. The volume equalities vol (B,(0)) = vol (B¥(0,)) and the volume equalities
vol (S,(0)) = vol (S¥(oy)) for all v € (0, R].

3. The equalities Hg, ;) = Hgw (o, for all v € (0, R].

4. The equalities uy, = uy, on B.(o) for all k > 1 and for all v € [0, R].

5. The equalities Ay (B.(0)) = Ay (B¥(0y)) for all k > 1 and for allr € [0, R].
6. The equalities M 4 (B,(0)) = M4, (B¥ (o)) for all v € (0, R].

Furthermore, as a consequence of the proof of Theorem 1.1 in P. McDonald
and R. Meyers [57], Theorem and the volume inequalities that we showed
in Corollary [3.4.5 we have the following S.Y. Cheng-type Dirichlet eigenvalue
comparison, following the work of G.P. Bessa and J.F. Montenegro in [5]. In this
case, we have proved that the first Dirichlet eigenvalue of the geodesic ball Bg(0)

determines its Poisson hierarchy, its volume and its moment spectrum.
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Theorem 5.3 (see Theorem [£.6.3). Let (M,g) be a complete n-dimensional
Riemannian manifold and let (M, g,) be an n-dimensional rotationally sym-
metric model space with center o, € M,. Let o € M be a point of M and
let Br(o) be a geodesic ball of M with radius R centered at o. Suppose that

R < injg(O) < inj, (0,) and moreover that
Hs, (o) > (S)Hse(o,) for all 7€ (0,R).

Then,
Mg (Br(0)) 2 ()M, (Bi (0w)) (5.3)

where A\ 4 (Br(0)) and A\ 4 (Bg(oy)) are, respectively, the first eigenvalue of the
Laplacian for the Dirichlet problem on Br(o) and B$(0)-

Furthermore, equality in inequality 15 attained if, and only if, we have
that any of the following assertions holds:

1. The equalities Hg, () = Hgw(o,) for all v € (0, R].
2. The equality uy,, = uy, on B.(o) for all k > 1 and for all r € [0, R].

3. The volume equalities vol (B,(0)) = vol (B¥(0,)) and the volume equalities
vol (S,(0)) = vol (S¥ (o)) for allr € (0, R].

4. The equalities Ay, (B, (0)) = Ay (B¥(0y)) for all k > 1 and for all v € [0, R].

Namely, the first Dirichlet eigenvalue determines the Poisson hierarchy, the vol-

ume, and the moment spectrum of the geodesic balls B,.(0) for all r € [0, R].

On the other hand, given a complete n-dimensional Riemannian manifold
(M, g) we know, from Section , that there exists a rotationally symmetric
model space of comparison (M, gwg) associated to M such that the volumes of
the geodesic spheres of M coincide with volumes of the geodesic spheres of M,
with the same radius, i.e., given R < inj, < injgwg (0w,) we have that vol(S,(0)) =
vol(Sy“(o,,)) for all r < R. Then, applying Theorem we have that the first
eigenvalue of the Laplacian for the Dirichlet problem on geodesic balls Bg(o0)
of M is bounded from above by the first eigenvalue of the Laplacian for the
Dirichlet problem on the corresponding geodesic balls in M,,,. In the following

Theorem [5.4] we present our mentioned upper bound for the first eigenvalue of
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the Laplacian for the Dirichlet problem posed on geodesic balls, and moreover,
we show that if the mean curvatures of the geodesic spheres of M coincide with
the ones of the geodesic spheres of M, with the same radius, then we have the
equality between the first eigenvalues (and vice versa), and hence, from Corollary
4.6.4] we have that the first eigenvalue determines the Poisson hierarchy, the

volume and the moment spectrum.

Theorem 5.4 (see Theorem [4.4.1] and Corollary [1.6.4). Let (M, g) be a complete
n-dimensional Riemannian manifold and let (ng,gwg) be the rotationally sym-
metric model space of comparison associated to M with center o,, € M,,. Let
o € M be a point of M and let Br(o) and By (o.,) be, respectively, a geodesic
ball of M with radius R centered at o and a geodesic ball of M,,, with radius R
centered at o, . Suppose that R < inj (o) <inj, (oy,). Then, the first eigenvalue
Mg (Br(0)) of the Laplacian A, for the Dz’m’chlegt problem in Br(o) is bounded by

Mg (BR(0)) < Arg,, (BE (04,)), (5.4)
where )\ngg (BY (04,)) is the first eigenvalue of the Laplacian for the Dirichlet
problem on By (0,,).

Furthermore, equality in inequality (5.4]) is attained if, and only if, we have
that any of the following assertions holds:

1. The equalities Hg, (o) = Hgea(, | for allr € (0, R].
2. The equality uy, = Uy’ on By(o) for all k > 1 and for all r € [0, R].

Moreover, any of the conditions and implies the equalities Ay, (B,(0)) =
Ar(Br?(04,)) for all k > 1 and for all radius r € [0, R].

171






Bibliography

Avrias, L.J., MasTrROLIA, P. & RicoLi, M. (2016). Maximum principles and

geometric applications, vol. 700. Springer.

BANDLE, C. (1980). Isoperimetric inequalities and applications, vol. 7. Pitman
Publishing.

BARROSO, C.S. & PAcELLI, B.G. (2006). Lower bounds for the first laplacian
eigenvalue of geodesic balls of spherically symmetric manifolds. International Jour-
nal of Applied Mathematics and Statistics, 6, 82—-86, cited by: 9.

BARTA, J. (1937). Sur la vibration fondamentale d’'une membrane. Comptes rendus
de I’Académie des Sciences, 204, 472-473.

Bessa, G.P. & MONTENEGRO, J.F. (2008). On Cheng’s eigenvalue comparison
theorem. Mathematical Proceedings of the Cambridge Philosophical Society, 144,
673-682.

BEessa, G.P., GIMENO, V. & JORGE, L. (2019). Green functions and the Dirichlet

spectrum. Revista Matemdtica Iberoamericana, 36, 1-36.

BETz, C., CAMERA, G. & GzyL, H. (1983). Bounds for the First eigenvalue of
a spherical cap. Applied Mathematics and Optimization, 10, 193-202.

CHAVEL, 1. (1984). Eigenvalues in Riemannian geometry. Academic press.

CHAVEL, 1. (2001). Isoperimetric inequalities: differential geometric and analytic

perspectives, vol. 145. Cambridge University Press.

CHAVEL, I. (2006). Riemannian geometry: a modern introduction, vol. 98. Cam-

bridge University press.

173



BIBLIOGRAPHY

[11]

[12]

CHEN, B.v. (1984). Total Mean Curvature And Submanifolds Of Finite Type,
vol. 1. World Scientific Publishing Company.

CHENG, S.Y. (1975). Eigenfunctions and eigenvalues of Laplacian. Proceedings of
Symposia in Pure Mathematics, 27, 185-193.

CHENG, S.Y. (1975). Eigenvalue comparison theorems and its geometric applica-
tions. Mathematische Zeitschrift, 143, 289-297.

CHENG, S.Y., L1, P. & Yau, S.T. (1984). Heat equations on minimal submani-
folds and their applications. American Journal of Mathematics, 106, 1033—-1065.

CuHuNG, K.L. & Zuao, Z. (2001). From Brownian motion to Schrédinger’s equa-

tion, vol. 312. Springer Science & Business Media.

CoLLADAY, D., KagaNovskly, L. & McDoNALD, P. (2016). Torsional rigid-
ity, isospectrality and quantum graphs. Journal of Physics A: Mathematical and
Theoretical, 50.

COMER, J. & McDoNALD, P. (2021). Torsional rigidity and isospectral planar
sets. arXiw preprint arXiw:2105.07477.

DEL GRrROssO, G. & MARCHETTI, F. (1983). Asymptotic estimates for the prin-
cipal eigenvalue of the Laplacian in a geodesic ball. Applied Mathematics and
Optimization, 10, 37-50.

Do CarMmO, M.P. (1992). Riemannian geometry, vol. 115. Birkhauser Boston.

Dobziuk, J. (1983). Maximum principle for parabolic inequalities and the heat

flow on open manifolds. Indiana University Mathematics Journal, 32, 703-716.

DRYDEN, E.B., LANGFORD, J.J. & McDONALD, P. (2017). Exit time moments

and eigenvalue estimates. Bulletin of the London Mathematical Society, 49, 480—
490.

DvynNkIN, E.B. (1965). Markov processes. Springer.

EINSTEIN, A. (1905). On the motion of small particles suspended in liquids at rest
required by the molecular-kinetic theory of heat. Annalen der physik, 17, 208.

Erworrny, K.D. (1982). Stochastic differential equations on manifolds, vol. 70.
Cambridge University Press.

174



BIBLIOGRAPHY

[25]

[34]

[35]

FABER, G. (1923). Beweis, dass unter allen homogenen Membranen von gleicher
Fléche und gleicher Spannung die kreisférmige den tiefsten Grundton gibt. Sitzung-
ber. Bayer Akad. Wiss., Math.-Phys., 169-172.

FUukusHIMA, M., OsHIMA, Y. & TAKEDA, M. (2010). Dirichlet Forms and Sym-

metric Markov Processes. De Gruyter, Berlin, New York.

GILBARG, D. & TRUDINGER, N.S. (2001). Elliptic partial differential equations
of second order, vol. 224. Springer.

GIMENO, V. & SARRION-PEDRALVA, E. (2022). First eigenvalue of the Laplacian
of a geodesic ball and area-based symmetrization of its metric tensor. Journal of
Mathematical Inequalities, 16, 371-391.

GOLUBITSKY, M. & GUILLEMIN, V. (2012). Stable mappings and their singular-

ities, vol. 14. Springer Science & Business Media.

GRAY, A. (1974). The volume of a small geodesic ball of a Riemannian manifold.
Michigan Mathematical Journal, 20, 329-344.

GRAY, A. (2012). Tubes, vol. 221. Birkh&user.

GREENE, R.E. & Wu, H.H. (2006). Function theory on manifolds which possess
a pole, vol. 699. Springer.

GRIGOR'YAN, A. (1999). Analytic and geometric background of recurrence and
non-explosion of the Brownian motion on Riemannian manifolds. Bulletin of the
American Mathematical Society, 36, 135-249.

GRIGOR'YAN, A. (2009). Heat kernel and analysis on manifolds, vol. 47. American
Mathematical Society.

Has’MINSKII, R. (1960). Probabilistic representation of the solution of some dif-
ferential equations. Proceeding 6th All Union Conf. on Theory of Probability and
Mathematical Statistics (Vilnius 1960), 632.

Hopr, H. & RiNvow, W. (1931). Uber den Begriff der vollstéindigen differential-
geometrischen Flache. Commentarii Mathematici Helvetici, 3, 209-225.

HURrRTADO, A., MARKVORSEN, S. & PALMER, V. (2009). Torsional rigidity of
submanifolds with controlled geometry. Mathematische Annalen, 344, 511-542.

175



BIBLIOGRAPHY

[38]

[39]

[40]

[41]

HUrRTADO, A., MARKVORSEN, S. & PALMER, V. (2012). Comparison of exit

moment spectra for extrinsic metric balls. Potential Analysis, 36, 137-153.

HURTADO, A., MARKVORSEN, S. & PALMER, V. (2016). Estimates of the first
Dirichlet eigenvalue from exit time moment spectra. Mathematische Annalen, 365,
1603-1632.

HURTADO, A., MARKVORSEN, S., MIN-O0, M. & PALMER, V. (2020). Global

Riemannian Geometry: Curvature and Topology. Springer.

HurrapO, A., PALMER, V. & ROsALEs, C. (2020). Parabolicity criteria and
characterization results for submanifolds of bounded mean curvature in model

manifolds with weights. Nonlinear Analysis, 192.

Kac, M. (1966). Can one hear the shape of a drum? The american mathematical
monthly, 73, 1-23.

KAPLAN, W. (2003). Advanced calculus (5E). Addison-Wesley.

KINATEDER, K. & McDoNALD, P. (1999). Variational principles for average
exit time moments for diffusions in Euclidean space. Proceedings of the American
Mathematical Society, 127, 2767-2772.

KINATEDER, K., McDoONALD, P. & MILLER, D. (1998). Exit time moments,
boundary value problems, and the geometry of domains in Euclidean space. Prob-
ability theory and related fields, 111, 469-487.

KoBavasHI, S. & Nowmizu, K. (1963). Foundations of differential geometry, vol.
1, 2. New York: Wiley-Interscience.

KraHN, E. (1925). Uber eine von Rayleigh formulierte Minimaleigenschaft des
Kreises. Mathematische Annalen, 94, 97-100.

LEE, J.M. (2006). Riemannian manifolds: an introduction to curvature, vol. 176.

Springer Science & Business Media.
LEE, J.M. (2013). Introduction to Smooth manifolds. Springer.
MALLIAVIN, P. (2015). Stochastic analysis, vol. 313. Springer.

MARKVORSEN, S. (1989). On the mean exit time from a minimal submanifold.
Journal of differential geometry, 29, 1-8.

176



BIBLIOGRAPHY

[52]

[63]

[64]

MARKVORSEN, S. & PALMER, V. (2002). Generalized isoperimetric inequalities
for extrinsic balls in minimal submanifolds. Journal fur die Reine und Angewandte
Mathematik, 101-121.

MARKVORSEN, S. & PALMER, V. (2006). Torsional rigidity of minimal submani-
folds. Proceedings of the London Mathematical Society, 93, 253-272.

MARKVORSEN, S. & PALMER, V. (2010). Extrinsic isoperimetric analysis on sub-

manifolds with curvatures bounded from below. Journal of Geometric Analysis,
20, 388-421.

McDONALD, P. (2002). Isoperimetric conditions, Poisson problems, and diffusions

in Riemannian manifolds. Potential Analysis, 16, 115-138.

McDoNALD, P. (2013). Exit times, moment problems and comparison theorems.
Potential Analysis, 38, 1365-1372.

McDonNALD, P. & MEYERS, R. (2003). Dirichlet spectrum and heat content.
Journal of Functional Analysis, 200, 150-159.

McKEAN, H.P. (1969). Stochastic integrals, vol. 353. American Mathematical
Society.

MILNOR, J. (2016). Morse Theory.(AM-51), Volume 51. Princeton university

press.

O’NEILL, B. (1983). Semi-Riemannian geometry with applications to relativity.

Academic press.

PALMER, V. (1999). Isoperimetric inequalities for extrinsic balls in minimal sub-
manifolds and their applications. Journal of the London Mathematical Society, 60,
607-616.

PALMER, V. (2017). On deciding whether a submanifold is parabolic or hyper-
bolic using its mean curvature. In Topics in Modern Differential Geometry, 49-77,

Springer.

PALMER, V. & SARRION-PEDRALVA, E. (2021). First Dirichlet eigenvalue and

exit time moment spectra comparisons. arXiw:2110.03350.

PETERSEN, P. (2006). Riemannian geometry, vol. 171. Springer.

177



BIBLIOGRAPHY

[65]

[73]

POLyYa, G. (1921). Uber eine Aufgabe der Wahrscheinlichkeitstheorie betreffend
die Ihrfart in Strassennetz. Mathematische Annalen, 84, 149-160.

PoLya, G. (1948). Torsional rigidity, principal frequency, electrostatic capacity
and symmetrization. Quarterly of Applied Mathematics, 6, 267-277.

PoLya, G. & SzeEGO, G. (1951). Isoperimetric Inequalities in Mathematical

Physics. Princeton University Press.

SAKAIL, T. (1996). Riemannian geometry, vol. 149. American Mathematical Soci-
ety.

SPIVAK, M. (1975). A comprehensive introduction to differential geometry, vol. 5.
Publish or Perish, Incorporated.

SPIvAK, M. (1980). Calculus. Publish or Perish, Incorporated, 2nd edn.

TALENTI, G. (2016). The art of rearranging. Milan Journal of Mathematics, 84,
105-157.

VAN DEN BERG, M., BurTAzzO, G. & VELICHKOV, B. (2015). Optimization
Problems Involving the First Dirichlet Eigenvalue and the Torsional Rigidity.
Springer International Publishing, Cham.

VAN DEN BERG, M., FERONE, V., NiTtscH, C. & TrROMBETTI, C. (2016). On
Pélya’s inequality for torsional rigidity and first Dirichlet eigenvalue. Integral Equa-
tions and Operator Theory, 86, 579-600.

WARNER, F.W. (1983). Foundations of Differentiable Manifolds and Lie Groups,

vol. 94. Springer Science & Business Media.

WHITNEY, H. (1943). Differentiable even functions. Duke Mathematical Journal,
10, 159-160.

WIENER, N. (1923). Differential-space. Journal of Mathematics and Physics, 2,
131-174.

178



	1 Introduction
	1.1 Purpose of study and objectives
	1.2 Approach and methodology
	1.3 Previous results and motivation

	2 Preliminaries
	2.1 Riemannian geometry
	2.1.1 Length of curves and metric distance function
	2.1.2 Geodesic curves, exponential map and injectivity radius
	2.1.3 Cut locus and relationship with injectivity radius
	2.1.4 Intrinsic curvatures
	2.1.5 Extrinsic curvature
	2.1.6 Differential operators in Riemannian manifolds
	2.1.7 Normal and polar coordinates. Riemannian measure
	2.1.7.1 Normal coordinates
	2.1.7.2 Polar coordinates
	2.1.7.3 Laplacian and mean curvature in polar coordinates
	2.1.7.4 Notes on the sectional curvature
	2.1.7.5 The volume element


	2.2 Rotationally symmetric model spaces
	2.2.1 Rotationally symmetric model spaces
	2.2.2 Balance condition
	2.2.3 Schwarz symmetrization


	3 Moment spectrum comparisons on geodesic balls
	3.1 Brownian motion
	3.2 Moment spectrum
	3.3 Some background
	3.4 Mean exit time comparison
	3.5 Poisson hierarchy and moment spectrum comparison
	3.6 Torsional rigidity comparison

	4 First Dirichlet eigenvalue comparisons on geodesic balls
	4.1 First eigenvalue of the Laplacian for the Dirichlet problem
	4.1.1 First eigenvalue of the Laplacian for the Dirichlet problem on rotationally symmetric model spaces

	4.2 Some Background
	4.3 Volume-based rotational symmetrization of the metric tensor
	4.4 Upper bounds computed by the area function
	4.5 Upper bound by controlling the behaviour of the area function
	4.6 Moment spectrum and first eigenvalue comparisons

	5 Conclusions
	Bibliography

