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by KOOROSH KAZEMI

Bubble rising and heat/mass transfer in bubble rising are important phenom-

ena in many industrial processes such as wastewater treatment, fermentation, and

chemical reactions. Understanding the behavior of bubbles and their interaction

with fluids is crucial for optimizing the efficiency of these processes. In wastewater

treatment, for example, bubbles are introduced to increase the transfer of oxygen

from the gas phase to the liquid phase, which promotes the growth of microorgan-

isms and enhances the efficiency of the treatment. In fermentation, bubbles are in-

troduced to provide oxygen and remove carbon dioxide, which is important for cell

growth and product formation. In chemical reactions, bubbles can be used to mix

reactants and facilitate heat transfer, which can enhance reaction rates and product

yields. Therefore, the study of bubble rising and mass transfer in bubble rising has

significant implications for various industrial processes and can contribute to the

development of more efficient and sustainable technologies.

This doctoral thesis comprises two main parts: a numerical investigation of a

single gas bubble rising in different types of fluids, and an analysis of a pair of bub-

bles rising in-line in two types of fluids. The first part considers Newtonian, shear-

thinning, and shear-thickening fluids and analyzes the effects of Peclet number and

rheological properties on the transfer of a scalar across the bubble interface. The

second part investigates heat/mass transfer in Newtonian and shear-thinning fluids

and analyzes the effects of several parameters, including Galilei and Bond numbers,

bubble pair radius ratio, inelastic time constant, and flow index. The simulation is
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carried out using Basilisk, with adaptive mesh refinement techniques dependent on

the velocity magnitude, passive scalar value, and interface position.

The findings reveal that for a single bubble, the rising dynamics are strongly in-

fluenced by the flow index. For example, the bubble trajectory in shear-thinning

fluids exhibits an oscillatory path, while in Newtonian and shear-thickening fluids,

the bubble rises along the vertical axis. Moreover, the viscosity field and bubble

shape are significantly affected by the rheological properties of the fluid. Further-

more, the results show that the mass transfer rate increases with the Peclet number

and is highly dependent on the flow index. A reduction in the flow index of the

ambient fluid leads to a higher degree of deformation of the rising bubble and an

increase in its velocity, which in turn, results in an increase in the heat/mass transfer

rates across the bubble interface. Moreover, a correlation is proposed in this study

that relates the surface-averaged Sherwood number to both the flow index and the

Peclet number.

The investigation of a pair of bubbles rising in different types of fluids provides

crucial insights into the interplay between the dynamics of multiple bubbles and

their surrounding fluid medium, particularly in non-Newtonian rheologies. The

study revealed that the behavior of two bubbles rising in-line is characterized by

various motion patterns, and a new scenario of coalescence-breakup is introduced.

The analysis highlights the complex interactions between different regimes and the

dynamic behavior of bubbles in different fluid media. The results show that the

heat/mass transfer rate is optimized in regimes where the bubbles follow side es-

cape or Drafting-Kissing-Tumbling scenarios. The radius ratio of the leading to

trailing bubble has a significant impact on the behavior of bubbles during rising.

Additionally, the study highlights that the inelastic time constant influences the be-

havior of bubbles during rising, leading to more instability and oscillatory motion

of the bubbles. The study also revealed that the flow index is a crucial rheological

parameter that affects the behavior of bubbles, and decreasing the flow index leads

to an increase in the instabilities of the bubble during rising. These findings provide

valuable insights into the complex behavior of bubbles in non-Newtonian fluids,

with implications for a range of industrial processes.
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Chapter 1

Introduction

1.1 Overview

The study of the bubbles, which act as interfaces between gas and gas or liquid

phases, originated from the need to comprehend various phenomena and applica-

tions in fields such as aerosol transfer from sea (1), underwater explosions (2), oxy-

gen dissolution in freshwater (3), gas-liquid reactors (4), metallurgical and nuclear

power systems (5, 6), jet stability and cavitation in ship propellers and pumps (7–

10), microfluidic transport (11), gas-liquid contact equipment such as bubble col-

umn reactors and stirred tanks reactors (12, 13), wastewater treatment (14), aerobic

fermentation (15), CO2 storage (16), combustion (17, 18), spray drying (19), pharma-

ceutical industry (20), enhanced oil recovery in petroleum industry (21), production

of polymeric alloys (22), and algae growth (23), all of which have a high potential for

efficiency improvement if we obtain a better knowledge of the phenomenon. Bub-

bles are often employed in these circumstances because they provide an excellent

rate of heat/mass transfer between the gas bubble and the liquid phase as well as

minimal maintenance costs due to their ease of fabrication (24, 25). The size, shape,

and rising velocity of the bubble, bubble coalescence and breakup, liquid phase rhe-

ology, and other factors all influence effective heat/mass transfer. Since bubbles are

often not rigid, their deformation changes the interfacial area, which influences bub-

ble hydrodynamics, motion trajectories, and the efficiency of interfacial heat/mass

transfer (26, 27). The number of bubbles is also one of the controlling criteria that

greatly impacts the transfer efficiency in heat/mass transfer. The buoyancy, external

and internal circulations of the two fluids (the inertial and viscous forces), and the
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2 Chapter 1. Introduction

interface forces between two phases (surface tension, surface charge force, and so

on) all influence the interdependence of bubble topology, flow hydrodynamics, and

transfer coefficient (28). A gas bubble’s generation, mobility, and deformation are

all extremely dynamic behaviors, the outcomes of which are determined not only by

the nature of the interface but also by the environment fluid. Despite the fact that

carrier fluids are frequently defined as Newtonian, the majority of the aforemen-

tioned applications work with non-Newtonian fluids that exhibit shear-thinning or

shear-thickening characteristics (29–31). The majority of fluids encountered in na-

ture or industry are non-Newtonian, such as chemical reactants, polymers, blood,

slurries, proteins, emulsions, suspensions, and so on (32). Non-Newtonian fluids

have numerous applications, including bioreactors, chemical, biochemical, and bi-

ological engineering, culinary, pharmaceutical, and petrochemical industries, and

polymer manufacturing (33–35). Shear-thinning fluids, also known as pseudoplas-

tic fluids, are the most prevalent form of time-independent non-Newtonian fluids

and their apparent viscosity reduces with increasing shear rate. On the other hand,

shear-thickening fluids are those whose apparent viscosity rises as the shear rate

does. Shear-thinning and shear-thickening fluids are utilized often in a variety of

engineering applications, such as energy absorbers, vibration controllers, safety pro-

tectors, pharmaceutical, and food sectors, due to their unique properties.

Heat/mass transfer is frequently the design parameter of the processes outlined

above. Consequently, the calculation of the heat/mass transfer rate is necessary for

the optimal design of such equipment. It is essential to precisely predict the ris-

ing velocity of the bubble, deformation of the bubble during rising, bubbles inter-

actions, breakup, and coalescence, surrounding fluid rheology, mass/heat transfer

characteristics, and hence the performance of the equipment, for the design and op-

timization of equipment containing bubbly flows. Nonetheless, thorough research

into heat/mass transmission in gas-liquid systems remains difficult. Advection and

diffusion within each phase, as well as transfer across the interface, should be ad-

dressed when calculating the heat/mass transfer rate. Heat/mass transfer predic-

tion can be a challenging endeavor due to bubble interactions, deformable inter-

faces, and changes in diffusion coefficients between phases (which could be of orders

of magnitude). Experimental research encounters limitations in terms of available
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1.1. Overview 3

measuring tools, which are either intrusive or limiting in terms of data collection.

Numerical research, on the other hand, is constrained by computational capability

(36). As processing capacity has increased, and with the help of parallel computing,

numerical simulation has shown to be an excellent method for getting a fundamental

knowledge of multi-phase gas-liquid flows.

Experimental measurements of the rate of carbon dioxide absorption into the

water from single rising bubbles were made by Baird and Davidson (37). An inno-

vative method for figuring out the mass transfer rate in specific air bubbles rising in

water was developed by Bischof et al. (38). Ponoth and McLaughlin (39) proposed

correlations for the Sherwood number, bubble size, and Reynolds number by statis-

tically simulating axisymmetric rising bubbles in aqueous solutions of surfactants.

The mass transfer processes in axisymmetric viscous droplets in the Newtonian fluid

were studied by Feng and Michaelides (40) using a finite-difference method. They

reported their findings on the Sherwood number’s dependence on the Peclet num-

ber (ranging from 1 to 103) and the Reynolds number (ranging from 1 to 5× 102). The

effects of the viscosity ratio on the mass transfer of an axisymmetric bubble rising

in water were numerically examined by Saboni et al. (41). They obtained a corre-

lation between the surface-average Sherwood number and the Reynolds and Peclet

numbers over the 1-400 and 0-106 ranges, respectively. Experimental research on the

dissolution of carbon dioxide in a zigzagging single bubble in aqueous media was

conducted by Huang and Saito (42), who explored the effect of water contamination

on the mass transfer rate.

As previously indicated, many relevant multiphase flow applications with in-

terfacial transport involve liquid carrier phases with non-Newtonian behavior. Bar-

nett et al. (43) experimentally explored the carbon dioxide transfer in an aqueous

(Newtonian) environment and in carboxymethyl cellulose (CMC) solutions (shear-

thinning), demonstrating that the rheology can alter both the drag and mass trans-

fer coefficients. Bhavaraju et al. (44) investigated the dependence of the Sherwood

number in single bubble systems under a creeping flow regime employing power-

law ambient fluids and derived correlations for the mass transfer coefficient using

perturbation methods. Kishore et al. (45) numerically investigated the impact of

the Reynolds and Peclet numbers as well as the flow index on the mass transfer
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4 Chapter 1. Introduction

in power-law fluids under the assumptions of a spherical bubble and steady and

fully developed circumstances. They were able to forecast how these characteris-

tics would affect the surface-average Sherwood number for modest Reynolds val-

ues based on the findings. Dhole et al. (46) also considered power-law fluids to

investigate the Sherwood number dependency of the Reynolds and Peclet numbers

under the axisymmetric steady flow assumption. Using numerical simulations of a

rising bubble in two-dimensional yield stress fluids and the assumption of constant

mass transfer, Cao et al. (47) derived a correction factor to enhance the prediction

of surface-averaged Sherwood numbers. Vasconcelos et al. (48) and Gomez-Diaz et

al. (49) employed potential flows at high Reynolds numbers with entirely mobile

surfaces in their improvements to the Sherwood number estimation. The Sherwood

number for spherical bubbles was correlated throughout a wide range of regimes,

from creeping flow to high Reynolds numbers, by Clift et al. (50). Coppus and Ri-

etema (51) proposed a correlation for the mass transfer coefficient in spherical cap

bubbles under the potential flow assumption. Kendoush (52, 53) also researched

spherical cap bubbles. The analysis was expanded to include ellipsoidal bubbles in

potential flows, and a Sherwood number correlation under forced convection was

revealed.

One of the most crucial problems in bubbly flows is bubble interaction between

the bubbles, which can lead to significant physical processes in the system such as

coalescence and breakup. Coalescence, for example, can impact the system’s perfor-

mance by modifying the heat/mass transfer rate induced by changing the interfacial

area. The evolution, flow dynamics, and scalar transport in a system comprised of

only two bubbles can be of aid to better understanding the nature of bubbly flows

and enhance the design of gas-liquid apparatus.

Under various circumstances, the dynamics of a pair of rising bubbles have been

examined experimentally. Two bubbles rising in-line in a viscous liquid were the

subject of research by Bhaga and Weber (54), who presented a correlation for the

wake velocity throughout a range of Reynolds numbers (10 < Re < 100). Katz

and Meneveau (55) experimentally examined the rising velocity of the bubble pairs

rising in water with different initial separations and different bubble diameters at

the Reynolds number range between 0.2 and 35 and Bond numbers of less than 0.3.
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1.1. Overview 5

Watanabe and Sanada (56) numerically and experimentally analyzed the motion of a

pair of bubbles, demonstrating that at moderate Reynolds numbers (5 < Re < 150),

there is an equilibrium distance between bubbles, although it is unstable due to

three-dimensional (3D) effects. In order to determine the required Reynolds num-

ber and Weber number for the bubbles to bounce, Sanada et al. (57) conducted an

experimental study on the coalescence of a pair of bubbles rising in silicone oil and

water side by side. They also demonstrated that, upon coalescence, the bubbles’ ris-

ing velocities diminish. A correlation for the drag coefficient of a single bubble for

various Reynolds numbers (50 < Re < 300) was introduced by Kusuno and Sanada

(58)in their experimental study of a pair of bubbles ascending in-line in ultra-pure

water. They also investigated how the bubble radius affected the dynamics, which

revealed four distinct motions: separating, approaching, merging, and overtaking.

Experimental research was conducted by Kusuno et al. (59) in which they estimated

the drag and lift coefficients for a Reynolds number range of 20 to 60 for two clean

air bubbles rising in-line in silicone oil.

Numerical simulation has developed into a potent tool to reach in-demand char-

acteristics and behavior of the bubble rising and bubbles interaction mechanism in

various surrounding fluids. This is due to the rapid growth and development of

numerical methods as well as the limitations and restrictions of experiments. Using

a combined spectral/finite-difference approach, Yuan and Prosperetti (60) carried

out a numerical analysis on an undeformable axisymmetric pair of bubbles rising

in-line in a viscous fluid at Reynolds numbers up to 200. They demonstrated that

the wake effect and inertial repulsion are balanced, resulting in a stable equilibrium

distance between the bubbles. In order to examine the impact of initial separation on

the dynamics of the bubbles, Chen et al. (61) employed a modified Volume-of-Fluid

(VOF) approach to model the motion of a pair of initially spherical bubbles rising at

Reynolds numbers up to 200 and two distinct Bond values (50 and 420). They discov-

ered that the bubbles merge for small initial separation values, but not for big values.

With two different Reynolds numbers (8.5 and 10) and four different Bond numbers

(4.25, 5, 42.5, and 50), Hasan and Zakaria (62) used VOF to simulate the coalescence

process of two in-line bubbles. Their results demonstrate that the high surface ten-

sion force delays the coalescence for a fixed value of the density and viscosity ratios.
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6 Chapter 1. Introduction

Chen et al. (63) used the moving particle semi-implicit (MPS) approach to perform

a two-dimensional numerical simulation of a pair of bubbles rising in-line and also

side-by-side in a liquid pool. They investigated the impact of bubble radius on the

bubble dynamics and coalescence, discovering that the coalesced bubble rises with

volume and velocity oscillations and that raising the bubble radius increases the time

of the volume oscillations. In their numerical analysis, Tripathi et al. (28) looked at

six distinct Ga − Bo sets, including (Ga, Bo) = (22.4, 4), (32, 4), (60, 4), (25, 1), (100, 2),

and (25, 4). They explored how Ga, Bo, and initial separation affected the dynamics

of the bubbles and demonstrated that there is a mirror symmetry in the bubble tra-

jectories even in a high-inertia environment (high Ga). Zhang et al. (64) investigated

the coalescence and interaction of two bubbles rising in-line in viscous liquids using

axisymmetric simulations. They investigated the influence of surrounding fluid vis-

cosity on coalescence and proposed a bifurcation diagram depicting four distinct co-

alescence regimes. Cao and Macián-Juan (65) studied the effects of initial separation

on the dynamics of two in-line bubbles rising in quiescent liquid using a numerical

simulation. They discovered that at a modest initial separation, the trailing bubble

collides with the leading bubble, resulting in a central breakup of the trailing bubble

caused by elongation. They also demonstrated that at greater initial separation, the

trailing bubble experiences lateral motion due to the wake of the leading bubble.

Kumar et al. (66) also numerically investigated the coalescence and interaction of

two in-line bubbles rising in a quiescent liquid. They explored the impacts of ini-

tial separation and the ratio of the bubbles radius on coalescence, discovering that

increasing the initial separation lengthens the coalescence duration.

While many materials found in both nature and industry are non-Newtonian flu-

ids, such as blood, polymers, and carboxymethyl cellulose (CMC) solutions, a large

portion of studies in the literature concentrated on the bubble rising in Newtonian

fluids. In contrast to Newtonian fluids, non-Newtonian fluids exhibit more com-

plex bubble rising dynamics and interactions, and there is little relevant research

available. By conducting experiments on a pair of bubbles rising in Xanthan gum

with flow indices (n) of 0.85 and 0.55, Rodrigo Vélez-Cordero et al. (67) were able

to demonstrate that as the flow index decreases, the wake behind the leading bub-

ble draws the trailing bubble more quickly. Using the VOF approach coupled with
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1.2. Thesis goals and structure 7

the Continuous Surface Force (CSF) method, Fan and Yin (68) carried out a numer-

ical simulation to examine the interaction of two bubbles rising in shear-thinning

fluids, provided by the power-law model. They took into account various bubble

arrangements (side-by-side and oblique) and initial separations, demonstrating that

for side-by-side bubbles, the repulsive effect decreases with the initial separation

and that for two oblique bubbles, there may be an equilibrium angle at which the re-

pulsive and attractive interactions are balanced. Tariqul Islam et al. (69) numerically

examined the side-by-side and oblique configurations for a pair of bubbles rising in

shear-thinning fluids described by the power-law. They noted that as the flow index

is reduced, the bubbles’ shape shifts from spherical to irregular, and there is also sig-

nificant oscillation between the bubbles. Liu et al. (70) studied the coalescence and

interaction of several horizontal bubbles rising in shear-thinning fluids with various

arrangements and initial separations, determining the critical bubble separation for

coalescence under various situations using VOF simulations. Sun et al. (71) inves-

tigated the dynamical behavior of multiple bubbles rising in shear-thinning fluids

with equilateral triangle arrangements at Reynolds numbers ranging from 5 to 300,

using the correlation of the interaction coefficient among the bubbles as the ratio of

the bubble drag coefficient for multiple systems and a single bubble rising under the

same conditions. They (72) also employed the VOF approach to model three hori-

zontal bubbles of varying diameters in shear-thinning fluids, proposing a correlation

for the bubbles’ drag coefficient.

1.2 Thesis goals and structure

The title of the research project is “Numerical investigation of a single bubble and

a pair of bubbles rising in Newtonian and non-Newtonian fluids with interfacial

passive scalar transfer”. Its primary aims are to examine the dynamic behavior of

the bubble/bubbles and the heat/mass transfer from the bubble/bubbles to the sur-

rounding fluid.

To achieve this, the study investigates the influence of several factors on the dy-

namics and heat/mass transfer across the bubble interface in two primary configu-

rations: a single bubble and a pair of bubbles rising in Newtonian or non-Newtonian
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8 Chapter 1. Introduction

fluids. The factors under consideration include:

1. Galilei number (Ga = ρg1/2R3/2

µA
): It is the ratio of the gravitational force to the

viscous force. Greater Ga indicates that the bubble is subjected to more inertial

force. It can be changed by adjusting the bubble radius or the viscosity of the

surrounding fluid.

2. Bond number (Bo = ρAgR2

σ ): This evaluates the influence of surface tension

and gravity on the movement of the liquid front and describes the shape of

the bubble as it moves through the fluid. A high value of Bo implies that sur-

face tension has little effect on the system, whereas a low value (usually less

than one) suggests that surface tension is dominant (73). The bubble radius or

surface tension can be modified to alter this parameter.

3. Flow index (n): It is often used to describe the rheological characteristics of

the fluids and is defined as the ratio of shear stress to shear rate, measuring

the non-Newtonian flow characteristics of a fluid. When n equals one, the

fluid is Newtonian. If n exceeds one, the fluid is classified as dilatant or shear-

thickening (the apparent viscosity increases as the shear rate increases). If n

is between zero and one, the fluid is Pseudoplastic and shear-thinning (the

apparent viscosity decreases as the shear rate increases) (74).

4. Inelastic time constant (λ): it is the relaxation time constant of the Carreau

rheological model (75).

5. Peclet number (Pe): It is defined as the ratio of the rate of advection of a

physical quantity caused by flow to the rate of diffusion of the same quantity

caused by an adequate gradient, reflecting the relative importance of advec-

tion against diffusion. A high number of Pe denotes an advectively dominated

distribution, while a low number of Pe denotes a diffuse flow (76).

The study involved a comprehensive investigation of the impact of various pa-

rameters on bubble dynamics and heat/mass transfer in different fluid configura-

tions. The attained results contribute to a deeper understanding of the fundamental

physics of bubbly flows and the effect of rheological properties on such flows. The
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numerical models and simulation techniques developed in this study provide a ba-

sis for future research in the field of multiphase flow and heat transfer. The findings

of this study also have potential applications in various fields such as chemical en-

gineering, biotechnology, and environmental engineering.

The thesis is arranged in the following chapters:

Chapter 1 is dedicated to an introduction to the thesis, outlining its aims and objec-

tives, and providing a list of the main scientific contributions.

Chapter 2 provides a detailed description of the numerical and mathematical mod-

els used in the research project. It explains the governing equations of fluid

dynamics and heat/mass transfer, as well as the numerical methods used to

solve them. The chapter also outlines the Carreau model used to describe the

non-Newtonian behavior of the fluids and the phase-field model used to sim-

ulate the dynamics of the bubble/bubbles. Furthermore, the chapter describes

the validation of the numerical models against experimental and analytical re-

sults to ensure the accuracy and reliability of the simulations.

Chapter 3 examines the scalar transfer rate from a single bubble to a fluid that is qui-

escent and exhibits Carreau rheological behavior, with Galilei and Bond num-

bers of 30 and 2, respectively, and a non-dimensional inelastic time constant of

6. The bubble dynamics regime remains in steady and oscillatory regions un-

der these circumstances. The mass transfer equation of a scalar is coupled to

the Navier-Stokes equations, which are numerically solved in a non-stationary

three-dimensional domain, and the impact of the Peclet number and flow in-

dex of the quiescent fluid on the Sherwood number is investigated.

Chapter 4 presents a numerical study that investigated the motion, interaction, and

passive scalar transport of a pair of bubbles rising in Newtonian and shear-

thinning fluids. The study aimed to better understand the complex mecha-

nisms underlying heat and mass transfer in multiphase systems by evaluating

the impact of various parameters, such as the Galilei and Bond numbers, the

radius ratio of the bubble pair, and the flow index and inelastic time constant of

the fluid. The results provided valuable insights into the behavior of bubbles
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in industrial processes, which can help in the development of more efficient

and cost-effective methods for mass transfer. Overall, the study demonstrated

the importance of considering the dynamic behavior of multiple bubbles when

analyzing heat and mass transfer in real-world industrial scenarios.

Chapter 5 concludes the thesis by summarizing the research objectives, the method-

ologies used to achieve them, and the major findings of the study. It also dis-

cusses potential future directions for this research, including the impact of dif-

ferent factors on the dynamics and heat/mass transfer in various fluid types

and configurations.

1.3 Related Contributions

Throughout the course of this research, the following significant contributions were

made:

• Journal articles

– Kazemi, Koorosh; Vernet, Anton; Grau, Francesc X.; Cito, Salvatore; Fab-

regat, Alexandre. (2022) “Passive scalar transfer rate at bubble interface

in Carreau liquid in a transition regime”, Int. Journal of Multiphase Flow,

150, DOI: https://doi.org/10.1016/j.ijmultiphaseflow.2022.104000.

• Conference contributions

– Kazemi, Koorosh; Vernet, Anton; Grau, Francesc X.; Cito, Salvatore; Fab-

regat, Alexandre. (2021) “Study of bubble rising dynamics and interfacial

scalar transport in Carreau-Yasuda quiescent fluid model”, Annual Euro-

pean Rheology Conference, Nantes, France.

– Kazemi, Koorosh; Vernet, Anton; Cito, Salvatore; Fabregat, Alexandre.
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Chapter 2

Numerical study

The present research project aimed to investigate the dynamics of bubbles rising

in Newtonian or non-Newtonian fluids and the accompanying heat/mass transfer

across the bubble-fluid interface through three-dimensional numerical simulations.

To accurately simulate bubble dynamics, the mass continuity equation and the mo-

mentum or Navier-Stokes equations (NSE) must be numerically solved, and the

advection-diffusion equation must be employed to model heat and mass transport.

Additionally, the rheology of non-Newtonian fluids is described using the Carreau

model. The simulation results are used to gain insights into the dynamic behavior

of single and multiple bubbles and the underlying heat/mass transfer mechanisms,

while also examining the impact of various factors on the system’s behavior. The

simulation results are validated against experimental data and established numeri-

cal benchmarks from previous studies to ensure the accuracy and reliability of the

code.

2.1 Formulations

A Cartesian system (x, y, z) is used to represent the motion of a gas bubble (fluid B)

of initial radius R rising due to buoyancy inside a cubic box of length L filled with

an incompressible Newtonian or non-Newtonian fluid A.

To determine the flow characteristics, mass and momentum (NSE) conservation

equations for incompressible binary and immiscible flows must be solved, as given

by (77):

∇ · ũ = 0 (2.1)
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14 Chapter 2. Numerical study

ρ

ï
∂ũ
∂t̃

+ ũ · ∇ũ
ò
= −∇ p̃ +∇ · (µ∇ũ) + δσκ̃n⃗ − ρgȷ (2.2)

where ũ(ũ, ṽ, w̃) is the velocity vector with components ũ, ṽ and w̃ aligned in the

x̃, ỹ and z̃ directions, respectively. ρ, t̃, p̃, g, and µ represent density, time, pressure,

gravitational acceleration, and dynamic viscosity, respectively. The concentrated na-

ture of the surface tension term at the interface is expressed by the Dirac delta func-

tion, δ, and the constant surface tension coefficient is denoted by the symbol σ. n⃗

represents the outward-pointing unit normal to the fluid “A” at the interface, κ̃n⃗

denotes interfacial curvature and ȷ is the unit vector in the vertical direction (along

gravity- negative y direction). The tilde indicates dimensional variables. Here, the

surface tension force is considered as a body force term using the continuum method

suggested in (78).

For two-phase flows, the density and viscosity can be written as:

ρ ≡ ρ( f ) = ρA f + ρB(1 − f ) (2.3)

µ ≡ µ( f ) = µA f + µB(1 − f ). (2.4)

where A denotes the phase of ambient fluid with the properties of density ρA and

dynamic viscosity µA, and B denotes the phase of bubble fluid with the properties

of density ρB and dynamic viscosity µB. The densities of both phases are assumed to

be constant. The gas phase is considered to be Newtonian with a constant dynamic

viscosity whereas the liquid phase can be Newtonian or non-Newtonian whose rhe-

ology is described by the Carreau model. The interface between the two phases is

monitored using the volume fraction of fluid f , which is bounded between 0 (fluid

B) and 1 (fluid A).

2.2 Non-dimensionalization

The governing equations are non-dimensionalized using the following scaling for

length, velocity, and pressure:
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2.3. Non-Newtonian model 15

l∗ = R (2.5)

u∗ =
√

gR (2.6)

p∗ = ρA(u∗)2 (2.7)

where R represents the radius of the initially spherical bubble. In this case, the

set of non-dimensional parameters yield:

Ga =
ρAu∗l∗

µA
=

g1/2R3/2

νA
(2.8)

Bo =
ρAu∗2l∗

σ
=

ρAgR2

σ
(2.9)

where Ga and Bo are Galilei and Bond numbers, respectively.

The non-dimensional governing NSE can be written as:

Du
Dt

=
1
α

ï
−∇p +

1
Ga

∇ · (β∇u) +
1

Bo
δκn⃗
ò
− ȷ (2.10)

where α = ρ
ρA

= f + ρ⋆(1− f ), β = µ
µA

= f + µ⋆(1− f ) and the density and dynamic

viscosity ratios are defined as ρ⋆ = ρB
ρA

and µ⋆ = µB
µA

, respectively.

2.3 Non-Newtonian model

The viscosity of a non-Newtonian surrounding fluid (fluid A) is proportional to the

shear rate. To simulate the viscosity of the surrounding fluid, the Carreau rheolog-

ical model is employed. Although the Carreau model is most commonly used for

shear-thinning fluids, it has also been applied to shear-thickening fluids (79–81). The

model can be expressed as follows (75):

µA = µ0
Aη = µ0

A

î
1 + (λΠ)2

ó(n−1)/2
. (2.11)

where µ0
A represents the dynamic viscosity of fluid A corresponding to the zero shear

rates. λ and n are the inelastic time constant and flow index, respectively. Π =
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16 Chapter 2. Numerical study

(EijEij)0.5 is the second invariant of the strain rate tensor, wherein Eij =
1
2

( ∂ui
∂xj

+
∂uj
∂xi

).

Unless otherwise specified, the value of λ remains constant at 6 throughout this

study.

Applying the predetermined scaling, the non-dimensional NSE for the bubble

rising in Newtonian/non-Newtonian fluids can be expressed as follows:

Du
Dt

=
1
α

ï
−∇p +

1
Ga0∇ · (β∇u) +

1
Bo

δκn⃗
ò
− ȷ (2.12)

where the Ga0 = ρAg1/2R3/2

µ0
A

, β = µ

µ0
A

and µ⋆ = µB
µ0

A
. In this study, the density ratio, ρ⋆,

and the initial viscosity ratio, µ⋆, are set to 0.001 and 0.01, respectively.

2.4 Passive scalar transport

The general equation that describes the transport of a passive scalar ϕ can be written

as:

∂ϕ̃

∂t̃
+∇ · ũϕ̃ = ∇ · (D∇ϕ̃

)
(2.13)

where D is the passive scalar diffusion coefficient and varies among different phases,

indicating distinct values for each phase.

The equation above can be non-dimensionalized using ϕ = (ϕ̃ − ϕ̃∞)/(ϕ̃0 − ϕ̃∞)

where ϕ̃0 and ϕ̃∞ are the initial scalar within the bubble and far-field values, respec-

tively. Thus, the non-dimensional equation reads:

∂ϕ

∂t
+∇ · uϕ =

1
Pe

∇2ϕ (2.14)

where Pe = u∗ l∗
D is Peclet number. Initial value of ϕ inside the bubble is 1 and every-

where else is zero and the expression for the Peclet number in a two-phase flow can

be formulated as follows:

Pe ≡ Pe( f ) = PeA f + PeB(1 − f ) (2.15)

The density flux of the scalar ϕ̃ can be written as:
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2.4. Passive scalar transport 17

q′′ϕ = −D∇ϕ̃ (2.16)

where D is the scalar diffusion coefficient.

This quantity can also be expressed using Newton’s Law of Cooling as:

q′′ϕ = hϕ

(
ϕ̃s − ϕ̃∞

)
. (2.17)

where hϕ is the local convective transport coefficient, ϕ̃s is the local value of ϕ̃ at the

bubble surface and ϕ̃∞ is the environment value of the scalar (assumed constant).

The amount of ϕ̃ transferred from the bubble to the environment through the

interface S̃(t̃) can be written as:

q̃ϕ =
∂

∂t̃

∫
Ṽ

ϕ̃dṼ =
∫

S̃
−D∇ϕ̃ · n⃗dS̃ =

∫
S̃

hϕ

(
ϕ̃s − ϕ̃∞

)
dS̃ (2.18)

where Ṽ(t̃) is the bubble volume (assumed constant). Using the Gauss Theorem, the

non-dimensional form of the Eq. (2.18) can be written as:

q̃ϕ

l∗ϕ∗D = qϕ = Pe
∂

∂t

∫
V

ϕdV = −
∫
V
∇2ϕdV =

∫
S

hϕl∗

D ϕsdS (2.19)

Using ⟨⟩ to denote interface averaged quantities, ⟨hϕ⟩ is the surface-averaged con-

vective transport coefficient and ⟨ϕs⟩ is the surface-averaged value of ϕ, and Eq. (2.19)

can be written as:

⟨Sh⟩ = qϕ

⟨ϕs⟩
= −

∫
V ∇2ϕdV
⟨ϕs⟩

=
l∗⟨hϕ⟩
D (2.20)

And therefore,

qϕ = ⟨Sh⟩⟨ϕs⟩ (2.21)

where ⟨Sh⟩ is the surface-averaged Sherwood number.
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18 Chapter 2. Numerical study

2.5 Numerical method

NSE and advection-diffusion are solved numerically using Basilisk (82), a Volume-

of-Fluid (VOF) open-source solver widely used to numerically investigate multi-

phase flows (83, 84). In order to quantitatively examine the evolution of complex

surfaces that may eventually break up and/or coalesce under high density and vis-

cosity ratios, Basilisk adopts a surface-tracking approach. Besides this, Basilisk Using

balanced-force continuum surface force formulation to calculate the surface tension

force, Basilisk ensures the minimizing of parasitic currents at the interface by com-

puting the surface tension force using a balanced-force continuum surface force for-

mulation (85). Additionally, by dynamically increasing the local mesh resolution in

accordance with user-specified requirements, numerical efficiency is ensured.

In the current application, the oct-tree-based mesh refinement technique controls

the error on local values of velocity magnitude and passive scalar concentration, as

well as the bubble interface position. In order to improve the accuracy and extend

the capabilities of the simulation code, several new features were added to Basilisk:

1. The Carreau model to compute the viscosity of the surrounding fluid.

2. Advection-diffusion equation to model heat/mass transfer from the bubble

to the surrounding fluid, and compute the transfer rate directly without any

further post-processing.

3. The procedure of calculating qϕ by using the volume integral inside the bubble

as well as the surface-averaged value of the scalar, ⟨ϕs⟩, which is necessary to

calculate ⟨Sh⟩.

4. A finite difference approach for calculating the surface-averaged Sherwood

number, ⟨Sh⟩.

5. A method for converting data into the VTK files during parallel processing to

facilitate data visualization and analysis.

These additions were implemented and tested to enhance the accuracy and effi-

ciency of the simulations and improve the overall reliability of the code.
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2.6. Grid study and validation 19

2.6 Grid study and validation

To ensure the accuracy and reliability of the simulations and outcomes, it is crucial to

study the grid resolution and validate the results. These validation tests demonstrate

that the numerical models and simulation code are accurate and reliable for simu-

lating bubble dynamics and heat/mass transfer in Newtonian and non-Newtonian

fluids.

The grid resolution determines the accuracy and reliability of the numerical solu-

tions, and it can significantly impact the results. Therefore, it is essential to conduct

grid sensitivity studies to ensure that the grid resolution is adequate for the intended

purpose and to evaluate the impact of grid resolution on the simulation results. The

ideal domain size was determined by comparing various tank volumes in order to

ensure that the effects of the walls, which were modeled as no-slip surfaces, are neg-

ligible. Consequently, a cubic box with a non-dimensional length of 120 was chosen.

The background mesh resolution level was set to refinement level 25 under the oct-

tree mesh hierarchy utilized by the solver, which equates to a mesh resolution of 32

cells in each direction. The mesh refinement strategy resulted in an increase in the

total number of cells of up to 107 cells.

Mesh-independence results for a single bubble rising in a shear-thinning fluid

(n = 0.3) with Pe = 1000 are shown in figure 2.1 using the temporal evolution of the

non-dimensional density flux qϕ and local Reynolds number Rel =
ρAubd

µ0
A

where ub is

the bubble rising velocity and d is initial diameter of the bubble. The differences be-

tween the three distinct mesh levels (m = 10, 11, and 12) imply that m = 11 produces

adequate grid resolutions. Mesh level, m, represents the level of mesh refinement

based on the various parameters applied to the initial mesh resolution (here, local

values of velocity magnitude, the passive scalar concentration, and bubble interface

position).
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FIGURE 2.1: Evolution of local Reynolds number (top) and non-
dimensional density flux (bottom) for a single bubble rising with dif-

ferent mesh levels, n = 0.3 and Pe = 1000.

Furthermore, the fluctuation in bubble volume is used to define the mass conser-

vation error:

E = 100
V(t) − V0

V0
(2.22)

where V0 is the initial volume of the bubble and V(t) = (1 − f )
∫

V dV(t). Figure 2.2

shows that the error is under 0.05 % for different ambient fluids. It should be noted

that the minor changes shown in figure 2.2 are principally attributable to the use

of adaptive mesh refinement, which requires a different mesh resolution for each

scenario.

0 5 10 15 20 25 30 35 40 45 50
−0.1

−5 · 10−2

0

5 · 10−2

0.1

t

E

n = 0.3 n = 0.6
n = 1.0 n = 1.7

FIGURE 2.2: The evolution of the mass conservation error for differ-
ent ambient fluids.

The methodology is also validated for the case of two in-line bubbles rising in
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2.6. Grid study and validation 21

a quiescent liquid with an initial separation of S = 3R. The current findings are

compared to experiments and numerical simulations previously documented in the

literature. The Galilei, Bond, and density and dynamic viscosity ratios are identical

to those used in the experiments by Brereton and Korotney (86) who used Ga =

23.78, Bo = 4, and ρ⋆ = µ⋆ = 0.01. Figure 2.3 compares the coalescence process

of the bubbles to the experimental observations of Brereton and Korotney (86) and

numerical findings of Chakraborty et al. (87).

t=1 t=2 t=3 t=4 t=6

FIGURE 2.3: The evolution of the bubble shapes and the coalescence
process. Top: Experimental observations of Brereton and Korotney
(86); Middle: Numerical results of Chakraborty et al. (87); Bottom:

Present work.

Although numerical and experimental results agree fairly well, the lag existing

between the release times of two bubbles in the experiments and slight deviations

from the spherical shape result in distinct wake characteristics. This is in contrast to

the numerical simulations, in which the bubbles are perfectly spherical and released

simultaneously in a completely quiescent ambient fluid.

Our results are also compared with those of Chakraborty et al. (87) who used

coupled level-set and volume of fluid (CLSVOF) to simulate the same case in a two-

dimensional domain. Using the instantaneous Reynolds number Re for the leading

(LB) and trailing (TB) bubbles (based on the initial diameter and instantaneous ris-

ing velocity, Re = ρAubR
µ0

A
), Figure 2.4 provides the comparison between the present
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findings and numerical results of Chakraborty et al. (87) (shown with the legend of

NRCH) methodologies.

Despite the differences in the two numerical approaches, the results show that

both simulations predict a similar evolution of the Re number up to the quasi-terminal

conditions when this parameter plateaus at Re = 49.1, a value very close to the ex-

perimental value of Re = 50 obtained from the bubble diagram of Bhaga and Weber

(88) and Clift et al. (89).
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FIGURE 2.4: Evolution of the instantaneous Re for the trailing and
leading bubbles; Present work and numerical results of Chakraborty

et al. (87).
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Chapter 3

A single bubble rising

This chapter focuses on the numerical simulation of gas-liquid heat/mass transfer

from a single bubble to a fluid with Carreau viscosity, which can be either Newto-

nian, shear-thinning, or shear-thickening. The simulations are carried out under a

fixed set of (Ga,Bo) conditions, and the effects of the Peclet number and flow index

on the Sherwood number and bubble dynamics are investigated.

3.1 Physical model

A schematic of the numerical domain with a cubic box filled with Newtonian or non-

Newtonian fluids and a length of 120 is shown in figure 3.1. The spherical bubble

with a radius of 0.5 is first released at (x0, y0, z0) = (0, 15, 0) with zero velocity. Due

to the huge box dimensions, the impacts of the walls on the bubble dynamics are

kept to a minimum. Note that all the parameters are non-dimensional.

The distinct regimes of the air-water system are represented in a Ga − Bo phase

plot in figure 3.2, using the interface topology. The five regimes are axisymmetric, os-

cillatory (zigzag or spiral), skirted, peripheral breakup, and central breakup regions

((90)), according to the plot. It is reasonable that the bubble maintains its integrity

in regime I because of the high surface tension and low gravity. A typical example

of a constant ellipsoidal shape is depicted in that area of the figure taking on a ter-

minal velocity going straight upwards. In this regime, the bubble is axisymmetric.

A thin skirt that follows the main body of the bubble and an axisymmetric cap are

the two distinguishing characteristics of the bubble in regime II. The skirt has minor
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24 Chapter 3. A single bubble rising

deviations from axisymmetry in the form of waves. Bubbles in this regime also mi-

grate in a vertical line upwards, almost reaching a terminal velocity after the initial

transients.

Lx = 120

L
z
=

12
0

d = 1

x

z

A

B

Lx = 120
L
y
=

12
0 d = 1

x

y

~g

A

B

h = 15

1
FIGURE 3.1: Top and side views of the computational domain (not
to scale) showing the flow configuration with an initially spherical
bubble of fluid B and non-dimensional diameter d = 1 placed at y =

h = 15 in a Lx = Ly = Lz = 120 cubical box filled with fluid A.

I
III

II

IV
V

FIGURE 3.2: Ga − Bo phase plot of an air bubble rising in water. This
figure is taken from Tripathi et al. (90).

Surface tension and inertial forces are both considerable and of the same order in

regime III. Bubbles deviate significantly from axisymmetry in this region early on,

rising in a zigzag or spiral pattern. Bubbles remain integral, although their shapes

alter throughout time. In regimes IV and V, the bubble usually breaks up due to

greater gravity and very weak surface tension. Regime IV is a limited zone that has

a moderate value of the product Ga − Bo. The bubble in this regime breaks into a
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big axisymmetric spherical cap and several small satellite bubbles in the cap’s wake.

Ultimately, high inertial and low surface tension forces are acting on the bubbles in

regime V. A profoundly different types of dynamics can be observed here. A dimple

creation in the bottom center causes a shift in topology, as seen in the figure, to a

doughnut-like or toroidal shape. The shift in topology may be accompanied by the

ejection of tiny satellite bubbles toward the edge of regime IV. Further increases in

Ga and Bo in this area result in a fully axisymmetric alteration in the topology of

the entire bubble. This new shape is temporary, in contrast to the other areas. It

gradually develops into several bubble fragments and loses its symmetry.

To investigate the effect of the rheology on the bubble dynamics, the Bond and

Galilei numbers are set to 2 and 30, respectively, located near the border of regimes

I and III. Therefore, it is expected to see deviations from the axisymmetric trajectory

displayed by the air bubble when released in water, which is a Newtonian fluid. The

values of λ and n for the shear-thinning fluids used in this chapter are taken from

the experiments of Zhang et al. (91) and also the numerical simulation of Premlata

et al. (92). Additionally, a value of flow index for shear-thickening fluids is used to

study this case as well.

3.2 Results

In a large tank, a single bubble rising in Newtonian, shear-thinning, and shear-

thickening fluids is simulated, and the impact of the rheological properties on the

bubble dynamics, as well as the effects of the Peclet number and rheological proper-

ties on heat/mass transfer across the bubble interface, are explored.

3.2.1 Effects of the rheological properties on the dynamics of the bubble

The rheological characteristics, such as the flow index, have a significant impact on

the bubble rising dynamics. Defining effective Galilei number, Gae f f = ρAub L
µA

and

effective Bond number,Boe f f = ρAub
2L

σ , where ub is the bubble rising velocity and

characteristic length scale is L = V/A, the effects of n on Ga − Bo phase plot can be

seen in figure 3.3. As can be observed, the bubble dynamics behavior switches to the
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26 Chapter 3. A single bubble rising

axisymmetric area for the shear-thickening case, whereas it shifts to the oscillatory

region for the shear-thinning cases.
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FIGURE 3.3: History of Ga − Bo phase plot for different flow indexes.

The impacts of the flow index on the dynamics of the single bubble as it rises,

including bubble trajectory, rising velocity, bubble topology, and the viscosity field

are investigated in this section. Four different flow indexes, n, are considered: 0.3

and 0.6 for the shear-thinning fluids, 1 for the Newtonian fluid, and 1.7 for the shear-

thickening fluid.

Bubble trajectory

The position of the bubble’s center of mass, originally placed at (x0 = 0, y0 = 15, z0 =

0), versus time for various scenarios is represented in figure 3.4. The findings show

that the bubble rises vertically when n = 1.0 as well as when n = 0.6 and = 1.7.

On the contrary, the most intense shear-thinning scenario, with n = 0.3, exhibits an

oscillatory pattern with a zigzag motion. Consequently, this case has more dramatic

bubble excursions and lateral departures. This implies that the bubble dynamics

may finally mirror those displayed by a Newtonian ambient fluid at higher Galilei

numbers when the background flow behaves as a shear-thinning fluid. Furthermore,

by zooming into figure 3.4, it can be seen that for n = 0.3, the bubble rises more

quickly compared to the case of n = 0.6 until t = 0.5 when the oscillatory behavior

of the bubble begins to expand.
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FIGURE 3.4: Bubble trajectory for different flow indexes; top: coor-
dinates of the bubble versus time, and bottom: 2D position of the

bubble on each slice.

Interface topology

Figure 3.5 displays x = 0 slices of the viscosity field at two distinct times for different

flow indexes, as well as the shape of the bubble (in white). Shear-thinning ambient

fluids cause large deviations from the spherical shape of the bubble, which tends to

flatten as it rises in comparison to n = 1. Shear-thickening ambient fluid, on the

other hand, typically prevents the bubble from deforming significantly. The oscilla-

tory behavior of the bubble in figure 3.4 results in oscillatory changes in the bubble

topology when growing in a shear-thinning fluid. Changes in the bubble shape are

minor for n = 0.6, 1.0, and1.7 compared to n = 0.3. Figure 3.6 which presents the
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28 Chapter 3. A single bubble rising

temporal history of the rising velocity magnitude, ∥V∥, of the bubble (top) and the

normalized bubble interface area (bottom), makes this observation quite evident.

t = 30 t = 60

n = 0.3

n = 1.0

n = 1.7

FIGURE 3.5: Viscosity profiles around the bubble for different flow
indexes at different times in y − z plane.

Shear-thickening ambient fluid results in a substantially lower rising velocity

than the Newtonian case because of locally elevated viscous friction. Reduced vis-

cosity near the interface, on the other hand, causes quicker rising bubbles for both

n = 0.6 and n = 0.3. The bubble, however, displays an oscillating behavior in the lat-

ter case, with a vertical rising velocity mean value that is very similar to the constant

value displayed by the n = 0.6 case.
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FIGURE 3.6: Time evolution of the bubble rising velocity magnitude
(top) and the bubble interface area ratio (bottom) for different flow

indexes.

Notably, the information presented at the bottom of figure 3.6 is distinct because

it uses the actual normalized bubble interface area rather than a bubble shape factor,

measuring based on the maximum and minimum characteristics length, to trace the

evolution of the interface growth. The explanation provided in this context is more

accurate because it allows for a direct calculation of the surface area of the bubble,

which provides a more precise measurement. For n = 0.6, 1.0, and 1.7, the rate of

bubble interface deformation quickly saturates and stays almost constant through-

out the numerical experiment. On the contrary, even though there is an oscillating

pattern in the interface area for n = 0.3, it seems to increase at a slower rate com-

pared to the other cases. When the bubble area, the velocity of the bubble in the

y-direction, and the velocity magnitude for the case where n = 0.3 are subjected to a

fast Fourier transform, the dominant frequency for both the bubble area and velocity

in the y-direction is 0.2, while for the velocity magnitude, it is 0.4.
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30 Chapter 3. A single bubble rising

3.2.2 Effects of the Peclet number and rheological characteristics on the

heat/mass transfer across the bubble interface

This section examines how the mass transfer across the bubble interface is influ-

enced by both the flow index and Peclet number. In addition to analyzing several

flow indexes as done previously, the study also explores seven different Peclet num-

bers, namely 10, 100, 200, 400, 600, 800, and 1000. The relationship between the

surface-averaged Sherwood number and time for various Peclet numbers and flow

indexes is illustrated in figure 3.7. The figure reveals that, for n = 1 and n = 1.7,

the surface-averaged Sherwood number stabilizes at a constant value, while for the

shear-thinning cases, it fluctuates periodically over time. The reason for the pe-

riodic fluctuations observed in the surface-averaged Sherwood number in shear-

thinning fluids is because of the time-varying diameter of the bubble and the os-

cillatory nature of its rising velocity. Performing a fast Fourier transform on the

surface-averaged Sherwood number as a function of time revealed that, in the case

where n = 0.3, the main frequency of the surface-averaged Sherwood number is 0.2.

This frequency is equivalent to the frequency of the bubble rising velocity in the y-

direction and the frequency of the bubble area. In order to obtain a constant value for

the surface-averaged Sherwood number in shear-thinning cases, the time-averaged

value of ⟨Sh⟩ is computed.

According to Kishore et al. (45), a correlation was developed for the average

Sherwood number to describe the mass transfer between a fluid sphere and power-

law liquids. Their study utilized a simplified model in which a spherical and rigid

drop was assumed to move steadily in an infinite two-dimensional power-law fluid

medium, with the drop size remaining constant despite mass transfer between the

two phases. This simplification allowed for the use of quasi-steady state assump-

tions in the analysis. Under the assumption of a quasi-steady state, Kishore et al.

(45) derived a correlation for the average Sherwood number, which is a function

of the Reynolds number, Peclet number, flow index, and viscosity ratio. This cor-

relation describes the mass transfer between a fluid sphere and power-law liquids,

assuming that the transfer occurs steadily from the fluid sphere to the surround-

ing fluid. Specifically, they assumed that the quantity of scalar (e.g. mass, heat, or
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momentum) inside the sphere is constant over time.
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FIGURE 3.7: Time evolution of the surface-averaged Sherwood num-
ber for different Peclet numbers and flow indexes
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32 Chapter 3. A single bubble rising

The correlation developed by Kishore et al. (45) for the average Sherwood num-

ber, under the assumptions of quasi-steady state and constant scalar quantity inside

the fluid sphere, is as follows:

⟨Sh⟩ =
ï

1.19(n + 1)
1.7n + 1.5

ò
Re0.53

A

Å
Pe

ReA

ã0.42
(µ⋆)−0.14 +

Å
n + 1
1.5n

ã
Pe−0.15(µ⋆)0.25. (3.1)

Figure 3.8 (top) compares the surface-averaged Sherwood number with the ex-

perimental results of Roudet et al. (93) for the Newtonian case, while Figure 3.8

(bottom) compares the surface-averaged Sherwood number obtained in the present

study with the averaged Sherwood number calculated by Kishore et al. (45). In

Figure 3.8 (top), the comparison of the present study results with the experimental

data of Roudet et al. (93) for the Newtonian case shows good agreement, indicat-

ing that the present study model is capable of accurately predicting mass transfer

in this case. The present study’s surface-averaged Sherwood number prediction has

some slight differences from the experimental results, which may be attributed to

the simplifying assumptions made in the study or possible experimental uncertain-

ties. The dissimilarities between the results obtained in the present study and those

obtained by Kishore et al. can be attributed to the different conditions in each study.

Specifically, Kishore et al. considered a non-deformable and axisymmetric liquid

drop with a constant scalar value within the bubble, situated in an infinite power-

law fluid. Conversely, the current study focuses on a deformable gas bubble that

rises within both Newtonian and non-Newtonian fluids modeled using the Carreau

method, with a varying scalar value within the bubble. Figure 3.9 presents a compar-

ison of the surface-averaged Sherwood number against the flow index for various

Peclet numbers, showcasing the differences between our findings and those of (45).
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FIGURE 3.8: Surface-averaged Sherwood number versus Peclet num-
ber. Top panel: comparison among the results of the present study,
the results of Kishore et al. (45), and experimental results of Roudet
et al. (93) for n = 1.0. Bottom panel: comparison between the present
study in black and a study by Kishore et al. (45) in red for several

different flow indexes.
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FIGURE 3.9: Surface-averaged Sherwood number versus flow index
for different Peclet numbers. The results of the present study and the

results of Kishore et al. (45) are in black and red, respectively.

The current numerical results allow for the development of a straightforward

correlation (94) for the surface-averaged Sherwood number. This correlation can

be used to calculate the mass transfer rate in a gas-liquid system with a rising de-

formable bubble, regardless of whether the ambient fluid is Newtonian or non-

Newtonian:

⟨Sh⟩ = 2.15 ln
Å

Pe
nn

ã 0.3 ≤ n ≤ 1.7

10 ≤ Pe ≤ 1000
. (3.2)

The local deformation of fluid interfaces is significantly influenced by the strain-

rate tensor in non-Newtonian cases, as investigated in this article. This finding is

consistent with the work of Vela-Martín and Avila (95), who demonstrated that the

local variation of surface energy is dependent on the strain rate tensor. In this study,

it is observed that the strain-rate tensor has a strong impact on the local deforma-

tion of fluid interfaces, as shown in figure 3.6 (bottom). Shear-thinning fluids exhibit

UNIVERSITAT ROVIRA I VIRGILI, 
NUMERICAL INVESTIGATION OF A SINGLE BUBBLE AND A PAIR OF BUBBLES RISING IN NEWTONIAN AND NON NEWTONIAN 
FLUIDS WITH INTERFACIAL PASSIVE SCALAR TRANSFER 
Koorosh Kazemi 



3.3. Discussion 35

greater deformation due to larger velocity gradients, whereas shear-thickening flu-

ids experience less deformation due to smaller velocity gradient values. Addition-

ally, the strain-rate tensor magnitude at the interface is greater for shear-thinning

fluids than for shear-thickening fluids.

3.3 Discussion

This study involves numerical simulations of a single rising bubble in a large tank,

aimed at investigating the effects of rheological properties on bubble dynamics and

heat/mass transfer in the surrounding fluids. For the specified parameters, the bub-

ble rises vertically along the center line of the cavity in Newtonian fluids. However,

decreasing the flow index (shear-thinning) results in an increase in the rising veloc-

ity of the bubble, leading to a rise in the local Ga number and causing the bubble

trajectory to shift to a zigzag motion. This shift indicates that the bubble dynamics

have moved to the oscillatory region in Figure 3.2. Conversely, an increase in the

flow index (shear-thickening) leads to a decrease in the rising velocity and local Ga

number, causing the bubble dynamics to shift to the axisymmetric region.

In shear-thickening fluids, the local viscosity increases, which results in a reduc-

tion of momentum diffusion and smoothing of local velocity gradients, leading to a

decrease in the rate of strain. Consequently, the deformation of the fluid interface is

not significant, and the bubble shape remains nearly spherical with a slight increase

in bubble area. On the other hand, decreasing the flow index results in a decrease in

the local viscosity near the bubble, leading to an increase in momentum diffusion,

local velocity gradients, and ultimately, the rate of strain. This increase in the rate of

strain causes more deformation of the bubble, resulting in a larger bubble area. The

increase in both bubble area and rising velocity results in faster heat/mass transfer

from the bubble to the surrounding fluid.

At low Peclet numbers, variations in the flow index have a negligible impact on

the surface-averaged Sherwood number. However, at high Peclet numbers, decreas-

ing the flow index results in an increase in the surface-averaged Sherwood number,

indicating reduced efficiency of mass transfer at higher flow indexes. Decreasing
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36 Chapter 3. A single bubble rising

the flow index leads to an increase in the thickness of the scalar boundary layer sur-

rounding the bubble. Additionally, the oscillatory behavior and deformation of the

bubble increase in complexity and three-dimensionality as the flow index decreases.

To find correlations for the surface-averaged Sherwood number and rising veloc-

ity magnitude of a single bubble, simulations were performed for 28 different sets of

(Ga, Bo) as presented in table 3.1, along with 6 different Peclet numbers (10, 100, 200,

400, 800, and 1000) and 2 different flow indexes (0.3 and 1.0), resulting in a total of

336 cases. The correlations were based on Ga, Bo, n, and Pe for the surface-averaged

Sherwood number and on Ga, Bo, and n for the rising velocity magnitude of the

bubble. However, to keep the thesis concise, the related results are not presented.

Ga Bo Ga Bo Ga Bo Ga Bo 

10 1 30 40 60 20 200 0.8 

10 10 40 15 60 40 200 3 

10 30 40 30 60 50 200 10 

20 20 40 40 70 20 300 0.7 

20 70 50 30 70 50 300 3 

30 2 50 70 100 15 300 10 

30 10 50 100 100 20 300 100 

TABLE 3.1: Different sets of (Ga, Bo).
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Chapter 4

A pair of bubbles rising

In the previous section, we delved into a research study that scrutinized the transfer

of heat and mass across a single bubble interface. However, in real-world industrial

scenarios, it is far more common to encounter multiple bubbles, and their interac-

tions can significantly influence the heat and mass transfer process. As bubbles rise

through gas-liquid systems, they repeatedly merge and break apart upon contact

with other bubbles. This dynamic process causes alterations in both the interfacial

area of the bubbles and their rising velocity, ultimately leading to changes in the rate

of heat and mass transfer.

To investigate this phenomenon, this section presents a numerical study that ex-

plores the motion, interaction, and passive scalar transport of a pair of bubbles as

they rise in Newtonian and shear-thinning fluids. The study evaluates the impact

of various parameters such as (Ga, Bo), the radius ratio of the bubble pair, n, and

λ on the system. By considering the effects of these parameters, the study aims to

better understand the complex mechanisms underlying heat and mass transfer in

multiphase systems.

4.1 Physical model

Figure 4.1 provides an illustration of the numerical domain employed in this study.

The domain is a cubic box filled with either a Newtonian or non-Newtonian fluid,

with a non-dimensional length of 120. The characteristic length scale of the problem

is d = 2R, where R denotes the radius of the leading bubble (LB) and trailing bubble

(TB), both of which are spherical in shape. The LB and TB are initially located at

(xLB, yLB, zLB) = (0, 17, 0) and (xTB, yTB, zTB) = (0, 15, 0), respectively, and have zero
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38 Chapter 4. A pair of bubbles rising

velocity. The use of a large box ensures that the influence of wall effects on bubble

dynamics is minimized. The initial separation distance between the centers of the

bubbles, denoted by s, is set at 4R for all cases. Additionally, the Peclet number of

the gas bubbles is held constant at 1000, while that of the surrounding fluid is fixed

at 107. Finally, the values of λ and n for the shear-thinning fluids used in this study

are taken from the experiments of Zhang et al. (91), as well as numerical simulations

conducted by Premlata et al. (92) and Cano-Lozano and Mart’ınez-Baz’an (96).
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FIGURE 4.1: Top and side views of the computational domain (not to
scale) showing the flow configuration with initially spherical bubbles
of fluid B and non-dimensional diameter d = 1; one placed at yTB =
15 and another placed at yLB = 17 in a Lx = Ly = Lz = 120 cubical

box filled with fluid A.

4.2 Results and discussion

The aim of this section is to investigate the dynamics of a pair of bubbles rising in a

tank filled with either a Newtonian or a shear-thinning fluid. The investigation will

focus on analyzing how various parameters impact the transfer of passive scalar

across the interface of the bubbles, with a particular emphasis on the influence of

the Ga and Bo numbers, which are dimensionless groups representing the relative

importance of buoyancy and viscous forces, respectively, as well as the ratio of the

bubble pair radius, the inelastic time constant λ, and the flow index n. The results of

this section will provide valuable insights into the behavior of bubbles in industrial
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4.2. Results and discussion 39

processes and aid in the development of more efficient and cost-effective methods

for mass transfer.

Depending on the flow set-up configuration and conditions, a few distinct mo-

tion patterns are known to characterize the dynamics of a pair of in-line bubbles,

which include side escape, Drafting-Kissing-Tumbling (DKT), and coalescence. In

the side escape scenario, the LB provides a sheltering effect that initially increases

the rising velocity of the TB. However, the TB eventually deviates from its vertical

trajectory and escapes laterally from the wake of the LB. In the DKT scenario, the

TB’s rising velocity exceeds that of the LB, leading to drafting. The TB eventually

touches the LB (kissing) and rotates (tumbling), resulting in both bubbles continuing

to rise in a side-by-side configuration. In the coalescence scenario, the LB’s shelter-

ing effect once again causes an increase in the rising velocity of the TB, eventually

leading to the TB catching up with the LB and both bubbles merging into a single

body that continues to rise.

4.2.1 Bubble dynamics and mass transfer rate at different regimes of Ga−
Bo

Galilei number and Bond number are dimensionless parameters that can signifi-

cantly impact the dynamic behavior of the bubbles rising in a fluid. The Galilei

number is a measure of the ratio of buoyancy forces to viscous forces, while the

Bond number is a measure of the relative importance of surface tension forces to

gravity forces. On the other hand, the shear-thinning behavior of the fluid can af-

fect the values of Ga and Bo. Therefore, understanding the impact of Ga and Bo on

bubble dynamics is crucial for controlling multiphase systems in chemical process-

ing or environmental applications, while studying shear-thinning effects is an active

research area with significant implications for these industries.

This section investigates how Ga and Bo numbers impact the dynamic behavior

of two bubbles rising in Newtonian (n = 1.0) and shear thinning (n = 0.5, λ = 6)

fluids. Additionally, it examines how these numbers affect the transfer of passive

scalar from the bubbles into the surrounding fluid. The study considers five differ-

ent sets of (Ga, Bo) values that correspond to different regimes, namely I. (10, 1), II.
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40 Chapter 4. A pair of bubbles rising

(10, 100), III. (50, 2), IV. (30, 100), and V. (100, 100). This study sheds light on the com-

plex interplay between Ga and Bo numbers, and the dynamic behavior of bubbles in

different fluid media. The findings have practical implications in various fields, in-

cluding chemical engineering, materials science, and environmental sciences, where

bubble dynamics play a crucial role.

Regime I

In this regime, if there is only one bubble present in a fluid that behaves according to

Newtonian physics, it will rise straight up while maintaining its axisymmetric shape

with minimal deformation. However, if there are two bubbles present with differing

initial vertical positions, their movements and behavior can become considerably

more complex due to the effects of nearby bubble interactions. These interactions

can be analyzed and quantified by precisely tracking the position of each bubble

in three dimensions, specifically by calculating the instantaneous relative position

of each bubble in the i-th direction dii as dix = xLB − xTB, diy = yLB − yTB, and

diz = zLB − zTB.

In figure 4.2(a), a sequence of instantaneous snapshots is presented to illustrate

the bubble interfaces and the accompanying streamlines of the background flow for

two distinct cases: non-Newtonian (n = 0.5, λ = 6) and Newtonian (n = 1.0). The

top row depicts the non-Newtonian case, while the bottom row represents the New-

tonian case. Figure 4.2(b) and (c) demonstrate the time-dependent changes in the

instantaneous distance and rising velocity magnitude of the bubbles, ∥V∥, respec-

tively.

Despite the differences in rheology, both pairs of bubbles initially rise in tan-

dem and follow a similar trajectory until instability in the wake of the leading bub-

ble causes the pair to shift laterally. In the non-Newtonian case, the faster trailing

bubble eventually breaks free from the wake of the leading bubble, resulting in a

quasi-steady configuration where both bubbles rise side by side at similar velocities.

This case follows the side escape scenario. In contrast, in the Newtonian case, the

drafting stage lasts until the trailing bubble catches up with the leading one and they

reach the same velocity (known as kissing). The pair then rises in a straight line until

they start to separate laterally due to transverse flow disturbances. Eventually, the
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trailing bubble rotates (tumbling), breaks free from the wake of the leading bubble,

and reaches a side-by-side arrangement with the leading bubble, maintaining this

configuration as they continue to rise at similar speeds. This case follows the DKT

scenario.
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FIGURE 4.2: Evolution of several characteristics for a pair of bubbles
rising in regime I with (Ga,Bo)=(10,1). (a): Streamlines and shape of
the bubbles; top: non-Newtonian case (n = 0.5, λ = 6), and bottom:
Newtonian case (n = 1.0). The colored map represents the velocity
magnitude. (b): Instantaneous distance between the bubbles versus
time; solid lines: non-Newtonian case, and dashed lines: Newtonian
case. (c): Rising velocity magnitude of the bubbles versus time; solid

lines: non-Newtonian case, and dashed lines: Newtonian case.
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42 Chapter 4. A pair of bubbles rising

Upon comparison with the single bubble case, the velocity evolution for each

bubble in figure 4.2(c) reveals an initial acceleration phase due to the wake shelter-

ing effect, followed by saturation to values slightly lower than those observed in

the single bubble case (depicted in blue). Additionally, the Stokes solution for the

terminal velocity of a single isolated small bubble (97) is included for completeness

(shown as the green solid line).

In contrast to the axisymmetric nature of the single bubble case with limited in-

terface deformation, the introduction of a second bubble induces flow perturbations

that considerably enhance the flow dynamics, leading to more significant interface

deformations even at such modest values of Ga and Bo.

The surface-averaged Sherwood number for the leading (black) and trailing (red)

bubbles rising in shear-thinning (solid) and Newtonian (dashed) ambient fluids are

shown in figure 4.3. For comparison, the evolution of the ⟨Sh⟩ value for a single

bubble rising in the shear-thinning and Newtonian environments is also shown in

figure 4.3 using solid and dashed blue lines respectively.
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FIGURE 4.3: Evolution of surface-averaged Sherwood number for a
pair of bubbles (black and red) and a single bubble (blue) rising in
regime I with (Ga,Bo)=(10,1). Solid lines: non-Newtonian case (n =

0.5, λ = 6), and dashed lines: Newtonian case (n = 1.0).

After an initial fast decay in ⟨Sh⟩, and regardless of rheology, the ⟨Sh⟩ of the

leading bubble is relatively similar to that found for a single bubble. In contrast,

while the TB resides within the LB wake during the drafting stage leads to lower

values of the averaged Sherwood number. As the TB abandons the wake during
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the side escape or DKT and the pair evolves into a side-by-side arrangement, the

average Sherwood grows back until reaching quasi-terminal and identical values

for both bubbles. The higher average Sherwood number observed consistently in

the shear-thinning scenario, in comparison to the Newtonian one, can be explained

by a certain factor. In the shear-thinning case, there is a faster shift to the side-by-side

configuration, resulting in an increased interfacial area between the bubbles and the

surrounding fluid. As a result of this increased interfacial area, mass transfer rates

at the bubble-fluid interface rise, leading to a higher average Sherwood number.

Regime II

If the surface tension is reduced to Bo = 100, a single bubble in a Newtonian fluid

will fall into Regime II. Figure 4.4(a) shows that regardless of the fluid’s rheology,

bubbles in a rising pair eventually exhibit the "skirted" topology displayed in Figure

3.2 for a single bubble. In Regime I, the bubble pair will either escape to the side

or undergo DKT scenario, which eventually leads to a side-by-side arrangement.

However, at (Ga, Bo) = (10, 100), the bubble pair coalesces into a single merged

bubble (MB), which continues to evolve as expected according to figure 3.2.

Regarding the impact of rheology, the time for coalescence enabled by the TB

acceleration due to the sheltering effects of the LB wake is approximately t = 5 for

shear-thinning fluids and t = 7 for Newtonian fluids. The merged bubble Galilei

and Bond numbers are approximately Ga = 14 and Bo = 160, respectively, which

correspond to Regime II of a single bubble rising in a Newtonian fluid.

Figure 4.4(b) and (c) depict the vertical distance and velocity magnitude for both

the Newtonian (represented by the dashed line) and non-Newtonian (represented

by the solid line) cases. It can be observed that bubbles merge sooner in the non-

Newtonian fluid compared to the Newtonian fluid, as they rise faster in the shear-

thinning fluid. Similarly, after merging, a skirted merged bubble rises faster in the

non-Newtonian fluid than in the Newtonian fluid, following a coalescence scenario.

Furthermore, the rising velocity magnitude for a single bubble with the same Ga

and Bo numbers is depicted in blue in the figure. It reveals that the rising velocity

magnitude of the MB is higher than that of the SB for both Newtonian and non-

Newtonian cases.
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FIGURE 4.4: Evolution of several characteristics for a pair of bub-
bles rising in regime II with (Ga,Bo)=(10,100). (a): Streamlines and
shape of the bubbles; top: non-Newtonian case (n = 0.5, λ = 6), and
bottom: Newtonian case (n = 1.0). The colored map represents the
velocity magnitude. (b): Instantaneous vertical distance between the
bubbles versus time. (c): Rising velocity magnitude of MB (black) and

SB(blue) versus time.

Figure 4.5 illustrates the surface-averaged Sherwood number for the merged

bubble in both Newtonian and non-Newtonian cases in regime II, with (Ga,Bo)=(10,100).

It is evident that the value of ⟨Sh⟩ for the Newtonian case (⟨Sh⟩=16.7) is slightly

larger than the non-Newtonian case (⟨Sh⟩=15.5). When considering a single bubble
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rising with the same conditions, the value of ⟨Sh⟩ is calculated as ⟨Sh⟩SB,n=0.5 = 12.7

and ⟨Sh⟩SB,n=1.0 = 15.8. These values are smaller than those observed for two bub-

bles rising. This finding is consistent with the fact that the overall interface surface

for a given volume of the drop is smaller for a single bubble than for two bubbles.
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FIGURE 4.5: Surface-averaged Sherwood number of MB (black) and
SB (blue) versus time; regime II with (Ga,Bo)=(10,100)

Regime III

In regime III, the dynamics of a single bubble are characterized by an oscillatory

behavior, where the bubble follows a zigzag or spiral path as it rises. However, for

a pair of bubbles, the dynamics may be different. It is possible that the presence

of the second bubble could influence the path of the rising bubbles and cause them

to exhibit different behavior than a single bubble. For instance, the bubbles may

interact with each other and form vortices in the surrounding fluid, affecting the

trajectory of their motion.

Figure 4.6 provides a detailed visualization of the time evolution of bubble shape,

streamlines, instantaneous distance, and rising velocity magnitude of a pair of bub-

bles rising with Ga and Bo equal to 50 and 2, respectively. For the non-Newtonian

case with n = 0.5 and λ = 6, the bubble pair exhibits the side escape scenario.

During the first 10 units of time, the instantaneous distance between the bubbles re-

mains almost constant. However, as the TB bubble rises and begins to shelter under

the LB bubble, its rising velocity increases and surpasses that of the LB bubble. Con-

sequently, the vertical distance between the bubbles decreases until TB eventually
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escapes from the wake of LB. Following this, the bubbles continue to rise in a zigzag

path with almost the same speed.
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FIGURE 4.6: Evolution of several characteristics for a pair of bubbles
rising in regime III with (Ga,Bo)=(50,2). (a): Streamlines and shape of
the bubbles; top: non-Newtonian case(n = 0.5, λ = 6), and bottom:
Newtonian case (n = 1.0). The colored map represents the velocity
magnitude. (b): Instantaneous distance between the bubbles versus
time; solid lines: non-Newtonian case, and dashed lines: Newtonian
case. (c): Rising velocity magnitude of the bubbles versus time; solid

lines: non-Newtonian case, and dashed lines: Newtonian case.
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When n = 1.0, the bubbles rise vertically at a constant distance from each other

until reaching t = 5. Then, the sheltering effect causes TB to move faster than LB,

resulting in a decrease in the distance between them. At t = 13, the rising veloc-

ity magnitude of both bubbles becomes equal and they touch each other, leading

to instability to transverse disturbances and causing TB to rotate and escape from

the wake of LB, a phenomenon known as tumbling. As TB increases its rising ve-

locity, it moves away from LB. Finally, the vertical distance becomes zero, and the

bubbles begin to rise side-by-side with the same velocity magnitude. This behav-

ior corresponds to the DKT scenario. The behavior of a pair of bubbles rising in a

non-Newtonian fluid in regime III is comparable to that of a single bubble rising

in a Newtonian fluid, in that both exhibit oscillatory behavior. In contrast, a pair of

bubbles in a Newtonian fluid eventually rise vertically after a brief transition period.
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FIGURE 4.7: Evolution of surface-averaged Sherwood number for a
pair of bubbles (black and red) and a single bubble (blue) rising in
regime III with (Ga,Bo)=(50,2). Solid lines: non-Newtonian case (n =

0.5, λ = 6), and dashed lines: Newtonian case (n = 1.0).

Figure 4.7 presents the surface-averaged Sherwood number for LB and TB rising

in regime III with (Ga,Bo)=(50,2), demonstrating that ⟨Sh⟩ is the same for both New-

tonian and non-Newtonian cases, while the Newtonian case has a slightly higher

⟨Sh⟩ value (⟨Sh⟩=43.3) compared to the non-Newtonian case (⟨Sh⟩=37.1). The oscil-

latory behavior of ⟨Sh⟩ in the non-Newtonian case is due to the oscillatory dynamics

of the bubbles. For a single bubble rising with the same conditions, the surface-

averaged Sherwood number is calculated: ⟨Sh⟩SB,n=0.5 = 34.55 and ⟨Sh⟩SB,n=1.0 =

34.3, which are smaller than the values for two bubbles rising because of the smaller
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48 Chapter 4. A pair of bubbles rising

interfacial surface area of the single bubble. It should be noted that for oscillatory

⟨Sh⟩, the time-averaged value is reported.

Regime IV

Figure 4.8 illustrates the shape of bubbles rising in a non-Newtonian fluid with

n = 0.5 and λ = 6, revealing a peripheral breakup for both the LB and TB at the ini-

tial stage of rising before their merging at t = 5. Subsequently, the bubbles undergo

repeated merging and breakup events, giving rise to the formation of larger bub-

bles and numerous satellites. The unique dynamic behavior of bubbles in regime IV

can be distinguished, and a new scenario can be defined as the Coalescence-breakup

(CB) scenario, which is marked by frequent mergings and breakups. The repeated

merging and breakup of bubbles create intricate interactions between them, lead-

ing to the formation of many satellites. This scenario’s behavior is more intricate

than the three other scenarios (side escape, DKT, and coalescence). The primary

cause of this behavior can be attributed to the high values of Ga and Bo numbers,

which result in instability in the dynamics of the bubbles. This instability becomes

more pronounced when the surrounding fluid is a shear-thinning fluid. When the

surrounding fluid is a shear-thinning fluid, the instability in the bubble dynamics

increases due to the reduced viscosity with increasing shear rate. This increased

instability leads to the formation of many satellites in the CB scenario.

Understanding the dynamic behavior of bubbles in non-Newtonian fluids is cru-

cial for various industrial and environmental applications, such as wastewater treat-

ment and oil recovery. The unique behavior of bubbles in regime IV and the CB

scenario highlights the importance of considering fluid rheology when designing

and optimizing such processes.
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FIGURE 4.8: Shape of the bubbles rising in a non-Newtonian fluid
(n = 0.5, λ = 6); regime IV with (Ga,Bo)=(30,100).

Figure 4.9 depicts the shape of bubbles rising in a Newtonian fluid with n = 1.0.

In contrast to the non-Newtonian case, the bubbles have sufficient time to coalesce

before any breakup occurs. The bubbles merge at t = 5.05, forming a larger bubble

(MB) that rises vertically. Here, when the bubble breaks and small satellites form,

they create more surface area that interacts with the surrounding fluid, resulting in

a greater drag force acting on the satellites. This increased drag force slows down
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the motion of the satellites, and consequently, the rising velocity of the bubble is re-

duced.
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FIGURE 4.9: Shape of the bubbles rising in a Newtonian fluid (n =
1.0); regime IV with (Ga,Bo)=(30,100).

When two bubbles coalesce to form a larger bubble, the Galilei number and Bond

number of the resulting larger bubble may be larger or smaller than the initial val-

ues of the two individual bubbles, depending on the specific conditions of the co-

alescence process. In general, if the resulting larger bubble has a larger radius and
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4.2. Results and discussion 51

a faster rise velocity than the initial bubbles, the Galilei number and Bond number

of the larger bubble may be larger than the initial values. However, if the resulting

larger bubble has a smaller radius and a slower rise velocity than the initial bubbles,

the Galilei number and Bond number of the larger bubble may be smaller than the

initial values.

As the MB rises, its shape transforms into a skirted bubble, indicating a shift in

the dynamics behavior from regime IV to regime II. In contrast to the bubbles rising

in non-Newtonian fluids, the bubbles in the Newtonian case follow a coalescence

scenario. In the case of n = 1.0, the local Ga number of the merged bubble is smaller

than the initial Ga number, owing to the smaller rising velocity of the MB compared

to the initial bubbles. This reduction in local Ga number causes the shift in the dy-

namics behavior of the MB from regime IV to regime II. However, for n = 0.5, where

the surrounding fluid is a shear-thinning fluid, the local Ga increases, causing the

bubbles to break before merging.
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FIGURE 4.10: Surface-averaged Sherwood number of MB (black) and
SB (blue) versus time; regime IV with (Ga,Bo)=(30,100).

In Figure 4.10, the Sherwood number averaged over time is presented for regime

IV with (Ga,Bo)=(30,100). It should be noted that the reported value of ⟨Sh⟩ is the av-

erage value for all bubbles in the case of n = 0.5, while for n = 1.0, it is only reported

for the MB. Both cases have a similar ⟨Sh⟩ value of approximately 4.5. However,

when considering a single bubble rising under the same conditions, the calculated

⟨Sh⟩ values are smaller at ⟨Sh⟩SB,n=0.5 = 3.3 and ⟨Sh⟩SB,n=1.0 = 4.4, which can be
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attributed to the difference in interfacial surface area between a pair of bubbles and

a single bubble.

Regime V

Figure 4.11 displays the morphology of bubbles with n = 0.5 and λ = 6.
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FIGURE 4.11: Shape of the bubbles rising in a non-Newtonian fluid
(n = 0.5, λ = 6); regime V with (Ga,Bo)=(100,100).

Initially, both LB and TB experience central breakup at t = 4, before any merging

occurs. Subsequently, the bubbles repeatedly merge and break, producing larger
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bubbles along with numerous satellites. By t = 15, two primary bubbles are formed,

which are smaller than the initial bubbles and are accompanied by many satellites.

By the time t = 50 is reached, these two bubbles merge to form a larger bubble, with

many small satellites, continuing to ascend. This situation corresponds to the CB

scenario.
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FIGURE 4.12: Shape of the bubbles rising in a Newtonian fluid (n =
1.0); regime V with (Ga,Bo)=(100,100).

Figure 4.12 displays the bubbles’ shape for n = 1.0. Peripheral breakup occurs

for both TB and LB at t = 3. Then, there is an initial merging at t = 5, forming
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a merged bubble that continues rising until t = 7. At t = 8, the merged bubble

experiences a central breakup, resulting in the formation of five bubbles and numer-

ous satellites. Finally, at t = 26, four large bubbles with many small satellites are

produced and continue to rise. This scenario also follows the CB scenario.
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FIGURE 4.13: Surface-averaged Sherwood number of MB (black) and
SB (blue) versus time; regime V with (Ga,Bo)=(100,100).

In figure 4.13, the surface-averaged Sherwood number is shown for regime V

with (Ga,Bo)=(100,100). The mean value of all bubbles is reported for ⟨Sh⟩. For

n = 0.5, the value of ⟨Sh⟩ is approximately 12.5, which is slightly larger than the

value for n = 1.0 ( ⟨Sh⟩ ≈ 11.8). When a single bubble rises under the same condi-

tions, the surface-averaged Sherwood number is calculated as ⟨Sh⟩SB,n=0.5 = 8.3 and

⟨Sh⟩SB,n=1.0 = 3.5, which are lower than the values for two bubbles rising.

4.2.2 Effects of the bubble pair radius ratio, Rr

The bubbles that form in bubbly flows are not always of the same size. This variation

in bubble size can occur due to a number of factors. For example, the size of the

bubbles can be affected by the properties of the gas and liquid, the flow rate, and

the presence of impurities in the system. In some cases, the bubbles may coalesce,

leading to the formation of larger bubbles. The behavior of a bubbly flow system is

not only influenced by the size of the bubbles but also by the distribution of bubble

sizes, as both factors can have important implications for the overall behavior of the

system (98).
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The effects of the size of the bubbles on their interaction and the mass trans-

fer rate have been studied in this section. The bubble pair radius ratio, defined as

Rr = RLB/RTB where RLB and RTB are the radius of the leading and trailing bubbles,

respectively, has been used to investigate three different bubble pair radius ratios (1,

2, and 0.5) for Ga = 50 and Bo = 2 (regime III). Here, Ga = 50 and Bo = 2 are based

on the smaller bubble in each case.
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FIGURE 4.14: Shape of the bubbles rising in a non-Newtonian fluid
(n = 0.5, λ = 6) for different Rr; regime III with (Ga,Bo)=(50,2).
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Figure 4.14 illustrates the shapes of bubbles rising in a non-Newtonian fluid (n =

0.5, λ = 6) with three different values of Rr. For Rr = 0.5, TB has a large radius,

causing extreme deformations and leading to a breakup at t = 17. After the breakup,

three bubbles are formed and continue rising in a zigzag path, which corresponds

to the dynamic behavior in regime III. The sheltering effect is not strong enough

to cause merging at the beginning of the rising between LB and TB, and it only

increases the local Ga of TB while the radius of TB increases local Bo before the

breakup. The increase in the local Ga and Bo of TB leads to the breakup. After the

breakup, it is observed that the bubbles rise at almost the same velocity, and the

distance between LB and TB remains almost constant. When Rr = 2, the sheltering

effect of LB is strong enough to absorb TB. At the time t = 3, the bubbles touch

and then merge, forming a merged bubble (MB) with Ga ≈ 70 and Bo ≈ 5, which

corresponds to regime III as shown in figure 3.2. As expected, MB continues to rise

in a spiral path with extreme deformations.

The rising velocity magnitude of bubbles for different Rr is displayed in figure

4.15. The velocity magnitude exhibits an oscillatory behavior for Rr = 0.5 and Rr =

1, indicating that the bubbles rise in a zigzag path. On the other hand, the oscillations

are less pronounced for Rr = 2, and MB rises in a spiral path with a smaller domain.

The rising velocity for Rr = 0.5 and Rr = 1 is comparable, while MB for Rr = 2 rises

slightly faster due to its larger radius, which results in a higher local Ga.
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FIGURE 4.15: Rising velocity magnitude for the bubbles rising in a
non-Newtonian fluid (n = 0.5, λ = 6) for different Rr; regime III with

(Ga,Bo)=(50,2). Top: Rr = 0.5, middle: Rr = 1 and bottom: Rr = 2.

Figure 4.16 illustrates the surface-averaged Sherwood number for bubbles rising

in the non-Newtonian fluid with varying Rr. It is observed that the time-averaged

⟨Sh⟩ of both LB and TB for Rr = 0.5 is slightly greater than that of Rr = 1. The dif-

ference in the surface-averaged Sherwood number for LB and TB between Rr = 0.5

and Rr = 1 can be explained by the larger surface area of the bubbles when Rr = 0.5,
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which results in a slightly higher mass transfer rate. On the other hand, ⟨Sh⟩ of MB

for Rr = 2 is almost the same as that of Rr = 0.5.
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FIGURE 4.16: Surface-averaged Sherwood number for the bubbles
rising in a non-Newtonian fluid (n = 0.5, λ = 6) for different Rr;
regime III with (Ga,Bo)=(50,2). Top: Rr = 0.5, middle: Rr = 1 and

bottom: Rr = 2.

Figure 4.17 displays the shapes of bubbles rising in a Newtonian fluid (n = 1.0)
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for different values of Rr. When Rr = 0.5, the impact of the sheltering effect pro-

duced by LB is not strong enough to attract TB, and as a result, the bubbles continue

to rise vertically while maintaining their original distance. Even though TB experi-

ences some deformations, unlike in the case of n = 0.5, these deformations are not

severe enough to cause TB to break up. This is due to the fact that in a Newtonian

fluid, the local Ga of TB is lower than the local Ga of TB in a shear-thinning fluid.

In the shear-thinning fluid, the viscosity decreases as the shear rate increases, which

causes the local Ga of TB to be higher, leading to more significant deformations and

possible breakup. On the other hand, in the Newtonian fluid, the viscosity remains

constant, resulting in a lower local Ga of TB, thus reducing the chances of deforma-

tion and breakup.

When Rr = 2, LB creates a sheltering effect that causes the rising velocity of TB

to surpass that of LB. As a result, TB makes contact with LB, and they merge to form

MB, which rises vertically. In comparison to the case of n = 0.5, MB experiences less

deformation as it rises in a Newtonian fluid due to the larger value of n, which leads

to a smaller local Ga.

t = 3

t = 10

t = 20

t = 40

Rr = 0.5 Rr = 1 Rr = 2

FIGURE 4.17: Shape of the bubbles rising in a Newtonian fluid (n =
1.0) for different Rr; regime III with (Ga,Bo)=(50,2).
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FIGURE 4.18: Rising velocity magnitude for the bubbles rising in
a Newtonian fluid (n = 1.0) for different Rr; regime III with

(Ga,Bo)=(50,2). Top: Rr = 0.5, middle: Rr = 1 and bottom: Rr = 2.

Figure 4.18 illustrates the changes in the magnitude of the rising velocity of bub-

bles for different values of Rr. Similar to the non-Newtonian case, the magnitude of

the rising velocity of MB (Rr = 2) is greater than that of the other cases. The higher

magnitude of the rising velocity of MB for Rr = 2 is due to the sheltering effect in-

duced by LB, which causes TB to merge with LB, resulting in a larger bubble with a
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higher rising velocity. This effect is also observed in the non-Newtonian case, where

MB has the highest rising velocity magnitude. However, the oscillatory behavior

observed in the non-Newtonian case is less pronounced in the Newtonian case due

to the constant viscosity of the fluid.
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FIGURE 4.19: Surface-averaged Sherwood number for the bubbles
rising in a Newtonian fluid (n = 1.0) for different Rr; regime III with

(Ga,Bo)=(50,2). Top: Rr = 0.5, middle: Rr = 1 and bottom: Rr = 2.

UNIVERSITAT ROVIRA I VIRGILI, 
NUMERICAL INVESTIGATION OF A SINGLE BUBBLE AND A PAIR OF BUBBLES RISING IN NEWTONIAN AND NON NEWTONIAN 
FLUIDS WITH INTERFACIAL PASSIVE SCALAR TRANSFER 
Koorosh Kazemi 



62 Chapter 4. A pair of bubbles rising

Figure 4.19 displays the surface-averaged Sherwood number for bubbles rising

in a Newtonian fluid for different values of Rr. It is notable that the surface-averaged

Sherwood number is almost identical for all three Rr values. However, there is an

oscillatory behavior in the ⟨Sh⟩ value for TB with Rr = 0.5 and MB with Rr = 2,

which is due to the oscillatory dynamics behavior.

4.2.3 Effects of the inelastic time constant, λ

The inelastic time constant is a key parameter in the Carreau model, which charac-

terizes the shear-thinning behavior of non-Newtonian fluids. This parameter repre-

sents the time scale associated with the relaxation of the fluid structure in response

to applied shear stress, and it has a significant impact on the overall rheological

behavior of the fluid. When the inelastic time constant is zero, the Carreau model

simplifies to a Newtonian fluid, while large values of λ cause the Carreau model to

reduce to a power-law model, which describes a fluid that exhibits a more significant

degree of shear-thinning (35, 80). Therefore, understanding the value of the inelas-

tic time constant is critical for predicting the behavior of non-Newtonian fluids in

a variety of industrial and environmental applications, including the processing of

complex fluids, such as food products or biomedical materials.

In this section, to analyze the dynamics of bubbles and mass transfer rate, two

different (Ga, Bo) sets are studied, namely (30, 25) and (50, 2) corresponding to

regimes II and III in the Ga − Bo phase plot, respectively. The study is carried out

with four different values of λ (0, 3, 6, and 9), where 0 represents a Newtonian fluid.

Regime II

Figure 4.20 shows the evolution of the shape of the bubbles for different values of λ.

As λ increases, the fluid becomes more shear-thinning, which causes the bubbles to

coalesce sooner. For λ = 0, the bubbles merge at t = 6.65 and the merged bubble

(MB) rises vertically. At t = 8, there is a small peripheral breakup, resulting in the

formation of small satellites. For λ = 3, the bubbles merge at t = 5.2 and MB rises

vertically. Then, breakup happens at t = 8.39, and MB is divided into two smaller

bubbles, B1 and B2 which rise almost vertically. There are also a few small satellites.

For λ = 6, the bubbles merge at t = 5.15, leading to the formation of MB. Then,

UNIVERSITAT ROVIRA I VIRGILI, 
NUMERICAL INVESTIGATION OF A SINGLE BUBBLE AND A PAIR OF BUBBLES RISING IN NEWTONIAN AND NON NEWTONIAN 
FLUIDS WITH INTERFACIAL PASSIVE SCALAR TRANSFER 
Koorosh Kazemi 



4.2. Results and discussion 63

breakup happens at t = 8.75, and MB is divided into three smaller bubbles, B1, B2,

and B3, which rise almost vertically. A few small satellite bubbles are also present.

For λ = 9, the bubbles merge at t = 5.1, and MB is formed. Then, breakup happens

at t = 8.8, and MB is divided into three smaller bubbles, B1, B2, and B3, which rise

almost vertically. There are also a few small satellite bubbles present. The increase

in shear thinning, as λ increases, leads to a higher rising velocity of bubbles, as well

as more instability during their rise. This is because the shear-thinning property of

the fluid reduces its resistance to deformation, making it easier for the bubbles to

merge and breakup. As a result, bubbles coalesce sooner and smaller bubbles are

formed during the breakup, leading to a more unstable flow. The presence of small

satellites also indicates the presence of unstable regions within the flow, which can

further enhance the mixing of the fluid.

The increasing shear-thinning behavior of the fluid with higher λ leads to more

instability and oscillations during the bubble rise. This is due to the fact that a higher

shear rate around the bubble causes more deformation and stretching of the bubble,

which in turn leads to more breakup events and the formation of smaller satellite

bubbles. Additionally, the interaction between the bubble and the shear-thinning

fluid induces complex flow patterns around the bubble, which can cause instabilities

and oscillations in the shape and trajectory of the bubble. Therefore, increasing λ

can lead to more complex dynamics of the bubble rise with more instability and

oscillatory behavior.
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FIGURE 4.20: Shape of the bubbles for different values of λ at differ-
ent times; regime II with (Ga,Bo)=(30,25).

Figure 4.21 illustrates how the volume-averaged rising velocity magnitude of

bubbles changes over time for different values of λ. As λ increases, both the mag-

nitude and oscillatory nature of the plot become more pronounced. The oscillatory

behavior of the rising velocity magnitude plot increases as λ increases because a

higher value of λ indicates a more shear-thinning fluid. Shear-thinning fluids ex-

hibit a non-linear relationship between the shear rate and the shear stress, which

means that as the shear rate increases, the viscosity of the fluid decreases. This can
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result in more complex and unstable flow patterns, which in turn can cause the bub-

bles to experience more erratic and oscillatory motion as they rise through the fluid.

Additionally, as the fluid becomes more shear-thinning, the bubbles are more likely

to coalesce sooner, which can also contribute to the increased oscillatory behavior of

the rising velocity magnitude plot.
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FIGURE 4.21: Volume-averaged rising velocity magnitude of the
bubbles versus time for different values of λ; regime II with

(Ga,Bo)=(30,25).

Figure 4.22 illustrates the changes in the evolution of ⟨Sh⟩ for different values of

λ. Initially, a larger value of λ results in a higher ⟨Sh⟩. However, over time, the effect

of λ on ⟨Sh⟩ diminishes, and its impact becomes negligible. At the beginning of the

simulation, the effect of fluid rheology on the shear rate around the bubbles is more

prominent, leading to larger values of ⟨Sh⟩ for higher λ. However, as the simulation

progresses, the effect of the bubble behavior becomes more significant, causing the

magnitude of ⟨Sh⟩ to converge to a relatively constant value, regardless of the value

of λ.
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FIGURE 4.22: Surface-averaged Sherwood number versus time for
different values of λ; regime II with (Ga,Bo)=(30,25).

Regime III

Figure 4.23 shows the evolution of the shape of the bubbles for different values of λ.

For λ = 0, the dynamics follow the DKT scenario, with the bubbles rising vertically

and side-by-side after the initial transient period. For λ = 3, 6, and 9, all three cases

follow the side escape scenario, where the bubbles escape the wake of the leading

bubble and rise in a zigzag path.
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t = 25

t = 35

λ = 0 λ = 3 λ = 6 λ = 9

FIGURE 4.23: Shape of the bubbles for different values of λ at differ-
ent times; regime III with (Ga,Bo)=(50,2).
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The distance between the bubbles is illustrated in figure 4.24. It is observed that

as λ increases, the oscillatory behavior of the bubbles becomes more intense. As the

fluid becomes more shear-thinning with increasing λ, the bubbles experience more

deformation and oscillations, which result in a more intense zigzag path and greater

oscillation amplitude. This, in turn, affects the distance between bubbles, causing it

to fluctuate more for higher values of λ.
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FIGURE 4.24: Instantaneous distance between the bubbles versus
time for different values of λ; regime III with (Ga,Bo)=(50,2).
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This behavior is also reflected in the rising velocity magnitude, as shown in figure

4.25. It can be seen that by increasing λ, the bubbles rise more irregularly due to

the increased shear-thinning behavior of the fluid, resulting in a more oscillatory

velocity profile. Although the oscillatory behavior of the rising velocity increases by

increasing λ, with more intense fluctuations, it can be observed that the magnitude

of the rising velocity fluctuates around a constant value for all three cases. This

constant value is nearly equal to the magnitude of the rising velocity of the bubbles

for λ=0.
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FIGURE 4.25: Rising velocity magnitude of the bubbles versus time
for different values of λ; regime III with (Ga,Bo)=(50,2). Top: LB, and

bottom: TB.

Fig. 4.26 illustrates that the trend in the evolution of ⟨Sh⟩ is comparable to that of

the rising velocity magnitude shown in the previous figure. As λ increases, fluctua-

tions in ⟨Sh⟩ become more pronounced. Moreover, for all three cases where λ > 0,

⟨Sh⟩ oscillates around a relatively constant value that is slightly lower than the cor-

responding value for the λ = 0 case.

The main frequency of the surface-averaged Sherwood number and velocity

magnitude versus time can be obtained by performing a fast Fourier transform (FFT).

For the cases with λ=3, 6, and 9, the main frequency is found to be 0.4, 0.44, and

0.48, respectively. The main frequency of the surface-averaged Sherwood number

and velocity magnitude increases by increasing λ because the increasing value of λ
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leads to more intense oscillations of the bubbles. These oscillations lead to a more

complex and faster-changing flow field around the bubbles, which results in higher

frequency fluctuations in the Sherwood number and velocity magnitude. This helps

us understand how the bubble behavior changes as a function of λ. Specifically, the

fact that the main frequency increases with increasing λ suggests that the bubbles

exhibit more intense and rapid oscillatory behavior at higher values of λ.
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FIGURE 4.26: Surface-averaged Sherwood number versus time for
different values of λ; regime III with (Ga,Bo)=(50,2). Top: LB, and

bottom: TB.

4.2.4 Effects of the flow index, n

The flow index is an important rheological parameter that characterizes the shear-

thinning behavior of non-Newtonian fluids. It is defined as the slope of the log-

arithm of shear stress versus shear rate and can be used to quantify the extent to

which a fluid’s viscosity decreases with increasing shear rate. As the flow index

decreases, the degree of shear-thinning behavior becomes more pronounced, and

the fluid’s viscosity decreases at a faster rate with an increasing shear rate. This

behavior is in contrast to Newtonian fluids, which have a constant viscosity that is

independent of shear rate.

The flow index plays a crucial role in many industrial and environmental ap-

plications, such as the design and operation of mixing and pumping systems, oil
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recovery, food processing, and wastewater treatment. In these applications, the de-

gree of shear-thinning behavior of the fluid can significantly affect the overall sys-

tem performance and efficiency (99, 100). Therefore, understanding the effects of the

flow index on the behavior of bubbles rising in non-Newtonian fluids is essential for

optimizing the performance of multiphase systems in various applications.

To examine the impact of the flow index, this section utilized Bubble25 param-

eters from Cano-Lozano and Mart’ınez-Baz’an (96), specifically Ga = 88.74 and

Bo = 8.5 in regime III. The study then explored the effects of varying flow indexes,

namely 0.3, 0.5, 0.7, and 1.0, with λ fixed at 6.

The behavior of the bubbles rising in different fluids with different values of n

can provide important insights into the physical properties of the fluids and their

effects on fluid flow dynamics. As shown in figure 4.27, the shape of the bubbles

changes significantly with changes in the value of n. For non-Newtonian fluids with

n < 1, the bubbles rise in a zigzag path, indicating the presence of shear-thinning

and viscoelastic effects that cause significant deformation of the bubbles. As n in-

creases in non-Newtonian fluids (n =0.3, 0.5, and 0.7), the domain of the zigzag

path decreases. The reason for this behavior can be attributed to the viscosity of the

fluid. Non-Newtonian fluids exhibit complex rheological behavior, which means

that their viscosity changes as the shear rate changes. As the bubbles rise in such

fluids, they generate a flow field that changes the local shear rate, leading to a com-

plex and erratic bubble motion. Therefore, the domain of the zigzag path increases

by decreasing n, indicating a stronger effect of the fluid’s rheology on the bubble’s

trajectory. In contrast, for Newtonian fluids with n = 1, the bubbles initially rise

in a zigzag path, but then the domain of the zigzag path decreases as the bubbles

rise, eventually transitioning to a vertical path. This behavior can be explained by

the fact that the vertical path has the lowest drag coefficient, and the bubbles try to

adopt this path to minimize the drag force acting on them.
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FIGURE 4.27: Shape of the bubbles for different values of n with λ = 6
at different times; regime III with (Ga,Bo)=(88.74,8.5).

The evolution of rising velocity magnitude shown in figure 4.28 also indicates

that the bubbles in the Newtonian fluid (n = 1) initially rise with a fluctuating veloc-

ity, but then the fluctuations dampen as the bubbles rise and eventually the velocity

becomes almost constant. This is because the effect of the fluid viscosity dominates

over other fluid effects, such as shear-thinning or shear-thickening, as the bubbles

rise. In contrast, the bubbles in the non-Newtonian fluids (n = 0.3, 0.5, and 0.7) con-

tinue to exhibit oscillatory behavior in their rising velocity magnitude, indicating

the continued influence of non-Newtonian effects on the bubbles’ trajectory.
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FIGURE 4.28: Rising velocity magnitude of the bubbles versus
time for different values of n with λ = 6; regime III with

(Ga,Bo)=(88.74,8.5).

Figure 4.29 illustrates the change in the time evolution of ⟨Sh⟩ for MB as it rises in

fluids with varying values of n. The final value of ⟨Sh⟩ is observed to increase with

decreasing n. The Sherwood number ⟨Sh⟩ is a measure of the efficiency of mass

transfer from the fluid to the surface of the bubble. The final value of ⟨Sh⟩ increases

by decreasing n because the non-Newtonian fluids with lower n exhibit a higher

level of mixing and chaotic motion, which enhances the mass transfer between the

fluid and the bubble surface. In contrast, in the Newtonian fluid with n = 1, the

fluid motion is more regular and laminar, resulting in a lower mass transfer rate and

lower ⟨Sh⟩.
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FIGURE 4.29: Surface-averaged Sherwood number versus time for
different values of n with λ = 6; regime III with (Ga,Bo)=(88.74,8.5).
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In general, bubbles rising in Newtonian fluids behave differently than bubbles

rising in non-Newtonian fluids. Newtonian fluids have a constant viscosity regard-

less of the shear rate or stress applied to them, while non-Newtonian fluids have

a viscosity that changes with the applied shear rate or stress. This means that the

behavior of bubbles rising in non-Newtonian fluids can be influenced by the fluid’s

rheological properties, such as its viscosity, elasticity, and shear-thinning behavior.

Non-Newtonian fluids can cause bubbles to deform or break up more easily, or to

rise in a zigzag or spiral path due to variations in viscosity or shear rate. In contrast,

bubbles rising in Newtonian fluids tend to behave in a more predictable manner and

experience less deformation or disruption during their ascent.
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Chapter 5

Conclusions

This thesis consists of two main parts. The first part involves a numerical investiga-

tion of a single gas bubble rising in different types of fluids, including Newtonian

fluid with a flow index of 1.0, shear-thinning fluids with flow indices of 0.3 and 0.6,

and shear-thickening fluid with a flow index of 1.7. The simulation is conducted

with a constant set of parameters, including the Galilei number (Ga) and the Bond

number (Bo), both equal to 30 and 2, respectively. The study also considers the

transfer of a scalar across the bubble interface and analyzes the effects of the Peclet

number (Pe), which is varied from 10 to 1000. The second part of the thesis involves

the investigation of a pair of bubbles rising in-line in two types of fluids: Newto-

nian fluid with a flow index of 1.0 and shear-thinning fluid with a flow index of 0.5.

The study includes an analysis of heat and mass transfer and considers the effects

of several parameters, including Ga, Bo, Rr, λ, and n. The numerical simulation is

carried out using Basilisk which employs adaptive mesh refinement techniques that

are dependent on the velocity magnitude, passive scalar value, and the position of

the interface.

The results for a single bubble showed that the behavior of the bubble rising dy-

namics strongly depends on the flow index of the ambient fluid. Shear-thinning flu-

ids lead to an oscillatory motion of the bubble while shear-thickening fluids cause

the bubble to rise along the vertical axis with less deformation. Furthermore, the

results indicated that the mass transfer across the bubble interface is strongly influ-

enced by both the flow index and Peclet number. In general, an increase in the Peclet

number leads to an increase in the mass transfer rate, while an increase in the flow

index results in a decrease in the mass transfer rate. Additionally, it is found that the
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oscillatory behavior of the bubble in the shear-thinning fluid results in fluctuations

in the mass transfer rate, whereas the mass transfer rate remains relatively constant

in the other fluids. The results of the simulation also revealed that in the case of the

shear-thickening fluid, the rising velocity is relatively low, and the shape of the bub-

ble does not deform. However, as the flow index decreases, the rising velocity and

the deformation of the bubble increase. On the other hand, for the shear-thinning

fluids, the surface-averaged Sherwood number exhibits an oscillatory behavior over

time due to the oscillatory behavior of the rising velocity magnitude. Finally, a corre-

lation between the surface-averaged Sherwood number and the Peclet number and

flow index is proposed in this section. These findings provide important insights

into the behavior of the gas bubble in different types of fluids and have implications

for a range of industrial processes.

The results presented for a pair of bubbles demonstrated the profound impact

that a second bubble can have on the flow dynamics of a rising bubble pair, par-

ticularly in the presence of non-Newtonian rheologies. The time evolution of the

distance and rising velocity of the bubbles are affected by the wake sheltering, trans-

verse flow disturbances, and bubble interface deformations, ultimately leading to

different flow regimes and configurations. Several motion patterns characterizing

the behavior of two bubbles, such as side escape, Drafting-Kissing-Tumbling (DKT),

and coalescence are described, and a new scenario is defined as coalescence-breakup.

The study considered five different sets of (Ga, Bo) values that correspond to five dif-

ferent regimes, highlighting the interplay between these numbers and the dynamic

behavior of bubbles in different fluid media as well as the effects of these numbers

on the heat/mass transfer rate. The results showed that heat/mass transfer is op-

timized in regimes I and III where the bubbles follow the side escape scenario or

DKT scenario. In contrast, regimes in which the bubbles follow coalescence or CB

patterns show a lower rate of heat/mass transfer. The results also indicated that

the radius ratio of the leading bubble to the trailing bubble plays a significant role

in the behavior of bubbles rising, leading to deformations, breakup, or merging al-

though its effect on the heat/mass transfer rate is not remarkable. Moreover, the

results showed that in regime II, the behavior of bubbles rising in shear-thinning

fluids is significantly influenced by the value of λ. As λ increases, the fluid becomes
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more shear-thinning, leading to earlier coalescence and breakup of bubbles, and the

formation of smaller satellite bubbles. This causes more instability and oscillatory

motion during the bubble rise. However, the effect of λ on the final value of ⟨Sh⟩
is found to be negligible. Additionally, results revealed that the increasing value

of the shear-thinning index λ leads to more intense deformation and oscillations of

bubbles, causing a more irregular and zigzag path of the bubbles in regime III. The

distance between bubbles becomes more fluctuating and the main frequency of the

Sherwood number and velocity magnitude increases with increasing λ, indicating

more intense and rapid oscillatory behavior of bubbles. Finally, results showed that

the flow index is a significant rheological parameter that affects the behavior of the

bubbles. The shape of the bubbles changes significantly with changes in the value of

n, with non-Newtonian fluids exhibiting a zigzag path due to the presence of shear-

thinning and viscoelastic effects that cause significant deformation of the bubbles. It

was also observed that the final value of ⟨Sh⟩ increases with decreasing n due to the

higher level of mixing and chaotic motion, enhancing the mass transfer between the

fluid and the bubble surface. These findings suggest that the interaction between

bubbles is a crucial factor in the study of multiphase flows, highlighting the need for

further investigation into the complex dynamics of bubble pairs and their impact on

larger-scale systems.

Overall, this study provides a better understanding of the effects of rheological

properties on the dynamics of the bubbles in fluids, which is essential in various

industrial and environmental applications, such as wastewater treatment, chemical

processing, and oil recovery.

The behavior of bubbles in fluids is a multifaceted phenomenon that is influ-

enced by numerous factors including fluid properties, bubble characteristics (size,

shape, and motion), and operational parameters such as pressure, temperature, and

flow rate. As a result, the investigation of bubble behavior in non-Newtonian fluids

is an intricate and continuous research area with a significant impact on heat and

mass transfer rates and overall system functionality. Consequently, the following

areas can be proposed as potential avenues for future research based on the findings

and limitations of the current study:
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• Investigate the effect of different bubble sizes and shapes on the mass transfer

and bubble dynamics in different rheological fluids.

• Consider more complex non-Newtonian fluids, such as yield stress fluids or

thixotropic fluids, and investigate their effect on the bubble dynamics and

mass transfer.

• Incorporate heat transfer effects into the current study and investigate the com-

bined effect of heat and mass transfer in non-Newtonian fluids.

• Study the effect of boundary conditions, such as the presence of walls or con-

finement, on the bubble dynamics and mass transfer in non-Newtonian fluids.
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